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Abstract

Quantum computers are anticipated to provide computational advantages over
classical devices for specific classes of problems. In quantum chemistry, such
an advantage can be achieved on fault-tolerant quantum computers (FTQCs)
using quantum phase estimation (QPE), which can, in principle, provide
accurate electronic energies with polynomial scaling. However, the practical
success of QPE and related algorithms critically depends on the availability
of high-quality initial quantum states with sufficient overlap with the target
eigenstates. Moreover, even FTQCs are expected to be limited in size and
total computational resources for the foreseeable future, restricting quantum
calculations to reduced subspaces and allowing only a partial treatment of
electronic correlation. For chemically meaningful predictions, the remaining
correlation effects must therefore be recovered through post-processing.

Motivated by these limitations, this dissertation develops two complementary
strategies for the preparation of chemically relevant quantum states on FTQCs
and a classical post-processing scheme. The first strategy introduces a
unified framework for power-iteration-like state preparation methods based
on generalized quantum signal processing (GQSP). This framework encompasses
and generalizes several quantum algorithms, including quantum power iteration,
quantum power Lanczos, quantum inverse iteration, and quantum folded
spectrum method, enabling efficient energy filtering. The second strategy enforces
fundamental physical symmetries of electronic Hamiltonians, such as particle
number and spin. Symmetry projectors are constructed using linear combination
of unitaries, GQSP and generalized quantum singular value transformation. They
ensure symmetry-adapted state preparation and improve overlap with target
eigenstates. A classical post-processing framework was also designed to recover
the electronic correlation not captured by quantum calculations in restricted
subspaces. This method, referred to as QC-CBT-AFQMC (quantum-classical
computational basis tomography auxiliary-field quantum Monte Carlo), enables
the reconstruction of quantum-prepared multiconfigurational wave functions and
their subsequent refinement.

Together, the proposed quantum state preparation algorithms and the
QC-CBT–AFQMC post-processing pipeline establish a concrete hybrid quan-
tum–classical workflow. These approaches extend the reach of FTQC toward
quantitatively accurate and chemically relevant simulations of strongly correlated
molecular systems.
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Chapter 1

Introduction

Quantum computers are devices that exploit quantum mechanical phenomena,
such as superposition, entanglement, and contextuality, to perform computations.
While any physical realization of a classical computer ultimately obeys the laws
of quantum mechanics, the microscopic degrees of freedom in a classical device
interact uncontrollably with the environment, leading to rapid decoherence. As
a result, classical computers can be accurately described in terms of classical
bits. In contrast, a quantum computer is engineered to isolate and control
its state such that quantum coherence can be preserved for a sufficiently long
time to execute quantum algorithms. This opens up the possibility of solving
certain computational problems more efficiently than is believed to be possible
on classical hardware.

Although a rigorous and general separation between problems efficiently
solvable by quantum and classical computers remains elusive [1, 2], several
quantum algorithms exhibit asymptotic performance superior to all currently
known classical counterparts. Notable examples include Shor’s algorithm for
integer factorization [3, 4] and Grover’s algorithm for unstructured search [5].
More generally, computational primitives related to these algorithms, such as
quantum phase estimation (QPE) [6, 7], amplitude amplification (AA) [8, 9,
10, 11, 12], and quantum amplitude estimation [8] form the foundation of many
modern quantum algorithms.

One of the earliest and most natural applications envisioned for quantum
computers is the simulation of quantum many-body systems [13, 14, 15].
Quantum chemistry represents a particularly important and challenging class
of such problems. The central difficulty in ab initio electronic structure theory
is often described as the curse of dimensionality: the dimension of the relevant
Hilbert space grows combinatorially or exponentially with system size. For
example, even a relatively small molecule such as propane (C3H8) yields a full
configuration interaction (FCI) space of dimension on the order of 1.3 × 1012 in
a minimal STO-3G basis [16], making exact classical treatment infeasible except
on large-scale high-performance computing platforms.

Beyond this explosion in dimension, quantum chemistry also runs into formal
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2 CHAPTER 1. INTRODUCTION

limits on what is efficiently computable. Approximating the ground state energy
of a general local Hamiltonian is QMA-complete [17, 18], thus it requires
exponential time even on a quantum computer in the worst case. Moreover, the
prediction whether the given Hamiltonian represents insulator or conductor is
undecidable in general [19]. Even Hartree–Fock (HF) is a NP-complete problem
in the worst case [20, 18], meaning it cannot be solved in polynomial time on
a classical computer (and presumably on a quantum as well). Trying to use
randomness to circumvent the problems is also doomed, since quantum Monte
Carlo (QMC) methods face the sign problem for fermions, which is NP-hard in
general [21].

Despite all of these theoretical results, practical quantum chemistry is still
possible because molecular Hamiltonians have structure and symmetries, and
because heuristic chemical reasoning can be applied. Thus, quantum computing
is not expected to eliminate worst-case hardness or undecidability; rather, it
provides new heuristics and new computational primitives that may extend the
repertoire of feasible approximations.

Quantum computers offer a different way to represent and manipulate many-
body states. N qubits naturally store 2N complex amplitudes, and quantum
circuits can implement structured transformations of these amplitudes. This
motivates a broad family of quantum algorithms for quantum chemistry, including
methods for estimating ground and excited state energies [22, 7, 23, 24, 25],
simulating dynamics [26, 27, 28], and sampling many-body quantum states [29,
30].

A central practical obstacle, common to essentially all quantum algorithms,
is state preparation. The performance of many algorithms deteriorates rapidly
if the initial state has a small overlap with the target eigenstate, leading to
prohibitive circuit depth or measurement cost [7, 29, 30, 31, 32, 33, 23]. If an
exact state could be prepared efficiently, QPE would, in principle, enable the
extraction of ground and excited state energies with exponential speedup to
any known classical method. Moreover, accurate state preparation would allow
efficient sampling in quantum-selected configuration interaction (QSCI) [29, 30]
and the construction of accurate effective Hamiltonians in Krylov subspace
methods [34, 35, 36, 31]. Therefore, state preparation is a primary bottleneck
for turning quantum algorithms for chemistry into useful computational tools.

At the same time, even fault-tolerant quantum computers (FTQCs) are
expected to remain severely limited in size and computational resources [37, 38,
39, 40]. Quantum processors operate at clock speeds orders of magnitude slower
than classical processors, implying that practical limitations arise not only from
the number of available qubits but also from the total achievable computation
time. These constraints restrict quantum simulations to reduced active spaces
and allow only for a partial treatment of electronic correlation effects. However,
for chemically accurate predictions, correlation outside the active space often
plays a crucial role and must be accounted for by additional means. A natural
approach is therefore to employ hybrid strategies in which quantum hardware is
used to generate multiconfigurational states in restricted subspaces, while the
remaining correlation is recovered using classical electronic structure methods.
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State tomography methods are widely implemented to measure quantum states
for use in classical post-processing schemes. However, state tomography methods
are often prohibitively expensive, both in terms of measurement requirements
and the classical computational cost [41, 42, 43, 44].

In this dissertation, we address these two closely connected challenges: the
preparation of chemically relevant quantum states and their efficient post-
processing using classical algorithms. On the quantum side, we develop and
analyze a family of power-iteration-like methods adapted for quantum computing
with generalized quantum signal processing (GQSP). The approach is dictated
by the fact that the Hamiltonian is the only fundamental source of information
about the quantum system. Hence, it drives the evolution toward desired energy
eigenstates similarly to imaginary-time evolution (ITE), but more versatile.

In addition, molecular electronic states obey exact symmetries, including
particle number and spin. Conservation of these symmetries is important for
a good overlap of the initial state with the exact one, but some quantum
state preparation schemes may violate these symmetries. Thus, we construct
efficient symmetry projectors that enforce fundamental conserved quantities
of molecular Hamiltonians, such as particle number and spin, using the linear
combination of unitaries (LCU), GQSP, and generalized quantum singular value
transformation (GQSVT). This ensures that the prepared states reside within
physically meaningful subspaces.

Finally, since it is unlikely that quantum computers will directly treat the
full molecular Hamiltonian of realistic systems in the near term, we develop a
post-processing pipeline based on computational basis tomography (CBT) to
reconstruct quantum-prepared many-body states. These reconstructed states are
then employed as trial wavefunctions in auxiliary-field QMC (AFQMC), a state-
of-the-art classical method for strongly correlated electronic systems. In this way,
quantum hardware is used to generate high-quality multiconfigurational states
in restricted active spaces, which can subsequently enhance the performance of
advanced classical algorithms, thereby extending the practical applicability of
quantum computing to chemically relevant problems.

The remainder of this dissertation is organized to mirror the computational
workflow of quantum chemistry simulations using quantum computers. After
establishing the necessary theoretical background in Chap. 2, we proceed starting
from the quantum state preparation via power-iteration-based methods (Chap. 3)
and symmetry projection (Chap. 4) — to the classical aspects, namely efficient
readout and post-processing using QC-CBT-AFQMC (Chap. 5). This progression
reflects the sequence of tasks required in practice: preparing a quantum state,
enforcing physical constraints, and extracting chemically relevant information
for subsequent classical treatment.
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Dissertation Overview
Chapter 2: Preliminaries

We provide the foundational concepts required for the remainder of the
dissertation. It begins with a compact formulation of the molecular electronic
structure problem and a brief overview of the principal classical methods used
to study low-lying electronic states of molecules (Sec. 2.1). The second half of
the chapter provides the basic elements of quantum computing theory, followed
by a discussion focused on quantum computing approaches relevant to quantum
chemistry (Sec. 2.2).

Chapter 3: Quantum Power Iteration Unified Using Generalized
Quantum Signal Processing

We introduce several power-method-based techniques for quantum state
preparation that can be implemented within a single framework using GQSP. This
unification enables the realization and resource estimation of various methods
that require polynomial transformations, such as the quantum power iteration
(QPI), its modification, the quantum power Lanczos (QPL), and the quantum
inverse iteration (QII) methods. Moreover, we introduce the quantum folded
spectrum method (QFSM) for excited states preparation. We analyze the success
probability, query complexity, and qubit requirements of the algorithms, showing
that they achieve near-optimal query complexity. Explicit circuits are constructed
and numerically tested for several molecular Hamiltonians.

Chapter 4: Symmetry-Adapted State Preparation for Quantum
Chemistry on Fault-Tolerant Quantum Computers

We implement symmetry projectors tailored to the continuous symmetries
of molecular electronic structure problems, such as particle-number and spin
symmetry. These projectors are constructed using LCU, GQSP, and GQSVT
approaches, which allows them to be efficiently implemented within FTQC. The
chapter analyzes the CNOT and T gates scaling behavior of these constructions,
examines their numerical stability under realistic gate synthesis precision, and
evaluates their performance as state filters for QPE workflows. Numerical tests
for molecular systems illustrate that symmetry projection significantly improves
overlap with chemically relevant states and is feasible for large strongly correlated
systems, such as FeMoco.

Chapter 5: Enhancing Quantum Computations with the Synergy
of Auxiliary-Field Quantum Monte Carlo and Computational Basis
Tomography

We introduce a workflow that combines quantum prepared states with classical
AFQMC by using CBT as an efficient readout technique. The method classically
reconstructs multiconfigurational wave functions with a practical number of
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shots and gate operations, enabling its use even on near-term quantum hardware.
Compared with other tomography-based hybrid approaches, our QC-CBT-
AFQMC method has reduced prefactor and improved scaling, making it possible
to treat larger molecular systems.

Chapter 6: Conclusions

This chapter summarizes the main contributions of the dissertation and outlines
promising directions for future research in quantum algorithms for quantum
chemistry.
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Chapter 2

Preliminaries

This chapter collects background material in quantum chemistry and quantum
computing that will be used throughout the remainder of this dissertation. The
aim is not to provide an exhaustive review of either field, but to fix the notation,
recall standard concepts, and emphasize those aspects that are most relevant
for quantum algorithms for electronic structure and for the post-processing
strategies developed in later chapters.

Section 2.1 introduces the fundamentals of quantum chemistry. It begins
with a review of the electronic structure problem, followed by a formulation of
the theory in the language of second quantization. Then it presents mean-field
methods and surveys a range of approaches for capturing electron correlation. The
section concludes by summarizing key computational and conceptual challenges
that motivate the search for quantum-enhanced methods.

Section 2.2 presents the fundamentals of quantum computing. It opens with
a brief overview of the emergence of quantum computing and then introduces
the deterministic aspects of quantum computation, including quantum states,
gates, and circuits. The section then turns to measurements, the probabilistic
component of quantum computation, and culminates in a discussion of quantum
state tomography and classical shadow techniques that will be directly relevant
for later chapters. This is followed by a survey of quantum algorithms applicable
to quantum chemistry. The section closes by outlining open problems at the
interface of quantum computing and quantum chemistry, providing context for
the contributions developed in this dissertation.

Throughout this dissertation, symbols may be reused in different contexts.
All symbols are defined locally, and when a symbol is redefined in a later chapter,
the definition given in that chapter supersedes any earlier usage.

7



8 CHAPTER 2. PRELIMINARIES

2.1 Fundamentals of Quantum Chemistry
2.1.1 Electronic Structure Problem
2.1.1.1 Quantum Mechanical Description of Molecules

Quantum mechanics emerged in the 1920s as a response to experimental
phenomena that classical physics could not explain, such as discrete atomic
spectra, the stability of atoms, and blackbody radiation. From the very beginning,
its methods were applied not only to isolated atoms but also to molecules, since
the same formalism naturally describes systems of interacting nuclei and electrons.
Almost immediately after Schrödinger formulated his wave equation in 1926 [45],
the attention turned to molecules.

According to the postulates of quantum mechanics, the state of a physical
system is represented by a time-dependent vector |Ψ(t)⟩ in a Hilbert space.
A coordinate representation of this state vector is called a wave function,
⟨r⃗|Ψ(t)⟩ = Ψ(r⃗, t), where |r⃗⟩ is a coordinate basis vector. All observable outcomes
of the experiments can be predicted using this state vector. The fundamental
equation governing the dynamics of the wave function is the Schrödinger equation:

iℏ
∂

∂t
|Ψ(t)⟩ = Ĥ|Ψ(t)⟩, (2.1)

where ℏ is the Dirac constant and Ĥ is the Hamiltonian operator of a quantum
system.

From a mechanical point of view, a molecule is a collection of nuclei and
electrons that interact through the electromagnetic field, predominantly via the
Coulomb interaction. When talking about molecules, it is convenient to change
from the International System of Units (SI) to atomic units. In the atomic units
system, the electron rest mass me, the magnitude of the electronic charge e, the
Dirac constant ℏ, and the vacuum permittivity ϵ0 multiplied by 4π are set to
unity:

ℏ = e = me = 4πϵ0 = 1. (2.2)
All other units are redefined using this basis. In this dissertation, we use atomic
units, unless explicitly stated otherwise.

In coordinate space, the molecular Hamiltonian can be written as

Ĥ = −
∑
A

1
2MA

∇2
A︸ ︷︷ ︸

T̂n

−
∑
i

1
2∇2

i︸ ︷︷ ︸
T̂e

−
∑
i,A

ZA

|r⃗i − R⃗A|︸ ︷︷ ︸
V̂en

+
∑
i<j

1
|r⃗i − r⃗j |︸ ︷︷ ︸
V̂ee

+
∑
A<B

ZAZB

|R⃗A − R⃗B |︸ ︷︷ ︸
V̂nn

+Ĥes + Ĥhfs,

(2.3)

where ∇⃗p =
(

∂
∂Xp

, ∂
∂Yp

, ∂
∂Zp

)T , and indices A,B label nuclei with positions R⃗A,
charges ZA, and masses MA, while i, j label electrons with positions r⃗i. The first
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two terms correspond to nuclear and electronic kinetic energies, T̂n and T̂e, the
third to electron–nucleus attraction V̂en, the fourth to electron–electron repulsion
V̂ee, and the fifth to nucleus–nucleus repulsion V̂nn. The term Ĥes contains spin-
dependent electronic interactions between electron spin magnetic moments and
the magnetic moments associated with the orbital motion of electrons and nuclei
(spin–orbit, spin–spin couplings, etc.), while Ĥhfs corresponds to interactions of
nuclear spin magnetic moments with other magnetic moments in the molecule
(hyperfine couplings). For the simplicity of further considerations we will not take
into account Ĥes and Ĥhfs terms, however, they are important for subtle effects,
such as fine and hyperfine structure in spectra, nuclear magnetic resonance and
electron paramagnetic resonance observables.

Since the molecular Hamiltonian in Eq. (2.3) does not explicitly depend on
time, we can seek stationary solutions of Eq. (2.1) of the form

Ĥ|Ψk⟩ = Ek|Ψk⟩, |Ψk(t)⟩ = e−iEkt|Ψk⟩, (2.4)

where |Ψk⟩ are the Hamiltonian eigenstates and Ek are the corresponding energy
eigenvalues.

In principle, solving this eigenvalue problem exactly would provide a complete
description of molecular properties, yielding reaction energies, optimal structures,
and spectral data. In practice, however, the dimensionality of the Hilbert space
grows exponentially with system size, making exact solutions feasible only for the
smallest systems. This motivates the introduction of systematic simplifications.

2.1.1.2 Separation of Center of Mass

The first natural simplification is the removal of the translational degrees of
freedom associated with motion of the molecule as a whole. Because the full
molecular Hamiltonian is translationally invariant, it is convenient to introduce
the center of mass (COM) coordinate

R⃗COM = 1
Mtot

(∑
A

MAR⃗A +
∑
i

r⃗i

)
, Mtot =

∑
A

MA +Nelec, (2.5)

where Mtot is the total mass of the molecule in atomic units and Nelec is the
number of electrons. The position of each particle p (nucleus or electron) can
then be written as a sum of the COM coordinate and a relative coordinate,

R⃗p = R⃗COM + R⃗′
p. (2.6)

Upon transforming the Hamiltonian to the new coordinates, one obtains

Ĥ ′ = − 1
2Mtot

∇2
COM︸ ︷︷ ︸

T̂COM

−
∑
p

1
2Mp

∇′
p

2

︸ ︷︷ ︸
T̂ 0

− 1
2Mtot

∑
p,r

∇′
p · ∇′

r︸ ︷︷ ︸
T̂cross

+ V̂ (R⃗′
2, . . . , R⃗

′
N ) = T̂COM + Ĥrve,

(2.7)
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where N is the total number of particles, V̂ (R⃗′
2, . . . , R⃗

′
N ) consists of V̂en, V̂ee,

and V̂nn terms from Eq. (2.3). Ĥrve is the rotational–vibrational–electronic
(rovibronic) Hamiltonian. The kinetic energy separates into the kinetic energy of
the center of mass T̂COM, the kinetic energy of the relative internal motion T̂ 0,
and a mass-polarization or cross term T̂cross. This cross term arises because the
COM coordinate is defined in terms of all particle coordinates, which couples
the relative motions.

Since the Hamiltonian in Eq. (2.7) is separable with respect to R⃗COM, the
molecular state can be expressed as a product of COM translation motion part
|ΨCOM⟩ and rovibronic part |Φrve⟩:

Ψ(R⃗1, . . . , R⃗N ) = (⟨R⃗COM| ⊗ ⟨R⃗′
2, . . . , R⃗

′
N |)(|ΨCOM⟩ ⊗ |Φrve⟩)

= ΨCOM(R⃗COM) Φrve(R⃗′
2, . . . , R⃗

′
N ),

(2.8)

where ΨCOM(R⃗COM) is the COM translational wave function and
Φrve(R⃗′

2, . . . , R⃗
′
N ) describes all internal rovibronic degrees of freedom.

The COM wave function is a plane wave and contributes only the kinetic
energy of the free translation of the molecule. Because most molecular observables
depend solely on internal structure and dynamics, this translational contribution
can usually be neglected. From this point onward, all considerations refer
exclusively to the internal Hamiltonian Ĥrve.

2.1.1.3 Separation of Electronic and Nuclear Motion

The internal (rovibronic) Schrödinger equation can be written as

{
−

N∑
p=2

1
2Mp

∇′2
p − 1

2Mtot

N∑
p,r=2

∇′
p · ∇′

r

+ V̂ (R⃗′
2, . . . , R⃗

′
N )
}

Φrve(R⃗′
2, . . . , R⃗

′
N )

= Erve Φrve(R⃗′
2, . . . , R⃗

′
N ),

(2.9)

where the indices p, r = 2, . . . , N label the internal coordinates obtained after
removing the overall center-of-mass motion.

Further simplification is achieved by separating electronic and nuclear motions.
To this end, we perform one more coordinate transformation and introduce the
nuclear center of mass (NCOM) coordinate

R⃗NCOM = 1
Mnuc

∑
A

MAR⃗
′
A, Mnuc =

∑
A

MA, (2.10)

and coordinates relative to the NCOM,

R⃗′′
p = R⃗′

p − R⃗NCOM, (2.11)
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for all particles p (nuclei and electrons). We denote by R⃗nuc and r⃗elec the sets of
nuclear and electronic coordinates relative to the NCOM and drop the double
primes for simplicity.

In these coordinates, the internal Hamiltonian can be written as{
T̂elec + T̂nuc + V̂ (R⃗nuc, r⃗elec)

}
Φrve(R⃗nuc, r⃗elec) = Erve Φrve(R⃗nuc, r⃗elec), (2.12)

with

T̂elec = −1
2
∑
i

∇⃗2
i︸ ︷︷ ︸

T̂ 0
elec

− 1
2Mnuc

∑
i,j

∇⃗i · ∇⃗j , (2.13)

T̂nuc = −
∑
A

1
2MA

∇⃗2
A. (2.14)

Here, the first term in T̂elec is the usual electronic kinetic energy T̂ 0
elec, while the

second term is the mass-polarization term, which couples the motion of different
electrons and is proportional to 1/Mnuc.

At this point, we note that nuclear masses are typically much larger than the
electron mass; for example, mp/me ≈ 1836 for a proton, and other nuclei are
even more massive. Consequently, electrons move much faster and can adjust
almost instantly to the comparatively slow motion of the nuclei. This speed
separation motivates the Born–Oppenheimer (BO) approximation, introduced in
1927 [46], in which electronic and nuclear motions are approximately separated.

Shortly thereafter, the adiabatic theorem was formulated by Born and Fock in
1928 [47]. It states that a physical system remains in its instantaneous eigenstate
if a perturbation acts on it sufficiently slowly and if there is a finite energy
gap between this eigenvalue and the rest of the spectrum. In our context, the
“physical system” is the electronic subsystem in the field of the nuclei, and
the “perturbation” is the nuclear motion. In turn, BO treatment assumes not
only that the electrons adiabatically follow the nuclear motion but also neglects
the mass-polarization term (the second term in T̂elec in Eq. (2.13)), since it is
suppressed by the small factor 1/Mnuc.

Under these assumptions, the rovibronic equation decouples into separate
equations for electronic and nuclear motion,{

T̂ 0
elec + V̂ (R⃗nuc, r⃗elec)

}
︸ ︷︷ ︸

Ĥelec

Φelec(R⃗nuc, r⃗elec) (2.15)

= Eelec(R⃗nuc) Φelec(R⃗nuc, r⃗elec){
T̂nuc + Eelec(R⃗nuc)

}
Φrv(R⃗nuc) = E0

rve Φrv(R⃗nuc), (2.16)

where Eelec(R⃗nuc) is the electronic energy as a function of the nuclear geometry,
often called the potential energy surface (PES). Usually, only a cross section
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of PES is investigated along one internal coordinate. This cross section is
called the potential energy curve (PEC). Eelec(R⃗nuc) also includes the nuclear-
nuclear repulsion term Vnn, which is a constant for a given fixed nuclear position.
Determining Eelec(R⃗nuc) is the central goal of the electronic structure problem.
The function Φelec(R⃗nuc, r⃗elec) is the electronic wave function, which depends
parametrically on the nuclear coordinates. The second equation is the nuclear
rotation–vibration Schrödinger equation, which governs the nuclear motion on
the PES Eelec(R⃗nuc). The solutions to this equation and the approximations
used are discussed in Ref. [48]. The quantity E0

rve is the rovibronic energy within
the BO approximation.

The validity of the BO separation relies on a sufficiently large energy gap
between the electronic state of interest and other electronic states in the region
of configuration space explored by the molecular geometry. When electronic
states become nearly degenerate, nonadiabatic couplings between them can
become large, and the separation of electronic and nuclear motion is no longer
valid. In such regimes, nuclear motion can strongly influence electronic dynamics.
This occurs, for instance, in vibronic transitions and in the vicinity of conical
intersections, where even small nuclear displacements can induce transitions
between electronic states.

Even after BO separation, the resulting electronic Schrödinger equation (see
Eq. (2.15)) remains extremely challenging to solve. In principle, one could
attempt to represent the electronic wave function directly on a spatial grid, and
such approaches can be numerically exact for very small systems [49]. However,
the number of grid points grows exponentially with system size, and such methods
do not provide a practical, systematically improvable route for larger molecules.

A key conceptual step in the development of quantum chemistry was the idea
of expanding the electronic wave function in a compact set of basis functions.
This basis set approximation converts the electronic Schrödinger equation into
a matrix eigenvalue problem of controllable dimension, whose accuracy can
be improved systematically by enlarging or refining the basis. This transition
from direct numerical representations to basis set methods underlies the modern
framework of electronic structure theory [50].

2.1.2 Electronic Wave Function
The electronic Hamiltonian in Eq. (2.15), for fixed nuclear positions {R⃗A} within
the Born–Oppenheimer approximation, has the form

Ĥelec = −1
2
∑
i

∇⃗2
i +
∑
i<j

1
|r⃗i − r⃗j |

−
∑
A,i

ZA

|R⃗A − r⃗i|
+
( ∑
A<B

ZAZB

|R⃗A − R⃗B |

)
. (2.17)

The last term corresponding to nuclear repulsion is independent on the electronic
coordinates. Thus, it is a constant value for a fixed nuclear coordinate, which
we will omit for simplicity of expressions.

It is convenient to separate Ĥelec into a sum of one-electron operators and
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the electron–electron interaction,

Ĥelec = Ĥ0
elec + V̂ee, (2.18)

where

Ĥ0
elec =

∑
i

ĥi =
∑
i

{
−1

2∇⃗2
i −

∑
A

ZA

|R⃗A − r⃗i|

}
, V̂ee =

∑
i<j

1
|r⃗i − r⃗j |

. (2.19)

Thus, Ĥ0
elec is the sum of independent one-electron terms.

This observation suggests a zeroth-order approximation in which the spatial
part of the electronic wave function, Φspace

elec (r⃗elec), is written as a product of
one-electron functions:

Φspace
elec (r⃗elec) =

∏
i

ϕki(r⃗i), (2.20)

where ϕki
(r⃗i) are one-electron spatial orbitals. The orbitals are eigenfunctions

of the one-electron operator ĥi, satisfying

ĥi ϕk(r⃗i) = εk ϕk(r⃗i), (2.21)

with eigenvalues εk called molecular orbital energies and ϕk(r⃗) the corresponding
molecular orbitals (MO).

In practice, molecular orbitals are expanded in a finite basis of one-particle
functions {χµ(r⃗)}, according to

ϕk(r⃗) =
∑
µ

cµk χµ(r⃗), (2.22)

where the coefficients cµk are determined in the course of the electronic structure
calculation. In most applications, the molecular orbitals are chosen as linear
combinations of atomic orbitals (LCAO), which retain physical intuition while
providing a mathematically tractable representation of the electronic wave
function. Alternative representations also exist; for example, one may expand
orbitals in delocalized functions such as plane waves, which are particularly
useful for periodic systems in solid-state physics.

Early quantum chemists recognized that analytic hydrogen-like functions, in
the form of Slater-type orbitals (STOs), provide a realistic description of atomic
electronic structure but lead to very complicated multi-center integrals. STOs
are defined as

χSTO
nℓm (r⃗, ζ) = N |r⃗|n−1e−ζ|r⃗|Yℓm(r⃗/|r⃗|), (2.23)

where N is a normalization constant, ζ is an effective nuclear charge, n is an
integer parameter, analogous to the principal quantum number, and Yℓm are
spherical harmonics with angular momentum ℓ and its projection m.

A major practical breakthrough occurred with the introduction of Gaussian-
type orbitals (GTOs) by Boys in 1950 [51]. GTOs uses a Gaussian of the
form:

χGTO
nℓm (r⃗, α) = N |r⃗|n−1e−α|r⃗|2

Yℓm(r⃗/|r⃗|), (2.24)
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where α is a real parameter. Although GTOs resemble exact atomic orbitals less
closely than STOs, they make multi-center integrals analytically tractable. This
compromise enabled large-scale quantum chemical calculations.

Subsequent developments have produced families of systematically improvable
basis sets, including:

• STO-nG (minimal) [52]: each atomic orbital is represented as a
contracted Gaussian function that fits a Slater-type orbital, using n
primitive Gaussians per STO.

• Pople split-valence basis sets [53]: the core is described by a fixed
contraction, while the valence space is split into two or more contractions
(e.g. 3-21G, 6-31G), with optional polarization functions (e.g. ∗, ∗∗) and
diffuse functions (e.g. +, ++) to increase expressivity.

• Dunning correlation-consistent basis sets (cc-pVXZ) [54]: hierar-
chical atomic basis sets for correlated methods where the cardinal numbers
X = D,T,Q, . . . indicate the angular momentum content (optionally aug-
mented with diffuse functions, e.g. aug-cc-pVXZ).

• Ahlrichs def2 basis sets (def2-SV(P), -TZVP, -TZVPP, -QZVP,
. . . ) [55]: a modern segmented-contracted split-valence family, where
polarization is indicated by P/PP, designed to provide a balanced accuracy–
cost trade-off across density functional theory and correlated methods.

• Plane wave basis sets [56]: delocalized basis functions compatible with
periodic boundary conditions, defined by reciprocal-lattice vectors up to a
kinetic-energy cutoff.

Despite the success of basis set approximations, they introduce subtle artifacts.
One of the most important is the basis set superposition error (BSSE) [57].
Consider two molecules A and B forming a dimer AB. When computed
separately, each monomer can use only the basis functions centered on its
own nuclei. However, in the dimer calculation, the electrons of A can also make
use of the basis functions of B, and vice versa. This artificial “borrowing” of
functions lowers the dimer energy relative to the sum of the monomer energies
and leads to an overestimation of the binding energies.

Ultimately, the goal of electronic structure calculations is to approach the
complete basis set (CBS) limit, i.e. the energy that would be obtained with
an infinite one-particle basis. Because actual basis sets are finite, various
extrapolation schemes have been developed to estimate the CBS limit from
calculations with basis sets of increasing size. These are discussed in the
Appendix C2.

So far we have considered only the spatial part of the electronic wave function
and treated electrons implicitly as distinguishable. Electrons are indistinguishable
spin-1/2 particles (fermions), and the Pauli exclusion principle implies that no
more than two electrons with opposite spins can occupy the same spatial orbital.
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Mathematically, this is implemented by requiring that the total electronic wave
function changes sign upon the exchange of any two electrons.

Let ξi = (r⃗i, σi) denote the combined spatial and spin coordinates of the
electron i. The spin coordinate σi labels the spin degree of freedom and takes two
possible values. We introduce two orthonormal spin functions, α(σi) and β(σi),
which form a basis for the one-electron spin space and are usually associated
with spin projections + 1

2 and − 1
2 , respectively.

A spin-orbital ϕk(ξi) is then a one-electron function defined on the combined
spatial and spin coordinates, and can be written as a product of a spatial orbital
and a spin function,

ϕk(ξi) = ϕp(r⃗i)ωs(σi), (2.25)
where ϕp(r⃗i) is a spatial orbital and ωs(σi) is either α(σi) or β(σi). In this
notation the index k labels the pair (p, s). The properly antisymmetrized Nelec-
electron wave function built from spin-orbitals ϕk(ξ) is

Φ0
elec(ξ1, . . . , ξNelec) = 1√

Nelec!
∑

π∈SNelec

sgn(π)
Nelec∏
j=1

ϕkπ(j)(ξj)

=
(
ϕk1 ∧ · · · ∧ ϕkNelec

)
(ξ1, . . . , ξNelec),

(2.26)

where SNelec is the permutation group of Nelec objects and x ∧ y = − y ∧ x
denotes the antisymmetric (wedge) product. This antisymmetrized product is
equivalently written as a Slater determinant,

Φ0
elec(ξ1, . . . ,ξNelec)

= 1√
Nelec!

∣∣∣∣∣∣∣∣∣
ϕk1(ξ1) ϕk2(ξ1) · · · ϕkNelec

(ξ1)
ϕk1(ξ2) ϕk2(ξ2) · · · ϕkNelec

(ξ2)
...

... . . . ...
ϕk1(ξNelec) ϕk2(ξNelec) · · · ϕkNelec

(ξNelec)

∣∣∣∣∣∣∣∣∣ .
(2.27)

The antisymmetry encoded in the Slater determinant has profound energetic
consequences, excluding many configurations through the Pauli principle and
introducing exchange effects. A more compact and flexible framework for
handling antisymmetric many-electron states is provided by second quantization,
which will be introduced in the next section.

2.1.3 Second Quantization
Before moving on to specific quantum chemical algorithms for solving the
electronic structure problem, it is useful to introduce the formal language in
which they are most naturally expressed: the framework of second quantization.
This formalism provides a compact algebraic notation for constructing and
manipulating many-electron states, and it also underlies powerful diagrammatic
techniques, which lie beyond the scope of this preliminary discussion.

The concept of second quantization was developed in the 1920s–1930s in
the context of quantum field theory. The key idea is to shift from an explicit
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description of the many-electron wave function in coordinate or momentum
space to a description in terms of occupation numbers of one-particle states. For
fermions, this reformulation is particularly convenient, since the Pauli principle
and antisymmetry are automatically enforced by the operator algebra.

Given a set of orthonormal spin-orbitals ϕk(r⃗, σ), we can represent a many-
electron state by a vector of occupation numbers,

|Ψ⟩ = |n1α n1β . . . nkα nkβ . . .⟩ ≡ |n⃗⟩, (2.28)

where nkα ∈ {0, 1} is the occupation number of the spin-orbital ϕkα(r⃗) = ϕk(r⃗, 1
2 ),

and similarly for the β spin. The set of all such states forms the Fock space.
Basis vectors with at least one differing occupation number are orthogonal:

⟨m⃗|n⃗⟩ =
∏
k

δmknk
. (2.29)

In particular, the state with all occupations zero is the vacuum state |0⟩.
We now introduce fermionic creation and annihilation operators, â†

i and âi,
which add or remove an electron in spin-orbital i, respectively. Their action on
an occupation number state can be defined as

â†
kα| . . . nkα . . .⟩ = (−1)sk (1 − nkα)| . . . (nkα + 1) . . .⟩, (2.30)
âkα| . . . nkα . . .⟩ = (−1)sknkα| . . . (nkα − 1) . . .⟩, (2.31)

where sk is the number of occupied spin-orbitals to the left of nkα in the chosen
ordering. Attempts to create an electron in an already occupied spin-orbital or
to annihilate it from an empty one yield zero, as enforced by the factors (1−nkα)
and nkα.

The creation and annihilation operators obey canonical anticommutation
relations

{âp, â†
q} = âpâ

†
q + â†

qâp = δpq, (2.32)
{âp, âq} = {â†

p, â
†
q} = 0. (2.33)

These algebraic rules encode fermionic antisymmetry, so one no longer needs to
construct explicitly antisymmetrized wave functions.

In this formalism, the reference state can be chosen as the vacuum |0⟩. An
N -electron Slater determinant corresponding to occupied spin-orbitals k1, . . . , kN
is then written simply as

|k1k2 . . . kN ⟩ = â†
k1
â†
k2
. . . â†

kN
|0⟩. (2.34)

Thus, many-electron wave functions become compact operator expressions.
To obtain second-quantized forms of operators, it is useful to introduce field

operators,

Φ̂†(r⃗, σ) =
∑
k

ϕ∗
kσ(r⃗) â†

kσ, (2.35)

Φ̂(r⃗, σ) =
∑
k

ϕkσ(r⃗) âkσ, (2.36)



2.1. FUNDAMENTALS OF QUANTUM CHEMISTRY 17

which create and annihilate a fermion at position r⃗ with spin σ, respectively.
These satisfy continuous anticommutation relations consistent with Eq. (2.32).

A general k-body operator Ô(r⃗1, σ1, . . . , r⃗k, σk) can be written in second-
quantized form as

Ô = 1
k!

∑
σ1,...,σk

∫
dr⃗1 · · · dr⃗k Φ̂†(r⃗1, σ1) · · · Φ̂†(r⃗k, σk) Ô(r⃗1, σ1, . . . , r⃗k, σk)

× Φ̂(r⃗k, σk) · · · Φ̂(r⃗1, σ1).
(2.37)

The one-body and two-body parts of the electronic Hamiltonian (Eq. (2.19))
acquire particularly simple forms in second quantization. A general one-electron
operator ĥi can be written without the index i, since it is the same for each
electron:

Ĥ(1) =
∑
σ

∫
dr⃗ Φ̂†(r⃗, σ) ĥ(r⃗) Φ̂(r⃗, σ) =

∑
rsσ

hrs â
†
rσâsσ, (2.38)

with one-electron matrix elements

hrs =
∫
dr⃗ ϕ∗

rσ(r⃗) ĥ(r⃗)ϕsσ(r⃗), (2.39)

which are independent of the spin labels.
Similarly, the electron–electron Coulomb interaction can be written as

Ĥ(2) = 1
2
∑
στ

∫
dr⃗1dr⃗2 Φ̂†(r⃗1, σ)Φ̂†(r⃗2, τ) 1

|r⃗1 − r⃗2|
Φ̂(r⃗2, τ)Φ̂(r⃗1, σ). (2.40)

In an orbital basis, this becomes

Ĥ(2) = 1
2
∑
rstu

∑
στ

⟨rσ sτ |tσ uτ⟩ â†
rσâ

†
sτ âuτ âtσ, (2.41)

where the two-electron integrals are defined as

⟨rσ sτ |tσ uτ⟩ =
∫
dr⃗1dr⃗2 ϕ

∗
rσ(r⃗1)ϕ∗

sτ (r⃗2) 1
|r⃗1 − r⃗2|

ϕtσ(r⃗1)ϕuτ (r⃗2). (2.42)

Absorbing the spin labels into the orbital indices (so that r, s, t, u denote spin-
orbitals), the one- and two-body parts of the Hamiltonian can be written in the
compact form

Ĥ(1) =
∑
rs

hrs â
†
râs, (2.43)

Ĥ(2) = 1
2
∑
rstu

⟨rs|tu⟩ â†
râ

†
sâuât. (2.44)

A major advantage of second quantization is that strings of fermionic
creation and annihilation operators can be simplified systematically using Wick’s
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theorem [58]. To formulate it, we first define normal ordering, denoted by {· · · }.
Normal ordering is the rearrangement in which all creation operators appear to
the left of all annihilation operators, with appropriate sign changes due to the
anticommutation relations in Eq. (2.32). For example,

{â†
pâq} = â†

pâq, {âqâ†
p} = −â†

pâq. (2.45)

A contraction between two operators is defined as the difference between
their product and its normal-ordered form:

x̂ŷ ≡ x̂ŷ − {x̂ŷ}. (2.46)

Wick’s theorem states that any product of creation and annihilation operators
can be expressed as the sum of its normal-ordered form and all possible normal-
ordered terms with contractions. Schematically,

Â = {Â} +
∑

all contractions
{Contractions(Â)}. (2.47)

The Wick’s theorem can also be formulated for two normal-ordered strings
A and B:

ÂB̂ = {ÂB̂} + {ÂB̂}, (2.48)

where {ÂB̂} denotes all possible contractions between operators of one string
and another.

The one- and two-body Hamiltonian terms in Eqs. (2.43) are already normal
ordered if the vacuum |0⟩ is taken as the reference state. In quantum chemistry,
however, it is often more convenient to choose a Slater determinant as a reference.
Normal ordering with respect to such a reference modifies the notion of creation
and annihilation, and Wick’s theorem then generates terms relative to this new
vacuum.

2.1.4 Mean-Field Foundations
One of the earliest practical methods of quantum chemistry is the Hartree–Fock
(HF) method. Douglas Hartree (1928) introduced the idea of a self-consistent
field (SCF) in which each electron moves in the average Coulomb field of all
others [59], while Vladimir Fock (1930) reformulated the approach in terms
of antisymmetric Slater determinants [60], ensuring compliance with the Pauli
exclusion principle. Originally developed in the language of first quantization,
HF theory is now most naturally expressed in second quantization, where its
mean-field character emerges in a transparent way.

We introduce a Slater determinant |Φ0⟩ as a reference state. In this state a
subset of spin-orbitals is occupied (hole or core orbitals, indexed by i, j, k, l), and
the remaining spin-orbitals are unoccupied (particle or virtual orbitals, indexed
by a, b, c, d). General spin-orbitals will be denoted by r, s, t, u. The determinant
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|Φ0⟩ plays the role of a “Fermi vacuum”: with respect to this reference, there
are no holes and no particles. Acting with an annihilation operator on an
occupied spin-orbital creates a hole, while acting with a creation operator on an
unoccupied spin-orbital creates a particle excitation.

Normal ordering with respect to |Φ0⟩, denoted by {· · · }, is defined such that
the expectation value of any normal-ordered operator vanishes in the reference
state,

⟨Φ0|{Â}|Φ0⟩ = 0. (2.49)
Applying Wick’s theorem with |Φ0⟩ as the reference to the one- and two-body
parts of the Hamiltonian (Eqs. (2.43)) yields

Ĥ(1) =
∑
rs

hrs â
†
râs =

∑
i

hii +
∑
rs

hrs {â†
râs}, (2.50)

Ĥ(2) = 1
2
∑
rstu

⟨rs|tu⟩ â†
râ

†
sâuât

= 1
2
∑
ij

(
⟨ij|ij⟩ − ⟨ij|ji⟩

)
+
∑
rsi

(
⟨ri|si⟩ − ⟨ri|is⟩

)
{â†
râs} (2.51)

+ 1
2
∑
rstu

⟨rs|tu⟩ {â†
râ

†
sâtâu}.

The first terms in Eq. (2.50) and Eq. (2.51) together give the expectation value
of the Hamiltonian in the reference state, which is the HF energy:

EHF = ⟨Φ0|Ĥ|Φ0⟩ =
∑
i

hii + 1
2
∑
ij

(
⟨ij|ij⟩ − ⟨ij|ji⟩

)
. (2.52)

The coefficients of the normal-ordered one-body operators define the matrix
elements of the Fock operator,

frs = hrs +
∑
i

(
⟨ri|si⟩ − ⟨ri|is⟩

)
. (2.53)

The term ⟨ri|si⟩ is the Coulomb contribution (often denoted Ji in the first
quantization) and describes the classical electrostatic interaction with the charge
distribution of electron i, while ⟨ri|is⟩ is the exchange contribution (denoted Ki

in the first quantization), arising purely from antisymmetry.
As demonstrated in Eq. (2.22), molecular orbitals are expressed as LCAO. We

can perform unitary rotations of the orbital basis. Since creation and annihilation
operators are tied to particular spin-orbitals, a rotation in orbital space induces
a corresponding unitary transformation in the space of fermionic operators:

ˆ̃a†
i =

∑
j

Uij â
†
j , (2.54)

ˆ̃ai =
∑
j

U †
jiâj , (2.55)



20 CHAPTER 2. PRELIMINARIES

where U is a unitary matrix. This rotation can be generated by a one-body
anti-Hermitian operator

Λ̂ =
∑
rs

Λrs â†
râs, U = eiΛ, (2.56)

so that the corresponding rotated Slater determinant |Φ̃0⟩ is given by the Thouless
theorem [61]:

|Φ̃0⟩ = eiΛ̂|Φ0⟩. (2.57)

The HF method seeks the set of molecular orbitals (equivalently, the Slater
determinant |Φ̃0⟩) that minimizes the energy functional

E(Λ̂) = ⟨Φ̃0|Ĥ|Φ̃0⟩. (2.58)

Requiring stationarity with respect to orbital rotations, δE = 0, leads to the
conditions

fia = fai = 0, (2.59)

meaning that all off-diagonal Fock matrix elements between occupied (hole) and
virtual (particle) orbitals vanish. These are the HF equations in matrix form. In
practice, they are solved iteratively in a SCF procedure. A further analysis of
the Hessian of E(Λ̂) shows that the converged HF solution corresponds to the
local minimum.

Even after imposing Eq. (2.59), there remains some freedom in the choice of
orbitals. If the orbitals diagonalize the Fock matrix, they are called canonical
orbitals. If instead they diagonalize the one-electron density operator, they are
known as natural orbitals. Different choices of orbitals can be advantageous for
particular correlation methods.

Brillouin’s theorem follows directly from the condition in Eq. (2.59) [62].
Determinants with a single excitation from the HF state have zero first-order
coupling to the reference under the exact Hamiltonian. Equivalently,

⟨Φai |Ĥ|Φ0⟩ = 0, (2.60)

where |Φai ⟩ denotes a singly excited determinant from orbital i to orbital a. This
property underpins many post-HF correlation methods, where the correlation
energy arises first from double and higher excitations.

HF theory typically recovers the dominant fraction of the total electronic
energy, providing a qualitatively correct mean-field picture of electron interactions.
However, the remaining correlation energy, although numerically much smaller,
is chemically essential. It is responsible for effects such as dispersion interactions,
accurate bond breaking, and reliable barrier heights. Accurately capturing this
correlation energy is the central aim of post-HF electronic structure methods,
which are built systematically upon the HF reference determinant.
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2.1.5 Capturing Correlation
Although HF provides a self-consistent mean-field description of electrons, it
neglects most of the correlation effects between them. Electronic correlation is
usually defined as the difference between the exact non-relativistic BO energy
and the HF energy. It reflects the fact that the exact electronic wave function
cannot, in general, be represented by a single Slater determinant. Instead, it must
be written as a linear combination of determinants with different distributions
of electrons among orbitals:

|Φ⟩ = c0|Φ0⟩ + c1|Φ1⟩ + c2|Φ2⟩ + · · · , (2.61)

where |Φ0⟩ is a reference determinant (often the HF solution) and the coefficients
ci describe the weight of the corresponding excited configurations |Φi⟩.

Two qualitatively different types of correlation are usually distinguished.
Static (or strong) correlation occurs when several determinants contribute with
comparable, relatively large coefficients ci. This situation arises when there
are nearly degenerate electronic configurations, so that no single determinant
provides an adequate qualitative description of the system. Static correlation
is essential, for example, in bond dissociation, near transition states, and in
systems with open shells or near-degenerate frontier orbitals.

Dynamic (or weak) correlation, on the other hand, arises from the collective
effect of many determinants with small coefficients ci. These excitations refine
the mean-field picture by accounting for the instantaneous electron–electron
repulsion, the tendency of electrons to avoid each other in space. Dynamic
correlation is typically well described by single-reference methods such as Møller–
Plesset perturbation theory (see Sec. 2.1.5.1) and coupled cluster expansions
(see Sec. 2.1.5.3), and is crucial for achieving quantitative accuracy even when a
single determinant provides a qualitatively correct starting point.

2.1.5.1 Perturbation Theory

The idea of expanding around the HF solution using perturbation theory dates
back to Møller and Plesset (1934) [63]. To apply perturbation theory, the
electronic Hamiltonian is partitioned into a zeroth-order part, which is solvable
(preferably exactly), and a residual interaction treated as a perturbation. In
Møller–Plesset (MP) perturbation theory, the Hamiltonian is written as

ĤMP(λ) = Ĥ(0) + λV̂ = f̂ + λ(Ĥ − f̂), (2.62)

where f̂ is the normal-ordered Fock operator and λ is a formal perturbation
parameter that is set to λ = 1 at the end of the derivation. The residual (Ĥ − f̂)
acts as the perturbation.

The exact state vector and energy are expanded as power series in λ:

|ΦMP(λ)⟩ = |Φ(0)⟩ + λ|Φ(1)⟩ + λ2|Φ(2)⟩ + · · · , (2.63)
EMP(λ) = E(0) + λE(1) + λ2E(2) + · · · , (2.64)
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with the zeroth-order state taken as the HF solution, |Φ(0)⟩ = |ΦHF⟩. Substituting
these expansions into the Schrödinger equation

ĤMP(λ)|ΦMP(λ)⟩ = EMP(λ)|ΦMP(λ)⟩ (2.65)

and collecting terms of equal order in λ yields the standard Rayleigh–Schrödinger
perturbation expressions. For the MP partitioning, E(0) = EHF, so that the
correlation energy is given by

Ecorr
MP = E(λ=1) − EHF = E(2) + E(3) + · · · . (2.66)

There is no first-order correction to the HF energy because of Brillouin’s theorem,
which ensures that single excitations do not couple to the HF reference at first
order.

The second-order MP (MP2) correlation energy can be written compactly as

E(2) = 1
4
∑
ijab

|⟨ij||ab⟩|2

εi + εj − εa − εb
, (2.67)

where i, j denote occupied orbitals, a, b virtual orbitals, εp are the HF orbital
energies, and ⟨ij||ab⟩ = ⟨ij|ab⟩ − ⟨ij|ba⟩ are antisymmetrized two-electron
integrals. In its canonical implementation, MP2 scales as O(N5) with the system
size N , but is relatively inexpensive in practice and often yields a substantial
improvement over HF for calculation of thermochemical properties.

Rayleigh–Schrödinger perturbation series are, in most cases, only asymptotic:
they may approximate the exact result well up to some finite order, but higher-
order terms often grow and the series ultimately diverges. In some systems,
divergence or pathological behavior can already appear at low orders. These
problems become particularly severe when the HF reference is qualitatively
poor, for example, in systems with small orbital energy gaps or strong near-
degeneracies, such as stretched bonds, transition-metal complexes, or excited
and near-degenerate states where static correlation is important.

To treat such situations, multireference perturbation theories (such as
CASPT2 and NEVPT2) generalize the expansion to multireference states.
This improves the description of electronic correlation at the cost of increased
computational complexity. These approaches will be discussed in more detail
later in Sec. 2.1.5.5.

2.1.5.2 Configuration Interaction

Configuration interaction (CI) is one of the earliest systematic post-HF methods.
The basic idea is to expand the electronic wave function as a linear combination
of Slater determinants built from a fixed set of spin-orbitals,

|ΨCI⟩ = c0|Φ0⟩ +
∑
ia

cai |Φai ⟩ + 1
4
∑
ijab

cabij |Φabij ⟩ + · · · , (2.68)
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where |Φ0⟩ is the HF reference determinant and |Φa
i ⟩, |Φab

ij ⟩, etc. are singly,
doubly, and higher excited determinants formed by exciting electrons from
occupied orbitals i, j, . . . to virtual orbitals a, b, . . . .

The CI coefficients cab...ij... can be obtained by projecting the Schrödinger
equation onto each determinant in the expansion,

⟨Φab...ij... |Ĥ|ΨCI⟩ = ECI c
ab...
ij... , (2.69)

⟨Φ0|Ĥ|ΨCI⟩ = ECI c0, (2.70)

which can be written in matrix form as

H c⃗ = ECI c⃗, (2.71)

where H is the electronic Hamiltonian represented in the basis of Slater
determinants, and c⃗ is the vector of CI coefficients. The diagonalization of H
yields approximate energies and wave functions; the lowest eigenvalue corresponds
to the CI approximation to the ground state.

If all possible determinants for the chosen basis set are included, the method
is called full configuration interaction (FCI). In that case, CI provides the
exact solution of the electronic Schrödinger equation within the given basis set.
However, the dimension of the FCI space grows combinatorially with system size
(like

(
M
N

)
for N electrons in M spin-orbitals), and FCI is feasible only for very

small molecules and modest basis sets.
In practice, the CI expansion is truncated. The truncation level defines the

specific CI method. For example, including only single and double excitations
leads to CISD, adding triple excitations gives CISDT, and so on. CISD is
variational and computationally tractable (scaling as O(N6) with system size
N) and often yields a significant improvement over HF. However, truncated CI
suffers from two fundamental deficiencies:

• It is not size consistent: for two non-interacting subsystems A and B, the
energy of the combined system is not exactly equal to E(A) + E(B) when
each is treated at the same truncated CI level.

• It is not size extensive: the correlation energy does not scale linearly with
the number of electrons or fragments, so errors grow unphysically with
system size.

These problems become particularly severe for larger systems and are a major
reason why truncated CI has largely been superseded by coupled cluster methods
in high-accuracy quantum chemistry.

Despite these limitations, truncated CI remains important as a conceptually
simple reference method and as a convenient testing ground for new ideas.
FCI continues to play a central role as the formal benchmark against which
approximate electronic structure methods are assessed in small systems.



24 CHAPTER 2. PRELIMINARIES

2.1.5.3 Coupled Cluster Theory

Coupled cluster (CC) theory, originally developed in nuclear physics [64] and later
adopted in quantum chemistry [65], introduces the exponential wave function
ansatz

|ΨCC⟩ = eT̂ |Φ0⟩, T̂ =
NCC∑
k=1

T̂k, (2.72)

where |Φ0⟩ is a reference Slater determinant (typically HF) and T̂k is the cluster
operator that generates all k-fold excitations from |Φ0⟩. The integer NCC denotes
the highest excitation rank included in the cluster operator. If NCC = Nelec,
where Nelec is the number of correlated electrons, the ansatz is formally exact
within the given basis set and this limit is sometimes referred to as full CC. The
exponential ansatz has two key advantages: it ensures the size consistency and
the size extensivity.

In second quantization, for example, the double excitation cluster operator is

T̂2 = 1
4
∑
ijab

tabij â
†
aâ

†
bâj âi, (2.73)

with amplitudes tabij for exciting electrons from occupied orbitals i, j to virtual
orbitals a, b. The truncation level NCC defines the CC method: if T̂ = T̂1 + T̂2
the method is called CC with singles and doubles (CCSD), while T̂ = T̂1 +T̂2 +T̂3
defines CC with singles, doubles and triples (CCSDT), etc.

The CC amplitudes are determined from a projected Schrödinger equation,
similarly to Eq. (2.69):

⟨Φab...ij... |Ĥ|ΨCC⟩ = 0, (2.74)
⟨Φ0|Ĥ|ΨCC⟩ = ECC, (2.75)

where |Φab...ij... ⟩ runs over all excited determinants included up to the truncation
level NCC. These equations are nonlinear in the cluster amplitudes tab...ij... and are
usually solved iteratively. The nonlinearity implies that multiple solutions may
exist, and convergence is not always guaranteed.

To reduce the computational cost of higher-level CC methods, various
approximate schemes have been developed. For example, CC2 and CC3 are
approximate CCSD and CCSDT models, respectively, derived by combining
CC theory with PT [66, 67]. Linear response CC [68] and equation-of-motion
CC [69] methods provide access to excited states and response properties based
on the ground state.

It is well established that triple and higher excitations are important for
quantitative accuracy in many molecular properties. Although CCSD is relatively
tractable (formal scaling O(N6) with system size N), CCSDT (O(N8)) is already
prohibitively expensive. A widely used compromise is to include the effect of
triple excitations perturbatively on top of CCSD, leading to the CCSD(T)
method [70]. CCSD(T) often achieves high accuracy for a broad range of
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molecules near equilibrium geometries and has become known as the “gold
standard” of quantum chemistry.

In general, CC methods provide high accuracy for systems dominated by
dynamic correlation and close to a single-reference description, particularly
near equilibrium geometries. However, they struggle in the presence of
static correlation, such as in bond-breaking regions or in many transition-
metal complexes, where the single-determinant reference becomes qualitatively
inadequate. Moreover, the steep polynomial scaling (O(N6) for CCSD, O(N7)
for CCSD(T) and worse for higher excitations) limits their direct application to
very large systems.

An alternative formulation is variational CC (VCC) [71], in which the cluster
amplitudes are determined by minimizing the energy functional

EVCC(T̂ ) = ⟨Φ0|eT̂ †
ĤeT̂ |Φ0⟩

⟨Φ0|eT̂ †eT̂ |Φ0⟩
. (2.76)

This approach restores a variational upper bound to the energy, but the
evaluation of EVCC(T̂ ) for general T̂ involves an exponentially large number of
terms. The variational and unitary CC ansatz have been proposed as promising
candidates for quantum algorithms, where the exponential complexity may be
mitigated [72, 73]. These aspects will be discussed in the section on quantum
computation.

2.1.5.4 Multiconfigurational Self-Consistent Field

In systems with strong correlation, several electronic configurations contribute
with comparable weights, and any single-reference description is qualitatively
inadequate. To address this, the multireference counterpart of HF was developed,
the multiconfigurational self-consistent field (MCSCF) method.

In MCSCF the spin-orbital space is partitioned into three subspaces: inactive
(or occupied), active, and external (or virtual). Inactive orbitals are doubly
occupied in all determinants of the expansion, active orbitals may be variably
occupied (0, 1, or 2 electrons) depending on the configuration, and external
orbitals are unoccupied in all determinants. The most common choice of
configuration space is the complete active space (CAS), in which all possible
distributions of Nact active electrons among Mact active orbitals are included.
The corresponding method is called complete active space self-consistent field
(CASSCF) [74].

Let {|m⟩}K−1
m=0 denote the orthonormal set of Slater determinants generated

by all possible distributions of the active electrons among the active orbitals,
where |0⟩ is a chosen reference determinant. Each determinant |m⟩ can be
obtained from |0⟩ by an excitation operator,

ŝ†m = |m⟩⟨0|. (2.77)

A general unitary transformation within the configuration space can then be
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written as

eiŜ = exp
(
i

K−1∑
m̸=0

(S∗
0mŝ

†
m + S0mŝm)

)
, (2.78)

where the matrix elements S0m parametrize rotations among the CAS determi-
nants.

As in the HF case, we also allow unitary rotations of the spin-orbital basis,
generated by a one-body anti-Hermitian operator (see Eq. (2.56)) The general
CASSCF ground state can then be written as

|0̃⟩ = eiΛ̂ eiŜ |0⟩. (2.79)

It can be found by a simultaneous optimization in both the space of orbitals and
the space of CI coefficients within the chosen configuration space. The CASSCF
energy functional is

E(Λ̂, Ŝ) = ⟨0̃|Ĥ|0̃⟩. (2.80)

Requiring stationarity of the energy with respect to both orbital and configuration
rotations, δE(Λ̂, Ŝ) = 0, leads to two coupled sets of equations, which can be
expressed compactly as

⟨0|[Ĥ, Λ̂]|0⟩ = 0, (2.81)
⟨0|[Ĥ, Ŝ]|0⟩ = 0. (2.82)

The first condition is equivalent to the HF case (Eq. (2.59)). The second condition
is equivalent to ⟨0|Ĥ|m⟩ = 0 for all CASSCF states m ̸= 0. In practice, these
coupled equations are solved iteratively. An analysis of the Hessian of E(Λ̂, Ŝ)
is required to confirm whether the resulting solution corresponds to a ground
state or an excited state.

In many applications, one is interested not only in a single electronic state
but in a set of low-lying states of the same symmetry. For this purpose, state-
averaged CASSCF (SA-CASSCF) is used. In SA-CASSCF the functional in
Eq. (2.80) is replaced by a state-averaged energy,

ESA(Λ̂, Ŝ) =
NSA−1∑
m=0

wm ⟨m̃|Ĥ|m̃⟩, (2.83)

where |m̃⟩ = eiΛ̂eiŜ |m⟩ are the CASSCF excited states, wm are their weights,
and NSA is a number of averaged states. In the first stationarity condition (see
Eq. (2.81)), the Fock operator is generalized to the weighted Fock operator for
several states. The second stationarity condition (see Eq. (2.81)) then transforms
to ⟨n|Ĥ|m⟩ = 0 for all CASSCF states n ̸= m from state averaging, ensuring
a balanced description of several states that share the same set of optimized
orbitals.

The same formalism allows one to define the complete active space
configuration interaction (CASCI) method: it is exactly ⟨n|Ĥ|m⟩ = 0 requirement
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without orbital optimization. CASCI therefore offers a compromise between
flexibility and computational cost, but lacks the additional variational freedom
of CASSCF.

CASSCF provides an accurate description of static correlation by allowing
multiple determinants to contribute significantly within the active space.
However, the number of CAS determinants grows combinatorially with the
size of the active space, limiting the practical choice of Nact and Mact. Moreover,
dynamic correlation outside the active space is not captured and must be added
using post-CASSCF methods, such as multireference perturbation theories or
multireference configuration interaction.

2.1.5.5 Multireference Perturbation, Configuration Interaction, and
Coupled Cluster

Although CASSCF provides an accurate treatment of static correlation within
a chosen active space, it lacks most of the dynamic correlation required for
quantitative calculations. Many multireference methods can be formulated in a
common language using Bloch’s effective Hamiltonian formalism [75].

Let the state-averaged CASSCF reference define a Nm-dimensional model
subspace P spanned by orthonormal states {|m̃⟩}Nm−1

m=0 . The projector onto this
model space is

P̂ =
Nm−1∑
m=0

|m̃⟩⟨m̃| =
Nm−1∑
m=0

P̂m, (2.84)

with the complementary projector Q̂ = 1 − P̂ . The goal is to construct a wave
operator Ω̂ that maps each vector of the model space to the corresponding exact
eigenstate of the full electronic Hamiltonian,

|Ψm⟩ = Ω̂ |m̃⟩. (2.85)

In Bloch’s formulation, one imposes the intermediate normalization condition

P̂ Ω̂P̂ = P̂ , (2.86)

which ensures that the projection of |Ψm⟩ onto P coincides with |m̃⟩. The
corresponding effective Hamiltonian acting within the model space is

Ĥeff = P̂ ĤΩ̂P̂ , (2.87)

and satisfies the Bloch equation

Ĥ Ω̂P̂ = Ω̂P̂ ĤeffP̂ . (2.88)

Its eigenvalues reproduce the targeted (typically low-lying) eigenvalues of Ĥ,
while the eigenvectors are the projections of the exact states onto P.

It is convenient to separate the “external” part of the wave operator via the
correlation operator

X̂ ≡ Q̂Ω̂P̂ , ⇒ Ω̂P̂ = P̂ + X̂, (2.89)
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so that P̂ X̂ = 0 and Q̂X̂ = X̂ by construction. Different multireference methods
correspond to different parameterizations/approximations of Ω̂ (equivalently, of
X̂).

• Multireference perturbation theory (MRPT). One introduces an
explicit Hamiltonian partition

Ĥ = Ĥ0 + V̂ , (2.90)

typically choosing Ĥ0 to be block-diagonal with respect to P̂ and Q̂. The
correlation operator is expanded perturbatively,

X̂ = X̂(1) + X̂(2) + · · · , (2.91)

and can be calculated using recursion

X̂(1) =
Nm−1∑
m=0

Q̂

E
(0)
m − Ĥ0

V̂ P̂m,

X̂(k) =
Nm−1∑
m=0

Q̂

E
(0)
m − Ĥ0

(
V̂ X̂(k−1) −

k−1∑
l=1

X̂(k−l)V̂ X̂(l−1)
)
P̂m,

(2.92)

with E
(0)
m = ⟨m̃|Ĥ0|m̃⟩.

The expression for the effective Hamiltonian is as follows:

Ĥeff = P̂ Ĥ0P̂ + P̂ V̂ X̂. (2.93)

This effective Hamiltonian can then be exactly diagonalized, giving the
energies and state vectors. Complete active space perturbation the-
ory (CASPT2) [76, 77], n-electron valence state perturbation theory
(NEVPT2) [78, 79], multireference MP (MRMP2) [80], and (extended) mul-
ticonfigurational quasi-degenerate perturbation theory (X)MCQDPT2 [81,
82] mainly differ in their definitions of Ĥ0, in how the first-order interacting
space is represented, and in how quasi-degeneracy is handled.

• Multireference configuration interaction (MRCI). MRCI is obtained
by diagonalizing Ĥ in a truncated space P⊕Qtrunc, where Qtrunc is typically
spanned by single and double excitations out of P (MRCISD). Equivalently,
using a wave operator Ω̂, one may write a linear parameterization

Ω̂ ≈ P̂ + X̂, X̂ : P → Qtrunc. (2.94)

Modern implementations employ internally contracted configurations, i.e.
basis functions in Qtrunc are formed as excitation operators acting on the
reference space [83]. MRCI is variational within the chosen truncated
space, but due to linear truncation it is not rigorously size-extensive/size-
consistent; therefore a Davidson-type correction (MRCI+Q) is often used
in practice [84].
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• Multireference coupled cluster (MRCC). MRCC employs an
exponential parameterization and can recover near size-extensivity. Two
widely used wave operator forms correspond to different notions of
universality:
(i) State-universal MRCC (SUMRCC (Jeziorski–Monkhorst) [85] / Hilbert
space MRCC):

Ω̂ =
Nm−1∑
m=0

eT̂
(m)
P̂m, (2.95)

i.e. a sum of exponentials with a separate cluster operator T̂ (m) for each
basis state of the model space.
(ii) Valence-universal MRCC (VUMRCC [86]/ Fock space MRCC):

Ω̂ = eŜ , (2.96)

where a single cluster operator Ŝ generates correlated states from the entire
model space, producing a valence-universal description across multiple
target states.
In both cases the amplitudes are obtained from projected nonlinear
equations derived from the Bloch equation, with practical truncations,
such as singles and doubles, in T̂ (m) or Ŝ.

Viewed this way, MRPT, MRCI, and MRCC are different approximations to
the same object, the Bloch wave operator Ω̂ built on a CASSCF model space.
As one moves from MRPT to MRCI to MRCC, the description of correlation
generally becomes more accurate, but also more computationally demanding. In
large or strongly correlated systems, the cost of these multireference approaches
still remains a significant bottleneck, motivating the exploration of stochastic
methods, such as Monte Carlo approaches.

2.1.6 Quantum Monte Carlo Approaches
Deterministic post-HF methods often exhibit steep scaling with system size,
which limits their applicability to large molecules. An alternative route is to
evaluate the expectation values of a quantum system stochastically. Quantum
Monte Carlo (QMC) is a family of methods that uses randomness to estimate
the parameters of a quantum system, potentially offering high accuracy with
more favorable scaling. Although limited by statistical noise and, for fermions,
by the sign problem [21], QMC has developed into a versatile set of techniques
for quantum chemistry and condensed matter physics.

2.1.6.1 Variational Monte Carlo

In variational Monte Carlo (VMC), one chooses a parameterized trial wave
function ΨT (r⃗;λ), where r⃗ collects all electron coordinates and λ denotes a set
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of variational parameters. The energy is evaluated by stochastic integration:

E(λ) =
∫
dr⃗ |ΨT (r⃗;λ)|2 Eloc(r⃗;λ)∫

dr⃗ |ΨT (r⃗;λ)|2 =
∫
dr⃗ ρ(r⃗;λ)Eloc(r⃗;λ), (2.97)

with local energy Eloc(r⃗;λ) = ĤΨT (r⃗;λ)/ΨT (r⃗;λ) and ρ(r⃗, λ) is the probability
density for electronic coordinates. The functional can be estimated as an average
of local energies taken at points r⃗k sampled from ρ(r⃗;λ) using the Metropolis–
Hastings algorithm [87].

One common way to organize Metropolis sampling in VMC is as follows.
Starting from an initial set of electronic coordinates r⃗i, a small Gaussian random
move is proposed:

r⃗i → r⃗f = r⃗i + 1
2 F⃗q(r⃗i) +Gδτ , (2.98)

where F⃗q(r⃗i) = ∇ ln |ΨT (r⃗i)|2 is a Bohmian (quantum) force and Gδτ is a
random number drawn from a Gaussian distribution with standard deviation
δτ . The proposal probability is then computed using the Green function of the
Fokker–Planck equation in the short-time approximation:

Pprop(r⃗f |r⃗i) = 1
(2πδτ)3Nelec/2 exp

(
−
r⃗f − r⃗i − 1

2 F⃗q(r⃗i)δτ
2δτ

)
, (2.99)

where Nelec is the number of electrons.
The acceptance probability for the proposed coordinates is then given by

Pacc(r⃗f|r⃗i) = min
{

1, Pprop(r⃗i|r⃗f)ρ(r⃗f)
Pprop(r⃗f|r⃗i)ρ(r⃗i)

}
. (2.100)

In VMC calculations, an ensemble of many random walkers is usually employed.
Statistical averaging should also account for the autocorrelation between
successive moves. In practice, this is commonly handled by performing averages
within batches to reduce these effects.

The energy functional E(λ) is then minimized variationally for a chosen
parametrization of the trial wave function ΨT (r⃗;λ). The VMC provides an
upper bound to the ground state energy. Its cost depends on the chosen ansatz
but typically lies between O(N2

elec) and O(N4
elec) per Monte Carlo sweep, which is

much less than deterministic post-HF methods. The accuracy depends strongly
on the expressiveness of the trial ansatz, for example, Slater–Jastrow wave
functions [88].

2.1.6.2 Diffusion Monte Carlo

Highly accurate solutions can be obtained with Diffusion Monte Carlo (DMC),
which performs an imaginary-time evolution (ITE) toward the ground state
while imposing the fixed-node constraint derived from the trial state |ΨT ⟩ to
control the fermion sign problem. DMC improves upon VMC by stochastically
projecting out the ground state from an initial trial wave function via ITE:

|Ψ(τ)⟩ = e−τ(Ĥ−ET )|ΨT ⟩, (2.101)
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where τ is the imaginary time and ET = ⟨ΨT |Ĥ|ΨT ⟩ is the trial state energy.
As τ → ∞, provided that |ΨT ⟩ has a nonzero overlap with the ground state, the
propagated wave function projects onto the exact ground state.

In the DMC framework, the projection is motivated by the fact that the
imaginary-time Schrödinger equation can be written analogously to a classical
diffusion equation:

∂

∂τ
|Ψ(τ)⟩ =

(
1
2∇2 − (V − ET )

)
|Ψ(τ)⟩

= 1
2∇2|Ψ(τ)⟩︸ ︷︷ ︸

diffusion (random walk)

− (V − ET )|Ψ(τ)⟩︸ ︷︷ ︸
branching (birth/death)

.
(2.102)

The Laplacian term generates diffusion and is simulated by a random walk:
over a small time step, walkers are displaced by Gaussian moves, analogous to
Metropolis updates in VMC. The remaining term multiplies |Ψ(τ)⟩ by a local
factor determined by (V − ET ) and acts as a branching process: walkers in
regions where V is low relative to ET tend to replicate, whereas walkers in
regions where V is high tend to die out. In practice, DMC combines these two
ingredients into a branching random walk: each time step proposes a diffusion
walk and then applies a stochastic replication/deletion step to represent the
weight accumulated from the potential term.

However, without symmetry restrictions, the propagation converges to the
bosonic ground state. This is the sign problem, which appears in many QMC
techniques in different guises. To control the fermion sign problem, the fixed-
node approximation is imposed: the nodal surface of |ΨT ⟩ is enforced during
the simulation, and walkers that attempt to cross the nodal surface are removed.
The resulting energy is variational and becomes exact when the nodal surface is
exact. Therefore, the achievable accuracy is limited by the nodal structure of
the trial wave function.

2.1.6.3 Auxiliary-Field QMC

Auxiliary-field QMC (AFQMC) is closely related in spirit to DMC in that
it also computes ground state properties by ITE (see Eq. (2.101)) [89]. The
central difference is in the representation of the propagation. AFQMC applies
a Hubbard–Stratonovich transformation to rewrite the two-body interaction in
terms of an integral over fluctuating auxiliary field [90], such that the many-body
propagator is expressed as a stochastic average of one-body propagators. As a
result, the random walk is performed in the manifold of nonorthogonal Slater
determinants rather than in the position space of N -particle configurations; the
antisymmetry of each walker is therefore maintained by construction.

A major practical challenge is that the auxiliary-field propagation is generally
complex-valued, leading to an exponential growth of the noise associated with
random phases. At long projection times the phases of the walkers decorrelate,
a manifestation of the fermion sign problem in this framework. The phaseless
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AFQMC method controls this instability by introducing a constraint based on
the overlap of each walker with a chosen trial wave function, thereby guiding
and stabilizing the random walk. A more detailed discussion of AFQMC is given
in Chap. 5.

AFQMC has demonstrated high accuracy for both molecules and solids, with
computational scaling that is often comparable to mean-field approaches and
with a systematic route to improvement through the choice of trial wave function.

More generally, QMC methods offer favorable scaling and excellent parallel
efficiency, enabling the treatment of strongly correlated systems beyond the reach
of standard post-HF techniques. Their limitations are the presence of statistical
error bars and the need for wise choice of constraints. In practice, statistical
errors are reduced by longer sampling, while systematic biases are mitigated by
improving the trial wave function.

2.1.7 Computational and Conceptual Problems of Modern
Quantum Chemistry

The methods described so far highlight a recurring theme: the electronic structure
problem is easy to formulate but notoriously hard to solve. In modern quantum
chemistry, one quickly runs into deep questions of principle that limit what can be
computed or even decided in general. At the abstract level, the local Hamiltonian
problem is QMA-complete, meaning that calculating the approximation to the
ground state energy within inverse-polynomial additive error of an electronic
Hamiltonian in finite basis is intractable for classical and even quantum computers
in polynomial time [17, 18]. But the problem is even more severe, it was proven
that there is no general algorithm to decide whether a given Hamiltonian has
a spectral gap bigger than some arbitrary value, which undermines the hope
of a universal criterion for distinguishing stable insulators from metals [19].
Even in less extreme cases, the basic methods of quantum chemistry rest on
problems that are combinatorial or hard in the worst case. The FCI expansion
grows exponentially with system size in second quantization and as

(
M
N

)
for N

electron distributed among M spin-orbitals. HF is NP-complete in worst case,
meaning that it is not solvable in polynomial time on classical computer [20, 18].
Determining whether a reduced density matrix corresponds to some N -electron
wavefunction (the N -representability problem), which is important for methods
formulated in reduced density matrix framework, is also QMA-complete [91].

For fermionic systems, QMC was also proven to be NP-hard due to the
infamous sign problem [21]. This problem reflects the antisymmetric nature
of fermionic wavefunctions, and if it is not considered, then contributions of
different parts cancel, variances explode, and stochastic sampling breaks down.
The same negativity appears in the Wigner quasiprobability distribution [92]
and in the hydrodynamic formulation (Madelung) [93], underscoring that no
classical probability picture can fully capture quantum correlations. The density
functional theory (DFT) proves the existence of an exact universal functional
of the electron density (Hohenberg–Kohn theorems) [94], but its explicit form
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is unknown. Furthermore, even if it were known, computing it for a particular
system would be QMA-hard [95].

Despite the daunting theorems, quantum chemistry works in practice. The
reason is twofold: first, in the real world we only need finite precision—energies
to a few millihartree, geometries to fractions of an angstrom. Second, physical
Hamiltonians have rich structure and symmetries. These make problems
much easier than their worst-case complexity suggests. Hence, heuristics and
approximations flourish, all exploiting structure rather than brute force. Still,
there remains a gap between theoretical algorithms and efficient implementations,
and robust software engineering often matters as much as formal complexity.

Thus, modern quantum chemistry sits at the intersection of impossibility
results and pragmatic success. On one side lies undecidability, exponential scaling,
and proved mathematical hardness; on the other side are practical heuristics,
approximations, and carefully engineered codes that make useful predictions. The
tension itself is instructive: it shows that chemistry is not about exact solutions
to formal problems but about extracting insight from structured approximations.
Looking forward, new computational paradigms, such as quantum computers,
promise not to resolve undecidability or worst-case hardness, but to enlarge the
space of heuristics, offering alternative representations and more computational
power to push against these limits.
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2.2 Fundamentals of Quantum Computing

2.2.1 Emergence of Quantum Computing

It is often useful to begin an account of a theory with the circumstances of its
emergence. By the late 1970s, experimental control of small quantum systems,
notably in interferometric and optical settings, and quantum communication
had become sufficiently refined that information-theoretic questions about
preparation, transmission, and measurement could be asked in operational
terms. A landmark result in this direction is Holevo’s 1973 theorem, which
upper-bounds the amount of classical information that can be reliably extracted
from measurements on quantum system [96].

A second and ultimately decisive motivation came from the numerical
simulation of quantum systems. The state space of a quantum system grows
exponentially with the system size, making it difficult to simulate classically.
However, the corresponding physical evolution occurs in real time in the
laboratory. This tension suggested that the apparent cost of simulating quantum
mechanics is due to the classical description, and it prompted the idea of using
controllable quantum systems as computational resources for physics itself.

These topics were articulated particularly clearly in the early 1980s. Yuri
Manin argued that progress in the theory of computation and in the mathematical
description of nature calls for a theory of quantum automata, emphasizing both
the exponential growth of quantum state spaces and the need to specify a
restricted, physically implementable set of operations if such devices are to be
programmable in any meaningful sense [13]. At the same time, Paul Benioff
developed quantum mechanical models of computation that showed how the
operation of a Turing machine can be represented as unitary time evolution.
This made explicit that the computation can be consistent with the underlying
physical laws [97]. In 1981, Richard Feynman sharpened the simulation argument
in his famous lecture and the subsequent paper [14]. He observed that generic
quantum dynamics appears to resist efficient classical simulation and proposed
that one should instead build computers whose elementary degrees of freedom
obey quantum mechanics, so that they can efficiently emulate other quantum
systems.

The modern conceptual synthesis is usually dated to David Deutsch’s 1985
work, which formulated the notion of a universal quantum computer and
connected it to a physical form of the Church–Turing thesis [98]. Shortly
thereafter, the quantum gate viewpoint was developed, in which computations
are built from a finite set of elementary quantum operations, a perspective that
underlies the circuit model used throughout quantum information science. The
terminology and standard primitives introduced in this period will be described
in the following sections.
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2.2.2 Deterministic Evolution
Although there exist several models of quantum computation based on different
underlying physical realizations, these models are equivalent to each other in
computational power. Consequently, without loss of generality, we adopt the
circuit model for the remainder of this dissertation.

At this stage, we restrict our attention to closed-system deterministic quantum
evolution. Measurement theory and probabilistic readout are deferred to
Sec. 2.2.3.

2.2.2.1 State of a Quantum Computer and Its Evolution

The basic unit of quantum information is the quantum bit or qubit, which can
be represented by any two-level quantum system. Typical realizations include
trapped ions of alkaline earth metals (Ca+, Sr+, Ba+) or lanthanoids (Yb+),
neutral atoms in highly excited (Rydberg) states, superconducting circuits with
Josephson junctions, and photonic polarization degrees of freedom.

The state of a single qubit can be described by a normalized vector in a
two-dimensional complex Hilbert space, |ψ⟩ ∈ C2,

|ψ⟩ = α |0⟩ + β |1⟩, α, β ∈ C, |α|2 + |β|2 = 1. (2.103)

The global phases are physically irrelevant: the states |ψ⟩ and eiθ|ψ⟩ represent
the same physical situation. Thus, the physical state of a qubit corresponds
to a ray in C2, which is mathematically isomorphic to the two-dimensional
sphere, called the Bloch sphere. Each point on the Bloch sphere specifies a pure
single-qubit state up to global phase.

An N -qubit register is described by the tensor product Hilbert space
(
C2)⊗N

of dimension 2N , with computational basis {|x⟩ : x ∈ {0, 1}N} induced by the
basis {|0⟩, |1⟩} on each qubit. Thus, the state space of a quantum computer
grows exponentially with the number of qubits.

A key non-classical feature of multiqubit systems is entanglement. For a
two-qubit state |ψ⟩AB ∈ HA ⊗ HB , if there are no single-qubit states |ψ⟩A and
|ψ⟩B such that

|ψ⟩AB = |ψ⟩A ⊗ |ψ⟩B , (2.104)
then |ψ⟩AB is entangled. Informally, entanglement means that the joint system
exhibits correlations and behaves as a united entity even if it is spatially separated,
regardless how far.

The time evolution of a closed quantum system is governed by the Schrödinger
equation and is described by a unitary operator:

|ψ(t)⟩ = U(t) |ψ(0)⟩, U(t) = T exp
(

−i
∫ t

0
H(s) ds

)
, U(t) ∈ U(2N ),

(2.105)
where H(s) is the possibly time-dependent Hamiltonian and T exp denotes the
time-ordered exponential, ensuring that Hamiltonians at different times are
applied in the right order.
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The process of quantum computation can be explained as an application
of the unitary operator Ucirc on the initial state |ψin⟩ and the obtaining of
the output state |ψout⟩. In the circuit model, this ideal unitary evolution is
implemented as a sequence of elementary quantum gates Ui:

|ψout⟩ = Ucirc|ψin⟩, Ucirc = UmUm−1 · · ·U1. (2.106)

2.2.2.2 Quantum Gates

One-qubit gates are unitary operations that act on single qubits. In the Bloch
sphere representation, they correspond to rotations of the state vector. The
matrices X,Y,Z are the Pauli operators, corresponding to π rotations about
the x, y, z axes of the Bloch sphere, respectively. The Hadamard gate Had
maps |0⟩ 7→ (|0⟩ + |1⟩)/

√
2 and |1⟩ 7→ (|0⟩ − |1⟩)/

√
2, which geometrically is a

π rotation about the axis lying at 45◦ between the x and z axes. The gate S
(or P) is the phase gate, which corresponds to a π/2 rotation about the z axis,
while the T gate corresponds to a π/4 rotation about the z axis. The operators
RX(θ), RY (θ), RZ(θ) implement general single-qubit rotations about the x, y, z
axes by an angle θ. Table 2.1 summarizes a set of elementary quantum gates
used throughout this thesis.

A particularly important class of multi-qubit gates consists of controlled
operations. In a controlled unitary U , one or more qubits are designated as
control qubits and determine whether U is applied to the target register. For a
single control qubit and a single target register, the controlled-U operation can
be written as

CU = |0⟩⟨0| ⊗ I + |1⟩⟨1| ⊗ U, (2.107)

so that

|0⟩ ⊗ |ψ⟩ 7→ |0⟩ ⊗ |ψ⟩, (2.108)
|1⟩ ⊗ |ψ⟩ 7→ |1⟩ ⊗ U |ψ⟩. (2.109)

In other words, the unitary U is applied to the target register if and only if
the control qubit is in the state |1⟩ in the computational basis. The canonical
two-qubit controlled gate is the controlled-NOT (CNOT), sometimes denoted as
CX. It applies the Pauli X gate to the target qubit when the control qubit is in
state |1⟩:

|0⟩ ⊗ |ψ⟩ 7→ |0⟩ ⊗ |ψ⟩, (2.110)
|1⟩ ⊗ |ψ⟩ 7→ |1⟩ ⊗ X|ψ⟩. (2.111)

Thus, CNOT implements the reversible map

(c, t) 7→ (c, c⊕ t), (2.112)

where c and t are Boolean variables and ⊕ denotes the logical XOR (or exclusive
OR).
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Table 2.1: Elementary quantum logic gates and their circuit and matrix
representations.

Gate name Circuit depiction Matrix representation

Pauli X (NOT) X

(
0 1
1 0

)

Pauli Y Y

(
0 −i
i 0

)

Pauli Z Z

(
1 0
0 −1

)

Hadamard Had 1√
2

(
1 1
1 −1

)

Phase (S) S

(
1 0
0 i

)

π/8 (T) T

(
1 0
0 eiπ/4

)

Controlled-NOT (CNOT or CX)


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



Toffoli (CCNOT)



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


Rotation about x-axis RX(θ)

(
cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

)

Rotation about y-axis RY (θ)
(

cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)

Rotation about z-axis RZ(θ)
(
e−iθ/2 0

0 eiθ/2

)

0-controlled unitary U
U

(
U 0
0 I

)
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A closely related three-qubit gate is the controlled-controlled-NOT, or Toffoli
gate. It acts as the identity, unless both control qubits are in the state |1⟩, in
which case it flips the target qubit. In the computational basis, it implements

(c1, c2, t) 7→ (c1, c2, t⊕ (c1 ∧ c2)), (2.113)

where c1, c2 and t are Boolean variables and ∧ denotes the logical AND. The
Toffoli gate was introduced by Toffoli in the context of reversible classical
computation [99], where it is sometimes described as an AND/NAND element.
It is universal for classical reversible computation in the sense that any reversible
Boolean function on a finite number of bits can be implemented using only
Toffoli gates. In contrast, the Toffoli gate alone does not form a universal gate
set for general quantum computation.

From the perspective of circuit synthesis, CNOT plays a central role. It is
known that any controlled-U operation acting on a single target qubit can be
decomposed, up to an overall global phase, into a circuit containing at most
two CNOT gates and four single-qubit gates [100]. B-controlled versions can be
decomposed using ancillary qubits with O(B) overhead in the number of control
qubits, or without ancillas with O(B2) overhead.

More generally, any unitary U ∈ U(2N ) can be decomposed exactly into a
finite circuit consisting only of single-qubit gates and CNOT gates [100]. Such
decompositions are not efficient in the worst case: a generic N -qubit unitary
requires Θ(N34N ) gates in any exact decomposition.1

In practical quantum hardware, it is often inconvenient, or even impossible,
to implement arbitrary single-qubit rotations with continuous parameters at
the logical level. Moreover, quantum error correcting codes, much like classical
error correcting schemes, benefit from a discrete set of logical operations. These
considerations motivate the search for finite, discrete universal gate sets, which
will be discussed further.

2.2.2.3 Universal Gate Set

To introduce universal finite sets of quantum gates, it is convenient to recall two
important subgroups of the unitary group U(2N ) of transformations on N -qubit
states.

The N -qubit Pauli group consists of tensor products of single-qubit Pauli
operators. Let σ1 = X, σ2 = Y, and σ3 = Z denote the Pauli matrices, which
satisfy

σiσj = δijI + i ϵijkσk, (2.114)

where δij is the Kronecker delta and ϵijk is the fully antisymmetric Levi–Civita
tensor. The N -qubit Pauli group can then be written as

PN = ⟨W0 ⊗ · · · ⊗WN−1 : Wi ∈ {I,X,Y,Z}⟩. (2.115)
1Here, Θ(·) denotes an asymptotically tight bound: the number of gates required to

decompose a generic N -qubit unitary grows proportionally to N34N .
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The elements of PN are often called Pauli strings. As a set of operations, PN is
quite restricted on its own, but it plays a central role in the theory of quantum
error correction and in the characterization of more expressive gate sets.

The Clifford group is defined as the normalizer of the Pauli group in U(2N ):

CN =
{
C ∈ U(2N ) : CPNC

† = PN

}
. (2.116)

That is, CN consists of all unitary operators (Clifford gates) C such that, under
conjugation by C, every Pauli string is mapped to another Pauli string. In
this sense, the Clifford group is the symmetry group of the set of Pauli strings.
Although this definition might suggest a complicated structure, it is known that
the CN is generated by a remarkably small set of gates: the single-qubit Had,
the phase gate S, and the two-qubit CNOT gate [101].

However, the gate set {Had,S,CNOT} is not universal for quantum
computation. Unitaries generated by Clifford gates form only a discrete subset
of U(2N ), and many unitaries cannot be realized using Clifford gates alone.
Moreover, quantum circuits composed solely of Clifford operations, acting on
computational basis inputs and followed by measurements in the computational
basis, can be efficiently simulated on a classical computer (Gottesman–Knill
theorem) [102].

Although the Clifford set {Had,S,CNOT} is not universal, a fundamental
result shows that the addition of any non-Clifford gate can promote it to a
universal set. A standard choice is the T gate. The gate set {Had, S,T,CNOT}
is universal for quantum computation [103]. In this picture, the non-Clifford gate
is often informally said to supply the “magic” required to go beyond classically
simulatable quantum dynamics. Alternatively, one can use other non-Clifford
gates in place of T, such as the Toffoli gate.

However, this perspective can be misleading if taken too literally. Consider
the universal gate set {Toffoli,Had}. The Toffoli gate alone suffices for universal
classical computation and thus accounts entirely for the classical computational
content; the Hadamard gate then injects intrinsically quantum behavior. In
this example, the roles are reversed compared to the Clifford+T viewpoint.
This illustrates that quantum features are not inherently attached to a single
distinguished gate; rather, they emerge from the interplay of the chosen gate
set, the structure of the computation, and the interpretation of the outputs.
From a practical standpoint, the special role of T gate and other non-Clifford
gates is crucial in the context of fault tolerance, which will be discussed in the
Sec. 2.2.2.4.

We now know that finite universal gate sets exist. A natural question
is whether such sets allow us to efficiently approximate arbitrary unitary
transformations. The Solovay–Kitaev theorem provides a positive answer [104].
Generally speaking, let G be a finite universal gate set whose generated group is
dense in SU(2). Then any U ∈ SU(2) can be ε-approximated by a product of
elements of G of length

O

(
logc 1

ε

)
, (2.117)
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for some constant c (in the original proofs one can take c ≈ 4 [105]; later
refinements achieve c = 1 [106, 107, 108]).

This shows that a fixed finite gate set suffices to approximate any desired
quantum operation to arbitrary precision with only logarithmic overhead in the
target accuracy.

2.2.2.4 Circuit Cost Models and Compilation

Even though we have mathematically universal gate sets for quantum computa-
tion, in practice any algorithm must be implemented using the hardware-specific
gate primitives available on a given device. This leads to two main difficulties.

First, a given architecture typically provides a fixed set of native gates from
which all other operations must be synthesized. One-qubit gates are often
relatively easy and high-fidelity, whereas multi-qubit entangling gates such as
CNOT or Toffoli are substantially more error-prone and slower. Moreover,
hardware connectivity constraints may require the insertion of additional SWAP
gates to mediate interactions between distant qubits. As a consequence, when
analyzing the resource requirements of an algorithm on a given architecture, it
is common to use the number of entangling gates (e.g. CNOT count, or in some
contexts Toffoli count) and the overall circuit depth as primary cost measures,
sometimes in addition to the total number of qubits.

A second complication arises in the setting of fault-tolerant quantum
computation (FTQC). It is known that no quantum error correction code can
realize a full universal gate set transversally [109]. Transversal gates are desirable
because they automatically prevent error proliferation. In practice, only a subset
of gates can be simultaneously transversal (such as {Had,S,CNOT}). In such
error correction codes, the T gate must be realized using more elaborate protocols
to achieve universality together with fault-tolerance. The standard approach is
magic state distillation, which consumes many noisy copies of specially prepared
ancilla states to produce a smaller number of high-fidelity magic states, enabling
fault-tolerant implementation of non-Clifford gates such as T [110, 111]. The
overhead of these protocols dominates the cost of large-scale fault-tolerant
computation. Consequently, when estimating the resource requirements of an
algorithm for FTQC, particular attention is paid to the number of T gates (or
the Toffoli count).

2.2.3 Measurements

Measurements provide the interface between the quantum dynamics of a circuit
and the classical information accessible to an observer. They are precisely
the point at which intrinsically probabilistic behavior appears in the standard
formulation of quantum mechanics: even if the evolution prior to measurement
is fully deterministic and unitary, the measurement outcomes are random, with
probabilities determined by the state.
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2.2.3.1 Projective Measurements and the Born Rule

Let |ψ⟩ denote the state of an N -qubit register, so that |ψ⟩ is a unit vector in
the Hilbert space H =

(
C2)⊗N ∼= C2N . It is convenient to associate to |ψ⟩ the

density operator
ρ = |ψ⟩⟨ψ|. (2.118)

It is a positive semidefinite operator of unit trace acting on the Hilbert space H.
An observable A is represented by a Hermitian operator on H, and can be

written in its spectral decomposition as

A =
∑
a∈A

aΠa, (2.119)

where A is the set of possible measurement outcomes (eigenvalues of A) and
{Πa}a∈A are the corresponding orthogonal projectors onto the eigenspaces of A.
These projectors satisfy

ΠaΠa′ = δaa′Πa,
∑
a∈A

Πa = I. (2.120)

The collection {Πa}a∈A is called a projection-valued measure (PVM).
To connect the quantum state with the statistics of measurement outcomes,

one introduces the Born rule. In the standard axiomatic formulation, it is
postulated that the probability of obtaining the outcome a when measuring the
observable A on a system in state ρ is

Pr[a] = Tr(Πaρ). (2.121)

For pure states ρ = |ψ⟩⟨ψ|, this reduces to Pr[a] = ∥Πa|ψ⟩∥2
2. Although the

Born rule can be derived from additional structural assumptions (Gleason’s
theorem) [112], we shall treat it here as a fundamental postulate.

Conditioned on obtaining outcome a, the post-measurement state of the
system is given by the Lüders update rule:

ρ 7−→ ρa = ΠaρΠa

Tr(Πaρ) . (2.122)

2.2.3.2 What Do We Measure in Quantum Computing?

At any step of a unitary evolution, the state of an N -qubit quantum computer
can be written in the computational basis as

|ψ⟩ =
2N −1∑
n=0

cn|n⟩, (2.123)

where |n⟩ denotes the N -bit binary form of the integer n. All information
about the state is encoded in the complex amplitudes cn. However, in quantum
computation, these amplitudes cannot be accessed directly.
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The Holevo bound states that the amount of classical information accessible
from an N -qubit system is at most N classical bits per use of the system,
regardless of how the state is encoded or which measurement is performed [96].
This is a strong limitation: although specifying a generic pure state of N qubits
requires 2N complex amplitudes (hence exponentially many real parameters), a
single measurement on one copy of the state yields at most N bits of classical
information.

Simultaneous measurements of commuting observables are possible, but if
two observables do not commute, then the information one can obtain about
them jointly is constrained by uncertainty relations. Consequently, to estimate
multiple expectation values or to learn more detailed properties of a state, one
typically requires many identically prepared copies of that state. In general,
these copies must be produced by repeating the entire state preparation and
often the entire algorithm from scratch.

A further obstruction is given by the no-cloning theorem [113, 114, 115].
There cannot be a unitary operation U that, given an arbitrary and a priori
unknown state |ψ⟩, produces a second identical copy:

U |ψ⟩|0⟩ = |ψ⟩|ψ⟩ (2.124)

for all |ψ⟩. Thus, we cannot copy out a quantum state and probe it arbitrarily
many times; instead, we must repeatedly prepare the state and perform fresh
measurements on each copy, collecting statistics from many runs.

A particularly important and practically relevant case is the measurement
of Pauli observables. Let P be an N -qubit Pauli string (a tensor product of
{I,X,Y,Z}) with eigenvalues {±1} and let ρ be the prepared state. Measurement
of P corresponds to a two-outcome PVM with projectors

Π± = I ± P

2 . (2.125)

A single measurement shot returns a random variable R ∈ {±1} with

Pr[R = ±1] = Tr(Π±ρ), E[R] = Tr(Pρ) = µ. (2.126)

Thus, the expectation value µ of P in the state ρ is encoded as the mean of the
{±1}-valued random variable R.

Over D independent circuit executions we obtain independent and identically
distributed samples R1, . . . ,RD, and estimate µ via the sample mean

µ̂ = 1
D

D∑
i=1

Ri. (2.127)

Unbiasedness is immediate from Eq. (2.126): E[µ̂] = µ. Moreover, since |Ri| ≤ 1,
Hoeffding’s inequality yields

Pr
(∣∣µ̂− µ

∣∣ ≥ ε
)

≤ 2 exp
(
−2Dε2). (2.128)
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Therefore, it suffices to take

D ≥ 1
2ε2 ln2

δ
(2.129)

to ensure that |µ̂− µ| ≤ ε with probability at least 1 − δ. This simple statistical
model underlies many measurement schemes.

On current quantum hardware, measurements ultimately resolve qubits in
the computational Z-basis by coupling them to a macroscopic detector. For
example, in the superconducting scheme, the qubit state shifts the resonance
frequency of a microwave cavity, which is then probed by microwave pulses. In
trapped-ion and neutral-atom systems, measurement is typically fluorescence-
based. Measurements in other single-qubit bases are performed by applying
appropriate unitary rotations before the hardware-native Z-basis readout.

In summary, quantum computers do not reveal amplitudes directly, they
provide samples from probability distributions defined by observables. Practical
quantum algorithms are therefore designed to extract useful information from
such samples, either through straightforward statistical estimation or through
more advanced amplitude estimation and tomography-based techniques.

2.2.3.3 Hadamard Test

One of the standard primitives for extracting information from a quantum state
is the Hadamard test. Suppose that we are given a state |ψ⟩ and we wish
to estimate the expectation value of a unitary operator U in that state. The
Hadamard test circuit is shown in Fig. 2.1.

A short calculation shows that the probability of obtaining outcome 0 in the
ancilla register is

Pr[0] = 1
2
(
1 + Re⟨ψ|U |ψ⟩

)
, (2.130)

so that
Re⟨ψ|U |ψ⟩ = 2 Pr[0] − 1. (2.131)

By inserting a S gate in the ancilla before the final Hadamard, one can similarly
access the imaginary part of ⟨ψ|U |ψ⟩.

Repeating the Hadamard test independently B times produces samples
of a {0, 1}-valued random variable whose expectation encodes Re⟨ψ|U |ψ⟩ (or
Im⟨ψ|U |ψ⟩ in the modified version). Using the Hoeffding’s inequality, one finds
that B = O(1/ε2) repetitions suffice to estimate the desired quantity to additive
accuracy ε.

Despite its conceptual simplicity, the Hadamard test is not always the most
practical tool. First, each application estimates only a single expectation value,
so many repetitions and separate circuits may be required to characterize a state
or an operator of interest. Second, the test requires a controlled implementation
of U , which can be substantially deeper and more complex than an uncontrolled
realization of U . For these reasons, in many settings one instead relies on
measurement schemes that decompose observables into sums of simpler terms
(such as Pauli strings) and estimate their expectation values by direct sampling,
or uses more global reconstruction methods such as state tomography.
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|0⟩ Had S Had

|ψ⟩ U

Figure 2.1: Circuit for the Hadamard test used to estimate Re⟨ψ|U |ψ⟩ (and
Im⟨ψ|U |ψ⟩).

2.2.3.4 State Tomography

State tomography [116, 117] aims to learn many expectation values {Tr(ρOi)}i
of an unknown quantum state ρ ∈ Cg×g (with g = 2N for an N -qubit system)
from measurement data. Any informationally complete scheme is constrained
by information-theoretic lower bounds: estimating a generic state ρ up to
trace distance at most ε with constant confidence requires on the order of
Θ(g2/ε2) copies of the state in the worst case. However, many physically
relevant states are far from generic. If ρ is of low-rank, then tomography
can achieve sample complexity on the order of Õ(rg/ε2), where r ≪ g is the
rank and Õ hides polylogarithmic factors. In practice, tomography focuses on
choosing measurement strategies that make it easy to estimate the observables
of interest with as few samples as possible, together with statistical procedures
that guarantee reliability and convergence as more data are collected.

To formulate classical shadow methods in a unified framework, it is convenient
to introduce the notion of a measurement channel. Consider a randomized
measurement scheme: we sample a unitary U from some ensemble (e.g. Pauli
strings, Clifford unitaries), apply it to the state ρ, and then measure in the
computational basis, obtaining an outcome bit string b. The outcome probability
is

Pr[b | U ] = Tr
(
UρU †|b⟩⟨b|

)
. (2.132)

Conditioned on the outcome b, the post-measurement state in the original frame
can be represented by the projector

ΠU,b = U †|b⟩⟨b|U. (2.133)

Thus, each experimental run produces a classical record (U, b) and an associated
projector ΠU,b.

The measurement channel M associated with this randomized scheme is
defined as the average map

M(ρ) = EU
[∑
b

Pr[b | U ] ΠU,b

]
= EU,b

[
ΠU,b

]
, (2.134)

where the outer expectation is taken over the randomness in choosing U and
over the measurement outcomes b.

The key idea of classical shadows is to construct an inverse map M−1 and
define a single-shot estimator

ρ̂ = M−1(ΠU,b

)
, E[ρ̂] = ρ, (2.135)
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where the expectation is taken over the randomness in the measurement
procedure. The random operator ρ̂ is called a classical-shadow estimator. The
term “shadow tomography” refers to the fact that we do not reconstruct the
full density matrix explicitly in all applications; instead, we use the shadows to
predict many observables of interest.

In particular, classical shadows provide estimators for expectation values.
Given a set of observables {Oi}Mi=1, we define the single-shot estimate

ôi = Tr
(
Oiρ̂

)
, (2.136)

and approximate ⟨Oi⟩ = Tr(Oiρ) by aggregating ôi, so that E[ôi] = ⟨Oi⟩. The
number of shots Nshots needed to estimate all ⟨Oi⟩ within the additive error ε
and the failure probability at most δ scales as

Nshots = O

(
max
i

Var[ôi]
log(M/δ)

ε2

)
, (2.137)

where Var[ôi] is the variance of estimators for ôi.
The most important feature of the classical-shadow framework is the

logarithmic dependence on the number of observables M (see Eq. (2.137)).
This makes it possible, in principle, to predict a very large family of expectation
values, provided the shadow norms remain moderate.

2.2.3.5 Pauli Shadows

The simplest classical shadows are obtained by measuring each qubit in a
randomly chosen Pauli basis (i.e. X, Y, or Z), implemented by single-qubit
unitaries Uj ∈ {I,Had,Had · S†} and computational basis readout. The
corresponding N -qubit single-shot estimator has the simple inversion formula

ρ̂ =
N⊗
j=1

(3Πj − I), Πj = U †
j |bj⟩⟨bj |Uj , (2.138)

where Πj denotes the projector associated with the outcome on qubit j.
If the observable O acts nontrivially on k qubits, the variation satisfies

Var[ô] ≤ 4k. Therefore, estimating M such observables to additive accuracy ε
and failure probability δ requires

Nshots = O

(
4k log(M/δ)

ε2

)
(2.139)

measurements. Pauli shadows are thus particularly efficient for local observables,
such as short Pauli strings.

2.2.3.6 Clifford Shadows

Clifford shadows are obtained by applying a random N -qubit Clifford unitary
U to the state ρ, followed by a computational-basis measurement. For such
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randomized Clifford measurements, a single measurement outcome therefore
yields the unbiased classical-shadow estimator

ρ̂ = (2N + 1)U †|b⟩⟨b|U − I. (2.140)

For a collection of observables {Oi}Mi=1, the number of measurements needed
to estimate all expectation values within additive error ε and failure probability
at most δ satisfies

Nshots = O

(
max
i

Tr(O2
i )

log(M/δ)
ε2

)
. (2.141)

This scaling is advantageous for observables with small Hilbert–Schmidt norm (e.g.
low-rank projectors), but can be unfavorable for Pauli strings, since Tr(O2

i ) = 2N .
Clifford shadows can be particularly efficient when measuring fidelities with pure
states, as the number of shots is generally independent of the number of qubits.

2.2.3.7 Matchgate Shadows

Matchgate (fermionic Gaussian) shadows restrict the randomization to unitaries
generated by quadratic fermionic Hamiltonians [43]. Equivalently, they are
exactly the unitaries that implement a linear (Bogoliubov) transformation of the
creation/annihilation operators:

ˆ̃a†
i =

∑
j

(
Uij â

†
j + Vij âj

)
,

ˆ̃ai =
∑
j

(
U∗
ij âj + V ∗

ij â
†
j

)
.

(2.142)

They preserve fermionic Gaussian states; in the number-conserving case (V =
0), this reduces to orbital rotations and preserves Slater determinants (see
Eq. (2.54)).

If O is a product of k creation and k annihilation operators in the second
quantization, then [118]

Var[ô] ≤
(2N

2k
)(

N
k

) ≈ 4kk!
(2k)!N

k (N ≫ k), (2.143)

where N is number of spin-orbitals (usually same as number of qubits).
This ensemble is well matched to chemistry and free-fermion phases because

many target observables have small number of creation/annihilation operators,
even though their qubit Pauli expansions can be highly nonlocal.

2.2.4 Quantum Algorithms
This subsection reviews core primitives and quantum algorithms relevant to
electronic structure theory.
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2.2.4.1 Fermion to Qubit Mapping

To simulate a second-quantized electronic Hamiltonian (see Eq. (2.43)) on a
quantum device, one must represent the fermionic creation and annihilation
operators {â†

p, âp} as tensor products of Pauli operators acting on qubits, while
preserving the canonical anticommutation relations (see Eq. (2.32)).

The simplest and most widely used encoding is the Jordan–Wigner (JW)
mapping [119]. It stores the occupation of each spin-orbital directly in the
computational basis of a single qubit. Let Xp,Yp,Zp denote Pauli gates acting
on qubit p. Defining the JW parity string Z<p :=

∏p−1
j=0 Zj , the mapping is

â†
p 7→ 1

2 (Xp − iYp) Z<p, (2.144)
âp 7→ 1

2 (Xp + iYp) Z<p, (2.145)
N̂p := â†

pâp 7→ 1
2 (I − Zp), (2.146)

where N̂p is the number operator for spin-orbital p.
The JW mapping is conceptually transparent and straightforward to

implement. A well-known drawback is that the parity string Z<p can introduce
long Pauli strings, which may increase circuit depth for certain operators.

Other encodings, such as the parity mapping and the Bravyi–Kitaev
mapping [120], modify the distribution of parity information across qubits
and can shorten typical Pauli strings. Since they are not used elsewhere in this
dissertation, we do not discuss them further.

2.2.4.2 Linear Combination of Unitaries

A central primitive for many quantum algorithms in quantum chemistry is the
representation of an operator as a linear combination of unitaries (LCU) [121].

Let an operator A be decomposed as:

A =
L−1∑
k=0

wk Uk, λLCU =
∑
k

|wk|, (2.147)

where Uk are unitaries and L is the number of LCU terms. The map
|ψ⟩ 7→ (A/λLCU)|ψ⟩ can be realized using an ancilla register by defining operators

PREP : |0⟩ 7→ |ω⟩ =
L−1∑
k=0

√
|wk|/λLCU|k⟩, (2.148)

SELECT : |k⟩|ψ⟩ 7→ |k⟩Uk
∣∣ψ⟩, (2.149)

where PREP prepares the state |ω⟩ encoding the coefficients wk of Eq. (2.147),
while SELECT applies the indexed unitary to a working register.

The composite circuit

VA = (PREP† ⊗ I) SELECT (PREP ⊗ I) (2.150)
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satisfies (
⟨0| ⊗ I

)
VA
(
|0⟩ ⊗ I

)
= A/λLCU. (2.151)

Thus, VA is a (λLCU, a, 0) block encoding of an operator A, since it prepares
this operator scaled by λLCU in the {|0⟩, |0⟩} block of the matrix VA using
a = ⌈log2 L⌉ ancilla qubits. The third parameter equals to 0 meaning this block
encoding is exact. The LCU circuit is shown in Fig. 2.2.

a|0⟩ PREP
SELECT

PREP†

|0⟩

|ψ⟩ A/λLCU|ψ⟩

Figure 2.2: LCU circuit preparing an (λLCU, a, 0) block encoding of A. The
state A/λLCU|ψ⟩ is up to corresponding normalization.

The postselection success probability on input |ψ⟩ is

Pr[succ] =
∥∥(A/λLCU)|ψ⟩

∥∥2
2 ≤ ∥A∥2

LCU/λ
2
LCU ≤ 1, (2.152)

where ∥A∥LCU = min{wk}
∑
k |wk|, is the LCU norm, corresponding to the

smallest possible sum of the LCU coefficients through all possible decompositions.
The PREP operator can be synthesized via a binary-tree ladder of controlled

rotations [122], applying O(L) controlled rotations to ⌈log2 L⌉ ancilla qubits.
To achieve the precision of overall state preparation ε, each rotation must be
accurate to O(ε/L), which produces O(log(L/ε)) T gates per rotation.

However, the T gate count of PREP can be improved using a quantum
read-only memory (QROM) scheme [123]. The idea of QROM is that the square
roots of normalized LCU coefficients

√
|wi|/λLCU are stored as classical binary

data in the table of L entries. These values are loaded in the quantum state:

|0⟩|0⟩ QROM−−−−→
∑
k

Ck|k⟩ |dk⟩, (2.153)

where dk is a classical binary data, associated with index k. This allows one to
prepare a state,

|0⟩⊗(1+2 logL+2µ) →
L−1∑
k=0

√
w̃k
λLCU

|k⟩|tempk⟩, (2.154)

with a µ-bit approximation w̃k/λLCU and garbage state |tempk⟩. Although
this uses 1 + 2⌈logL⌉ + 2µ ancilla qubits, it requires only 4L+ O(log(1/ε)) T
gates with µ = O(log(1/ε)), which gives linear scaling in L with a precision
independent prefactor.

A basic SELECT applies indexed multi-controlled Uk and, without opti-
mization, costs O(L logL) T gates. Using clean ancillas and gate merging [123]
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reduces the multi-control overhead to 4L− 4 T gates. These counts capture only
the multi-control scaffolding; if the Uk are rotation unitaries, their own synthesis
costs add and can dominate, whereas Pauli strings may be generated at lower
cost.

2.2.4.3 Qubitization

The LCU block encoding represents A only probabilistically, since the desired
action appears in the {|0⟩, |0⟩} block after postselection. Qubitization improves
this construction by producing a deterministic unitary whose eigenvalues directly
encode the spectrum of A [124].

Let |ω⟩ = PREP |0⟩ be the ancilla state prepared in the LCU construction,
and define the projector P = |ω⟩⟨ω| ⊗ I. A reflection about this subspace is
R = 2P − I. The qubitized walk operator is then defined as

WA = R · SELECT . (2.155)

The key property of WA is its spectrum. If A|aj⟩ = aj |aj⟩ with |ai| ≤
λLCU, then WA acts invariantly on the two-dimensional subspace spanned by
{|ω⟩|aj⟩,SELECT |ω⟩|aj⟩} and has eigenvalues e±i arccos(aj/λLCU). Thus, the
eigenvalues of A are encoded in the rotation angles of WA. In other words, each
eigenspace of A is mapped to an SU(2) invariant subspace of WA, so that it acts
as a single-qubit rotation in each such subspace.

2.2.4.4 Grover Search and Amplitude Amplification

Grover’s algorithm was among the first quantum algorithms to demonstrate
an asymptotic advantage over existing classical algorithms [5]. It allows one
to search for G marked (“good”) elements within an unstructured database of
size D using only O(

√
D/G) oracle queries, whereas the best classical algorithm

requires Θ(D/G) queries.
Let |ψ⟩ be the initial guess state, typically a uniform superposition over all

database elements. We define a projector onto the marked subspace Πgood and
the corresponding phase oracle

Ogood = I − 2Πgood, (2.156)

which performs a reflection about the “good” subspace. The second reflection is
taken about the guess state |ψ⟩:

Sψ = I − 2|ψ⟩⟨ψ|. (2.157)

The product
G = SψOgood (2.158)

is the Grover iterate.
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The action of G is confined to the two-dimensional subspace spanned by the
normalized projections of |ψ⟩ onto the “good” and “bad” subspaces:

|ψgood⟩ = Πgood|ψ⟩
∥Πgood|ψ⟩∥2

, |ψbad⟩ = (I − Πgood)|ψ⟩
∥(I − Πgood)|ψ⟩∥2

. (2.159)

Let
Pr[succ] = ⟨ψ|Πgood|ψ⟩ (2.160)

denote the initial success probability. Then the initial state decomposes as

|ψ⟩ =
√

1 − Pr[succ] |ψbad⟩ +
√

Pr[succ] |ψgood⟩. (2.161)

Introducing an angle θ ∈ [0, π/2] such that sin2 θ = Pr[succ], the Grover iterate
G performs a rotation by angle 2θ in the {|ψbad⟩, |ψgood⟩} plane. After t Grover
iterations, the state evolves as

|ψ⟩ 7→ sin
(
(2t+ 1)θ

)
|ψgood⟩ + cos

(
(2t+ 1)θ

)
|ψbad⟩. (2.162)

Thus, Grover’s search can be viewed as a sequence of SU(2) rotations by a fixed
angle 2θ in this two-dimensional subspace. The optimal number of iterations
that maximizes the success probability is

t⋆ =
⌊
π

4θ − 1
2

⌋
. (2.163)

In practice, however, θ (and hence Pr[succ]) is usually unknown, so repeated
applications of G can overshoot the optimal angle, rotating past the good
subspace and decreasing the success probability. This issue is addressed in
fixed-point modification [9].

This geometric picture extends naturally to a more general setting known as
amplitude amplification (AA) [8]. In AA, an initial state |ψ⟩ and a projector
Πgood are given defining the desired measurement outcome. The same iteration
pattern as in Grover’s algorithm is then used to amplify the amplitude (and
hence the probability) associated with the good subspace. The underlying theory
is identical to that of Grover’s search.

2.2.4.5 Quantum Signal Processing

Quantum signal processing (QSP) refers to a family of quantum circuit
constructions that implement polynomial transformations of a signal encoded in
the phase of a unitary operator [125]. It forms the mathematical backbone of
many recent quantum algorithms.

Consider a signal unitary S(x) = RX(2 arccos(x)) = e−i arccos(x)X denoting a
rotation about the x-axis on a single qubit. A degree-d QSP sequence is defined
as

UΦ(x) =
d∏
k=1

[
RZ(ϕk)S(x)

]
RZ(ϕ0), (2.164)
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. . .

. . .

|0⟩ R̃(θ0, ϕ0, λ) R̃(θ1, ϕ1, 0)

|ψ⟩ U U

. . .

. . .

R̃(θd−1, ϕd−1, 0) R̃(θd, ϕd, 0)
|0⟩

U P(U)|ψ⟩

Figure 2.3: GQSP circuit. The circuit comprises one signal processing qubit and
a system register, which P(U) acts on. The state P(U)|ψ⟩ is up to corresponding
normalization.

where Φ = (ϕ0, . . . , ϕd) are programmable phase angles. The resulting unitary
UΦ(x) ∈ SU(2) has the matrix form

UΦ(x) =
(

P(x) iQ(x)
√

1 − x2

iQ∗(x)
√

1 − x2 P∗(x)

)
, (2.165)

where P(z) and Q(z) are complex polynomials of degree at most d and d− 1,
respectively, satisfying the boundedness condition

|P(x)|2 +
(
1 − x2) |Q(x)|2 = 1 for ∀x ∈ [−1, 1]. (2.166)

The parity of P(z) is dmod 2 and the parity of Q(z) is (d− 1) mod 2. Any pair
(P(z),Q(z)) that obeys these parity and boundedness conditions can be realized
by a suitable choice of phases Φ. Thus, ⟨0|UΦ(x)|0⟩ produces the a 7→ P(x) map,
and the less restrictive ⟨+|UΦ(x)|+⟩ produces x 7→ Re(P(x)) + iRe(Q(x))

√
1 − x2.

When the signal unitary S(x) is obtained from the qubitized walk operator
WA associated with a block encoding of A/λLCU (see Sec. 2.2.4.3), the QSP
procedure is known as quantum singular value transformation (QSVT) [126].
In this setting, each singular subspace of A forms a two-dimensional invariant
subspace on which the walk operator acts as S(σj/λLCU) = e−i arccos(σj/λLCU)X,
where σj is a singular value of A. Applying the QSP sequence (2.164) then
implements the transformation

σj/λLCU 7→ P(σj/λLCU), (2.167)

for each singular value σj , while preserving the corresponding singular vectors.
This framework unifies a wide range of quantum algorithms, from AA to

Hamiltonian simulation and linear systems solvers, as special cases of polynomial
transformations of the spectrum of suitably block encoded operators [127].
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2.2.4.6 Generalized Quantum Signal Processing

Generalized quantum signal processing (GQSP) enables the implementation
of an arbitrary complex polynomial P(z) acting on a unitary U [128].
Unlike conventional QSP, which is restricted to real-valued and fixed parity
polynomials, GQSP allows arbitrary complex-valued and mixed parity polynomial
transformations. The only limitation is that this polynomial should obey
|P(z)| ≤ 1 in complex unit circle |z| = 1. It is proven that for any such
polynomial P(z) the complementary polynomial Q(z) exists [128].

Define a controlled signal operator CU as in Eq. (2.107). The GQSP sequence
alternates CU with single-qubit rotations R̃(θ, ϕ, λ) on the ancilla2:[

P(U) ·
Q(U) ·

]
=

d∏
k=1

(
R̃(θk, ϕk, 0) CU

)
R̃(θ0, ϕ0, λ), (2.168)

with angles {θk, ϕk, λ} chosen to realize a degree d polynomial [128, 129, 130].
Various angle finding algorithms are discussed in Appendix A1. This yields a
block encoding of P(U) (see Fig. 2.3). The rotation is defined as

R̃(θ, ϕ, λ) =
[
ei(λ+ϕ) cos(θ) eiϕ sin(θ)
eiλ sin(θ) − cos(θ)

]
. (2.169)

In general, the GQSP protocol is probabilistic, as the P(U) transformation
may not be unitary. The measurement of the ancilla in |0⟩ is successful with
probability

Pr[succ] =
∥∥P(U)|ψ⟩

∥∥2
2. (2.170)

Employing AA, the procedure can be made nearly deterministic, thereby ensuring
high-fidelity realization of the target polynomial transformation.

2.2.4.7 Quantum Phase Estimation

The unitary time evolution operator in quantum mechanics U(t) = e−iHt, has
eigenvalues e−iEjt corresponding to the energies Ej of the Hamiltonian H. If
one can extract these oscillatory components, the associated energies become
accessible. Quantum phase estimation (QPE) [6, 7] achieves this by applying
controlled time evolutions U(tk) for a sequence of times tk in superposition,
followed by an inverse quantum Fourier transform on the time register to resolve
phases [131].

Assume that H|ϕj⟩ = Ej |ϕj⟩, so that U(t)|ϕj⟩ = e−iEjt|ϕj⟩. If we prepare an
arbitrary superposition |ψ⟩ =

∑
j cj |ϕj⟩, then the application of QPE produces

an energy estimate Ẽj with probability |cj |2, and collapses the system into the
corresponding eigenstate |ϕj⟩. The precision of the energy estimate depends on
the total evolution time and hence on the number of phase qubits.

2The parameter λ appearing in R̃(θ, ϕ, λ) denotes a single-qubit rotation phase parameter
and should not be confused with λLCU used elsewhere.
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In practical quantum algorithms, the time evolution operator e−iHt is
typically not available directly as a primitive. Two principal approaches are used
to construct efficient approximations: Trotterization and qubitization.

In the Trotter–Suzuki approach, the Hamiltonian is decomposed into a sum
of simpler terms, each of which can be efficiently exponentiated:

H =
m∑
ℓ=1

Hℓ. (2.171)

The evolution operator is then approximated by a product formula,

e−iHt ≈

(
m∏
ℓ=1

e−iHℓt/r

)r
, (2.172)

where r is the number of Trotter steps.
The Trotterized approach is conceptually simple and aligns naturally with

molecular Hamiltonians expressed as sums of Pauli strings. However, the gate
count required to achieve a fixed target precision can grow rapidly with the
system size and the simulation time.

The qubitization framework, described in Sec. 2.2.4.3, instead achieves exact
unitary signal synthesis from a block encoding of H/λLCU. In this setting, a walk
operator WH is built such that, for each eigenstate |ϕj⟩ of H with eigenvalue Ej ,

WH |ϕj⟩ = e±i arccos(Ej/λLCU)|ϕj⟩, (2.173)

for some scaling parameter λLCU ≥ ∥H∥LCU. Using WH as a time evolution in
QPE directly yields an estimate of arccos(Ej/λLCU), from which the energy can
be recovered.

The precision and cost of QPE are determined by the number of controlled
applications of WH . Achieving the energy precision εE requires Θ(λLCU/εE)
of queries. To resolve the ground state from the first excited state, the energy
precision εE should be proportional to the energy gap ∆ = E1−E0. For electronic
structure Hamiltonians, λLCU is determined by the sum of the absolute values
of the LCU coefficients (see Eq. (2.147)) and typically scales as O(N4) in the
number of orbitals. Tensor hypercontraction (THC) reduces the effective norm
parameter λLCU [132]. This directly decreases the QPE runtime, since the
number of controlled applications of WH required for a target energy precision
scales proportionally to λLCU.

Regardless of how accurately the underlying evolution is implemented, the
overall success probability of QPE is determined by the overlap γ = |⟨ϕ0|ψ⟩|,
where |ϕ0⟩ is the desired eigenstate (typically the ground state). If the overlap is
small, many repetitions may be required to obtain the correct eigenvalue, with
an expected number of repetitions on the order of 1/γ2. AA can be used to
quadratically improve the scaling to 1/γ (see Sec. 2.2.4.4). Thus, the overall
scaling of QPE is Θ(λLCU/(∆γ)). Consequently, effective state preparation is a
crucial ingredient in any practical QPE-based quantum algorithm.
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2.2.4.8 Quantum Selected Configuration Interaction

Quantum selected configuration interaction (QSCI) [29], also known as sample-
based quantum diagonalization (SQD) [30], combines quantum sampling with
classical subspace diagonalization to approximate electronic energies. The idea
is to prepare a correlated state |ψ⟩ on a quantum device, sample computational-
basis configurations {|b⟩} with probabilities Pr[b] = |⟨b|ψ⟩|2, and select the most
significant ones to form a truncated CI subspace S.

A classical computer then diagonalizes the Hamiltonian projected onto this
subspace,

HSS =
{

⟨b|H|b′⟩
}
b,b′∈S , (2.174)

by solving the eigenproblem
HSS c⃗ = E c⃗. (2.175)

The resulting eigenvectors give approximate electronic states expressed as linear
combinations of sampled determinants.

The motivation behind QSCI is that quantum devices can efficiently
sample from highly entangled wave functions, potentially identifying important
configurations that are inaccessible to classical selected-CI heuristics. However,
the quality of these samples depends entirely on the prepared state |ψ⟩: it should
contain all important configurations to represent the exact state and, ideally,
with equal probabilities of sampling.

2.2.4.9 Quantum Krylov Subspace Methods

Quantum Krylov subspace methods construct a low-dimensional subspace

Km(H, |ψ0⟩) = span{ f0(H)|ψ0⟩, . . . , fm−1(H)|ψ0⟩ } (2.176)

estimate the Hamiltonian matrix representation in this basis on a quantum
device and then perform subspace diagonalization on a classical computer. The
obtained eigenvalues approximate the low-lying energies.

Different choices of the generator set {fk(H)} define concrete Krylov schemes
with different resource requirements and robustness:

• Quantum filter diagonalization (QFD) [34] Choosing fk(H) = e−itkH

generates a basis from real-time snapshots {e−itkH |ψ0⟩}k. QFD is a
prominent example of using time-propagated states and a Rayleigh–Ritz
procedure to extract multiple eigenstates.

• Quantum Lanczos (QLanczos) [35] Taking fk(H) = e−τkH produces a
sequence of “cooled” states {e−τkH |ψ0⟩}k. Combining quantum imaginary-
time evolution (QITE) with a Lanczos projection provides access to low-
lying energy spectra.

• Block encoding Lanczos method [36] One may choose fk(H) = Tk(H),
where Tk(x) are Chebyshev polynomials. These polynomials can be realized
naturally using qubitization. Since products of Chebyshev polynomials
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produce linear combinations of Chebyshev polynomials, matrix elements
can be estimated easily using a quantum computer.

• Multireference Quantum Krylov Algorithm [31] Starting from
several physically motivated reference states {|ψ(a)

0 ⟩}a, one forms a
block subspace span{fk(H)|ψ(a)

0 ⟩}k,a. The generator set consists of time
evolution operators of the form fk(H) = e−itkH .

These methods provide a systematic and well-defined route to ground and
excited states by enlarging the Krylov space. However, their precision and
convergence strongly depend on the choice and preparation of the initial state
|ψ0⟩.

2.2.5 Quantum State Preparation
In previous discussion, we saw that many quantum algorithms, such as QPE,
QSCI or Krylov subspace method, are critically dependent on choice of the wave
function. Here, we will go through the most well-known algorithms for quantum
state preparation.

2.2.5.1 Variational Quantum Eigensolver

The variational quantum eigensolver (VQE) [22] is one of the most widely used
hybrid quantum–classical algorithms for ground state energy estimation and state
preparation. A parameterized quantum circuit prepares a trial wave function
|ψ(θ⃗)⟩, and a classical optimizer iteratively updates the parameters θ⃗ to minimize
the energy expectation value estimated on a quantum device.

Given a molecular Hamiltonian H, VQE aims to solve the variational problem

EVQE = min
θ⃗

⟨ψ(θ⃗)|H|ψ(θ⃗)⟩, (2.177)

with the variational principle guaranteeing that EVQE ≥ E0, where E0 is the
exact ground state energy, and equality is achieved when |ψ(θ⃗)⟩ coincides with
the ground state. The potential quantum advantage of VQE arises from the
efficient preparation and evaluation of highly entangled trial states that are
difficult to simulate classically.

The expressivity and practicality of VQE depend crucially on the ansatz
chosen for |ψ(θ⃗)⟩. Two main ansatzes used in this dissertation are:

• Unitary Coupled-Cluster (UCC) ansatz [72]: Based on the classical
coupled cluster expansion (see Sec. 2.1.5.3), it prepares the state

|ψUCC(θ⃗)⟩ = eT (θ⃗)−T †(θ⃗)|ϕ0⟩, (2.178)

where |ϕ0⟩ is the HF reference state and T (θ⃗) is an excitation operator. In
practice, the excitation manifold is truncated, e.g., to singles and doubles
(UCCSD) or to doubles only (UCCD).
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• Hardware-efficient ansatz (HEA) [133]: Designed to match the
connectivity and native gate set of a given device, typically using alternating
layers of parameterized single-qubit rotations and entangling gates. The
main advantage is its relatively low cost and circuit depth.

A major challenge for VQE is the occurrence of barren plateaus, regions
of parameter space where the gradient of the cost function becomes negligible,
making gradient-based optimization intractable for deep or unstructured ansatzes.

VQE-prepared states can also serve as initial guesses for QPE, QSCI, and
Krylov subspace methods, so VQE functions not only as a standalone variational
algorithm, but also as a practical state preparation primitive for a broader family
of quantum chemistry algorithms.

2.2.5.2 Imaginary-Time Evolution

ITE prepares ground states by applying the nonunitary map e−τH to an initial
state |ψ(0)⟩:

|ϕ(τ)⟩ = e−τH |ψ(0)⟩
∥e−τH |ψ(0)⟩∥ . (2.179)

As τ → ∞, the lowest-energy component dominates, projecting onto the ground
state provided that the initial overlap is nonzero. The convergence speed is
governed by the spectral gap and the initial overlap with the ground state.

Several quantum implementations of ITE have been developed, including
variational ITE [134], QITE [35], probabilistic nonunitary schemes [135], and
QSP/QSVT realizations [136], each offering different trade-offs in circuit depth
and robustness.

Recent work shows that ITE arises as a solution of Brockett’s double-bracket
flow for the density operator,

∂ρ(τ)
∂τ

= [[ρ(τ), H], ρ(τ)], ρ(τ) = |ψ(τ)⟩⟨ψ(τ)|, (2.180)

and synthesizes double-bracket QITE (DB-QITE) circuits that coherently
implement small steps of this flow without postselection [137]. Each step provably
lowers the energy by an amount proportional to the current energy variance and
increases ground state fidelity, providing a deterministic alternative to projective
schemes.

2.2.5.3 State Filters

State filtering refers to methods that amplify desired spectral components of a
Hamiltonian while suppressing the rest. Let H have eigenpairs {(Ej , |ϕj⟩)} and
let the initial state be |ψ⟩ =

∑
j cj |ϕj⟩. Given a filter function f : R → C that is

large near a target energy and small elsewhere, the filtered state is

|ψfiltered⟩ = f(H)|ψ⟩
||f(H)|ψ⟩||2

= 1
||f(H)|ψ⟩||2

∑
j

cjf(Ej) |ϕj⟩. (2.181)
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In practice, f(H) is implemented approximately using polynomial constructions
(often via QSP/QSVT) or LCU of time evolution operators [138, 139, 140, 141,
142].

A common limitation is that f(H) is generally non-unitary, so it is
implemented via a block encoding and ancilla postselection. The success
probability typically scales as Pr[succ] = ∥f(H)|ψ⟩∥2

2. For narrow or selective
filters this can be small, but it can be boosted by AA.

2.2.6 Classical Post-Processing
It is expected that the electronic structure Hamiltonian of realistic molecular
systems will be too large to be represented directly even on FTQC. Therefore,
similarly to classical approaches in quantum chemistry, it is necessary to reduce
the problem size using an active space approximation (see Sec. 2.1.5.4). Within
this framework, only the active space problem is solved on a quantum device.
The resulting wave function obtained from the quantum computation is then
measured and subsequently post-processed on a classical computer to account
for electronic correlation outside the active space. Several quantum–classical
hybrid methods can be employed for this purpose, which will be discussed in the
following.

2.2.6.1 Quantum-Classical Hybrid NEVPT

One of the quantum–classical hybrid approaches that can be used for classical
post-processing employs the NEVPT2 to capture dynamic electronic correlation
outside the active space [143]. NEVPT2 is one of MRPT methods (see
Sec. 2.1.5.5), in which the total electronic Hamiltonian is partitioned as

Ĥ = ĤDyall + V̂ =
∑
a,σ

εaâ
†
aσâaσ + Ĥact + V̂ , (2.182)

where ĤDyall is the Dyall Hamiltonian [144] and Ĥact is the active space
Hamiltonian. εa correspond to the energies of the external orbitals. The Dyall
Hamiltonian is chosen to be zeroth-order approximation and V̂ is a perturbation.

In this hybrid approach, a VQE calculation is first performed for Ĥact to
obtain an approximation to the ground state |Ψ0⟩ and its energy E0. The
second-order perturbative correction to the energy is then given by

E(2) = −
∑
m̸=0

|⟨Ψm|V̂ |Ψ0⟩|2

Em − E0
, (2.183)

where |Ψm⟩ denote excited states of the Dyall Hamiltonian with corresponding
energies Em.

This expression can be reformulated in terms of ionized states rather than
explicit eigenstates |Ψm⟩. To obtain these ionized states, the quantum subspace
expansion (QSE) is employed. Within QSE, the effective Hamiltonian and overlap
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matrices are constructed from states generated by single and double ionization
of the reference state |Ψ0⟩ and are subsequently diagonalized separately within
each relevant Fock-space sector.

The principal limitation of this approach is its unfavorable scaling. Specifically,
the construction of QSE matrices scales as O(N8

act), while their diagonalization
scales as O(N12

act), which severely restricts the size of tractable active spaces.
However, an important advantage is that the method scales only as O(N2

ext)
with respect to the number of orbitals outside the active space.

2.2.6.2 Quantum-Classical Hybrid AFQMC

AFQMC can also be employed as a classical post-processing scheme for quantum-
computed wave functions. As discussed in Sec. 2.1.6.3, AFQMC is highly efficient
and accurate, having a computational scaling of O(N3) ∼ O(N4) with system
size. This scaling makes AFQMC suitable for large systems and particularly for
quantum–classical hybrid approaches.

In AFQMC, the ground state energy is evaluated as

E =
∑
l wle

iθlEloc
l∑

l wle
iθl

, Eloc
l = ⟨ΨT |Ĥ|ϕl⟩

⟨ΨT |ϕl⟩
, (2.184)

where |ϕl⟩ denote the stochastic walkers, wl their associated weights, and θl
the corresponding phases. The quantity Eloc

l is the local energy evaluated with
respect to a trial wave function |ΨT ⟩, which serves as an approximation to the
true ground state. The nodal structure imposed by |ΨT ⟩ constrains the AFQMC
evolution and plays a crucial role in controlling the sign problem.

In the quantum–classical AFQMC (QC-AFQMC) framework, a quantum
algorithm, typically VQE, is used to prepare the trial state |ΨT ⟩. In order to
interface the quantum-generated state with the classical AFQMC procedure,
quantum state tomography techniques are required (see Sec. 2.2.3.4). The
early implementation used Clifford shadow tomography [42], demonstrating high
precision and resilience to hardware noise.

However, the use of Clifford shadows leads to an exponential classical post-
processing cost (O(exp(Nact))) to evaluate the local energy ⟨ΨT |Ĥ|ϕl⟩ with the
size of the active space Nact. This bottleneck can be alleviated by employing
matchgate shadow techniques [44], which reduce the scaling to O(N8.5

act logNact).
Despite this improvement, the resulting cost remains prohibitively large for
practical applications.

More recently, the matchgate shadow framework was further refined through
the use of analytic differentiation to calculate the local energy and force bias,
reducing the overall computational complexity to O(N5.5

act ) [145].
In this dissertation, we develop an approach that further improves the scaling

of QC-AFQMC post-processing. The details of this method and its performance
are presented in Chap. 5.
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2.2.6.3 Quantum-Classical Hybrid Tailored Coupled Cluster

The tailored CC (TCC) theory [146] can also be used as a classical post-processing
scheme. In classical quantum chemistry, this approach enables the incorporation
of static electronic correlation into single-reference CC methods (see Sec. 2.1.5.3).
The procedure begins with an active space calculation, typically performed at
the CASCI level. The resulting CI vector of the ground state is then used to
determine the cluster amplitudes associated with excitations within the active
orbitals, denoted by T̂ act. The remaining cluster amplitudes corresponding to
excitations involving orbitals outside the active space, T̂ ext, are obtained by
solving the standard CC equations (see Eq.(2.74)).

Building on this framework, the quantum–classical TCC method based on
computational basis tomography (QC-CBT-TCC) was proposed in Ref. [147].
In this approach, the active space problem is solved on a quantum device. The
resulting quantum state is then measured using computational basis tomography
(CBT), which is described in detail in Sec. 5.2.1. The reconstructed CBT state
is subsequently used to tailor the active space cluster amplitudes T̂ act.

The QC-CBT-TCC wave function is given by

|ΨQC-CBT-TCC⟩ = eT̂
ext
eT̂

act
|Ψ0⟩, (2.185)

where |Ψ0⟩ denotes the HF reference state. After solving the CC amplitude
equations, the total energy is evaluated as

EQC-CBT-TCC = ⟨Ψ0|Ĥ|ΨQC-CBT-TCC⟩. (2.186)

The statistical error arising from the CBT measurement process can be
mitigated using a corrected energy expression,

EQC-CBT-TCC(c) = Eact
QC +

(
EQC-CBT-TCC − Eact

QC-CBT-TCC
)
, (2.187)

where Eact
QC is the active space energy obtained directly from the quantum

computation, and Eact
QC-CBT-TCC is the corresponding active space energy

evaluated within the TCC framework.
This method has demonstrated high accuracy in capturing both static and

dynamic electronic correlation. However, its computational scaling is identical to
that of the underlying classical CC approach. For example, the QC-CBT-TCCSD
method scales as O(N6

ext) with respect to the number of orbitals outside the
active space, which limits its applicability to systems with moderate external
spaces.

2.2.7 Open Problems of Quantum Computing for Quantum
Chemistry

As discussed in the previous sections, numerous quantum algorithms have been
proposed for electronic structure calculations. A fundamental challenge common
to all of them is the preparation of a quantum state with sufficiently large overlap
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with the target electronic eigenstate. This remains the principal bottleneck in
practical quantum algorithms for quantum chemistry.

If such a state could be prepared efficiently, QPE would, in principle, enable
the extraction of ground and excited state energies with exponential speedup to
any known classical method. Moreover, accurate state preparation would allow
efficient sampling in QSCI and the construction of accurate effective Hamiltonians
in Krylov subspace methods.

The quantum computer can provide an advantage in the way it prepares the
state due to its ability to run an N -qubit quantum circuit with 2N of classical
parameters, requiring only O(N) computational time. Although physical insight
from quantum chemistry enables the construction of a well-motivated ansatz,
determining its optimal parameters remains a challenging problem. Since the
Hamiltonian is the only fundamental source of information about its eigenstates,
it is natural to use it to guide state preparation. This idea underlies methods
such as ITE and power iteration. In Chap. 3 we explore power-iteration-based
approaches to prepare molecular ground and excited states on quantum hardware.

Molecular electronic states obey exact symmetries, including the particle
number and spin. Quantum state preparation methods, particularly VQE using
HEA, may violate these symmetries. Restoration of these symmetries helps
to achieve a better overlap with the desired state. Techniques for projecting
out states with correct symmetries are therefore essential and are discussed in
Chap. 4.

Finally, it is unlikely that quantum computers will directly treat the full
molecular Hamiltonian of realistic systems in the near term. Instead, quantum
devices are expected to solve active space problems, whereas the remaining
electronic correlation is recovered using classical post-processing methods. Several
such schemes were reviewed in Sec. 2.2.6, and a new efficient post-processing
approach is introduced in Chap. 5.

Progress in these areas is crucial for making quantum computing a practical
tool for quantum chemistry.



Chapter 3

Quantum Power Iteration
Unified Using Generalized
Quantum Signal Processing

We propose a unifying framework for the state preparation using quantum power
method algorithms based on GQSP. We apply GQSP to realize quantum analogs
of classical power iteration, power Lanczos, inverse iteration, and folded spectrum
methods, all within a single coherent framework. GQSP allows efficient realization
of methods that require complex polynomials while avoiding the limitations
of approaches based on linear combinations of time-evolution operators. Our
constructions, including a Trotter-decomposition-free quantum inverse iteration,
achieve near-optimal query scaling, together with reduced qubit requirements.
The same formalism yields a quantum folded spectrum method for excited
state preparation that avoids explicitly forming powers of the Hamiltonian or
performing variational optimization. We provide a theoretical analysis of success
probabilities and resource scaling, and we validate the methods numerically using
molecular Hamiltonians. The results show that quantum power Lanczos lowers
the computational cost and provides robust convergence compared to naive
quantum power iteration. Our findings reveal that GQSP-based implementations
of power methods combine scalability, flexibility, and robust convergence, paving
the way for practical initial state preparations on fault-tolerant quantum devices.
This chapter is based on the preprint [Khinevich, Lee, Yoshioka and Mizukami,
arXiv:2507.11142 (2025)].

3.1 Introduction
Driven by advances in hardware architecture and algorithmic design, quantum
computing has developed rapidly. Quantum computers are widely believed to
outperform classical computers in condensed matter physics, quantum chemistry,

61
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and materials science [148, 149]. Solving the eigenvalue problem is a key
computational challenge in these domains.

The most direct method of obtaining eigenvalues on a quantum computer
is the QPE algorithm [15, 150]. Despite its conceptual elegance, QPE typically
requires substantial computational resources and FTQCs. Consequently,
proposals to reduce overhead [151, 152] face the fundamental challenge of
preparing a high-fidelity initial approximation of the target state.

The VQE [22], which uses a hybrid quantum-classical approach, is a
widely used algorithm to prepare an approximate quantum state. The VQE
offers the advantage of shallow circuits that are compatible with existing
hardware [153, 133, 154]. However, its reliance on classical optimization makes
it vulnerable to issues such as barren plateaus [155], which limit its scalability
for more expressive ansatzes.

ITE offers another route for ground state preparation by approximating a
non-unitary propagator [35]. Although classical ITE has long been a workhorse
for quantum many-body simulations, quantum adaptations still face challenges.
Many implementations inherit Trotter errors of time-evolution [134, 156, 157],
high resource costs to estimate the quantum Fisher information matrix [158],
or postselection overheads [159]. Furthermore, ITE is naturally tailored to find
ground states, thereby limiting its versatility for broader classes of problems.

By contrast, power methods represent a more general and flexible family of
iterative algorithms with a long history of use in classical numerical linear
algebra. In addition to ground-state preparation, power methods include
algorithms for computing excited states, inverting matrices, solving linear
systems, and performing principal component analysis. Therefore, they are
widely used in numerous areas such as computer-aided engineering, finance, and
machine learning. In quantum chemistry, power-iteration-based schemes have
also been developed for vibrational Hamiltonians, including tensor-structured
power iteration [160], Chebyshev methods [161], and inverse iteration [162],
demonstrating that such iterative approaches can be effective even in high-
dimensional many-body settings.

Recent studies have explored various ways of implementing quantum power
methods. Techniques include LCU to implement powers of cosine transformed
Hamiltonians [163], finite-difference approximations of time evolution opera-
tors [164], direct encoding using rotational operators [165], HHL-based ap-
proach [166, 167] and QSVT [126, 168, 169]. Inverse iteration schemes have also
been implemented [170, 171, 172, 173]. Krylov subspace methods [174, 31, 33]
extend these ideas to more sophisticated approaches. However, many of these
implementations face practical limitations, including Trotter errors, high qubit
costs, and restrictions to only real-valued polynomials.

This study demonstrates that, for the state preparation, various power
methods can be implemented in a unified way using GQSP [128, 175, 176]
(or more specifically, the generalized quantum singular value transformation
(GQSVT) [177]). The key advantage of GQSP over QSP [125] is that it can
encode any general complex polynomial without additional overhead. This paves
the way for the implementation of the power Lanczos method, which may require
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complex coefficients, as well as for the future development of Green’s function and
complex energy shifts in the inverse iteration method. Furthermore, the GQSP
gives advantage over methods that use a linear combination of time-evolution
operators. For instance, our implementation of the quantum inverse iteration
is free of Trotter error and requires fewer qubits in numerical tests than the
existing approaches.

In addition, using the same technique, we introduced the quantum folded
spectrum method (QFSM) to prepare the excited state wave functions, if
approximate energy estimation is available. This method was previously used in
the VQE framework, which required the explicit construction of a Hamiltonian
squared. This results in numerous terms being measured [178]. GQSP allows us
to avoid the explicit construction of the powers of Hamiltonian and variational
optimization.

Throughout this work, we assume a FTQC setting, as the techniques we
analyze require coherent implementation of polynomial transformations and
precise phase operations. We provide a theoretical analysis of these quantum
power methods, including estimates of success probability, query complexity,
and qubit requirements. We show that the resulting algorithms achieve near-
optimal scaling. We also construct explicit quantum circuits for each method
and numerically validate their performance. In addition, we examine practical
resource requirements, such as the total number of queries and qubits needed in
realistic settings. Importantly, the proposed formulations remain mathematically
equivalent to their classical counterparts; they can be simulated classically given
exponential memory, and we confirm the expected convergence behavior.

The remainder of this chapter is organized as follows. Section 3.2 reviews
the fundamentals of GQSP and presents our implementation of various power
methods. Section 3.3 provides computational details and a link to the
reference code. Section 3.4 presents a theoretical analysis of resource scalings,
followed by numerical demonstrations of the algorithms and comparisons with
existing techniques, with particular attention to the convergence behavior
for molecular Hamiltonians and the associated computational costs. Finally,
Sec. 3.5 summarizes our findings, discusses potential improvements, and presents
directions for future research and development.

3.2 Theory

3.2.1 Polynomial Transformation of a Hamiltonian
GQSP is a powerful framework that can be used to efficiently implement
polynomial transformations of a Hamiltonian H (see Sec. 2.2.4.6). It is first
embedded in a larger unitary operator using a block encoding procedure, such
as LCU (see Sec. 2.2.4.2). Within the block encoding framework, H is rescaled
as H = H/λLCU, where λLCU is the normalization constant associated with
the LCU construction. The corresponding eigenvalues are therefore scaled as
Ẽi = Ei/λLCU.
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The LCU block encoding unitary acts, in each invariant subspace associated
with an eigenvalue Ẽi, as

ULCU =
(

H
√
I − H2

√
I − H2 −H

)
, (3.1)

which is a reflection. For GQSP it is convenient to convert this reflection into a
rotation by multiplying with a reflection about |0⟩ on the ancilla:

U = (Z ⊗ I)ULCU =
(

H
√
I − H2

−
√
I − H2 H

)
, (3.2)

which acts as a SU(2) rotation in each invariant subspace associated with Ẽi.
This is exactly what the qubitization technique does with LCU operator (see
Sec. 2.2.4.3).

GQSP uses a 0-controlled block encoding operator as the signal operator,
denoted by CU . This operator is defined as in Eq. (2.107).

a

. . .

. . .

. . .

|0⟩ R(θ0, ϕ0, λ) Z R(θ1, ϕ1, 0) Z

|0⟩
ULCU ULCU

|ψ⟩

. . .

. . .

. . .

R(θd−1, ϕd−1, 0) Z R(θd, ϕd, 0)
|0⟩

ULCU

|0⟩

Poly(H)|ψ⟩

Figure 3.1: GQSP circuit. The circuit comprises three registers: the first qubit
register controls the GQSP procedure, the second a qubits register performs the
block encoding, and the third register holds the state on which the Hamiltonian
acts on. The state Poly(H)|ψ⟩ is up to corresponding normalization.

It is essential for the GQSP method to determine the angle sequences θ⃗, ϕ⃗,
and the phase parameter λ that produce the desired polynomial P(z). As the
first step, for any target polynomial P(z), a complementary polynomial Q(z)
that satisfies |P(z)|2 + |Q(z)|2 = 1 for all z on the complex unit circle must be
constructed. It has been rigorously proven that this complementary polynomial
exists for any P(z) with |P(z)| ≤ 1 for all z on the complex unit circle [128].



3.2. THEORY 65

Various methods exist to determine the appropriate angles, and further details
are provided in the Appendix A1.

In a practical GQSP implementation, the LCU-to-qubitization reflection
(see Eq. (3.2)) can be absorbed into the GQSP sequence. This is achieved by
inserting a controlled-Z gate whose target is the signal-processing ancilla and
whose control is the |0⟩ state of the LCU ancilla, effectively multiplying ULCU by
the required reflection. The resulting quantum circuit is illustrated in Fig. 3.1,
and its structure is analogous to the GQSVT construction in Appendix B1.

The next task involves obtaining a polynomial function Poly(H) from a
polynomial function P(U). This is accomplished by noting that the powers of U
generate Chebyshev polynomials of H:

Uk =
(
Tk(H) ∗

∗ ∗

)
, (3.3)

where Tk(H) denotes the k-th Chebyshev polynomial evaluated at H. This
identity is a standard consequence of the qubitization construction: the unitary
U has eigenvalues e±i arccos(Ẽi) for each eigenvalue Ẽi of H, so Uk implements
cos
(
k arccos

(
Ẽi
))

= Tk(Ẽi). Consequently, the operator P(U) constructed via
the GQSP block encodes a linear combination of Chebyshev polynomials of H,
which in turn can represent any polynomial function Poly(H).

3.2.2 Quantum Power Iteration Method
Power iteration is a well-known technique for determining the largest magnitude
eigenvalue of a matrix. We use this approach to find a ground state of the
Hamiltonian H. The underlying idea is straightforward: one chooses an initial
guess for the eigenvector |ψ(0)⟩, which has a nonzero overlap with the true ground
state, assuming that the ground state energy Ẽ0 has the largest absolute value
among all the eigenvalues of H. The iterative procedure is defined as follows:

|ψ(n+1)⟩ = H|ψ(n)⟩
||H|ψ(n)⟩||2

. (3.4)

The error of this method scales as O(|Ẽ1/Ẽ0|n), where Ẽ2 is the second
largest eigenvalue in magnitude. Consequently, a larger spectral gap between Ẽ0
and Ẽ1 generally improves convergence.

Equation (3.4) reveals that the n-th iteration can be viewed as applying a
polynomial of H to the initial state:

|ψ(n)⟩ = Poly(H)|ψ(0)⟩
|| Poly(H)|ψ(0)⟩||2

= Hn|ψ(0)⟩
||Hn|ψ(0)⟩||2

. (3.5)

This polynomial transformation can be implemented using the GQSP
algorithm. We denote this method as quantum power iteration (QPI). In



66 CHAPTER 3. QUANTUM POWER ITERATION UNIFIED ...

particular, the powers of H can be expressed as linear combinations of Chebyshev
polynomials. The general formula is as follows:

Hn = 2−n
(
n
n
2

)
T0(H)

+ 21−n
n∑
k=1

k≡n (mod 2)

(
n
n−k

2

)
Tk(H),

(3.6)

where the first term contributes only when n is even, and Tk(H) denotes the
k-th Chebyshev polynomial of H.

The main disadvantage of QPI and all other methods presented in this study
is that its success probability can be very small. It equals the square of the
denominator in Eq. (3.5). A higher probability of success can be achieved with
a better initial guess wave function |ψ(0)⟩. However, AA is generally required,
which deepens the circuit (see Sec. 3.4.1).

3.2.3 Quantum Power Lanczos Method
The power Lanczos (PL) method is a modification of the standard power iteration
approach aimed at accelerating convergence by improving the initial guess for the
eigenvector using Lanczos polynomials [179]. The Lanczos algorithm constructs
a Krylov subspace and determines an approximate ground-state eigenvector
by diagonalizing a tridiagonal projection of the original Hamiltonian. More
rapid convergence can be achieved compared with a naive power iteration by
treating this approximate ground state as the initial vector in subsequent power
iterations.

The classical Lanczos algorithm is a well-known technique used to compute
several of the largest absolute eigenvalues in a matrix. To accomplish this, the
Hamiltonian H is projected onto the Krylov subspace Kd(H, |ψ(0)⟩), which can
be defined as follows:

Kd(H, |ψ(0)⟩) = span
{

|ψ(0)⟩, H|ψ(0)⟩, H2|ψ(0)⟩,
. . . , Hd−1|ψ(0)⟩

}
,

(3.7)

where d is the dimension of the subspace and |ψ(0)⟩ is the initial state.
Numerically stable implementations of the Lanczos algorithm use an orthonormal
basis for this subspace. One standard method to build an orthonormal basis is
through recurrence:

|ϕ(0)⟩ = H|ψ(0)⟩ − a0|ψ(0)⟩,
|ϕ(n)⟩ = H|ψ(n)⟩ − an|ψ(n)⟩ − bn|ϕ(n−1)⟩,

(3.8)

where |ϕ(n)⟩ = bn+1|ψ(n+1)⟩ form a new orthonormal basis, an = ⟨ψ(n)|H|ψ(n)⟩
and bn =

√
⟨ϕ(n−1)|ϕ(n−1)⟩.
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Thus, the matrix representation of the Hamiltonian becomes tridiagonal,
drastically simplifying its partial diagonalization. The eigenvalues and
eigenvectors of this tridiagonal subproblem approximate those of the original
matrix H. The approximation can be systematically improved by increasing
the dimensions of the Krylov subspace d; however, the rate and quality of
convergence also depend on the distribution of the eigenvalues and their relative
gaps.

Although the standard Lanczos method provides a direct method to compute
the tridiagonal representation and its eigendecomposition, it can be advantageous
for treating the coefficients in the resulting Krylov vector expansion as variable
parameters. In this approach, the energy ⟨Ψ(0)

k |H|Ψ(0)
k ⟩ is minimized in the trial

state |Ψ(0)
k ⟩ in the Krylov subspace. The key advantage of this approach lies

in that it eliminates the need to precisely calculate the matrix elements of the
effective Hamiltonian in the Krylov space. For the ground state problem, this
minimization reproduces the usual Lanczos result; however, it can offer improved
numerical stability.

For instance, consider a Krylov subspace with dimension k + 1. A generic
trial state then takes the following form:

|Ψ(0)
1 ⟩ = |ψ(0)⟩ + C1H|ψ(0)⟩,

|Ψ(0)
2 ⟩ = |ψ(0)⟩ + C1H|ψ(0)⟩ + C2H2|ψ(0)⟩,

(3.9)

and so on. The coefficients Ci can be determined by solving the linear equations
derived from the tridiagonal matrix or, as advocated here, by performing a
variational minimization of the energy. This optimization involves only a small
number of parameters since k is often small; therefore, it avoids most of the
problems related to VQE.

Once the optimized Krylov (Lanczos) state |Ψ(0)
k ⟩ is determined, it is used

as a more refined starting point for power iteration; that is, instead of |ψ(0)⟩,
we initialize our iterative procedure with |Ψ(0)

k ⟩. The subsequent n-th power
iteration state can then be written as follows:

|Ψ(n)
k ⟩ = 1

N
Hn|Ψ(0)

k ⟩

= 1
N

Hn(1 + C1H + · · · + CkHk)|ψ(0)⟩,
(3.10)

where N is a normalization factor. We will call this method quantum power
Lanczos of order k (QPLk), specifying the degree of the Lanczos polynomial.
The polynomial acting on the states can be naturally implemented within the
GQSP framework. Here, GQSP demonstrates its advantage over conventional
QSP, since the parametric Ci can become complex during optimization in order
to improve convergence. Although the coefficients are ultimately real when
calculated without considering the magnetic interaction, entering the complex
plane in this manner helps finding a workaround to the minimum.

In practice, the QPL method proceeds in two main steps:
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1. Variational Lanczos state preparation. Build |Ψ(0)
k ⟩ using a

polynomial in H (truncated at order k) using GQSP, then optimize the
coefficients {Ci} to minimize ⟨Ψ(0)

k |H|Ψ(0)
k ⟩. While one can solve for {Ci}

analytically using the Lanczos tridiagonalization, this requires computing
expectation values of multiple powers of H. In many quantum settings, a
small variational optimization with a handful of coefficients is simpler.

2. Quantum power iteration. After obtaining |Ψ(0)
k ⟩, perform the standard

power iteration (see Eq. (3.10)) using this improved initial guess.

We further show that even a small Krylov subspace (k = 1 or k = 2) is
often sufficient for providing a significantly better initial state. A larger k yields
a more difficult optimization landscape but often offers insignificant gains in
terms of accuracy. Thus, the QPL method can serve as a middle ground: it
leverages a minimal Lanczos subspace to accelerate convergence in the power
iteration by introducing only a few parameters. This approach can noticeably
outperform pure power iteration for ground state computations, particularly
when the spectrum of H has a large gap or when a small Krylov space already
captures a significant fraction of the ground state component in |ψ(0)⟩.

Most other Lanczos-inspired algorithms for quantum computers rely on the
explicit construction of the Lanczos tridiagonal matrix. For example, Kirby et
al. [36] employ a Chebyshev-polynomial Krylov subspace, using a quantum device
to evaluate matrix elements that are subsequently diagonalized on a classical
computer. Baker [180] follows the standard Lanczos recursion to construct the
Krylov basis and likewise performs explicit tridiagonalization.

In contrast, the QPL approach replaces explicit matrix construction and
diagonalization with variational optimization of the Krylov-space coefficients.
This is the central conceptual difference from other methods. By avoiding the
calculation of effective Hamiltonian matrix elements in the Krylov basis, the
method reduces numerical overhead and potential sources of instability. For
ground state estimation, the variational minimization recovers the usual Lanczos
result while providing improved numerical stability [179].

3.2.4 Quantum Inverse Iteration Method
Inverse iteration is another classical technique used to solve eigenvalue problems
iteratively. Unlike the power iteration, which is naturally suited for finding the
dominant eigenvalue and its corresponding eigenvector, the inverse iteration can
be used to approximate any eigenpair, provided that an appropriate shift is
chosen. Even though in our implementation it can only find the ground state,
having a good enough energy approximation, the inverse iteration can converge
much faster than the power iteration. Specifically, one starts with an initial
guess of the eigenvector |ψ(0)⟩ and an approximate eigenvalue ϵ0 close to the
true eigenvalue Ẽ0. The iterative step is given by

|ψ(n+1)⟩ = (H − ϵ0I)−1|ψ(n)⟩
||(H − ϵ0I)−1|ψ(n)⟩||2

. (3.11)
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The convergence rate depends on how well ϵ0 approximates the target
eigenvalue Ẽ0. Quantitatively, if Ẽ1 is the eigenvalue closest to ϵ0 other than

Ẽ0, the error drops as O
(∣∣∣∣(ϵ0 − Ẽ0)/(ϵ0 − Ẽ1)

∣∣∣∣n). Hence, choosing ϵ0 closer to

Ẽ0 accelerates the convergence.
By the repeated application of (H − ϵ0I)−1, we see that the n-th iterate can

be written as follows:

|ψ(n)⟩ = (H − ϵ0I)−n|ψ(0)⟩
||(H − ϵ0I)−n|ψ(0)⟩||2

. (3.12)

Quantum inverse iteration (QII) requires a polynomial approximation of the
operator (H − ϵ0I)−n to implement this step using the GQSP framework. The
Taylor power series expansion for the negative powers of a shifted operator is
given by

(H − ϵ0I)−n = (−1)n
∞∑
k=0

(
n+ k − 1

k

)
1

ϵn+k
0

Hk. (3.13)

In principle, an infinite series can be truncated to obtain a polynomial in H.
The radius of convergence for this expansion is ∥H∥2 < |ϵ0|. In practice, this
condition can be restrictive for excited state calculations because we require ϵ0
to be as close as possible to Ẽ0. We need ϵ0 to be outside the spectral radius
of H, that is, ∥H∥2 < |ϵ0|, to guarantee the convergence of the series. This
is naturally satisfied if Ẽ0 is the ground-state energy and ϵ0 is chosen to be
slightly smaller than Ẽ0. In this scenario, one can often achieve a more rapid
convergence compared to QPI, owing to the favorable shift.

Similarly to the power iteration method, a key step in QII involves mapping
the truncated power series onto a polynomial expansion in terms of Chebyshev
polynomials, which are naturally compatible with QSP. Once the polynomial
representation is finalized, the same QSP techniques used for power iteration
can be used to apply (H − ϵ0I)−n to a quantum state.

The full power of GQSP became apparent when a complex energy shift
z = ϵ0 + iζ was introduced. While we did not employ it in the examples below,
this shift regularizes the pole at E = ϵ0 and enlarges the radius of convergence
of the Taylor power series expansion by displacing the singularities off the real
axis. Specifically, the shifted resolvent (H − zI)−1 remains finite at E = ϵ0 and,
in the spectral representation, its squared magnitude takes the Lorentzian form∣∣(H − zI)−1

∣∣2 =
(
(H − ϵ0I)2 + ζ2I

)−1. The width parameter ζ governs the
trade-off between spectral selectivity (a narrow peak for a small ζ) and numerical
stability or convergence speed (a larger ζ produces better conditioning). Finally,
note that (H − zI)−1 is precisely the Green’s function of H evaluated at z,
establishing a direct connection to the contour integral and filter diagonalization
eigensolvers and other Green’s function methods.
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3.2.5 Quantum Folded Spectrum Method
An iterative version of the folded spectrum method can be employed to compute
the excited states within the GQSP framework. The key concept was the
construction of a modified operator:

H′ = I − C
(
H − ϵmI

)2
, (3.14)

where ϵm is an estimate of the target eigenvalue and C is an appropriately chosen
normalization constant. By focusing on

(
H − ϵmI

)2, one effectively “folds” the
spectrum around ϵm. After scaling with C and shifting by identity, the eigenvalue
closest to ϵm in the original spectrum becomes the largest eigenvalue of H′; thus,
this can be achieved via a power iteration scheme:

|ψ(n+1)
m ⟩ = (I − C(H − ϵmI)2)|ψ(n)

m ⟩
||(I − C(H − ϵmI)2)|ψ(n)

m ⟩||2
. (3.15)

Repeating this step n times yields

|ψ(n)
m ⟩ = (I − C(H − ϵmI)2)n|ψ(0)

m ⟩
||(I − C(H − ϵmI)2)n|ψ(0)

m ⟩||2
. (3.16)

Because
(
I − C(H − ϵmI)2)n is a polynomial in H, it is naturally suited for

GQSP implementations. We call this approach the quantum folded spectrum
method (QFSM). In practice, the Hamiltonian is first shifted by replacing H
with Hshifted = H − ϵmI. Specifically, shifting alters only the identity term in
the LCU construction. After this shift, the polynomial

(1 − CH2
shifted)n =

n∑
k=0

(
n

k

)
(−C)kH2k

shifted (3.17)

can be applied exactly to the quantum state. However, the convergence in
this folded spectrum scheme depends sensitively on the choice of ϵm, the initial
guess |ψ(0)

m ⟩, and the constant C. In typical implementations, C is chosen such
that the shifted square spectrum lies between 0 and 1, which facilitates a faster
convergence. However, the initial state can have an even more profound effect
on the performance, as illustrated in the next section.

Table 3.1 summarizes the polynomial forms of all the methods discussed in
this study.
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Method Poly(H)
QPI Hn

QPLk Hn
k∑
i=0

Ci Hi

QII (−1)n
∞∑
k=0

(
n+ k − 1

k

)
1

ϵn+k
0

Hk

QFSM
n∑
k=0

(
n

k

)
(−C)k H 2k

shifted, where Hshifted = H − ϵmI

Table 3.1: Summary of the polynomial expansions that underlie each quantum
iterative method (QPI, QPL, QII, and QFSM). Here, ϵm is the target eigenvalue
approximation, and C is chosen to ensure the folded spectrum operator is suitably
bounded.

3.3 Computational Details

Here, we provide a computational setup for proof-of-concept numerical
simulations of our proposed methods. The reference CASCI calculations were
performed using the PySCF package [181]. The JW transformed molecular
Hamiltonians (see Sec. 2.2.4.1) used in our simulations were generated using the
Quket package [182].

Except for the QFSM, all simulations employed the qubit tapering technique
to reduce the number of qubits [183, 184]. For instance, the H2 molecule in a
(2, 2) active space only required 1 qubit instead of 4, CH2 in a (6, 6) active space
required 8 qubits instead of 12, and N2 in a (6, 6) space required 7 qubits instead
of 12.

The GQSP circuit illustrated in Fig. 2.3 was implemented using the Qulacs
simulator [185]. The angle estimation was performed using Prony’s method [129],
as described in detail in Appendix A1. The capitalization step required an
additional qubit.

Block encoding was implemented using the LCU method only for the H2
system, which required two additional qubits. To maintain the computational
feasibility for the other systems, an explicit block encoding scheme was employed
using a single additional qubit, as illustrated in Eq. (3.2). While in practical
implementation on a quantum device the LCU is necessary, we used this
technique for performance verification purposes. Further details are provided
in Appendix A1. The complete implementation is available on our GitHub
repository: https://github.com/mizukami-group/power-lanczos-data-F
Y2025.git.

https://github.com/mizukami-group/power-lanczos-data-FY2025.git
https://github.com/mizukami-group/power-lanczos-data-FY2025.git
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3.4 Results and Discussion
3.4.1 Theoretical Scaling
Let H be a Hamiltonian with eigenpairs {(Ẽi, |Ẽi⟩)}ni=0 ordered as Ẽ0 < Ẽ1 <
· · · < Ẽn. Let the spectral gap be ∆̃ := Ẽ1 − Ẽ0 > 0. We assume that Ẽ0
and Ẽ1 are negative and have the largest absolute values among the spectrum,
and define their ratio as ρ := Ẽ1/Ẽ0, which satisfies 0 < ρ < 1. Assume that
∆̃ ≪ |Ẽ0| so that log(1/ρ) ≈ ∆̃/|Ẽ0|.

GQSP implements a polynomial filter Poly(H) on an initial state |ψ(0)⟩,

|ψ(0)⟩ 7−→ Poly(H)|ψ(0)⟩
∥Poly(H)|ψ(0)⟩∥2

, (3.18)

with postselection success probability

Pr[succ] =
∥∥Poly(H)|ψ(0)⟩

∥∥2
2

= ⟨ψ(0)| Poly(H)† Poly(H) |ψ(0)⟩.
(3.19)

AA increases this probability to

Pr(m)[succ] = sin2((2m+ 1)θ) (3.20)

with θ = arcsin
√

Pr[succ]. Choosing

m =
⌊ π

4θ − 1
2

⌋
≈ π

4
√

Pr[succ]
− 1

2 (3.21)

maximizes the success probability. Each Grover step uses the underlying block a
constant number of times, so the cost scales by (2m+ 1).

QPI. The initial guess wave function can be written as |ψ(0)⟩ =
∑n
i=0 ai|Ẽi⟩,

where we assume that the ground state contribution is lower bounded |a0| ≥ γ.
After the k QPI steps, the ground state overlap is

pk = |a0|2

|a0|2 +
∑
i>0 |ai|2 (Ẽi/Ẽ0)2k

≥ 1
1 + 1−|a0|2

|a0|2 ρ2k
.

(3.22)

The postselection success probability satisfies

Pr(k)[succ] ≥
(
|a0|2 − (1 − |a0|2)ρk

)2

|a0|2 + (1 − |a0|2)ρ2k , (3.23)

so as k → ∞ we have pk → 1 and Pr(k)[succ] → |a0|2. With AA and |a0| ≥ γ,
the number of amplification steps can be chosen as m⋆ ≈ π/(4γ) − 1/2. Since
degree k requires k queries to block encoding, this is multiplied by (2m⋆ + 1),
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which gives about πk/(2γ) of queries to block encoding to implement QPI with
AA.

To reach an overlap with the ground state (1 − ε), a sufficient condition can
be derived from Eq. (3.22):

k ≥ 1
2 log(1/ρ)

[
log 1

ε
+ 2 log 1

γ

]
= 1

2 log(1/ρ) log 1
γ2ε

.

(3.24)

Using log(1/ρ) ≈ ∆̃/|Ẽ0|, the resulting query complexity is

QueriesQPI+AA = π

4
1

∆̃ γ
log 1

γ2ε
. (3.25)

This is a near-optimal scaling for state preparation without energy estima-
tion [186].

The QPI prepared state can be used for QPE to obtain the ground state
energy. We assume that the prepared state is almost exact, so no further AA
is required for QPE. The qubitization implementation of QPE to estimate the
energy up to precision ε̃E requires the following number of block encoding
queries [132]:

QueriesQPE =
⌈

π

2 ε̃E

⌉
. (3.26)

Thus, when the energy variables are returned from the rescaled Hamiltonian
H = H/λLCU to the original units, the number of queries becomes

QueriesQPI+AA+QPE = π

4
λLCU

∆ γ
log 1

γ2ε

+
⌈
π λLCU

2 εE

⌉
.

(3.27)

and if one sets εE = Θ(∆) to resolve the ground energy within the gap, the
second term is Θ(λLCU/∆).

QPL. QPL optimizes the polynomial filter over the Krylov subspace. This
modification does not influence the scaling, but changes the prefactor. We model
the effect of a Lanczos step as increasing the ground state amplitude a0 by a
factor β ≥ 1, so that the effective lower bound becomes βγ. As a result,

QueriesQPL+AA = π

4
λ

∆ γ
· 1
β

log 1
β2γ2ε

. (3.28)

In practice, this constant-factor improvement reduces iteration counts; in our
numerical simulations shown in the next section, it saves up to roughly 50
iterations.

QII. When an estimate of the ground state energy is available, QII provides
an efficient route for ground state preparation. Let H be a Hamiltonian
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with eigenpairs (Ẽi, |Ẽi⟩) ordered as Ẽ0 < Ẽ1 < · · · < Ẽn, and let ϵ0 be
an approximation to the ground state energy satisfying |ϵ0 − Ẽ0| ≤ ε̃E .

Writing |ψ(0)⟩ =
∑
i ai|Ẽi⟩ with |a0| ≥ γ, the overlap with the ground state

after k iterations is

pk = |a0|2

|a0|2 +
∑
i>0 |ai|2

∣∣∣ Ẽ0−ϵ0
Ẽi−ϵ0

∣∣∣2k . (3.29)

Let
ηinv := max

i>0

∣∣∣∣ Ẽ0 − ϵ0

Ẽi − ϵ0

∣∣∣∣ ≤ ε̃E
∆ − ε̃E

, ∆̃ = Ẽ1 − Ẽ0, (3.30)

assuming ε̃E < ∆̃/2.
Then the lower bound of the overlap becomes

pk ≥ 1
1 + 1−|a0|2

|a0|2 η2k
inv
. (3.31)

The success probability for QII is also analogous to the QPI formula with
replacement of ρ with ηinv (see Eq. (3.23)).

To achieve overlap (1 − ε), the sufficient number of steps is

k ≥ 1
2 log(1/ηinv) log 1

γ2ε
. (3.32)

Thus, the number of required iterations decreases rapidly as the energy estimate
ε̃E approaches zero.

In the GQSP framework, the inverse expression fk(H) = (H − ϵ0I)−k is
implemented by a polynomial approximation Pd(H) of degree d. Since H is
already the rescaled block-encoded Hamiltonian with spectrum contained in
[−1, 1], the only singularities of fk(x) arise at points where x = ϵ0.

Let g̃ := ∆̃ − ε̃E . Under the assumption ε̃E < ∆̃/2, the excited state
eigenvalues Ẽi satisfy |Ẽi − ϵ0| ≥ g̃, so fk(x) is analytic on the subset of the
spectrum obeying |x− ϵ0| ≥ g̃. In other words, the nearest singularity of fk(x)
lies at distance g̃ from the spectral interval on which the approximation must
hold.

For analytic functions on [−1, 1] with nearest singularity at distance
g̃, standard Chebyshev/Bernstein–ellipse bounds imply the existence of a
polynomial Pd satisfying

sup
x: |x−ϵ0|≥g̃

∣∣fk(x) − Pd(x)
∣∣ ≤ δ. (3.33)

whenever
d = Θ

(
1
g̃

[
k + log 1

δ

])
. (3.34)

This equation gives the polynomial degree required to achieve operator norm
error δ in a single-shot implementation of fk(H).
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A single round of AA boosts postselection, costing a factor of (2m⋆ + 1),
where m⋆ ≈ π/(4γ) − 1/2. Choosing δ = Θ(ε), so one application of polynomial,
and returning back to the original units, gives the total query complexity

QueriesQII+AA = Θ
(

1
γ

· λLCU

∆ − εE

[
k + log1

ε

])
. (3.35)

Substituting (3.32) for k,

QueriesQII+AA = Õ

(
λLCU

γ (∆ − εE)

×
log
(
1/(γ2ε)

)
log
(
(∆ − εE)/εE

)). (3.36)

If ϵ0 = Ẽ0 (i.e., εE = 0), one can take k = 1 in exact arithmetic; practically, the
polynomial degree d = Θ((λLCU/(∆)) log(1/ε)) then dominates.

QFSM. To prepare the excited state, QFSM can be used. Given a target
excited level Ej and an energy estimate ϵj with |ϵj − Ẽj | ≤ ε̃E , QFSM applies
the polynomial filter Fk(H) =

(
I − C (H − ϵjI)2)k, which concentrates weight

near the eigenvalue closest to ϵj . Choose C so that 0 ≤ 1 − C(Ẽi − ϵj)2 ≤ 1 on
the spectrum; a sufficient choice is

0 < C ≤ 1
R̃2

, R̃ ≥ max
i

|Ẽi − ϵj |. (3.37)

Write |ψ(0)⟩ =
∑n
i=0 ai|Ẽi⟩ and assume |aj | ≥ γ for the target state |Ẽj⟩.

Let
g̃ := min

i ̸=j
|Ẽi − ϵj | ≥ ∆̃j − ε̃E ,

∆̃j := min{Ẽj − Ẽj−1, Ẽj+1 − Ẽj},
(3.38)

so g̃ > 0 whenever ε̃E < ∆̃j and Ẽj is the unique closest eigenvalue to ϵj if
ε̃E < ∆̃j/2.

Define the contraction factor

ηfsm := maxi ̸=j |1 − C(Ẽi − ϵj)2|
|1 − C(Ẽj − ϵj)2|

≤ 1 − Cg̃2

|1 − Cε̃2
E |

< 1.
(3.39)

After applying and normalizing Fk(H), the ground-state–style overlap bound
carries over to the target excited state:

pk := |⟨Ẽj |Fk(H)|ψ(0)⟩|2

∥Fk(H)|ψ(0)⟩∥2
2

≥ 1
1 + 1−|aj |2

|aj |2 η 2k
fsm

. (3.40)



76 CHAPTER 3. QUANTUM POWER ITERATION UNIFIED ...

A lower bound on the postselection success probability mirrors the power iteration
case:

Pr(k)[succ] ≥
(
|aj |2 − (1 − |aj |2) η kfsm

)2

|aj |2 + (1 − |aj |2) η 2k
fsm

k→∞−−−−→ |aj |2. (3.41)

To reach overlap 1 − ε, it suffices that

k ≥ 1
2 log(1/ηfsm) log 1

γ2ε
. (3.42)

With the conservative choice C = 1/R̃2 and in the regime Cg̃2, Cε̃2
E ≪ 1, we

have log(1/ηfsm) ≈ C (g2 − ε2
E), yielding the convenient estimate

k ≳
R̃2

2 (g̃2 − ε̃2
E) log 1

γ2ε
. (3.43)

Implement Fk(H) as a single QSVT polynomial of degree d = 2k in
H = H/λLCU. As in previous sections, AA with m⋆ ≃ π/(4γ) − 1/2 boosts
postselection, multiplying the polynomial cost by (2m⋆ + 1). The state-
preparation query complexity is therefore

QueriesQFSM+AA = Θ
(
π

4γ · d
)

= Θ
(
π

2γ · k
)
, (3.44)

which, combined with (3.42), and returning back to the original units gives

QueriesQFSM+AA = Θ
(

1
γ

·
log
(
1/(γ2ε)

)
log
(
1/ηfsm

) )

≈ Õ

(
R2

γ (g2 − ε2
E) log 1

γ2ε

)
,

(3.45)

hiding constant and secondary logarithmic factors. Using R ≲ 2λLCU and g ∼ ∆j

one can get estimation:

QueriesQFSM+AA ≈ Õ

(
λ2

LCU
γ (∆2

j − ε2
E) log 1

γ2ε

)
. (3.46)

Unlike QPI, QPL, and QII, which target the ground state, QFSM prepares
excited states using only an energy estimate ϵj . Its scaling in the spectral
parameters is generally not optimal (it carries a λ2

LCU/(∆2
j − ϵ2E) factor rather

than the first powers of gap and norm of the Hamiltonian), but it can be practical.
All query scalings and comparisons with existing algorithms are summarized in
Tab. 3.2.

The query complexity table indicates that the GQSP–based filters proposed
here are competitive with near-optimal ground state algorithms while remaining
simple to implement and tune. QPL+AA achieves ground state preparation with
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complexity Õ(λ/(∆ γ)) without any prior energy estimate or a costly energy
search over shifts. This makes QPI a practical default when E0 is unknown
and one wants a guaranteed, monotone improvement in overlap at a cost that
matches the standard 1/(γ∆) scaling up to constants. Lanczos step reduces the
iteration count by a constant factor β > 1 relative to QPI while preserving the
same asymptotic. In practice, this translates into tangible depth savings (tens of
iterations in our numerics) with no extra oracles beyond those already required
for QPI.

When a rough energy is available, inverse filtering wins. If an a priori
estimate satisfies ϵE < ∆/2, the single-shot inverse polynomial QII achieves
Õ
(

λ
γ(∆−ϵE) · log(1/(γ2ε))

log ∆−ϵE
ϵE

)
queries. As ϵE improves, the effective gap g = ∆ − ϵE

grows and the cost drops toward the 1/(γ∆) frontier.
QFSM extends the toolbox to excited states using the folded spectrum filter

(I − C(H − EI)2)k. Although its dependence on spectral parameters is not
optimal (Õ(λ2/((∆2 − ε2

E) γ))), it is operationally attractive. For moderate
target fidelities, good E (within the local gap), and re-use across multiple
excitations, this simplicity can outweigh the non-optimal scaling.

The methods discussed above highlight distinct operating regimes. QPI and
its Lanczos-enhanced variant QPL require no prior spectral information and
provide reliable ground state preparation with modest depth. When an energy
estimate with error εE ≤ ∆/2 is available, QII becomes the method of choice:
its contraction factor improves rapidly as the estimate sharpens, and its overall
query complexity approaches the near-optimal gap-inverse scaling. For preparing
specific excited states, QFSM offers a complementary strategy. Provided an
energy guess lies inside the local spectral gap of the target level, its polynomial
filter selectively amplifies the desired component. Together, these methods form
a practical toolkit for state preparation across the range of situations encountered
in Hamiltonian simulation and quantum chemistry.
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Method / task Queries to block encoding

This work (GQSP polynomials with AA)

QPI + AA (ground state, overlap 1 − ε) π

4
λ

∆ γ
log 1

γ2ε

QPI + AA + QPE (energy to precision εE) π

4
λ

∆ γ
log 1

γ2ε
+
⌈ π λ

2 εE

⌉
QPL + AA (ground state, overlap 1 − ε) 1

β
· π4

λ

∆ γ
log 1

β2γ2ε
(β > 1)

QII + AA (ground state, overlap 1 − ε) Õ

(
λ

γ (∆ − εE)
log 1

γ2ε

log ∆−εE

εE

)

Θ
(

λ

γ∆ log 1
ε

)
(εE = 0)

QFSM + AA (excited state, overlap 1 − ε) Õ

(
λ2

γ (∆2 − ε2
E) log 1

γ2ε

)
;

Literature baselines
Lin–Tong (2020):

ground state, E0 bound known O
( λ

γ∆ log1
ε

)
[186]

Lin–Tong (2020):

ground energy to precision εE Õ
( λ

γ εE
log 1

ϑ

)
[186]

Lin–Tong (2020):

ground state, E0 bound unknown Õ
( λ

γ∆ log 1
ϑ ε

)
[186]

Ge–Tura–Cirac (2019):

ground state, E0 well known Õ
( λ

γ∆

)
[163]

Ge–Tura–Cirac (2019):

ground energy to precision εE Õ
( λ3/2

γ ε
3/2
E

)
[163]

Ge–Tura–Cirac (2019):

ground state, E0 bound unknown Õ
( λ3/2

γ∆3/2

)
[163]

Table 3.2: Query complexities, stated in a unified notation. Here λ denotes
the block encoding normalization (corresponding to α in Refs. [186, 163]), ∆
the state gap, γ a lower bound on the initial overlap, ε the state preparation
error, εE the energy estimation precision (denoted h in Ref. [186]), and ϑ a
failure probability parameter. Our methods use GQSP polynomials combined
with AA. For our bounds, Õ(·) hides only polylogarithmic factors in 1/∆, 1/ε,
1/εE and 1/γ. In the literature block we retain the original authors’ asymptotic
notation O(·), Õ(·) as written in Refs. [186, 163], which hide different logarithmic
dependencies.
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3.4.2 Numerical Comparison of QPI and QPL
First, we performed numerical tests of the QPI and QPL methods. Because QPL
can be viewed as a direct modification of QPI, we discuss both in this section.
Following the notation introduced in Eq. (3.10), we denote the QPL method of
the Lanczos polynomial degree k by QPLk. In this notation, the QPI method
corresponds to QPL0.

Figure 3.2 illustrates the PECs for the hydrogen molecule using the cc-pVDZ
basis set with 2 electrons in 2 active orbitals. The HF wave function served as
the initial guess.
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Figure 3.2: (a) PECs for the hydrogen molecule obtained with the QPI method
(QPL0). The basis set is cc-pVDZ, and the active space is (2, 2). Star markers
indicate the corresponding QPL1 energies immediately after the variational
optimization step.
(b) The right panels show the energy deviation from CASCI(2, 2) at each iteration
for the first 50 iterations. The black dashed line indicates chemical accuracy
(1 kcal/mol), and the red dot-dashed line is the HF energy.

We observe that the QPI (QPL0) method achieves the CASCI(2, 2) energy
within chemical accuracy in no more than 6 iterations, even when starting from
the HF wave function. For longer bond lengths, more iterations are required to
achieve chemical accuracy, which reflects the increased multireference character
of the wavefunction. This behavior became more pronounced as the bond was
stretched, indicating that the method may converge more slowly in systems with
stronger static correlation.

The convergence speed of the power method depends on the ratio E1/E0,
where E0 and E1 denote the ground state and first excited state energies,
respectively. The panels on the right side of Fig. 3.2 show that the convergence
rates are approximately proportional to log10(E1/E0), with a proportionality
coefficient between 1.85 and 2 for different bond lengths. This behavior is
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fully consistent with the classical power iteration algorithm, whose convergence
is governed by the same ratio between largest eigenvalues. The quantum
implementation therefore reproduces the expected classical scaling.

Next, we examine QPL1, where the final wave function after optimizing the
Lanczos polynomial at degree 1 reads

|QPL1⟩ = 1
N

(a0 + a1H)|HF⟩. (3.47)

where N is a normalization factor. Remarkably, this ansatz can match the
CASCI energy immediately after the polynomial optimization and before any
additional power method steps. This means that QPL1 can reduce the number
of block encoding queries. For example, at a bond length of 3 Å, QPI requires 6
queries, whereas QPL1 achieves the same result with only one.
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Figure 3.3: Bond length dependence of the Lanczos polynomial coefficients for the
hydrogen molecule. Coefficients are obtained after the variational optimization
of the Lanczos polynomial (see Eq. (3.47)).

Figure 3.3 illustrates how the Lanczos polynomial coefficients a0 and a1 vary
with bond length. We observe that a0 changes sign around equilibrium geometry
of H2. Because a0 represents the HF component of the wave function, its sign
change reflects a decreasing HF contribution as the bond stretches. Meanwhile,
a1, which weighs H|HF⟩, reaches its maximum near the equilibrium geometry,
and then decreases. This behavior is expected because H|HF⟩ is not orthogonal
to |HF⟩; therefore, the relative amplitudes of these two contributions can offset
each other.

Subsequently, we computed the PECs of the singlet and triplet states of
the CH2 radical. A cc-pVDZ basis set with 6 electrons in 6 active orbitals was
employed, and both C–H bonds were stretched symmetrically while keeping
the H–C–H angle fixed at 101.89◦. For the singlet state, we used the restricted
Hartree-Fock (RHF) wave function as an initial guess, and for the triplet state,
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we used the restricted open-shell Hartree-Fock (ROHF) wave function. The
results are presented in Fig. 3.4.
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Figure 3.4: (a) Potential energy curves for singlet (S) and triplet (T) CH2
obtained using QPL at various polynomial degrees (k = 0, 1, 2). All QPLk
curves correspond to energies after 50 iterations. The basis set is cc-pVDZ with
an active space of (6, 6). (b) The right panels show deviations from CASCI(6, 6)
for the first 50 iterations of the power method using QPL with k = 0, 1, 2, 3, 4.
The dashed black lines indicate chemical accuracy (1 kcal/mol). Solid lines
correspond to the triplet state and dashed lines to the singlet state.

Notably, the triplet state lies below the singlet state around the equilibrium
geometry of CH2. For both spin states, QPLk yielded a marked improvement
over the respective HF initial guesses. However, unlike the hydrogen molecule,
QPL0 (QPI) failed to achieve chemical accuracy after 50 iterations for bond
lengths beyond approximately 1.5 Å in the triplet and for all bond lengths in the
singlet. Hence, we need to use Lanczos polynomials to reach chemical accuracy.
As the bond stretches, this requirement becomes more pronounced, which is
consistent with the growing multireference character of the wave function.

There is a consistent advantage from using higher-degree Lanczos polynomials.
In our simulations, each additional unit of polynomial degree typically replaces up
to 50 power iteration steps, in line with the constant-factor improvement predicted
for QPL over QPI. In practice, however, optimizing polynomial coefficients
becomes increasingly difficult at large k. For this reason, moderate polynomial
degrees are generally preferable: pushing QPL to very high degrees risks turning it
into a VQE-like procedure with hundreds of tunable parameters and diminishing
practical benefit. This observation is consistent with those reported in Ref. [179].

Finally, the singlet state, with its lower spin, displays a stronger multireference
character than the triplet state, generally requiring higher degree Lanczos
polynomials to achieve comparable accuracy.

As a further test, we applied QPL to a nitrogen molecule, which is known to
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have a highly multireference ground state character in stretched geometries. The
cc-pVDZ basis set with 6 electrons in 6 active orbitals was used. Two different
initial guesses were tested:

1. The RHF wave function.

2. A partially converged VQE wave function with a UCC method (see
Sec. 2.2.5.1) with double excitations only (UCCD) ansatz (after only
2 iterations), which is thus multireference but not fully optimized.

The VQE optimization was halted after two optimization steps, without reaching
a convergence threshold, so the resulting state is an intermediate, not fully
optimized, multireference wave function. The corresponding PECs are presented
in Fig. 3.5.
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Figure 3.5: (a) Potential energy curves for the nitrogen molecule obtained using
QPL with different polynomial degrees (k = 0, 1, 2, 3) and initial guesses (HF in
dashed, and partially converged UCCD in solid). All QPLk curves correspond
to energies after 50 iterations. The basis set is cc-pVDZ, and the active space is
(6, 6). (b) The right panels display energy differences from CASCI(6, 6) over the
first 50 iterations of the power method. The black dashed line marks chemical
accuracy (1 kcal/mol), and the red dot-dashed line is the HF energy.

For the equilibrium geometry, QPL0/HF cannot match the CASCI(6, 6)
energy within 50 iterations, but QPL1/HF succeeds. However, even at longer
bond lengths (1.5 Å and 2.0 Å), QPL3/HF does not achieve chemical accuracy.
These results reiterate that highly multireference systems pose convergence
challenges for QPI and QPL, although higher-degree polynomials are often
helpful. However, each Lanczos polynomial of degree k achieves a better result
after a single iteration than a polynomial of degree k− 1 does after 50 iterations.
This reflects the constant advantage provided by QPL.
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A more effective approach is to use a better initial guess than HF. Indeed,
starting from the partially converged UCCD wave function significantly improves
the convergence, allowing us to achieve chemical accuracy at longer bond lengths.
However, for stretched geometries (for example, 2.0 Å in Fig. 3.5), although this
improved initial guess is insufficient without further refinement. The constant
advantage offered by QPL is evident here as well. At a bond length of 1.1 Å,
where QPL2/UCCD after a single iteration yields an error nearly an order of
magnitude lower than QPL1/UCCD after 50 iterations.

In addition, these results demonstrate that QPI and QPL are far more
effective in refining a reasonably good reference wave function that captures
most of the static correlation rather than attempting to recover both static and
dynamic correlation from a simple HF state. This use case motivated for the
original power Lanczos approach in Ref. [179], in which the method was used to
add a dynamic correlation to Monte Carlo wave functions that already contain
strong static correlation.

3.4.3 Numerical Results for QII

In this section,the performance of the GQSP-based QII algorithm is described.
First, we present the PEC calculation as an example. We then compared our
QII implementation with two existing methods, I-Iter and Q-Inv, which rely on
linear combinations of time evolution operators [171].

We begin by examining the dissociation curve of the hydrogen molecule. The
calculations used the cc-pVDZ basis set with 2 electrons in 2 active orbitals. In
QII, the inverse operator is approximated by truncating the Taylor polynomial
to a certain degree n. The results for n = 2, n = 5, and n = 10 are presented.
It is important to note that the number of block encoding queries equals the
polynomial degree n and does not depend on the iteration count. The number
of iterations only determines the shape of the approximated function. QII also
requires an initial estimate of the ground state energy, which we consider to be
the HF energy in all calculations. Figure 3.6 shows the resulting PECs.

We observed that the ability to reach the CASCI(2, 2) energy within chemical
accuracy depends on the degree n of the truncated polynomial. For instance,
at a bond length of 1.6 Å, QII(n = 2) converges to a value above the chemical
accuracy; similarly, QII(n = 5) struggles at 2.4 Å. Conversely, for a sufficiently
large n (n = 50), the method achieves chemical accuracy in only one iteration for
all bond lengths. This rapid convergence relative to the QPI method reflects the
well-known classical advantage of inverse iteration when a good approximation
for the ground state energy estimation is available. In other words, the faster
convergence is not specific to the quantum adaptation but follows the traditional
hierarchy between inverse and power iterations.

Next, we compare our GQSP implementation of QII with the I-Iter and
Q-Inv algorithms, which evaluate H−1 or H−k by numerically integrating the
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Figure 3.6: (a) Potential energy curves for the hydrogen molecule obtained using
QII with different polynomial truncation degrees (n = 2, 5, 10). The HF energy
was used as an energy shift. All QII curves correspond to energies after 50
iterations. The basis set is cc-pVDZ, and the active space is (2, 2). (b) The
right panels show the deviation from the CASCI(2, 2) energy over the first 50
iterations. The black dashed lines mark chemical accuracy (1 kcal/mol), and the
red dot-dashed lines represent the HF energy.

time evolution operators [171]. The I-Iter method approximates H−1 using

H−1 = i√
2π

∫ ∞

0
dy
∫ ∞

−∞
dz z e−z2/2e−iyzH . (3.48)

and repeated application of H−1 (k times) yields H−k. The Q-Inv method
proposed by Kyriienko [170] directly approximates H−k by

H−k = iNk√
2π

∫ ∞

0
dy
∫ ∞

−∞
dz z yk−1e−z2/2e−iyzH , (3.49)

where Nk is the normalization constant. Both I-Iter and Q-Inv use the Gauss-
Legendre rule to calculate the integrals, and the precision of this procedure
depends on the order of the Legendre polynomials used. In Ref. [171], comparisons
were made for two orders ny for the integration of the variable y, in particular
ny = 1 and ny = neq, where neq is the order sufficient to achieve energy
convergence. The hybrid Q-Inv+I-Iter strategy was also introduced. In this
approach, the Q-Inv algorithm is first applied up to the iteration order k at
which its numerical error reaches a minimum, since the accuracy of the direct
H−k approximation deteriorates for larger k due to limitations in the integral
discretization. Once this optimal point is reached, a small number of subsequent
I-Iter steps are performed to further suppress the remaining error. This hybrid
procedure leverages the rapid early-stage convergence of Q-Inv while avoiding
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its high-k breakdown, and it reduces the total cost of inverse iterations because
only a few applications of the I-Iter update are required.
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Figure 3.7: Comparison of QII, I-Iter, and Q-Inv [171] for H2, LiH, BeH2, and
H4. The deviation from CASCI energies as a function of the iteration number
is shown. For QII, n = 50 refers to the Taylor polynomial truncation degree,
while for I-Iter and Q-Inv, ny is the Gauss-Legendre polynomial order. neq is
the order at which energy convergence is reached.

Analogous to the reference paper, we investigated four molecules: H2, LiH,
BeH2, and a square H4, using a STO-6G basis set. For H2 and H4 full active
spaces were used (2, 2) and (4, 4), respectively. For LiH, 2 electrons were used in
5 orbitals, while 4 electrons were used in 5 orbitals for BeH2. All calculations
were single-point with geometries of 0.75 Å for H2, 1.23 Å for the H–H distance
in H4, 1.6 Å for the Li–H bond in LiH, and 1.326 Å for the Be–H bond in BeH2.
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Figure 3.7 compares only QII with truncation n = 50 with Q-Inv and I-Iter with
ny = neq. The results for different truncations are discussed in Appendix A2.
The iteration number used for Q-Inv, I-Iter, and the hybrid Q-Inv+I-Iter refers to
the power k in the approximate application of H−k. For I-Iter, this corresponds
to applying the numerically integrated approximation of H−1 repeatedly k times,
whereas Q-Inv constructs a direct approximation of H−k through its Fourier-
integral representation. For QII, the iteration number only reflects the shape
of the approximated function, while the number of queries remains constant at
50. When comparing the number of qubits between methods, we assumed LCU
block encoding. We also include qubit counts using qubit tapering.

For the simplest system H2, chemical accuracy was achieved quickly using
all methods. QII and Q-Inv+I-Iter achieved machine precision. Q-Inv began
to diverge after 3 iterations. For QII the number of qubits is constant for
all iterations here and is equal to 7 (with qubit tapering 4). The number of
qubits for Q-Inv and I-Iter is equal to at least 13. However, because we used
a truncation degree 50, we required the same number of queries as the block
encoded Hamiltonian, which makes the circuit deep. Q-Inv and I-Iter do not
require queries for block encoding; however, they require a Trotter approximation
of the time-evolution operator, which can also be relatively deep.

For LiH, all methods eventually achieved chemical accuracy. However, QII
performed this task in 3 iterations, whereas Q-Inv and I-Iter required more than
10. Q-Inv also began to diverge significantly after 14 iterations. This divergent
behavior was fixed in the combined implementation of Q-Inv and I-Iter. For QII
the number of qubits was 11 (with qubit tapering 7). The number of qubits for
Q-Inv and I-Iter was equal to at least 17. We used the same truncation degree
50; therefore, we required the same number of queries as the block encoded
Hamiltonian.

For BeH2, QII achieved chemical accuracy in one iteration, whereas Q-Inv
and I-Iter required more than 10. Generally, Q-inv and I-Iter demonstrated a
similar behavior to that of LiH. The resource requirements were also the same
as those for LiH. QII requires 11 qubits (with qubit tapering 7), whereas Q-Inv
and I-Iter require at least 17. The number of queries for block encoding was the
same as before.

The final tested system was the square H4. It was a challenging case for
Q-Inv since it converged before chemical accuracy was reached. QII and I-Iter
were more successful. Although QII with n = 50 demonstrates a very fast reach
to the chemical accuracy with smaller truncation, it has the problem of early
convergence, analogous to Q-Inv (see Appendix A2). QII requires 9 qubits (with
qubit tapering 7), whereas Q-Inv and I-Iter require at least 15.

In summary, the proposed GQSP-based QII implementation offers several
advantages. First, implementing the time-evolution operator in I-Iter and Q-Inv
typically involves Suzuki–Trotter decompositions, which introduce additional
errors and increase the circuit depth. Second, I-Iter and Q-Inv require LCU
approaches to approximate the integral, necessitating O(log(nynz)) auxiliary
qubits, where ny and nz correspond to the number of nodes in the numerical
integration of Eq. (3.48) and Eq. (3.49). The authors noted that nz depends on
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the power of the inverse Hamiltonian k. Moreover, the application of H−1 k
times using I-Iter is not explicitly explained. It may be necessary to perform
state tomography after each step or the use of QSP. The same problem applies to
Q-Inv+I-Iter. Conversely, GQSP requires only one signal processing qubit, one
qubit for capitalization (if needed), and additionally O(logL) qubits for LCU
block encoding, where L is the number of Pauli terms in the LCU expansion (see
Eq. (2.147)). In the worst case, L scales as O(N4

orb), leading to O(logNorb) ancilla
qubits, where Norb denotes the number of orbitals in active space. Third, QII
reaches chemical accuracy quickly, having provided a sufficiently large truncation
value. However, QII requires a good initial estimate of the ground state energy,
whereas I-Iter and Q-Inv do not. Nevertheless, if such an estimate is available,
QII can converge to a high accuracy in very few iterations, particularly for larger
polynomial degrees.

3.4.4 Excited States Calculations Using QFSM
Finally, we performed numerical tests of the QFSM implemented using GQSP.
Unlike the other algorithms discussed in this study, QFSM enables access to
excited states.

In the first test, we computed the PECs of the ground and excited states
in the hydrogen molecule using the cc-pVDZ basis set with an active space of
2 electrons in 2 orbitals. The convergence of QFSM critically depends on the
choice of the initial guess wave function, which should have a large overlap with
the target excited state. For instance, starting from an RHF wave function does
not allow convergence to the 13Σ+

u triplet state or 11Σ+
u singlet excited state.

To ensure sufficient overlap with specific target states, we employed the
following initial guess states:

|ΨΣg ⟩ = |0011⟩,
|ΨΣu⟩ = |1001⟩,

(3.50)

where the ordering corresponds to |σ∗
βσ

∗
ασβσα⟩. As an energy shift in the folded

Hamiltonian, we used the corresponding CASCI(2, 2) energies for testing. The
results are shown in Fig. 3.8.

The singlet states X1Σ+
g and 21Σ+

g converged to chemical accuracy across all
bond lengths when starting from |ΨΣg

⟩. However, at 0.4 Å and 0.8 Å, divergence
was observed after 25 iterations owing to the loss of orthogonality in floating point
arithmetic. This is a typical drawback of power iteration methods. Convergence
to the 11Σ+

u and 13Σ+
u states was more challenging when starting from |ΨΣu

⟩.
At short bond lengths (0.4 Å and 0.8 Å), these states were unable to achieve
chemical accuracy, and their convergence was very slow. The right-hand plots
show overlapping data points for these two states, indicating near-degeneracy.
This behavior can be attributed to the presence of quasi-degenerate eigenstates
in the folded Hamiltonian, which causes the wave function to be simultaneously
attracted toward both, thereby hindering the convergence. Improved initial
guesses could resolve this issue.
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Figure 3.8: (a) Potential energy curves for the hydrogen molecule computed using
QFSM. The basis set is cc-pVDZ and the active space is (2, 2). All QFSM curves
correspond to converged energies or energies after 50 iterations, if convergence
was not achieved. (b) The right plots show the energy deviation from CASCI(2, 2)
over the first 50 iterations. The black dashed line denotes chemical accuracy
(1 kcal/mol).

We also calculated the PECs for the four low-lying electronic states of ethylene
along the internal rotation around the double bond. The cc-pVDZ basis set was
used with 2 electrons in 2 active π orbitals. As in the case of hydrogen, the
convergence strongly depends on the initial guess. The following estimate states
were used:

|ΨAg ⟩ = |0011⟩,
|ΨB1u⟩ = |1001⟩,

(3.51)

where orbital ordering is |π∗
βπ

∗
απβπα⟩. As before, CASCI(2, 2) energies were used

as the energy shifts. The results are presented in Fig. 3.9.
At 0◦, all states, except for the triplet 3B1u, reached chemical accuracy within

50 iterations. The triplet state likely converges with additional iterations. The
convergence was fastest for the singlet 1Ag states. At 90◦, none of the states
reached chemical accuracy within 50 iterations, although the convergence trends
were still visible. Up to 60◦, both singlet 1Ag states achieved chemical accuracy.

A key advantage of our GQSP-based QFSM implementation over variational
quantum eigensolver VQE-based folded spectrum approaches is that we do not
need to explicitly construct or measure the squared Hamiltonian. For instance,
Ref. [178] showed that even for H2 in the STO-3G basis, constructing a squared
Hamiltonian requires the measurement of 24 Pauli strings, and for H2O, over
111000 Pauli strings are required. Conversely, the proposed approach does not
necessitate additional Pauli measurements and completely avoids variational
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Figure 3.9: (a) Potential energy curves for ethylene along the torsional rotation
of the double bond, computed using QFSM. The basis set is cc-pVDZ and the
active space is (2, 2). (b) The left plots show energy deviation from CASCI(2, 2)
over the first 50 iterations. The black dashed line indicates chemical accuracy
(1 kcal/mol).

optimization. The main limitation of our method is that convergence is generally
slower and is highly dependent on the quality of both the initial guess wave
function and the target energy. Nevertheless, QFSM is a promising tool for
accessing excited states, especially when a good initial state is available.

3.5 Conclusion
We developed a family of GQSP-based polynomial filters for quantum state
preparation, covering ground and excited state tasks through the QPI, QPL,
QII, and QFSM schemes. A query complexity analysis shows that QPI and QPL
achieve ground state preparation with near-optimal Õ(1/(γ∆)) scaling without
requiring prior energy estimates, while QII becomes the most efficient option
once a coarse energy approximation is available. QFSM extends the framework
to excited states and remains practical when an energy guess lies within the
local gap.

The GQSP construction enables these filters to be implemented with
predictable resource requirements, avoiding Trotterization and relying only on a
single block encoding of the Hamiltonian and straightforward AA. Numerical
proof-of-concept simulations confirm the theoretical trends: QPL achieves
consistent gains over QPI, QII improves over earlier inverse iteration methods,
such as I-Iter and Q-Inv, and QFSM reaches excited states without variational
optimization. The main limitation is the low success probability inherent to
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non-unitary filters, which necessitates postselection or AA and thus increases
circuit depth. In our analysis, these resource costs are evaluated in a FTQC
setting, where coherent polynomial transformations and AA can be implemented
reliably.

Overall, these results show that classical power method intuition transfers
cleanly to the quantum setting through GQSP, yielding simple, modular, and
competitive state preparation algorithms suitable for both ground and excited
states.

However, many aspects can be improved before the practical implementation
of these methods. First, eliminating the need for variational optimization in
QPL by deriving polynomial coefficients from perturbation theory can improve
efficiency. The QII method could benefit from replacing the current polynomial
approximation of the inverse function with one that has a larger radius of
convergence, potentially enabling accurate computation of excited states. In
addition, imaginary energy shifts can be beneficial, and, more generally, Green’s
function methods can be implemented using this technique. In the case of
QFSM, it would be advantageous to identify a function that better distinguishes
energy levels, because it is currently common for multiple eigenvalues in the
folded spectrum to cluster near 1, greatly worsening convergence. Moreover,
it is in principle possible to extend the present GQSP-based methods to block
variants aimed at preparing several excited states simultaneously. Within the
Bloch effective Hamiltonian framework (see Sec. 2.1.5.5), the corresponding
wave operator can be written as an function of the Hamiltonian or of the
perturbation, allowing its polynomial approximation through GQSP [187]. The
main challenges involve constructing the required model space projectors and
approximating resolvent-like functions whose spectral structure demands high
degree polynomials [188, 189], thereby increasing the circuit depth and sensitivity
to noise. Finally, the integration of GQSP-based methods with other quantum-
classical hybrid approaches may open the door for tackling larger and more
complex molecular systems on near-term fault-tolerant quantum devices.



Chapter 4

Symmetry-Adapted State
Preparation for Quantum
Chemistry on Fault-Tolerant
Quantum Computers

We present systematic and resource-efficient constructions of continuous
symmetry projectors, particularly U(1) particle number and SU(2) total spin,
tailored for FTQCs. Our approach leverages LCU, GQSP and GQSVT to
implement projectors that can be coherently applied as state filters prior to
QPE. We analyze their asymptotic gate complexities and provide explicit circuit
realizations. For the particle number and Sz symmetries, GQSP offers a
particularly favorable resource usage features owing to its low ancilla qubit
requirements and robustness to finite precision rotation gate synthesis. For
the total spin projection, the structured decomposition of P̂S,MS

reduces the
projector T gate count. Numerical simulations show that symmetry filtering
substantially increases the QPE success probability, leading to a lower overall
cost compared to that of unfiltered approaches across representative molecular
systems. Resource estimates further indicate that the cost of symmetry filtering
is 3 to 4 orders of magnitude lower than that of the subsequent phase estimation
step, which is especially relevant in large, strongly correlated systems, such as
FeMoco, a standard strongly correlated open-shell benchmark. These results
establish continuous-symmetry projectors as practical and scalable tools for
state preparation in quantum chemistry and provide a pathway toward realizing
more efficient fault-tolerant quantum simulations. This chapter is based on the
preprint [Khinevich and Mizukami, arXiv:2601.08533 (2026)].

91
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4.1 Introduction
Quantum computing has been significantly developed in recent years, supported
by progress in hardware platforms and the design of quantum algorithms that are
capable of addressing classically intractable problems [190, 191, 192, 193]. Among
the most promising applications is the simulation of quantum many-body systems,
particularly in quantum chemistry, where the ability to describe electronic
structure accurately is directly related to the understanding of chemical reaction
mechanisms, material properties, and molecular spectroscopy [194, 148, 195,
196, 197]. Although many quantum algorithms have been proposed to compute
ground- and excited-state energies [7, 22, 32, 198, 29], a recurring challenge is
the preparation of high-fidelity initial states suitable for such computations.

State preparation plays a central role in algorithms such as QPE [6, 7], where
the probability of successful projection onto an eigenstate is determined by the
overlap between the prepared input state and the desired eigenstate of the target
Hamiltonian. In practice, the overlap is often limited when generic or heuristic
initial states are employed. Various methods have been explored to improve
the state preparation, including variational optimization [22, 133, 72, 199],
adiabatic state preparation [150, 200], tensor networks [201, 202, 203], and
state filters [140, 204, 141, 138, 142]. However, these strategies can suffer from
limitations such as barren plateau behavior, large circuit depths, or the need for
classical preoptimization.

An alternative approach leverages the inherent symmetries of physical
Hamiltonians. In particular, molecular Hamiltonians possess well-defined
symmetry sectors and physical eigenstates reside within specific irreducible
representations of the corresponding symmetry group. Projecting an initial
state onto a chosen symmetry sector can significantly enhance the overlap with
physically relevant eigenstates and reduce the effective Hilbert space explored
by the algorithm.

The traditional use of symmetries may require non-scalable resources or
rely on repetitive measurements, limiting their applicability in fault-tolerant
settings [205, 206]. One method to optimize the state of a particular symmetry
sector is to use penalty terms [207]. They usually introduce many additional
terms into the Hamiltonian to measure, and require parameter fitting. The
QPE can also be used for symmetry-state filtering [208]. Another approach
uses Löwdin spin projectors to modify the Hamiltonian itself [209]. This leads
to an exponential number of terms, which is impractical for such a realization.
However, in this chapter, we demonstrate how to implement this type of projector
efficiently. There is also a recent general approach for constructing any symmetry
projector, but only for finite-symmetry groups, such as point groups [210].

In this chapter, we constructed projectors for continuous symmetries
relevant to the electronic structure, including the particle number and spin
projection (U(1)), and total spin (SU(2)). We implemented them using an LCU
technique [121], GQSP [128], and GQSVT [177] frameworks. We analyze the
theoretical scaling of these constructions under FTQC assumptions and evaluated
their numerical accuracy and sensitivity to the finite precision of rotational gate
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synthesis. We further provide detailed resource estimates demonstrating their
practicality as state filters for QPE in molecular Hamiltonian simulations, showing
that symmetry projectors enhance state overlap in realistic quantum chemistry
settings. Finally, we estimate the required cost for the FeMoco complex, a
standard benchmark for strongly correlated open-shell systems [211, 212].

The remainder of the chapter is organized as follows. Section 4.2 presents
the theoretical background and formal construction of the symmetry projectors,
including their properties. Section 4.3 describes the computational stack and
provides the source code for reproducibility. Section 4.4 reports theoretical
scaling and identifies the optimal parameter regimes, followed by numerical
calculations and resource estimates, with representative molecular case studies.
This section also outlines the open challenges and prospective improvements
of this methodology. Finally, Sec. 4.5 summarizes the main contributions and
discusses the potential directions for future research.

4.2 Theory
4.2.1 Symmetry Operators
We aimed to prepare the quantum states in the fixed-symmetry sector of the
electronic Hamiltonian. We denote N̂ , Ŝz, and Ŝ2 as the particle number, spin
projection onto the selected z-axis, and total spin-squared operators, respectively.
Each operator is Hermitian and we aim to prepare quantum states belonging to
the common subspace defined by

N̂ |ψ⟩ = Nelec|ψ⟩,
Ŝz|ψ⟩ = MS |ψ⟩,
Ŝ2|ψ⟩ = S(S + 1)|ψ⟩,

(4.1)

where Nelec is the number of particles (electrons in this case), MS is the spin
projection, and S is the total spin quantum number.

To express these operators in the second quantized form, we adhere to the
convention that even spin-orbital indices correspond to the spin state |α⟩ (or
| ↑⟩), and odd indices correspond to spin |β⟩ (or | ↓⟩). Indexing starts at 0. The
particle number operator is expressed as

N̂ =
NSO−1∑
i=0

â†
i âi, (4.2)

where â†
i and âi are fermionic creation and annihilation operators acting on

spin-orbital i, NSO is the number of spin-orbitals.
Similarly, the spin-projection operator is

Ŝz = 1
2

NSO−1∑
i=0

(−1)iâ†
i âi. (4.3)
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The second quantized form of the total spin-squared operator Ŝ2 is more
complicated and requires the introduction of spin ladder operators:

Ŝ+ =
NSO/2−1∑
i=0

â†
2iâ2i+1, Ŝ− =

NSO/2−1∑
i=0

â†
2i+1â2i. (4.4)

The total spin operator can then be written as:

Ŝ2 = Ŝ2
z + Ŝz + Ŝ−Ŝ+ = Ŝ2

z − Ŝz + Ŝ+Ŝ−. (4.5)

To use these operators on a quantum computer, we must map the fermionic
operators to qubit operators via a fermion-to-qubit transformation. Let the
fermionic system be encoded onto NSO qubits using the JW transformation (see
Sec. 2.2.4.1). In this mapping, the number operator becomes

N̂
JW−−→

NSO−1∑
j=0

I − Zj
2 = NSO

2 I − 1
2

NSO−1∑
j=0

Zj . (4.6)

Thus, the number operator is a linear combination of Pauli strings with a total
number of terms L = NSO + 1.

Similarly, the following simple expression holds for Ŝz:

Ŝz
JW−−→ 1

4

NSO/2−1∑
p=0

(Z2p+1 − Z2p). (4.7)

For Ŝz, the number of distinct Pauli terms was L = NSO.
The JW image of Ŝ2 is more complex. By introducing the local spin-projection

operator Dp := Z2p+1 − Z2p and the ladder operators σ± = (X ± iY )/2, we
obtain the following:

Ŝ2 JW−−→
NSO/2−1∑
p=0

3
8 (1 − Z2pZ2p+1)

+
NSO/2−1∑
p<q

[
1
8DpDq +

(
σ+

2pσ
−
2p+1σ

−
2qσ

+
2q+1

+ σ−
2pσ

+
2p+1σ

+
2qσ

−
2q+1

)]
.

(4.8)

The number of terms in this expansion scales as L = 1
2 (3N2

SO − 5NSO) + 1, which
is quadratic with NSO.

Although the exact eigenstates of the electronic Hamiltonian respect these
symmetries, variational ansatzes and state preparation techniques in quantum
computing often break them down. Therefore, explicit projection onto the
desired symmetry sectors can therefore substantially improve the quality of the
approximate states and the accuracy of the measurements.
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4.2.2 Symmetry Projectors
By definition, orthogonal projectors are operators satisfying P̂ 2 = P̂ = P̂ †. In
the present context, we seek operators that project an arbitrary state |ψ⟩ onto
the eigenspace of a symmetry operator Ô corresponding to a specific eigenvalue
oi:

Ô P̂oi |ψ⟩ = oi P̂oi |ψ⟩. (4.9)
We assume that the initial state |ψ⟩ exhibits a nonzero overlap with the target
eigenspace.

Such a projector can be constructed using several methods [209]. In the
following, we outline the approaches used in this chapter, which are compatible
with modern quantum computing frameworks, such as LCU (see Sec. 2.2.4.2),
GQSP (see Sec. 2.2.4.6), and GQSVT (see Appendix B1).

4.2.2.1 Integral Projectors

For operators N̂ and Ŝz, the exact projector onto eigenvalue oi can be expressed
as a Fourier-type U(1) group integral over a unit circle:

P̂oi
= 1

2π

∫ 2π

0
eiϕ(oi−Ô) dϕ, (4.10)

where Ô is the symmetry operator, and oi is the eigenvalue corresponding to
the desired subspace.

In practice, this continuous integral is replaced by a discrete Fourier sum,
resulting in a finite linear combination of unitary operators as explained in
Sec. 4.2.3.

The projector onto a definite total-spin subspace S with projection MS can
be written as a SU(2) group integral:

P̂S,MS
= 2S + 1

8π2

∫ 2π

0
dα

∫ π

0
dβ sin β

∫ 2π

0
dγ

×DS
MSMS

(α, β, γ)∗R(α, β, γ).
(4.11)

where R(α, β, γ) = e−iαŜze−iβŜye−iγŜz is a spin-rotation operator expressed in
terms of the Euler angles. DS

MSMS
(α, β, γ) is the corresponding Wigner D-matrix

element.
This expression can be rewritten as follows:

P̂S,MS
= 1

2π

∫ 2π

0
ei(MS−Ŝz)αdα

× 2S + 1
2

∫ π

0
e−iβŜydSMSMS

(β)∗ sin βdβ

× 1
2π

∫ 2π

0
ei(MS−Ŝz)γdγ =

P̂MS

[
2S + 1

2

∫ π

0
e−iβŜydSMSMS

(β)∗ sin βdβ
]
P̂MS

,

(4.12)
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where dSMSMS
(β) = eiMSαDS

MSMS
(α, β, γ)eiMSγ denotes the reduced Wigner

d-matrix. The integral in square brackets we will call a P̂S projector.
If the initial wave function is an eigenfunction of Ŝz with eigenvalue MS ,

which is the case for some ansatzes, such as UCC (see Sec. 2.2.5.1), then
the first P̂MS

projector is a trivial identity. Thus, we only need to apply a
reduced P̂S projector followed by a P̂MS

projector. This construction provides a
computational advantage to Ŝz-conserving ansatzes.

As in the case of Eq. (4.10), these integrals must be discretized for
implementation. In the case of P̂S,MS

and P̂S the quadrature nodes and weights
are generally nonuniform, limiting the direct applicability of GQSP. Nevertheless,
the resulting discretization yields an LCU-compatible form (see Sec. 4.2.3).

4.2.2.2 Lagrange Interpolation Projectors

An alternative and fully algebraic approach for constructing projectors is based
on the Lagrange interpolation formula. The objective is to construct a polynomial
function of the symmetry operator Ô that nullifies all the undesired eigenvalues
oj (j ̸= i) while retaining the target eigenvalue oi. The general expression is as
follows:

P̂oi =
∏
oi ̸=oj

Ô − oj
oi − oj

. (4.13)

This polynomial depends solely on the Hermitian operator Ô and therefore can
be efficiently implemented using GQSVT. This provides an exact construction
of an arbitrary symmetry operator. In particular, by using this approach, the
Löwdin projector can be constructed for the operator Ŝ2 [213], which will be
used in future sections.

Note that because we work on a finite spin-orbital basis, all the symmetry
operators Ô are finite Hermitian matrices. Consequently, the integral
projector (4.10) and Lagrange interpolation projector (4.13) represent the same
polynomial function as in the Cayley–Hamilton theorem. This equivalence holds
only when a single eigenvalue oi is targeted and the number of quadrature nodes
in the integral is sufficiently large. Despite their mathematical equivalence, these
two expressions allow distinct and potentially advantageous implementations on
quantum computers.

4.2.3 Projectors Implementation
4.2.3.1 Linear Combination of Unitaries

N̂ and Ŝz operators.
The projectors onto the selected symmetry subspaces for N̂ and Ŝz can be

constructed using the integral representation introduced in Sec. 4.2.2. In practice,
this integral is replaced by a finite Fourier sum over discrete phase points.

P̂oi
= 1
Nϕ

Nϕ−1∑
k=0

eiϕk(oi−Ô), ϕk = 2πk
Nϕ

, (4.14)
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where Nϕ is selected to resolve all the distinct eigenvalues of Ô. For the number
operator N̂ acting on NSO qubits, NSO + 1 distinct eigenvalues exist, and thus,
Nϕ = NSO + 1 integration nodes are sufficient for an exact representation.

The exponential terms in Eq. (4.14) is a unitary operator of the form
e−iϕkÔ with the corresponding phase eiϕkoi . The resulting linear combination of
unitaries can be implemented using a standard LCU framework with an ancillary
register comprising ⌈log2 Nϕ⌉ qubits (see Sec. 2.2.4.2). The controlled unitaries
corresponding to different values ϕk are conditionally applied, based on the
ancillary register state.

The unitaries eiϕk(Nelec−N̂) for P̂N projector can be constructed using
Eq. (4.6). These unitaries are diagonal on a computational basis and can
be implemented efficiently using single-qubit RZ rotations (see Fig. 4.1).

eiϕk(Nelec−N̂)
...

=

Phase(ϕk) RZ(−ϕk)

RZ(−ϕk)
...

RZ(−ϕk)

Figure 4.1: Decomposition of the unitary operator eiϕk(Nelec−N̂) into single-qubit
RZ rotations and a phase gate Ieiϕk(Nelec−NSO/2) on the first qubit.

The same construction applies to P̂MS
spin projectors, differing only in the

form of unitary exponentials e−iϕkŜz . This expression can be obtained from
Eq. (4.7), which corresponds to the relative phase rotations between α and β
spin-orbitals, as shown in Fig. 4.2.

eiϕk(MS−Ŝz)
...

=

Phase(ϕk) RZ(−ϕk/2)

RZ(+ϕk/2)
...

RZ(+ϕk/2)

Figure 4.2: Decomposition of the unitary operator eiϕk(MS−Ŝz) into single-qubit
RZ rotations and a phase gate IeiϕkMS on the first qubit.

All weights in Eq. (4.14) are equal. Consequently, the LCU ancilla preparation
operator (PREP) reduces to Hadamards when the number of terms is a power
of two. The SELECT operator consists of controlled unitaries eiϕk(oi−Ô) for
different angles ϕk. The complete LCU circuits shown in Eq. (4.14) with optimal
PREP is shown in Fig. 4.3. The measurement and postselection of the ancilla
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register in the |0⟩ state allows the implementation of projectors P̂N and P̂MS
.

n|0⟩ Had⊗n

SELECT
Had⊗n

|0⟩

|ψ⟩ P̂oi |ψ⟩

Figure 4.3: The LCU scheme for P̂N and P̂MS
projectors, if number of LCU

terms is power of two. The state P̂oi |ψ⟩ is up to corresponding normalization.

Ŝ2 operator.
The total-spin projector P̂S,MS

can be implemented using numerical
discretization of the group integral in Eq. (4.11). We discretize the SU(2)
projector for a fixed (S,MS) sector using Gauss–Legendre nodes at the polar
angle and uniform trapezoid grids at the azimuthal angles as follows:

P̂S,MS
≈

Nβ∑
b=1

Nα−1∑
a=0

Nγ −1∑
g=0

wbag R(αa, βb, γg), (4.15)

where the weights are defined as:

wbag = 2S + 1
2NαNγ

wGL
b DS

MSMS
(αa, βb, γg)∗,

βb = arccos(xb).
(4.16)

Here, xb and wGL
b are the nodes and weights for the Gauss–Legendre quadrature

with Nβ nodes. In the implementation, the LCU uses |wbag| as the amplitudes,
whereas the phase is absorbed into R(αa, βb, γg) using an additional phase gate.

Each R(α, β, γ) = e−iαŜze−iβŜye−iγŜz consists of two Ŝz rotations, whose
circuit is illustrated in Fig. 4.2. The Ŝy rotation can also be constructed
efficiently but requires CNOT gates [206]. Figure 4.4 shows a single two-spin-
orbital fragment is shown, which is repeated for each spin-orbital pair. The
complete circuit for R(α, β, γ) is the consecutive application of the Ŝz, Ŝy and
Ŝz rotations.

The overall projectors in Eq. (4.15) is then realized as a weighted LCU
over these rotation unitaries, requiring the ancilla register, consisting of
⌈log2(NαNβNγ)⌉ qubits. The PREP operator corresponding to β angles is
nontrivial and cannot be replaced by Hadamard gates.

As mentioned in Sec. 4.2.2, the qubit cost can be reduced if the initial guess is
of definite Ŝz symmetry. In this case, only a sequential application of P̂S and P̂MS

projectors is required. Then, the number of ancillary qubits is ⌈log2(NαNβ)⌉.
The gate cost is estimated in Sec. 4.4.
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↑
e−iβŜy

↓
=

↑ RX(π2 ) RZ(−β
2 ) RX(−π

2 ) H RZ(β2 ) H

↓ H H RX(π2 ) RX(−π
2 )

Figure 4.4: Circuit representation of e−iβSy for a single spin-orbital pair (↑, ↓).
This fragment is repeated for all spatial orbitals.

4.2.3.2 Generalized Quantum Signal Processing

Both the N̂ and Ŝz operators have uniformly spaced eigenvalues that allow their
projectors to be expressed as polynomials of the corresponding unitary operator.
Formally, the projector in Eq. (4.14) can be rewritten as a polynomial

P̂oi
= Poly(Û) =

d∑
k=0

ckÛ
k, (4.17)

where Û = e
i 2π

Nϕ
Ô is the signal unitary and ck = 1

Nϕ
e
i 2πk

Nϕ
oi are complex

polynomial coefficients.
The resulting polynomial transformation can be implemented using GQSP

with only a single ancilla qubit. GQSP is essential because the polynomial
Poly(Û) is of mixed parity and has complex coefficients. The degree of the
polynomial d required for exact projection is equal to the number of spin-orbitals
NSO. The general structure of a GQSP circuit that implements such a projector
is explained in Sec. 2.2.4.6.

A detailed comparison of qubit requirements and circuit depths for LCU and
GQSP implementations is presented in Sec. 4.4.

4.2.3.3 Generalized Quantum Singular Value Transformation

Another approach to constructing symmetry projectors relies on the Lagrange
interpolation formula introduced in Sec. 4.2.2. In this method, the projector is
expressed as a polynomial with the corresponding symmetry operator.

P̂oi
= Poly(Ô) =

d∑
k=0

pkÔ
k, (4.18)

where pk denotes the polynomial coefficients, defined in Eq. (4.13). The major
limitation of the Lagrange interpolation approach, when implemented directly,
is the need to compute the high powers of Ô, which results in an exponentially
growing number of Pauli terms, and therefore, quickly becomes impractical.
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The GQSVT solves this issue by allowing for the efficient implementation of
polynomial transformations of block-encoded operators.

The difference from the previous approach is that we use LCU not to encode
the projector operators (P̂N , P̂MS

, P̂S), but the symmetry operators (N̂ , Ŝz,
and Ŝ2) using Eqs. (4.6), (4.7) and (4.8). Subsequently, for each operator, we
construct a corresponding polynomial that implements a Löwdin-like projector,
which selectively amplifies the desired eigenvalue sector.

Considering that the symmetry operators are Hermitian and therefore
diagonalizable, the singular value transformation is equivalent to a polynomial
transformation for the symmetry operators. The GQSVT protocol is then applied
to the block-encoding operators to realize the projector operator exactly. The
degree of the polynomial for P̂N and P̂MS

projectors is equal to NSO, whereas
for P̂S2 it is shorter and equal to the number of distinct eigenvalues for the Ŝ2

operator NSO/2. The degree of the implemented polynomial determined the
circuit depth. This construction uses 1 signal ancilla and ⌈log2 L⌉ ancilla qubits,
one for the signal register and additional ancillas for LCU block encoding. The
general architecture of the GQSVT projector circuit is shown in the Appendix B1.

The primary advantage of this approach is its generality: the same
framework can be used to construct projectors for arbitrary symmetry operators
without modification. Furthermore, multiple eigenvalue sectors can be targeted
simultaneously by appropriately designing a polynomial Poly(Ô). Unlike the
numerically discretized integral constructions used for P̂S,MS

, the GQSVT-based
approach provides an exact polynomial realization and therefore offers higher
theoretical accuracy. However, the Löwdin projector for Ŝ2 does not project
onto a particular MS sector.

Nevertheless, the practical implementation of GQSVT-based projectors
remains challenging owing to the circuit depth and required gate precision.
These aspects are analyzed in detail in Sec. 4.4, where we compare the resource
requirements and discuss their potential applications as state-preparation filters
for QPE.

4.3 Computational Details

The software stack used in this study is summarized below.
Resource estimation and fault–tolerant circuit compilation were performed

using the QURI Parts framework (QSub subpackage) [214]. Numerical
circuit simulations were performed using Qulacs [185]. The second-quantized
Hamiltonian and JW mappings were generated using OpenFermion [215], and
the molecular electronic integrals were obtained from PySCF [181].

All the scripts and notebooks used to produce the figures and tables in this
chapter have been released at: https://github.com/mizukami-group/gqsp_
symmetry_projectors.

https://github.com/mizukami-group/gqsp_symmetry_projectors
https://github.com/mizukami-group/gqsp_symmetry_projectors
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4.4 Results and Discussion
4.4.1 Theoretical Scaling
We assessed the projector implementations in terms of the asymptotic gate
counts and ancilla requirements. T gate counts are crucial in fault-tolerant
settings because each T gate requires magic-state distillation. CNOT counts
are also informative because they correlate with the circuit depth and routing
overhead in limited-connectivity architectures, where SWAP operations can
introduce significant errors. Temporary work ancilla qubits that are uncomputed
deterministically and can be reused freely are not included.

We begin our analysis with LCU based projectors for the N̂ and Ŝz operators.
For this construction, the number of ancilla qubits required for indexing scales as
O(logNSO). The costs are determined by the PREP (ancilla state preparation)
and SELECT (controlled operator selection) components.

When the number of LCU terms is a power of two, PREP reduces to a layer
of Hadamard gates. In the general case, PREP prepares a superposition of the
O(NSO) terms. A binary-tree state preparation scheme yields O(NSO log(NSO/ϵ))
T and O(NSO) CNOT gates. Using QROM reduces the T count to O(NSO) at
the expense of NSO log(NSO/ϵ) CNOT gates and a modest increase in ancilla
qubits by O(log(1/ϵ)) qubits, depending on the required PREP precision ϵ.

SELECT uses indexed single-qubit unitaries. Considering the unitary
constructions shown in Fig. 4.1 and Fig. 4.2, it is necessary to apply NSO single
qubit rotations per LCU term. The number of LCU terms is O(NSO). Therefore,
any implementation of SELECT that uses indexed operations, requires O(N2

SO)
CNOT gates. The T gate cost includes both the indexing overhead and the
synthesis of many small-angle rotations, O(N2

SO)+N2
SOT (Rz), where T (Rz) is the

T gate scaling for a single rotational gate. Corresponding to the Solovay–Kitaev
theorem (see Sec. 2.2.2.3), the rotation gates require O(log(NSO/ϵ)) T gates for a
global precision budget ϵ, which yields a total T gate count of O(N2

SO log(NSO/ϵ)).
Thus, for both P̂N and P̂MS

, the cost is dominated by O(N2
SO) controlled

rotations and does not depend heavily on the specific PREP/SELECT
implementation.

For the Ŝ2 projector, we begin with the general implementation expressed in
Eq. (4.15), which requires ⌈log(NαNβNγ)⌉ ancilla qubits. Nα and Nγ scale as
NSO, as in the case of P̂N and P̂MS

. Nβ can be considered to be independent
of NSO and dependent only on the chosen spin S, which will be explained in
Sec. 4.4.3. Therefore, the ancillary qubit count is O(logNSO), which is the same
as that for N̂ and Ŝz but with a prefactor 2.

For a general P̂S,MS
projector, O(N2

SO) LCU terms exist, each of which
consists of O(NSO) of unitaries shown in Fig. 4.4 and are surrounded by the
single qubit rotations shown in Fig. 4.2. Thus, analogous to the previous cases
of P̂N and P̂MS

projectors, the LCU is dominated by the number of unitary
operators to be applied, which scales as O(N3

SO). The resulting gate costs are
O(N3

SO) CNOT gates and O(N3
SO log(NSO/ϵ)) T gates. However, by expressing

P̂S,MS
as the product of P̂MS

P̂SP̂MS
(see Eq. (4.12)) significantly reduced the



102 CHAPTER 4. SYMMETRY-ADAPTED STATE PREPARATION ...

scaling to that of a single P̂MS
projector. If the input is already an Ŝz eigenstate,

one of the P̂MS
projectors can be omitted without affecting the asymptotic

scaling.
Consider now GQSP implementation for N̂ and Ŝz. The polynomial degree

d in GQSP scales linearly with O(NSO), as shown in Sec. 4.2.3.2. The circuit
requires d of SU(2) rotation gates for signal processing and (d−1)NSO controlled
single qubit rotations to build the signal operator, yielding O(N2

SO) CNOT gates
and O(N2

SO log(NSO/ϵ)) T gates. This matches the asymptotic cost of LCU, but
requires only one ancilla qubit. The prefactors and robustness to angle precision
differed and were evaluated separately.

GQSVT uses qubitization, which requires O(logL) ancilla qubits for L LCU
terms. For N̂ and Ŝz L scales linearly O(NSO); however, for Ŝ2, O(N2

SO). This
implies the same scaling of the ancilla qubits but a larger prefactor for PS2 .
The degree of the interpolation polynomial is equal to the number of distinct
eigenvalues minus one: d = NSO for N̂ and Ŝz and d = NSO/2 for Ŝ2. The
degree defines the number of times a qubitization operator will be accessed.

For N̂ and Ŝz, the operators are decomposed into single-Pauli strings (see
Eq. (4.6) and Eq. (4.7)). Using the binary-tree PREP and indexed SELECT, we
obtain O(N2

SO logNSO) CNOT gates and O(N2
SO log(NSO/ϵ)) T gates. QROM

trades these counts to O(N2
SO log(NSO/ϵ)) CNOT gates and O(N2

SO) T gates
with ancilla O(log(NSO/ϵ)).

For Ŝ2, the longest Pauli strings have constant length (up to 4); however, the
number of LCU terms is O(N2

SO) (see Eq. (4.8)). This increases the cost by one
power of NSO, giving O(N3

SO logNSO) CNOT gates and O(N3
SO log(NSO/ϵ))T

gates for binary-tree implementation, and O(N3
SO log(NSO/ϵ)) CNOT gates and

O(N3
SO) T gates for QROM. All scalings are summarized in Tab. 4.1.

4.4.2 Success Probability
The success probabilities for all these schemes are essentially the same in the
best case and are equal to

Pr[succ] = ||P̂oi |ψ⟩||22 = |⟨ψ|P̂oi |ψ⟩|, (4.19)

where P̂oi
is the projector onto the subspace, corresponding to oi and |ψ⟩ is the

initial wave function.
This probability can be increased by using AA. After m rounds of

amplification,

Pr(m)[succ] = sin2((2m+ 1)θ), θ = arcsin
(√

Pr[succ]
)
. (4.20)

Choosing m to maximize Pr(m)[succ] yields:

m =
⌊ π

4θ − 1
2

⌋
≈ π

4
1√

Pr[succ]
, (4.21)
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Figure 4.5: Fidelity of the P̂MS
projector. (a) Dependence of the fidelity on

the number of integration nodes for different numbers of spin-orbitals. (b)
Dependence of the fidelity on the number of integration nodes for different target
values of MS .

where Pr[succ] is assumed small. Each round of amplification uses the underlying
block a constant number of times; therefore, the gate count and depth grow
linearly in m (approximately by a factor of 2m+ 1, plus the cost of reflections).

The number of iterations required to start from a uniform superposition can
be estimated. The uniform superposition state of all possible occupations of
NSO spin-orbitals was projected onto a subspace with Nelec = NSO/2 electrons.
Then

|⟨ψ|P̂Nelec |ψ⟩| =
(
NSO
Nelec

)
2NSO

∼ 1√
NSOπ/2

. (4.22)

By substituting this expression into Eq. (4.19), and then into Eq. (4.21), we
observe that the number of amplification steps increases only with the fourth
root of NSO, which is typically modest in practice.

4.4.3 Numerical Accuracy of Projectors
To enable meaningful resource analysis, we quantified the numerical accuracy of
the projectors and their dependence on discretization parameters. In the integral
construction of Eqs. (4.10) and (4.12), the only tunable parameter is the number
of quadrature nodes. This choice sets both the number of LCU terms and, in
GQSP/QSVT-style realizations, the degree of the resulting polynomial.

When the eigenvalues of a symmetry operator Ô are integer-spaced, the
integral form of the corresponding projector can be evaluated exactly using
uniform discretization as shown in Eq. (4.14). In the eigenbasis Ô|oj⟩ = oj |oj⟩
the integrand in Eq. (4.10) is reduced to a single Fourier mode eiϕ(oi−oj) with
integer frequency q = oi − oj ∈ Z, so the continuous projector simply enforces
1

2π
∫ 2π

0 eiqϕdϕ = δq,0. Replacing the integral with a uniform grid ϕk = 2πk/Nϕ
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Figure 4.6: Expectation value of Ŝ2 for states produced by P̂S,MS
, as a function

of the number of β-nodes Nβ , for different target spin sectors S at fixed MS = 0.

yields the corresponding discrete Fourier sum 1
Nϕ

∑Nϕ−1
k=0 ei2πkq/Nϕ , which is

exactly 1 if q ≡ 0 (mod Nϕ) and 0 otherwise. Therefore, the discrete projector
is equal to the continuous projector if and only if no two distinct eigenvalues of
(oi − Ô) coincide with the modulo Nϕ; this is called the aliasing condition.

For Ŝz, the spectrum in full Fock space is {−NSO/2, . . . , NSO/2} in unit
steps. The accuracy of the discrete projector onto MS is guaranteed when

Nϕ ≥ NSO
2 + |MS | + 1. (4.23)

Therefore, in the common case MS = 0 the minimum exact choice is Nϕ =
NSO/2+1. This reduces the prefactor for applying P̂MS

relative to Nϕ = NSO +1.
Figure 4.5 illustrates the fidelity of the Ŝz projector. We begin with uniform

superposition. In panel (a), we fixed MS = 0 and varied NSO; in panel (b), we
fixed NSO = 12 and varied the target MS .

For the particle-number operator N̂ , the analysis is analogous. With the
eigenvalues {0, . . . , NSO}, the aliasing condition for the projector onto Nelec is

Nϕ ≥ NSO

2 +
∣∣∣∣∣Nelec − NSO

2

∣∣∣∣∣+ 1. (4.24)

In particular, at half filling Nelec = NSO/2, one can again take Nϕ = NSO/2 + 1.
The numerical integration of the total-spin projector P̂S,MS

behaves differently.
In our benchmarks, we target singlets with MS = 0, starting with a uniform
superposition restricted to MS = 0. In this setting, it is convenient to apply P̂S
(see Fig. 4.4), followed by P̂MS

. For the Ŝz step, we use Nϕ = NSO + 1 nodes to
make the discretization exact for all MS , and for MS = 0, we use the minimal
exact value Nϕ = NSO/2 + 1.

From Fig. 4.6 we observe that the number of nodes Nβ for P̂S required to
saturate the correct projection grows with S. In the range tested, we find Nβ = 2
for S = 0, Nβ = 3 for S = 2 and S = 4, and Nβ = 4 for S = 6.
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This behavior can be understood by expanding the β-kernel in Eq. (4.12) in
a basis with fixed MS and S′,

⟨S′MS |e−iβSy |S′MS⟩ dSMSMS
(β)∗

= dS
′

MSMS
(β) dSMSMS

(β)∗

=
S′+S∑

L=|S′−S|

BL(S, S′,MS)PL(cosβ),
(4.25)

where the coefficients BL(S, S′,MS) are independent of explicit NSO. In
particular, for the target component S′ = S the expansion contains only degrees
up to Lmax = 2S.

If one aims for a sufficient condition for an exact evaluation of the S′ =
S contribution, the Gauss–Legendre quadrature with Nβ nodes integrates
polynomials up to the degree 2Nβ − 1, implying a conservative requirement
Nβ ≥ S+ 1. However, in our benchmarks, the expectation values were saturated
for a significantly smaller Nβ , as reported above.

In contrast, GQSVT implementations based on Lagrange interpolation do
not allow for this freedom. Their polynomial degree must be equal to the
number of possible eigenvalues of the symmetry operator to filter out all the
undesired eigenvalues. Otherwise, if some eigenvalues are not filtered, the
Lagrange polynomial can take large values in these sectors. If the initial wave
function is not perfectly zero in those sectors, it will be multiplied uncontrollably
in those sectors, resulting in an even worse state than before the projection.
Another problem is that if the polynomial grows significantly in these sectors,
it requires normalization proportional to the largest polynomial value. This
reduces the probability of success by the factor of the normalization constant.
Thus, the polynomial degree for GQSVT should always be d = NSO + 1 for N̂ ,
Ŝz and d = NSO/2 + 1 for Ŝ2.

4.4.4 Gate Precision Sensitivity
The second practical issue for implementation and resource estimation is the
robustness of the projectors to finite precision in single-qubit rotation gates.
This directly indicates the T gate counts required to synthesize these rotations
and the resulting fidelity. We modeled the finite precision by quantizing each
continuous rotation angle ϕ to the nearest point on a uniform grid with a spacing
2ϵr. Concretely, we replace

ϕ 7→ ϕd ≡ 2ϵr
⌊ ϕ

2ϵr
+ 1

2

⌋
(4.26)

that guarantees that the bound

|ϕ− ϕd| ≤ ϵr. (4.27)

A smaller ϵr corresponds to a finer angular resolution, whereas a larger ϵr yields
a coarser discretization.



4.4. RESULTS AND DISCUSSION 107

We benchmarked the LCU implementation of P̂MS
for singlet targets starting

from a uniform superposition without fixing the particle number. Figure 4.7
shows that the fidelity improves monotonically with angle precision and depends
only weakly on the number of spin-orbitals NSO. We consider two models:
(I) SELECT-only, where only the indexed unitaries are rounded and PREP
is exact (model for QROM or trivial PREP at a power-of-two register size)
and (II) SELECT+PREP, where both operators are rounded. PREP errors
further reduced the fidelity, but not significantly. In all tested cases, ϵr = 10−1

is sufficient to achieve high fidelity.
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Figure 4.7: Fidelity of the LCU implementation of P̂MS
versus single-qubit

rotation precision ϵr for fixed MS = 0 and varying NSO. Solid lines with
circular markers: both PREP and the indexed unitaries in SELECT are rounded
(SELECT+PREP). Dashed lines with triangular markers: only the indexed
unitaries in SELECT are rounded, while PREP is exact (SELECT-only).

Next, we tested the GQSP implementation for the same P̂MS
; the results are

shown in Fig. 4.8. The GQSP realization is more sensitive to the angle precision
than LCU, although it is still relatively robust. The signal operator angles
were the most critical, and a precision of approximately 10−0.8 was generally
considered sufficient. The GQSP rotation sequence itself should be slightly more
precise, better than 10−1.5, to avoid noticeable fidelity drops. The dependence
on NSO is small, and increasing the number of spin-orbitals does not significantly
affect the required precision. In all tests with ϵr = 10−2 the fidelities were close
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Figure 4.8: Fidelity of the GQSP implementation of P̂MS
versus single-qubit

rotation precision ϵr for fixed MS = 0 and varying NSO. Solid lines with circular
markers: both the GQSP signal operator and the GQSP rotation sequence are
rounded. Dashed lines with triangular markers: only the signal operator is
rounded; the GQSP rotations are exact.

to one.
For the GQSVT implementation of P̂MS

(see Fig. 4.9), the robustness was
considerably lower. We examined two precision models: one in which PREP
was exact and GQSVT rotations were rounded, and the other in which the
rotations were exact but PREP was rounded. The results show that PREP can
tolerate somewhat coarse precision, approximately 10−2, without a major loss of
fidelity, but GQSVT rotations require much finer control. A precision of at least
ϵr ≲ 10−3.7 is required to maintain a high fidelity. Furthermore, accurate phase
choices are critical for correctly realizing the intended polynomial transformation,
and the sensitivity increases with NSO, owing to the accumulation of small phase
errors and numerical conditioning in the polynomial construction.

Because the standard Clifford+T synthesis has a cost that scales linearly with
the number of target bits, reducing ϵr by one decimal order (adding log2 10 ≈ 3.3
bits of precision) increases the per-rotation T gate count by a moderately constant
factor. Thus, the qualitative thresholds above (10−1 for LCU, 10−2 for GQSP,
10−4 for GQSVT) translate into predictable logarithmic increases in the T budget
per rotation.
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Figure 4.9: Fidelity of the GQSVT implementation of P̂MS
versus single-qubit

rotation precision ϵr for fixed MS = 0 and varying NSO. Solid lines with circular
markers: GQSVT rotations are exact; PREP is rounded. Dashed lines with
triangular markers: only GQSVT rotations are rounded; PREP is exact.

4.4.5 Resource Estimates
We estimated the gate counts for the concrete implementations of the projectors.
This allowed us to assess practicality. We counted CNOTs, Toffolis, and
single-qubit rotations, then convert to T gate counts using the angle precisions
established in the previous section.

We counted the Toffoli as 6 CNOTs and 7 T gates, which is the standard
decomposition [216]. A single-axis rotation to precision ϵr costs

Trot(ϵr) = 3 log2(1/ϵr) + o(log(1/ϵr)) (4.28)

T gates using Clifford+T synthesis [108]. When Nrot independent rotations
appear, we allocate a per-rotation budget ϵr/Nrot such that the total error is at
most ϵr. This provides a conservative aggregate estimate, as follows:

Ttotal rot ≈ 3Nrot log2
(
Nrot/ϵr

)
. (4.29)

First, we compared the T and CNOT gate counts for the P̂MS
projector

(see Fig. 4.10). The corresponding resource estimations for the particle number
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Figure 4.10: Gate counts for P̂MS
as a function of NSO: (a) CNOTs and (b) T

gates, comparing LCU, GQSP, and GQSVT implementations under the precision
budgets summarized in the text.
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Figure 4.11: Gate counts for total-spin projectors versus NSO: (a) CNOTs and
(b) T gates for P̂S,MS

via LCU and GQSP, and for P̂S2 via GQSVT.
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projector P̂N are essentially the same because both rely on the same discretization
structure. In all the cases, we set the number of quadrature nodes to
Nϕ = NSO + 1, which guarantees the exactness of any desired value of MS .
For the LCU construction, we choose the number of LCU terms to be a power
of two; thus, the PREP blocks consist only of Hadamard gates.

In Fig. 4.10(a), we observe that both the LCU and GQSP realizations of
P̂MS

exhibit quadratic scaling in the number of CNOT gates. In both cases,
the dominant contribution increases as 2NSO, with an additional overhead for
LCU which increases approximately as NSO logNSO owing to the use of indexed
unitaries in the SELECT step. Therefore, the LCU consistently requires more
CNOT gates than GQSP for the same system size. However, the difference
between the two becomes less pronounced as the number of spin-orbitals increases
because the shared quadratic term dominates the scaling.

In contrast, the GQSVT construction exhibited worser scaling. For GQSVT,
we used the standard binary-tree version of LCU. The number of CNOT gates
increases roughly as N2

SO logNSO. We were able to compute the exact counts up
to NSO = 16, and the same trend was easily extrapolated to larger systems up
to at least NSO = 512. This growth makes GQSVT more expensive than LCU
or GQSP in terms of entangling operations.

To estimate the number of T gates, we used the values from the precision
study in Sec. 4.4.4. This behavior was noticeably more uniform among the three
methods (see Fig. 4.10(b)). In all cases, we observe a scaling proportional to
N2

SO logNSO, reflecting the combined effect of the number of required single-qubit
rotations and the synthesis cost required to reach the target precision. Both
LCU and GQSP implementations share essentially the same leading prefactor in
this scaling; the numerical data indicate a coefficient of approximately 4. The
two approaches differ only in additive lower-order terms; therefore, so while
LCU consistently yields a slightly lower T gate count than GQSP, the difference
remains small across the entire range of problem sizes investigated.

Although the T gate scaling of GQSVT with binary-tree LCU implementation
has the same asymptotic form, the corresponding prefactor is significantly larger,
approximately 20 in our tests. This means that at the same target fidelity,
GQSVT is approximately 5 times more expensive in terms of T gates than LCU
or GQSP. Thus, although all three methods share similar asymptotic scaling,
GQSVT has a substantially higher constant cost and is the least practical option.

For the LCU and GQSP implementation of P̂S,MS
projector, we use standard

decomposition as P̂MS
P̂SP̂MS

; thus, the resource cost is determined by the
implementation of P̂MS

. Operators P̂S were implemented using the LCU
construction in both cases. Therefore, the difference between LCU and GQSP
therefore arises only in the implementation of P̂MS

. As before, we chose the
number of quadrature nodes for P̂MS

as Nϕ = NSO + 1 to ensure the exactness
of any spin projection. For P̂S because we focus on the singlet states (S = 0),
only two nodes are required in the integration; therefore, the cost of this step is
independent of NSO.

The GQSVT approach is slightly different in that it constructs the projector
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onto the desired total-spin subspace via P̂S2 rather than by selecting a specific
MS . However, in practice, this still produces states with a well-defined total spin
suitable for the same applications; therefore, we include it in the comparison.

As shown in Fig. 4.11(a), for both the LCU-based and GQSP-based
implementations, the CNOT count scales quadratically with the number of
spin-orbitals. The leading contribution grows as 4NSO, with a slightly larger
additive term for LCU because of the additional SELECT overhead inherited
from P̂MS

. However, this difference becomes small in comparison with total
gate count as NSO increases; hence, for moderate or large system sizes, the two
methods are essentially comparable in terms of CNOT cost.

By contrast, the GQSVT implementation with the binary-tree LCU exhibited
a much steeper scaling. In this case, the CNOT count increases approximately
as 21N3

SO logNSO, reflecting both a higher-degree sequence length and a more
complex signal processing structure. Consequently, GQSVT becomes significantly
more expensive than LCU or GQSP when NSO has more than a few orbitals.
Nevertheless, for very small system sizes the situation can be reversed; for
example, at NSO = 2, the GQSVT implementation requires fewer CNOTs than
LCU or GQSP.

The trends in the T gate counts are shown in Fig. 4.11(b) exhibit a similar
patterns. For both LCU and GQSP realizations, the T gate cost increases as
8N2

SO logNSO. In direct comparison, GQSP grows slightly faster because of its
larger rotation overhead; thus, the LCU construction retains a small advantage
across all the studied system sizes.

For GQSVT with the binary-tree LCU, the T gate count grows substantially
more quickly, as 36.5N3

SO logNSO, in line with the deeper signal-processing
sequence and the increased synthesis precision required for stable polynomial
filtering. Consequently, GQSVT becomes significantly more expensive than both
LCU and GQSP as the system size increases. Similar to the CNOT comparison,
a narrow regime exists at a very small NSO, in which GQSVT can be competitive
or even favorable; however, beyond this range, the cubic scaling dominates.

4.4.6 Projectors as a QPE Filter

The success probability of QPE depends directly on the overlap between the
prepared input state |ψ⟩ and the target eigenstate |ϕ0⟩ of the Hamiltonian. In
particular, the probability of obtaining the correct eigenvalue is |⟨ϕ0|ψ⟩|2. In
the case of strongly correlated electronic states or when several eigenstates lie
within a narrow energy window, preparing an input state with a sufficiently high
overlap can be challenging. This issue is particularly pronounced for open-shell
molecules or other systems with near-degeneracies.

To address this limitation, we apply symmetry projectors P̂ prior to QPE.
The operation P̂ |ψ⟩ increases the weight of the components of |ψ⟩ that are in
the symmetry sector of the target eigenstate, while suppressing the components
belonging to other sectors. Because P̂ |ϕ0⟩ = |ϕ0⟩ for the eigenstates, this filtering
step does not perturb the target state.
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We tested the effectiveness of projector filtering in systems in which the
electronic spectrum exhibited near-degeneracy.

O2 Singlet–Triplet Gap. Molecular oxygen (O2) is a canonical example
in which the triplet ground state X3Σ−

g is close to the low-lying singlets a1∆g

and b1Σ+
g . We consider an active space calculation in the CAS(8,6) space within

an aug-cc-pVTZ basis, where the orbitals are optimized in a triplet CASSCF
calculation. Active orbitals consisted of bonding and antibonding σ pair and
bonding and antibonding 2 π pairs; the O–O bond length was set to 1.208 Å.

Within this active space, the initial state prepared using HEA (see Sec. 2.2.5.1)
does not respect spin symmetry and produces a substantial overlap with both the
triplet ground state and at least one singlet excited state. The numerical results
are presented in Fig. 4.12. In particular, we observed comparable amplitudes
in the 3Σ−

g and a1∆g states, resulting in a QPE success probability of only
PrQPE ≈ 0.47.

Applying a total spin projector P̂S,MS
with S = 1 and MS = 0 substantially

suppresses singlet contamination and increases the overlap with the triplet
manifold. After symmetry filtering, the QPE success probability increases to
Prfiltered

QPE ≈ 0.94
We also estimated the QPE cost for the active space Hamiltonian. The

qubitization-based QPE requires approximately 8 ancilla qubits to handle the
energy with chemical precision (∼ 1 mHa). Then, the total non-Clifford is no
the order of 107 T gates. By contrast, the symmetry projector requires only
∼ 1.6 × 104 T gates, which is almost 3 orders of magnitude less. The intrinsic
probability of success of P̂S,MS

is ≈ 0.30. If one wishes to deterministically
prepare the filtered state, one round of AA suffices to increase the success
probability to ≈ 0.97, thereby the total T cost of the projection to ∼ 4.8 × 104,
which remains negligible relative to the QPE cost.

Trimethylenemethane (TMM). TMM exhibits a well-studied sin-
glet–triplet gap in the order of tens of kcal/mol. The ground state is a triplet
3A′

2/
3B2, and the first excited state is a degenerate pair of singlets 11B2 and

11A1, located approximately 1.17 eV above the ground state [217]. We con-
structed a CAS(4,4) Hamiltonian in a cc-pVTZ basis, where the active orbitals
spanned the full carbon π-system. The molecular orbitals were optimized using
a triplet CASSCF calculation.

Using a hardware-efficient VQE ansatz to prepare an initial state nominally
targeting the triplet ground state 3A′

2/
3B2 results in noticeable contamination

from the singlet states 11B2 and 11A1 (see Fig. 4.13). The resulting QPE success
probability was PrQPE ≈ 0.46. Applying the spin projector P̂S,MS

with S = 1
and MS = 0 suppresses unwanted singlet components, increases the overlap with
the triplet sector, and improves the QPE success probability to Prfiltered

QPE ≈ 0.94.
We also estimated the QPE cost for the active space Hamiltonian. For

the CAS(4,4) Hamiltonian, qubitization-based QPE with chemically accurate
energy resolution requires approximately 8 ancilla qubits on the order of 107 T
gates. In contrast, the spin projector requires approximately 7.7 × 103 T gates,
which is more than 3 orders of magnitude lower than QPE. The intrinsic success
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probability of the projection is ≈ 0.29; therefore, a single step of the AA is
sufficient to increase the probability above 0.98. This increases the total T cost
of the projector to ∼ 2.3 × 104, which is negligible compared with the cost of
the subsequent QPE.

Implications for FeMoco. The FeMoco cluster presents an extreme case
with strong static correlation. Even in reduced active space models (54 [211]
or 76 [212] spatial orbitals), multiple states can lie within chemically relevant
energy differences. In such cases, increasing the initial overlap with the correct
irreducible subspace prior to the phase estimation can significantly reduce the
number of QPE repetitions required.

Recent large-scale classical calculations on the 76-orbital FeMoco model
indicate that a single broken-symmetry Slater determinant can already carry a
substantial amplitude in an accurate ground state approximation. In particular,
overlaps between the dominant broken-symmetry determinant |ψBS⟩ and a highly
converged matrix product state (used as an approximate ground state) reach
|⟨ψBS|ϕ0⟩| ≈ 0.45–0.47 for representative low-energy spin isomers, while the
next-largest determinant coefficient is below 0.1 [218]. If one uses |ψ⟩ = |ψBS⟩
as an input guess for QPE, this corresponds to an estimated success probability
pQPE ≈ |⟨ψBS|ϕ0⟩|2 ≈ 0.2.

However, broken-symmetry determinants are generally not eigenstates of Ŝ2

and therefore contain components in multiple total-spin sectors. Consequently,
a spin projector can serve as a natural filter that removes contributions outside
the target (S,MS) sector and concentrates the remaining weight into the desired
irreducible subspace.

The QPE cost for the FeMoco system can be estimated as ∼ 1010 T gates by
using tensor hypercontraction [132]. At the same time, PS,MS

projector realized
using GQSP would require ∼ 106 T gates, which is 4 orders of magnitude less
than QPE cost.

In reality, several orders will be taken by the AA, which can be roughly
estimated if we assume a uniform superposition of the states of Nelec electrons,
and total spin S and fixed MS . The number of multiplets is

n(S) =
(

Nelec
Nelec

2 + S

)
−
(

Nelec
Nelec

2 + S + 1

)
. (4.30)

Thus, the expected squared overlap of a random state in the MS = S sector is
the ratio:

pmin = n(S)(Nelec
Nelec

2

) . (4.31)

Therefore, the estimated probability is approximately 0.03–0.07, depending on
the FeMoco model (see Tab. 4.2). This probability resulted in 5-7 steps of AA.
Then, the GQSP implementation of PS,MS

projector together with AA costs
approximately ∼ 107 of the T gates, which is still a 3 order advantage over QPE
itself.

Such symmetry filtering has been shown to significantly increase overlap in
smaller systems, such as O2 and TMM. By analogy, one may therefore expect



4.4. RESULTS AND DISCUSSION 115

that the same strategy can substantially enhance the initial overlap for FeMoco,
thereby reducing the number of required QPE repetitions. Taken together, these
considerations suggest that the state preparation problem for FeMoco, while still
nontrivial, may no longer be the dominant bottleneck when physically motivated
broken-symmetry references are combined with symmetry projection and AA.

4.4.7 Limitations and Outlook
Although the projector-based filtering approach improves the effective overlap
with the target eigenstate prior to QPE, several limitations remain. First, the
probability of success of the projection step may be low when the initial state
carries only a modest component in the desired symmetry sector. Although
AA can boost this probability, the number of amplification rounds scales as
inverse overlap. In cases in which the trial state is poorly chosen, the overhead
associated with AA may become significant. This highlights the importance of
constructing a good initial ansatz, either from classical multireference methods
or using adaptive quantum state preparation strategies.

Although we focused on continuous symmetries (N̂ , Ŝz, Ŝ2), the same
GQSP/GQSVT frameworks can be applied to finite molecular point groups when
the symmetry actions U(g) are available. For any irreducible representation Γ
of finite group G, the projector

PΓ = dΓ

|G|
∑
g∈G

χΓ(g)∗ U(g) (4.32)

selected the Γ-subspace. For abelian groups, all irreducible representations are
one-dimensional and (4.32) reduces to a weighted average of symmetry operations,
which is directly compatible with LCU, GQSP, and GQSVT implementations.
If G decomposes as a direct or semidirect product (such as D3h ∼= C3v × Cs

and C3v ∼= C3 ⋊ Cs), the corresponding projectors factorize as PD3h
= PC3vPCs ,

allowing symmetry filtering to be applied sequentially. Another method involves
constructing each symmetry operator and projecting on its specific eigenvalue
using the Lagrange interpolation and GQSVT.

The projector and AA can be merged into a single deterministic procedure
using a double-bracket symmetry refinement. Given Hermitian generator Ô, the
evolution

|ψ(τ)⟩ ∝ exp
(
−τ [Ô, [Ô, ·]]

)
|ψ(0)⟩ (4.33)

suppresses the components outside the target symmetry sector, while leaving
the desired subspace invariant. A discretized implementation in terms of the
controlled applications of Ô yields deterministic symmetry purification at the
cost of an additional depth.
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projection.
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4.5 Conclusion
In this study, we constructed symmetry projectors for quantum state preparation
based on LCU, GQSP, and GQSVT, together with circuit realizations and
parameter choices that achieve a prescribed projection accuracy. We analyzed the
numerical accuracy, gate-precision sensitivity, and asymptotic resource scaling,
and translated them into concrete CNOT and T gate estimates. The comparison
isolated the main trade-offs among the three approaches: LCU was the most
rotation-robust and simplest to parameterize; GQSP achieved similar leading-
order T gate scaling with minimal ancilla overhead (one qubit) but requires
slightly tighter rotations; GQSVT attained exact polynomial filtering on discrete
spectra but was more phase-sensitive and carried larger constant factors in both
entangling and non-Clifford resources.

For N̂ and Ŝz, both LCU and GQSP exhibited quasi-quadratic scaling in
the system size, with T gate counts that grew as N2

SO logNSO and differed
only in small additive terms; LCU maintained a slight advantage in the total
T cost. GQSVT showed a steeper entangling cost (CNOT scaling roughly
as N2

SO logNSO) and a larger T gate prefactor, making it several times more
expensive at a fixed accuracy, although it can be competitive at very small NSO.
For total-spin filtering, the composition P̂S,MS

= P̂MS
P̂SP̂MS

introduces the
cost of preparing fixed states S into the same quasi-quadratic T gate scaling
class as N̂ and Ŝz. A key result is that the β integration for P̂S depends weakly
on the target spin S and is independent of NSO.

Our precision analysis provided practical synthesis targets. The LCU
remained accurate with a single-qubit rotation precision of approximately 10−1.
For GQSP, signal-operator angles of approximately 10−0.8 and QSP phase
rotations better than 10−1 were typically sufficient, with 10−2 being a safe choice.
GQSVT required substantially tighter phase control, with a rotation precision
near 10−3.7 whereas PREP-type data paths tolerate ∼ 10−2. These thresholds
were mapped directly to the T gate counts via standard Clifford+T synthesis,
implying only a logarithmic overhead per additional decade of precision.

We demonstrated that symmetry projectors act as effective QPE filters in
representative molecular systems. In O2 and TMM, symmetry filtering increased
the QPE success probability from ∼ 0.46 to ∼ 0.94 while incurring projector
costs is 3 orders of magnitude lower that of the subsequent QPE. Even for
FeMoco-scale active spaces, the total cost of projection plus AA remained ∼ 107

T gates versus ∼ 1010 for a single qubitization-based QPE with chemical accuracy,
yielding a substantial net reduction in the number of repetitions required to
resolve the desired eigenvalue.

Overall, symmetry filtering is a low-cost, accuracy-preserving preprocessing
step that scales favorably with the system size and materially improves
QPE success probability. Given its modest ancilla footprint, straightforward
parameterization, and clear synthesis targets, we expect projector-based state
preparation to become a standard component of fault-tolerant quantum
simulation workflows, especially for strongly correlated molecules where resolving
the correct symmetry sector is essential.
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Chapter 5

Enhancing Quantum
Computations with the
Synergy of Auxiliary-Field
Quantum Monte Carlo and
Computational Basis
Tomography

We introduce QC-CBT-AFQMC, a hybrid algorithm that incorporates CBT
into the QC-AFQMC method proposed by Huggins et al. [Nature 603, 416-
420 (2022)], replacing the use of classical shadows. While the original QC-
AFQMC showed high accuracy for quantum chemistry calculations, it required
exponentially costly post-processing. Subsequent work using matchgate shadows
[Wan et al., Commun. Math. Phys. 404, 629 (2023)] improved scalability, but
still suffers from prohibitive computational requirements that limit practical
applications. Our QC-CBT-AFQMC approach uses shallow Clifford circuits with
a quadratic reduction of two-qubit gates over the original algorithm, significantly
reducing computational requirements and enabling accurate calculations under
limited measurement budgets. We demonstrate its effectiveness on the hydroxyl
radical, ethylene, and nitrogen molecule, producing potential energy curves that
closely match established benchmarks. We also examine the influence of CBT
measurement counts on accuracy, showing that subtracting the active space
AFQMC energy mitigates measurement-induced errors. Furthermore, we apply
QC-CBT-AFQMC to estimate reaction barriers in [3+2] cycloaddition reactions,
achieving agreement with high-level references and successfully incorporating
complete basis set extrapolation techniques. These results highlight QC-CBT-

121
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AFQMC as a practical quantum-classical hybrid method that bridges the
capabilities of quantum devices and accurate chemical simulations. This chapter
is based on the published article [Khinevich and Mizukami, Phys. Rev. Res. 7,
043344 (2025)].

5.1 Introduction
Over the past decade, quantum computing has significantly advanced, particularly
in quantum chemistry [148, 149]. Many quantum algorithms for quantum
chemistry have been proposed, among which the VQE [22] and QPE [15, 150] are
widely recognized as representative methods. Nonetheless, existing algorithms,
including both VQE and QPE, are resource intensive, making their application
to full electronic structure Hamiltonians impractical.

To address this, the active space approach from classical computational
chemistry is essential, which involves selecting critical molecular orbitals and
electrons, thus focusing on static electron correlation. Quantum computers
efficiently handle rapidly increasing configurations within the active space.
However, capturing the dynamical correlation outside this space remains
challenging. There are various attempts to incorporate dynamical correlation
after quantum computing. One of such methods is the multireference
perturbation theory [219, 143, 220, 221]. However, this requires heavy
measurements of 3,4-reduced density matrices, or other quantities [222].
Other approaches involve explicitly correlated methods, such as F12 and
transcorrelation methods [223, 224, 225, 226]. For F12 methods, the inclusion of
the Coulomb cusp condition alone is insufficient to adequately capture dynamical
correlation, while the transcorrelation methods are limited by the emergence
of three-body terms and loss of Hermicity, creating practical implementation
bottlenecks.

Huggins et al. proposed a quantum-classical hybrid algorithm, named QC-
AFQMC [42], where a quantum-prepared trial wave function is used to reduce bias
in phaseless AFQMC (ph-AFQMC) [227]. Although QC-AFQMC was originally
introduced to improve an AFQMC calculation with quantum computing, it can
also be viewed as a post-processing scheme that describes residual dynamical
correlation beyond the active space [228, 229]. In the framework of QC-AFQMC,
a quantum computer is used to prepare a trial wave function, employed to
handle the infamous sign problem, for the AFQMC method. A significant
advantage of AFQMC is its scaling O(N3) −O(N4) with respect to the system
sizeN [230, 231], which is close to HF. The favorable scaling ensures that AFQMC
remains computationally tractable for larger systems. These advantages have
led AFQMC methods to become increasingly popular for capturing dynamic
correlation effects [232, 233, 234]. In the original QC-AFQMC paper, the
translation of the quantum wave function into its classical counterpart was
achieved using Clifford shadow tomography [117]. It was found that QC-AFQMC
is inherently noise resilient, since the Monte Carlo step effectively corrected the
errors introduced by the noisy quantum step. However, this method requires
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Figure 5.1: Schematic of the QC-CBT-AFQMC methodology. Blue frames
highlight the selected active space for the quantum computer part. The
CBT algorithm captures the most important configurations from the quantum
computer state and translates them to the classical computer. AFQMC generates
walkers from the CBT state, where the orbitals also rotate. This is depicted as
rotated orbital diagrams.

one to use the post-processing with exponential scaling on classical computers.
In order to overcome this bottleneck, the matchgate shadow tomography

technique was used [43]. Although this approach allows to reduce the scaling to
polynomial, the degree of this polynomial is much higher than that of AFQMC
itself [44]. The most expensive operation is to compute the local energy for each
walker at each time step, which scales as O(N8.5

q log2(Nq)) with the number of
qubits Nq. Another problem of this approach is the large constant prefactor,
due to the high sampling requirements. When specific physical quantities or
information are targeted, this method may not be the optimal choice in terms of
measurement count due to shot budget constraints [235]. Also, it was previously
noted that all implementations of QC-AFQMC may require an exponential
number of shots due to the exponential decay of the overlap of the trial state
with the walkers [236, 237].

To overcome these limitations of QC-AFQMC for practical calculations, we
introduce the QC-CBT-AFQMC method (see Fig. 5.1), which applies CBT
[238] to QC-AFQMC as a technique to extract wave function information from
quantum computers in an efficient way to use on classical computers. The
practicality of our approach comes from a lower requirement for the number of
shots. A smaller constant prefactor and better scaling O(N4

q ) than for matchgates
allowed us to do calculations for much larger systems than previously. Also,
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CBT utilizes shallow circuits, built from only Clifford gates; our method can be
implemented even on near-term quantum devices. CBT circuits require O(Nq)
number of CNOT gates. The depth of the CBT circuit can also be reduced and
even made constant due to the properties of the fan-out gates [239]. Using CBT,
we have already succeeded in combining coupled cluster and quantum computing
through a method called tailored coupled cluster [147].

The structure of this chapter is as follows. Section 5.2 summarizes the CBT
and outlines the integration of CBT into the QC-AFQMC workflow. Section 5.3
details our numerical experiments, examining potential energy curves and the
effect of the shot budget on accuracy. Finally, Sec. 5.4 concludes with an outlook
on further improvements and possible expansions of this methodology, including
the incorporation of alternative approaches.

5.2 Methods

5.2.1 Computational Basis Tomography
In quantum computing, a wave function is typically represented as a linear
combination of basis functions. An arbitrary wave function can be decomposed
into a series of bit strings of length N as follows:

|ψ⟩ =
2N −1∑
n=0

⟨n|ψ⟩|n⟩. (5.1)

However, extracting the coefficients ⟨n|ψ⟩ from a quantum device poses a
challenge, as they are encoded as quantum information. The retrieval of such
data for use in hybrid quantum-classical algorithms requires measurement. To
do this, we utilized an efficient measurement strategy known as CBT.

The CBT technique was designed to extract classical information about
a wave function that is encoded on a quantum device. This extraction is
achieved through projection measurements executed within the computational
basis. The foundation of CBT lies in the computational basis sampling method,
which was originally used for estimating expectation values, as described
previously [238]. CBT can extract CI coefficients using shallow Clifford circuits,
making it appealing for systems where shot budgets are limited. Although CBT
may particularly benefit states where only a limited number of configurations
dominate, our primary motivation is its practical feasibility: it requires fewer
two-qubit gates and less circuit depth and allows efficient coefficient extraction
even within the constraints of near-term quantum devices.

The initial phase of CBT involves determining the absolute magnitudes of the
coefficients ⟨n|ψ⟩ shown in Eq. (5.1). To facilitate this, it is necessary to generate
Nf identical instances of the wave function |ψ⟩ and perform measurements within
the computational basis, which encompasses all possible bit strings |n⟩2N −1

n=0 of
length N . Consequently, the absolute values of the coefficients are estimated
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using the formula

|⟨n|ψ⟩| ≈

√
Nn
Nf

, (5.2)

where Nn denotes the frequency of observing the specific bit string n.
After these are measured, we select several of the most significant bit strings

in Eq. (5.1). We assume that, if we choose an appropriate single-particle basis,
there is a relatively small set of configurations in chemistry-related systems that
carry non-negligible weight, specifically those that do not exhibit exponential
or high-polynomial decay with respect to system size. Given this assumption,
we choose to keep only the R most probable outcomes; our method does not
work when this assumption breaks down, say, for quantum states with uniformly
exponentially decaying CI coefficients. This step reduces the number of necessary
measurements while preserving the accuracy of the wave function.

At this point, the absolute magnitudes of the R chosen coefficients ⟨n|ψ⟩
have been determined. Nevertheless, this information alone is insufficient for
reconstructing the wave function due to the loss of phase information. To recover
the phase details, we employed the following equation:

ei(ϕn−ϕm) = ⟨n|ψ⟩⟨ψ|m⟩
|⟨n|ψ⟩||⟨ψ|m⟩|

. (5.3)

It is important to note that phase determination is achievable only up to an
arbitrary global phase. Thus, the phase ϕm was arbitrarily set to zero, which
allows the calculation of all other phases relative to ϕm.

fan-out gate
q0

q1

q2 S H

q3 X

Figure 5.2: Quantum circuit implementing the operators ⟨0000|U1,14 = (⟨0001| +
⟨1110|)/

√
2 and ⟨0000|V1,14 = (⟨0001| + i⟨1110|)/

√
2. The blue dashed box

indicates a fan-out gate from the flag qubit q2 to the other qubits, corresponding
to different bits in binary representations of 1 and 14. The additional S gate
transforms U1,14 into V1,14.

To utilize Eq. (5.3), it is necessary to compute the value of ⟨n|ψ⟩⟨ψ|m⟩,
referred to as the interference factor, with the denominator already determined
from the previous step. The auxiliary relationship was determined as follows:

⟨n|ψ⟩⟨ψ|m⟩ = An,m + iBn,m − 1 + i

2 (|⟨n|ψ⟩|2 + |⟨m|ψ⟩|2), (5.4)
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where the terms An,m and Bn,m are defined by the equations

An,m ≡ |⟨n| + ⟨m|√
2

|ψ⟩|2, Bn,m ≡ |⟨n| + i⟨m|√
2

|ψ⟩|2. (5.5)

These quantities represent the only unknowns in Eq. (5.4). Ancillary unitary
operators Un,m and Vn,m were constructed as described in Ref. [238]: U †

m,n|0⟩ =
(|m⟩ + |n⟩)/

√
2 and V †

m,n|0⟩ = (|m⟩ − i|n⟩)/
√

2. These operators can be written
in Clifford circuits, each of which requires only Hamming(m,n) of CNOT gates.
The construction proceeds by identifying the qubit position at which the binary
representations of m and n differ to use it as a flag and applying a Hadamard gate
there. Then, for each remaining bit that differs, a CNOT gate is applied with the
control on the flag qubit and the target on the differing bit. To construct Vm,n
instead of Um,n, an additional S gate is applied to introduce the required relative
phase. An example of this construction for m = 1 and n = 14 is shown in Fig. 5.2.
This approach guarantees that each such unitary requires at most O(Nq) CNOT
gates and CNOT layers, whereas arbitrary matchgate circuits typically require
O(N2

q ) gates. Also, these CNOT gates used in Un,m and Vn,m comprise fan-out
gates, allowing to implement it with constant CNOT layers using midcircuit
measurements [239]. The operators Un,m and Vn,m were incorporated to redefine
An,m and Bn,m as

An,m = |⟨0|Un,m|ψ⟩|2, Bn,m = |⟨0|Vn,m|ψ⟩|2. (5.6)

From Eq. (5.6), it is evident that the values of An,m and Bn,m can be derived
from measurements on the zero state |0⟩. Consequently, to evaluate An,m and
Bn,m for each distinct bit string pair n ̸= m, Na and Nb measurements must be
performed, respectively, yielding:

An,m ≈

√
N

(a)
0
Na

, Bn,m ≈

√
N

(b)
0
Nb

, (5.7)

where N (a)
0 and N

(b)
0 indicate the counts of zero outcomes for the respective

measurement sets. With these estimates, Eq. (5.4) is applied to determine the
phases for all coefficients ⟨n|ψ⟩. Thus, the complete CBT protocol necessitates
a total of Nf + (R− 1)(Na +Nb) measurements of the state |ψ⟩, where R is the
number of selected bit strings for the correct representation of the wave function.
The CBT wave function has the following form:

|ψCBT⟩ =
R∑
n=0

c′
n|n⟩, (5.8)

where c′
n = |⟨n|ψ⟩|ei(ϕn−ϕ0) are normalized coefficients, obtained from Eqs. (5.2)

and (5.3). Both the absolute values and phases are estimated from sampling
results, and therefore carry statistical errors.
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5.2.2 Auxiliary-Field QMC
The AFQMC method is a state-of-the-art approach for obtaining high-
precision solutions to the time-independent Schrödinger equation [89]. It offers
computational advantages over both deterministic and stochastic high-accuracy
methods. AFQMC retains the low, HF–like scaling of O(N3−N4), yet delivers
precision comparable to high-precision methods, such as FCI, MRPT, and CC.
It also has advantages over DMC and full configuration interaction QMC, since
it uses a Slater determinant trial wave function that controls the sign problem
and can be efficiently processed on GPU or multicore CPU architectures [240].

In AFQMC, the ground-state wave function is obtained by evolving an initial
state |ψ(0)⟩ in imaginary time:

− d

dτ
|ψ(τ)⟩ = (Ĥ − E0)|ψ(τ)⟩, (5.9)

where τ = it is the imaginary time and E0 is the energy of the ground state.
The solution is as follows:

|ψ(τ)⟩ = e−τ(Ĥ−E0)|ψ(0)⟩. (5.10)

As τ → ∞, |ψ(τ)⟩ is projected onto the ground state, provided the initial state
|ψ(0)⟩ has nonzero overlap with it. The parameter E0 needs to be reasonably
close to the true ground-state energy to ensure stable propagation; a closer
estimate further improves numerical stability and reduces population fluctuations.
Similarly, an initial state closer to the ground state improves convergence. In
practice, E0 is iteratively refined alongside the wave function updates.

To compute the propagation in Eq. (5.10), time discretization is used:

e−τ(Ĥ−E0) =
(
e−∆τ(Ĥ−E0)

)n
, (5.11)

with ∆τ = τ/n.
Direct computation is as challenging as solving the full configuration

interaction problem. AFQMC circumvents this by using a Hubbard–Stratonovich
transformation to decouple the two-body interactions into one-body operators
coupled to stochastic auxiliary fields. It converts the interacting system into
noninteracting particles under a fluctuating external potential.

To apply this transformation, one first expresses the Hamiltonian in quadratic
form via the Cholesky decomposition:

Ĥ = ν̂0 − 1
2

Nmax∑
i=1

ν̂2
i , (5.12)

where

ν̂0 =
∑
pq

hpq
∑
σ

â†
pσâqσ, ν̂i = i

∑
pq

Lipq
∑
σ

â†
pσâqσ.
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Here, â†
pσ and âqσ are the fermionic creation and annihilation operators for an

electron in spatial orbital p or q with spin projection σ. The indices p and q label
a set of orthonormal single-particle spatial orbitals. The coefficients hpq are the
matrix elements of the one-electron part of the Hamiltonian. The quantities Lipq
are obtained from the Cholesky decomposition of the tensor of the two-electron
repulsion integrals Vpqrs, approximated as Vpqrs ≈

∑
i L

i
prL

i
qs.

Since ν̂0 and ν̂i generally do not commute, the first-order Trotter decomposi-
tion is used:

e−∆τ(Ĥ−E0) ≈ e− ∆τ
2 ν̂0

∏
i

e
∆τ

2 ν̂2
i e− ∆τ

2 ν̂0 . (5.13)

Now, the propagator is ready to apply the Hubbard-Stratonovich transfor-
mation, yielding the following:

e−∆τ(Ĥ−E0) ≈
∫
dx⃗ p(x⃗)B̂(x⃗), (5.14)

where p(x⃗) is a normal distribution over the auxiliary field x⃗ and B̂(x⃗) =
exp

(
−∆τ(ν̂0 − E0) +

√
∆τ x⃗ · ˆ⃗ν

)
is the evolution of a single particle. Here, x⃗

is an auxiliary field that simulates particle interactions by coupling to this field.
Equation (5.14) allows propagation of the initial wave function, with the

integral over x⃗ evaluated via Monte Carlo techniques. However, direct use faces
the sign problem, which can be mitigated by the ph-AFQMC [227].

In ph-AFQMC, an importance function I(x⃗;ψ(τ)) is incorporated into the
propagator:

e−∆τ(Ĥ−E0) ≈
∫
dx⃗ p(x⃗)I(x⃗;ψ(τ))B̂(x⃗− ⟨x⃗⟩). (5.15)

The sign problem arises from the fact that the coefficients ν̂i may carry
arbitrary complex phases, including negative real values. In the multireference
case, the propagator alters the phases of Slater determinants and makes orbitals
complex, potentially leading to cancellations in the Monte Carlo averaging
and thus causing divergence of the wave function and energy. The phaseless
approximation uses an importance function to prevent abrupt phase changes,
ensuring that the coefficients remain sufficiently large. A commonly used
importance function is

I(x⃗;ψ(τ)) = e−∆τ(Re(EL)−E0) × max (0, cos(∆θ)) , (5.16)

where ∆θ = Arg
(

⟨ψT |ψk+1,w⟩
⟨ψT |ψk,w⟩

)
represents the change in the argument of

the overlap between the trial wave function |ψT ⟩ and the propagated wave
function. The local energy is EL(τ) = ⟨ψT |Ĥ|ψ(τ)⟩/⟨ψT |ψ(τ)⟩. The force bias
⟨x⃗⟩ = −

√
∆τ⟨ψT |ˆ⃗ν|ψ(τ)⟩/⟨ψT |ψ(τ)⟩ minimizes the fluctuations in I(x⃗;ψ(τ)).

The trial wave function |ψT ⟩ is typically the same as the initial guess but can
differ.

The evolution of Slater determinants and their weights is described by

|ψk+1,w⟩ = B̂(x⃗k,w − ⟨x⃗k,w⟩)|ψk,w⟩,
Wk+1,w = I(x⃗k,w;ψk,w)Wk,w,

(5.17)
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where k is the time step and w indexes the Slater determinants.
The energy is calculated using

E(τ) =
∑
wWw(τ)EL(τ)∑

wWw(τ) , (5.18)

with Ww(τ) = Ww,k at τ = k∆τ .

5.2.3 QC-CBT-AFQMC
The essential features of QC-CBT-AFQMC are depicted in Fig. 5.1. The initial
phase of the QC-CBT-AFQMC method involves executing a quantum algorithm,
such as VQE or QPE, within a predefined active space. This step is crucial
for capturing the electron correlation within the selected active space, which
predominantly consists of static correlation in systems that require multireference
approaches. This phase yields estimates of the energy Eact

VQE/QPE and the
initial wave function |ψVQE/QPE⟩. However, this wave function, encapsulated
as quantum information, is not directly applicable to subsequent AFQMC
calculations.

CBT is used to convert the acquired wave function for use in the classical
part of the algorithm. By preparing the state |ψVQE/QPE⟩ and conducting
measurements as outlined in the CBT framework, the CI coefficients are
reconstructed, and the |ψCBT⟩ wave function is formulated. CBT works under
the assumption that a relatively small set of configurations have reasonably
large coefficients. If, despite orbital optimization, all coefficients were uniformly
exponentially decaying, CBT would break down; however, in such a pathological
regime, any tomography-based QC-AFQMC scheme would likewise fail, as no
meaningful multideterminant trial state could be constructed. The CBT wave
function serves as the initial guess for the AFQMC computation. It is important
to note that the |ψCBT⟩ wave function now incorporates errors originating from
both the VQE/QPE and CBT processes because, in practice, the number of
measurements and described configurations of |ψVQE/QPE⟩ is limited.

An important advantage of QC-CBT-AFQMC over the matchgate shadows
approach [43] lies in the calculation of the local energy EL(τ) and the force bias
⟨x⃗⟩ (Eqs. (5.16) and (5.18)). In our method, these quantities are evaluated using
the classically reconstructed multideterminant trial wave function |ψCBT⟩, in
exactly the same way as conventional ph-AFQMC with multi-Slater determinants
as a trial wave function. The necessary overlaps and Hamiltonian matrix elements
between |ψCBT⟩ and the Slater determinant walkers can be efficiently computed,
scaling polynomially with the number of qubits (active space size) Nq and
linearly with the number of selected determinants R. As a result, the classical
computational cost within the AFQMC loop remains dominated by standard
steps that scale as O(N4

q ), consistent with conventional AFQMC methods. In
contrast, for matchgate shadows, the local energy must be repeatedly estimated
for each walker at each time step, and this procedure is the most computationally
demanding part of the approach, scaling as O(N8.5

q log2(Nq)) with active space
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size [44]. Moreover, CBT allows for accurate computation and storage of
amplitudes and their ratios, even for truncated trial wave functions, which
is particularly important for mitigating the problem of exponential decay in
the overlap between the trial wave function and AFQMC walkers. This issue
otherwise leads to an exponential number of shots required to reconstruct the
trial wave function [236, 237].

Once the |ψCBT⟩ wave function is reconstructed, it is used as a trial wave
function for the AFQMC calculation. No further CBT is performed, and all
subsequent calculations are carried out on a classical computer. AFQMC is used
to address the dynamical electron correlation missing from the active space. We
assume that the errors from the CBT measurements are larger than those from
the VQE or QPE steps. To isolate the correlation energy external to the active
space, the energy computed using the full electronic Hamiltonian via AFQMC,
EFull

AFQMC, is adjusted by subtracting the energy determined using the active
space Hamiltonian, Eact

AFQMC. Therefore, for each trial wave function |ψCBT⟩,
two distinct AFQMC evaluations are conducted.

Upon gathering all necessary data, the overall energy within the QC-CBT-
AFQMC framework, EQC-CBT-AFQMC, is calculated as follows:

EQC-CBT-AFQMC = Eact
VQE/QPE + (EFull

AFQMC − Eact
AFQMC). (5.19)

This equation assumes that errors from CBT measurements will cancel out,
while the correlation energy external to the active space is cumulatively added
to Eact

VQE/QPE. Subsequent analysis results demonstrate that this assumption
is true, especially when CBT-induced errors are greater than those from the
VQE/QPE stages. Virtually the same correction was used in our tailored coupled
cluster study with CBT [147].

5.3 Results and Discussion
This section demonstrates the efficacy of the proposed method for constructing
PECs of selected molecular systems, including the hydroxyl radical, ethylene, and
nitrogen molecules. We compare the PECs generated via QC-CBT-AFQMC with
those obtained from established computational techniques such as multireference
configuration interaction, multireference perturbation theory, and coupled cluster
methods. Furthermore, the impact of the number of CBT measurements on
the accuracy of the results is evaluated, both with and without the application
of Eq. (5.19). Additionally, the reaction barriers for two [3+2] cycloaddition
reactions are evaluated, and the application of CBS extrapolation techniques
to enhance QC-CBT-AFQMC calculations is discussed. Although a detailed
resource analysis of matchgate-shadow-based QC-AFQMC has recently been
published [44], the corresponding implementation has not yet been released in
an open source repository. Since developing one would require considerable
additional effort, we did not include the computational results of this method as
a direct reference in the present study.
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The initiation of the QC-CBT-AFQMC computational workflow involved
executing the VQE using the UCCSD ansatz, facilitated by the Chemqulacs
package [241]. We assumed that the VQE stage errors are much smaller than
those introduced by the CBT measurements. As a result, we performed all
VQE calculations in a noiseless setting. Subsequent steps leveraging CBT were
developed using the Qulacs framework [185]. For the AFQMC step, the Ipie
package was used to ensure efficient quantum Monte Carlo simulations [240].
Benchmark PECs were generated using various computational approaches,
including HF, CASCI (i.e., exact diagonalization within the active space), strongly
contracted NEVPT2 (SC-NEVPT2), and CCSD(T), all implemented within the
PySCF package [181]. The selection of active spaces and basis sets was tailored
specifically to each molecule, as described later in detail. Given the unsatisfactory
performance of CCSD(T) PEC for N2, MRCISD+Q was adopted as a more
accurate reference method. Due to the well-documented size-consistency issues of
MRCISD, the Davidson correction was applied to mitigate this shortcoming [84].
The MRCISD+Q method was conducted using the ab initio Orca package [242].

5.3.1 Potential Energy Curves
Initially, the PECs of the hydroxyl radical were mapped as a function of the
O-H bond length. Utilizing both VQE/UCCSD and CASCI methodologies, we
delineated an active space comprising three spatial orbitals to encapsulate the
1s atomic orbital of the hydrogen and 2s and 2px atomic orbitals of the oxygen
that form the σ bond, with three electrons shared among them. The selected
basis set was the augmented aug-cc-pVDZ Dunning basis, enriched with diffuse
functions to accurately capture the formation of radicals during the dissociation
process. For the AFQMC calculations, simulations were performed with 10000
blocks, where each block corresponds to a fixed number of propagation steps
used for statistical sampling and averaging, 10 steps per block, 480 walkers, and
a time step of 0.005 Ha−1. In the CBT phase, we aimed for a maximum of
R = 5 determinants, setting the measurement counts for Nf , Na, and Nb at
106, resulting in a total of approximately 9 × 106 measurements. The maximum
number of CNOT gates in the CBT circuits is 4 for fully connected qubits.

Figure 5.3 presents the constructed PECs for the hydroxyl radical. Notably,
the restricted open-shell HF (ROHF) method diverges as the bond length
increases indefinitely, highlighting the multireferential nature of this extensively
stretched system. A similar behavior is observed with AFQMC based on the
ROHF trial wave function. Conversely, both CASCI and its quantum computing
counterpart, VQE, accurately capture the energy plateau at long bond lengths,
with almost indistinguishable PEC results. However, neither CASCI(3,3) nor
VQE(3,3) accurately depicted the PEC shape in the intermediate region (around
1.5 Å), which is due to the absence of dynamic electron correlation. In contrast,
the QC-CBT-AFQMC approach yields a PEC similar to that derived from
CCSD(T) and MRCISD+Q and matches the SC-NEVPT2/CASCI(3,3) PEC
with minimal deviation. Only small discrepancies observed in the intermediate
bond length range affirm the reliability of our method, positioning it on par with
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Figure 5.3: Potential energy curves for the OH radical obtained using a (3,3)
active space and the aug-cc-pVDZ basis set. These results highlight how QC-
CBT-AFQMC recovers dynamical correlation effects missing from the active
space alone, closely matching benchmark methods and accurately describing the
bond dissociation.

CCSD(T), MRCISD+Q, and NEVPT2/CASCI(3,3) for analyzing this system.
Next, PECs were plotted for the ethylene molecule, which was analyzed in

terms of the changes in the dihedral HC-CH angle, specifically the rotation
around the double bond. In the applications of both VQE/UCCSD and CASCI,
an active space of 2 orbitals was defined to encompass the 2pz carbon atomic
orbitals that constitute the π bond, with 2 electrons shared between them. The
cc-pVDZ Dunning basis set was chosen for this study. For the AFQMC step, the
configuration included 10000 blocks, 10 steps per block, 480 walkers, and a time
step of 0.005 Ha−1. In the CBT approach, we aimed for a maximum of R = 2
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determinants, with Nf , Na, and Nb set to 106 measurements each, resulting in
a total of 3 × 106 measurements. The maximum number of CNOT gates in the
CBT circuits is 4 for fully connected qubits.
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Figure 5.4: Potential energy curves for ethylene as the HC-CH dihedral angle
varies, computed with a (2,2) active space and a cc-pVDZ basis set. The
QC-CBT-AFQMC(c) approach improves upon CASCI and VQE.

Figure 5.4 presents the PECs for the ethylene molecule. The restricted HF
(RHF) resulted in a cusp at a dihedral angle of 90◦, which is a manifestation of
the degeneracy of the energy states. The same incorrect behavior is visible
for the AFQMC method, which uses RHF as a trial wave function. In
contrast, the CASCI(2,2) and VQE(2,2) methods effectively smooth the energy
barrier. However, accurately depicting the overall shape of the PEC necessitates
accounting for dynamical electron correlation. MRCISD+Q was not included
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as a reference in this case, since in a minimal (2,2) active space, it does not
adequately describe the dynamical correlation, performing worse than CCSD(T),
AFQMC, and even NEVPT2. The PEC derived using QC-CBT-AFQMC closely
aligns with the CCSD(T) results, except for the region near 90◦, where the QC-
CBT-AFQMC PEC exhibits a gentler incline. In contrast, the PECs determined
using CBT-AFQMC and a downwardly adjusted SC-NEVPT2/CASCI(2,2) show
almost perfect congruence. The small discrepancy between the CCSD(T) and
CBT-AFQMC methods may be attributable to the inherent single-reference
nature of the CCSD(T) approach.

As a third case study, we explored the dissociation of the N2 molecule, a
scenario characterized by its complex, highly multireferential nature due to the
triple bond. For both VQE/UCCSD and CASCI approaches, we selected an
active space encompassing 6 orbitals to include all 2p atomic orbitals forming
the N-N bond, with 6 electrons distributed amongst them. The aug-cc-pVDZ
Dunning basis set was used because it contains diffuse functions crucial for
accurately modeling the dissociation process. The parameters for the AFQMC
calculations were set to 10000 blocks, 10 steps per block, 480 walkers, and a time
step of 0.005 Ha−1. In the CBT phase, we aimed for a maximum of R = 102
determinants, with the measurement counts Nf , Na, and Nb set at 106 each,
culminating in a total of 2.03 × 108 measurements. The maximum number of
CNOT gates in the CBT circuits is 10 for fully connected qubits.

Figure 5.5 displays the PECs constructed for the N2 molecule. As anticipated,
the RHF method cannot accurately predict the PEC for the significantly stretched
N2 molecule. AFQMC also fails when using RHF as a trial wave function.
Notably, even the CCSD(T) method exhibits poor performance due to its
inherent single-reference limitation and perturbative nature. Consequently,
MRCISD+Q was employed as the reference method for this challenging case.
Similarly to the OH radical, both CASCI(6,6) and VQE(6,6) accurately predict
the energy plateau at extended bond lengths but cannot depict the correct PEC
shape in the intermediate region (approximately 1.5 − 2.0 Å). Again, QC-CBT-
AFQMC demonstrates commendable agreement with MRCISD+Q across both
equilibrium and intermediate regions. Nevertheless, deviations from the expected
plateau become apparent at longer distances. This discrepancy is attributed
to the fact that while MRCI employs CASSCF(6,6)-optimized orbitals, CBT-
AFQMC relies on the same orbitals as VQE(6,6), specifically the RHF canonical
orbitals. Achieving closer alignment with MRCI necessitates either expanding
the active space or optimizing orbitals in a CASSCF-like fashion. Furthermore,
the curvature of the QC-CBT-AFQMC PEC in the intermediate region aligns
more closely with MRCI than with SC-NEVPT2/CASCI(6,6), highlighting the
precision of the proposed method.

Another point worth mentioning is the computation time. As stated in
Ref. [44], classical post-processing for the calculation of benzene on a single CPU
core would take approximately 1000 hours per time step using a (6,6) active
space. In our case, the full QC-CBT-AFQMC calculation for a single bond
length of N2 within the same active space took at most around 5.5 hours on 48
CPU cores. The CBT part was not parallelized and took only several minutes
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Figure 5.5: Potential energy curves for N2, obtained with a (6,6) active space
and the aug-cc-pVDZ basis set. QC-CBT-AFQMC(c) accurately captures the
multireference character of the stretched N-N bond, showing improved agreement
with MRCISD+Q references over other methods.

to complete. This demonstrates the much higher efficiency and practicality of
our CBT approach compared to the existing matchgate shadows method.

5.3.2 Influence of the Trial Wave Function on AFQMC
Convergence

To assess the impact of the trial wave function quality and demonstrate the
potential advantage of quantum-prepared initial states, we performed a series
of AFQMC calculations with different trial states for the N2 molecule. All
calculations employed the aug-cc-pVDZ basis set, containing diffuse functions
crucial for accurately modeling the dissociation process. The (6,6) active space
was used, including all 2p orbitals of the nitrogen atoms, which participate in
N–N bond formation. The simulation parameters of AFQMC were fixed to 10000
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Figure 5.6: AFQMC calculations for the N2 molecule with a (6,6) active space
in the aug-cc-pVDZ basis set. (a) Potential energy curves obtained using
AFQMC with different trial wave functions. The MRCISD+Q curve is shown
as a reference. (b) Block-averaged AFQMC energy as a function of block index
during the equilibration stage at an N–N bond length of 2.9 Å. In all calculations,
we used 10000 blocks with 10 steps per block, 480 walkers, and a time step of
0.005 Ha−1. The first 100 blocks were discarded for equilibration and were not
included in the final energy estimates. (c) Potential energy curves obtained using
active-space-only AFQMC with different trial wave functions. The CASCI(6,6)
curve is shown as a reference. (d) Block-averaged active-space-only AFQMC
energy as a function of block index during the equilibration stage at an N–N
bond length of 2.9 Å. In all calculations, we used 10000 blocks with 10 steps
per block, 480 walkers, and a time step of 0.005 Ha−1. The first 100 blocks were
discarded for equilibration and were not included in the final energy estimates.
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blocks, 10 steps per block, 480 walkers, and a time step of 0.005 Ha−1.
We considered the following trial wave functions: (i) a single-reference RHF

determinant (RHF/AFQMC); (ii) a CISD wave function including single and
double excitations within the active space (CISD/AFQMC); (iii) a CISD state
constructed using CCSD-derived excitation amplitudes (CISD(CCSD)/AFQMC);
and (iv) a multireference state obtained from a VQE calculation using the UCCSD
ansatz, the CBT technique (QC-CBT-AFQMC). In the CBT scheme, we set
R = 102 determinants, with the measurement counts Nf , Na, and Nb set at 106

each, resulting in a total of 2.03 × 108 measurements. The correction formula
from Eq. (5.19) was not used here.

The resulting potential energy curves are shown in Fig. 5.6(a). The QC-CBT-
AFQMC energies closely follow the reference MRCISD+Q curve over the wide
range of N–N bond lengths, separating in the well-stretched, strongly correlated
region (approximately 2.5 − 3.0 Å). In contrast, AFQMC initialized from RHF,
CISD, and CISD(CCSD) trial states shows increasing deviations at shorter bond
distances (approximately 1.7 − 2.0 Å). Consistent with well-known limitations
of single-reference methods in strongly correlated regions, the underlying CCSD
description deteriorates rapidly as the multireference character grows and can
perform worse than even CISD in this regime, whereas QC-CBT-AFQMC remains
more accurate.

To analyze the convergence behavior, Fig. 5.6(b) reports the block-by-block
AFQMC energies at the N–N bond length of 2.9 Å. These raw energies refer to
the instantaneous energy computed at each block according the Eq. (5.18), before
block averaging is performed. Out of the 10000 blocks, the first 100 were treated
as an equilibration phase and excluded from the final energy averaging. The
RHF trial leads to large fluctuations in the raw block energies. For multireference
trials, the fluctuations are reduced and the energy trace becomes more compact.
The CBT trial gives the most stable behavior, with narrow fluctuations and a
rapid onset of a stationary regime.

Moreover, we performed active-space-only AFMQC calculations using those
trial states, where all the electron correlation outside the active space is ignored
and CASCI energies become exact reference values. For the active-space-only
results shown in Fig. 5.6(c), the same trend is observed, except that CISD and
CISD(CCSD) deviate earlier, already at 1.6 Å. In this case, the UCCSD(CBT)
PEC coincides with the reference CASCI(6,6) curve. The active-space-only
AFQMC calculations in Fig. 5.6(d) show the same behavior: QC-CBT-AFQMC
energies converge smoothly to the average with minimal fluctuations, whereas
the other methods exhibit significantly large fluctuations.

The results in Fig. 5.6 demonstrate a clear improvement in the strongly corre-
lated region as one moves from RHF → CISD/CISD(CCSD) → UCCSD(CBT).
These observations indicate that trial states that possess a sufficient multiref-
erence character, such as the UCCSD(CBT) state, provide better overlap with
the exact ground state. This improves both the statistical efficiency and the
robustness of the AFQMC projection, leading to smoother equilibration and
higher overall accuracy in the strongly correlated region of the N2 dissociation
curve.
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5.3.3 Effect of Measurement Quantity on CBT
The accuracy of CBT is inherently linked to the number of performed
measurements, where more measurements typically yield more precise CI
coefficients. However, conducting millions of CBT measurements in practical
scenarios is time consuming. Importantly, the primary objective within the
AFQMC step is to capture the dynamical correlation outside of the active space.
In this context, it is assumed that errors in CI coefficients mostly affect the
correlation outside the active space. By employing Eq. (5.19), we isolated this
energy correction by subtracting the AFQMC energy obtained within the active
space approximation from that obtained within the full space. This section
examines the precision of our method in practical applications.

Focusing on the OH radical, the left side of Fig. 5.7 clearly shows the effect
of the number of CBT measurements on the AFQMC energy based on the
CBT-VQE initial guess. Notably, the error increases with the extension of the
O-H bond, correlating with the system’s increasingly multireferential character.
This multireferential aspect should ideally be accounted for during the VQE
stage. Consequently, applying Eq. (5.19) effectively mitigates these errors, as
shown in the left segment of Fig. 5.7. It is crucial to acknowledge that the PECs
obtained using a large number of measurements, whether or not Eq. (5.19) is
applied, converge closely to the reference because Eact

AFQMC converges to Eact
VQE.

Other molecular systems were also explored and yielded comparable outcomes.
The detailed results of these investigations are available in Appendix C1.

5.3.4 Analysis of Reaction Barriers
To illustrate the practical applicability of our method, we explored the reaction
barriers of [3+2] cycloaddition reactions as a representative example. These
reactions are important in biochemistry, particularly for the in vivo study of
biomolecules [243]. Cycloaddition enables the precise tagging of biomolecules in a
process known as bio-orthogonal click reactions. In addition to real-time imaging,
bio-orthogonal reactions are indispensable for pioneering applications in medicine
and healthcare, such as targeted cancer therapies and in situ drug synthesis [244].
The search for mutually orthogonal reactions is a priority research area.

Among the extensive array of reactions, we focused on the relatively simple
yet crucial reactions between ethylene and nitrous oxide N2O or hydrogen azide
HN3 (see Fig. 5.9). The manageable size of these systems permits highly accurate
calculations of reaction barriers, enabling the construction of a complete basis set
extrapolation. Our findings were benchmarked against the CCSD(T)/CBS [245]
and CBS-QB3 [246] methods, which have been established as reliable approaches
for calculating reaction barriers.

To determine the reaction barriers, we conducted single-point calculations for
reactants at their equilibrium geometries and for the transition state at the peak
of the barrier. All geometric data were derived using DFT using the B3LYP
functional with the def2-SVP basis set, as reported in the work by Stuyver et
al. [247]. Given the high efficiency of DFT for providing optimal geometries
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Figure 5.7: Analysis of CBT measurement effects (i.e., statistical errors) on
QC-CBT-AFQMC results for the OH radical with a (3,3) active space and
aug-cc-pVDZ basis set. Panels (a) and (b) compare the potential energy
curves reconstructed without and with the energy correction from Eq. (5.19),
respectively, as the number of CBT measurements changes. Panels (c) and
(d) show the corresponding energy deviations from CCSD(T). These results
demonstrate that applying the correction significantly reduces measurement-
induced errors, allowing accurate computations even with limited shot budgets.
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Figure 5.8: Computed energy barriers for the [3+2] cycloaddition reactions illus-
trated in Fig. 5.9, comparing QC-CBT-AFQMC results against CCSD(T)/CBS
and CBS-QB3 reference values. Panel (a) shows the results for HN3, while panel
(b) shows those for N2O. The close agreement underscores QC-CBT-AFQMC’s
ability to accurately estimate reaction barriers and demonstrates the effectiveness
of incorporating complete basis set extrapolations.
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Figure 5.9: Illustration of the [3+2] cycloaddition reactions studied: ethylene
reacting with N2O and HN3. These reactions serve as test cases for evaluating
the accuracy of QC-CBT-AFQMC in computing reaction barriers.

for various high-level theoretical approaches, and considering that the DFT
geometries were employed in notable studies [245, 246], we adopted a similar
strategy.

The initial phase of our investigation involved executing the VQE for each
geometric configuration. The VQE wave function was translated exactly,
which corresponds to the CBT with an infinite number of measurements.
This approximation effectively eliminates any potential errors arising from the
measurement process. For the ethylene molecule, we defined an active space
with 2 electrons across 2 orbitals, encompassing both bonding and antibonding π
orbitals. For N2O, the active space included 4 electrons on 4 π orbitals, with one
involved in N-N bonding and simultaneously in antibonding of O-H bonds. This
molecule exhibits axial symmetry, leading to sets of 2 degenerate orbitals, thus
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requiring the selection of a pair of such orbitals. In the case of HN3, an active
space with 4 electrons over 3 orbitals was chosen, incorporating 2 π bonding and
one nonbonding orbital. Given that both the final products and the transition
states in these reactions share similar structures, featuring a single double bond,
we selected active spaces of 2 electrons across 2 orbitals for all entities. These
orbitals represent the π bonding and antibonding interactions associated with
the double bond.

In the final phase, we conducted AFQMC calculations, employing VQE-CBT
wave functions as the initial guesses. The AFQMC simulations were configured
with 10000 blocks, 10 steps per block, 960 walkers, and a time step of 0.005 Ha−1.
Moreover, the initial 1000 blocks were omitted to allow system equilibration.

To construct a complete basis set extrapolation, we performed all calculations
using a sequential series of Dunning basis sets, aug-cc-pVnZ (where n = D, T,
Q), enriched with diffuse functions. This series of basis sets is known for its
rapid convergence compared to those without diffuse functions. Subsequently,
we applied two distinct CBS extrapolation techniques to both the VQE energies
and AFQMC correlation energies. Comprehensive details are provided in
Appendix C2. Eventually, we selected an exponential three-basis-set scheme
for the VQE energy and the Riemann zeta function method for the AFQMC
correlation energy. These results are presented in Fig. 5.8.

Figure 5.8 shows that the VQE/CBS method generally predicts the thermo-
dynamics of reactions with accuracy approaching that of the more sophisticated
perturbation theory-based CBS-QB3 method, particularly noticeable in the
reaction of C2H4 with N2O. However, VQE struggles to accurately predict the
reaction barriers for both reactions. Furthermore, the use of AFQMC gives a
more accurate prediction of the reaction barrier energies, even for the smallest
basis set. This behavior is expected as reactants and products are single-reference
closed-shell systems, whereas the transitional state is a highly stretched multiref-
erential system. The Riemann zeta function method yields results comparable
to the reference data, similar to the CCSD(T)/CBS for the barrier energy of the
C2H4 + N2O reaction, albeit with a slight overestimation of the heat effect of
the reaction. For the C2H4 + HN3 reaction, the same approach estimates the
barrier energy within 1.5 kcal/mol of that given by CCSD(T) and the reaction’s
heat effect within 8 kcal/mol of that given by CBS-QB3. Remarkably, our
findings closely align with those obtained using the much more costly and precise
CCSDT(Q)/CBS method [248]. In our analysis of the C2H4 and HN3 reaction,
we determined an energy barrier of 18.6 kcal/mol, while the referenced study
reported a barrier of 18.29 kcal/mol for the reaction between C2H4 and CH3N3.
This similarity underscores the chemical resemblance between the two systems,
with the only possible variance arising from the presence of the CH3 group, which
likely introduces a small geometrical obstacle. Similar findings were observed for
the heat effect; our method gave a value of −27.5 kcal/mol, which is very close
to the −28.86 kcal/mol reported in the referenced study, underscoring the high
accuracy of our method.
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5.4 Conclusions
In this work, we presented QC-CBT-AFQMC, which integrates the QC-AFQMC
approach with CBT. Our main motivation stems from the practical limitations of
current schemes of quantum tomography under realistic shot budgets. Although
QC-AFQMC with matchgate shadow has polynomial asymptotic scaling, its high
polynomial degree (O(N8.5

q log2(Nq))), circuit requirements, and measurement
overhead limit its practicality, particularly for near-term quantum devices and
could remain nontrivial even in the FTQC era.

In contrast, CBT uses sparse Clifford circuits with O(Nq) CNOT gates and
has a lower constant prefactor, allowing us to do calculations for bigger active
spaces. CBT circuits can be implemented in constant depth using midcircuit
measurements. The classical post-processing cost of QC-CBT-AFQMC O(N4

q )
is lower than that of the matchgate shadows. This makes CBT applicable to
near-term quantum devices. In addition, the extracted wave function data via
CBT is stored in double precision format, avoiding exponential scaling of the
measurements. Within the QC-AFQMC framework, the wave function data
measured by CBT are then used to mitigate the sign problem in AFQMC,
enabling efficient incorporation of dynamical correlation.

Tests on molecular benchmarks under realistic shot constraints showed that
accurate trial wave functions were obtained using CBT. We further applied
QC-CBT-AFQMC to [3+2] cycloaddition reactions, which are important for
biochemistry and medicine. The predicted barriers of the method matched those
from established methods like CCSD(T)/CBS and CBS-QB3. We also examined
the performance of various CBS extrapolation techniques for AFQMC, finding
that both the inverse cube and Riemann approaches gave similar and reliable
results.

Looking ahead, there are multiple directions for further improvements.
Techniques such as QSCI/ADAPT-QSCI [29, 249, 250, 251, 252, 253, 254, 255],
which can potentially reduce the circuit depth and the measurement demands,
could be integrated to achieve even higher shot efficiency. Moreover, additional
research is needed to explore the applicability of the QC-CBT-AFQMC method
to larger and more complex molecular systems, as well as to investigate the
combination of CBT with other quantum-classical hybrid quantum Monte Carlo
approaches [256, 257, 234].



Chapter 6

Conclusions

This dissertation demonstrates how quantum computations for quantum
chemistry can be made practically viable under realistic FTQC constraints.
Rather than attempting to brute-force the fundamental complexity barriers
of electronic structure theory, these limitations are treated explicitly as
design constraints that shape feasible quantum-classical workflows. From this
perspective, two factors emerge as decisive for practical performance: the
preparation of chemically relevant quantum states with sufficiently large overlap
with target eigenstates, and the availability of efficient classical post-processing
methods capable of recovering correlation effects beyond the active space.

On the quantum side, this work shows that state preparation can be
systematically improved by exploiting the Hamiltonian itself as a filtering resource.
A family of power-iteration-based quantum methods is developed to refine an
initial state toward ground and excited eigenstates with near-optimal query
complexity across a broad range of regimes, including scenarios with and without
prior energy estimates. A key conclusion is that algorithmic efficiency alone is
insufficient unless the exact symmetries of molecular Hamiltonians are explicitly
enforced. To this end, symmetry projectors for particle number and spin are
constructed that are robust to finite gate precision and exhibit favorable scaling,
enabling the preparation of symmetry-adapted states with substantially enhanced
overlap at a cost negligible compared to that of quantum phase estimation. These
results highlight that improving input state quality is often a more effective route
to practical gains than further optimizing downstream quantum algorithms.

On the classical side, we address the inevitable limitations of quantum
hardware by developing an efficient post-processing pipeline that recovers
dynamical correlation outside the active space. By combining CBT with AFQMC,
the proposed QC–CBT–AFQMC workflow enables the use of quantum-prepared
multiconfigurational states as high-quality trial wavefunctions under realistic
measurement budgets. Together with the state preparation techniques developed
in this work, this approach establishes an end-to-end hybrid quantum–classical
strategy in which quantum resources are focused on the hardest correlated
subproblems, while classical methods extend these results to chemically relevant
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accuracy.
Chapter 3 establishes GQSP as a unifying and scalable framework for initial

state preparation using quantum power-based methods. The central motivation
is that the electronic Hamiltonian itself constitutes the fundamental source
of information about its eigenstates, naturally leading to Hamiltonian-driven
refinement schemes that iteratively improve an initial guess toward states of
interest, in close analogy to ITE [35]. Within this framework, QPI enables
convergence to the ground state without requiring prior knowledge of the target
energy, while QPL further accelerates convergence through variational subspace
optimization. A rigorous query complexity analysis shows that QPI and QPL
achieve near-optimal scaling O

( 1
β
λ

∆γ log 1
β2γ2ε

)
for ground-state preparation,

where γ denotes the initial state overlap, ∆ the spectral gap, ε the target
preparation error, and β the Lanczos overlap improvement factor. While
quantum analogues of inverse iteration are traditionally implemented using
Trotterized time evolution [164, 171], the GQSP-based construction developed
here enables inverse iteration via polynomial approximation, yielding the QII
method. When a reliable energy estimate is available, QII achieves optimal
Θ
(
λ
γ∆ log 1

ε

)
scaling. Excited states can also be accessed using the QFSM,

albeit with non-optimal scaling; however, unlike existing implementations based
on variational optimization [178], the GQSP formulation avoids measurement-
intensive variational procedures. Benchmarking on representative molecular
systems demonstrates consistent performance across different correlation regimes,
supporting the broader conclusion that GQSP-based quantum power methods
provide a flexible and analytically controlled route to preparing high-quality
input states for quantum chemical algorithms on FTQC.

Chapter 4 establishes symmetry filtering as a practical and resource-efficient
component of state preparation by constructing and quantitatively benchmarking
explicit symmetry projectors for particle number and spin. In contrast to previous
approaches that are restricted to finite groups [210], modify the Hamiltonian
itself [207, 206], or rely on energy penalty terms [209], and to earlier projector
proposals lacking detailed resource analysis [205], we systematically compare
projector implementations based on LCU, GQSP and GQSVT with explicit gate
counts and precision requirements. We find that LCU and GQSP projectors
for N̂ and Ŝz achieve quasi-quadratic scaling in the number of spin-orbitals,
O(N2

SO logNSO) T gates, while maintaining robustness to single-qubit rotation
errors at the 10−1–10−2 level, whereas GQSVT incurs significantly larger constant
factors and stricter phase-precision demands. An efficient realization of total-spin
filtering via the composite projector P̂MS

P̂SP̂MS
brings its cost into the same

scaling class as N̂ and Ŝz projection. Numerical demonstrations on representative
molecular systems show that symmetry filtering increases the success probability
of quantum phase estimation from approximately 0.5 to above 0.9, while incurring
projector T gate costs three orders of magnitude below those of QPE itself, even
for FeMoco-scale active spaces. Together, these results demonstrate that explicit
symmetry projection is a low-cost preprocessing step that materially improves
the state quality for practical quantum chemistry simulations.

Chapter 5 addresses the classical post-processing of quantum-prepared active
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space states. Although existing QC-AFQMC approaches are robust to noise
and can achieve high accuracy, they suffer from prohibitive measurement
and computational costs when implemented using Clifford or matchgate
shadows [42, 43]. The proposed QC-CBT-AFQMC workflow overcomes these
limitations by reconstructing multiconfigurational wave functions within the
active space using CBT. This reconstruction requires only shallow Clifford circuits
with O(NSO) CNOT gates, making it feasible under realistic time budgets. The
resulting state is then employed as a trial wave function in AFQMC, where it
mitigates the sign problem and enables the recovery of dynamical correlation
beyond the active space. As a consequence, the overall cost of post-processing is
reduced to O(N4

SO) scaling, representing a substantial improvement over existing
QC-AFQMC schemes while maintaining high accuracy. Importantly, the ability
to perform reliable CBS extrapolation within the QC-CBT-AFQMC scheme
enables systematic convergence toward chemically accurate, experimentally
testable results rather than isolated finite-basis benchmarks. Taken together,
these results demonstrate that quantum-prepared active space states offer a
qualitative advantage over classically prepared counterparts by providing access
to multireference trial states that would be exponentially costly to construct or
manipulate on classical hardware.

Viewed as a whole, the contributions of this dissertation support a practical
strategy for quantum chemistry on FTQCs: targeted, symmetry-adapted state
preparation in an active space on quantum hardware, combined with efficient
state tomography and classical post-processing to recover missing electronic
correlation. Together, these elements can form a hybrid quantum–classical
workflow, in which quantum resources are devoted to the generation of high-
quality multiconfigurational states, while classical algorithms systematically
extend these states to recover residual correlation effects beyond the active
space. This division of labor provides a realistic pathway for leveraging
quantum hardware in chemically relevant simulations, including challenging
strongly correlated systems such as the FeMoco active site, where multiple
electronic states with different total spin lie in close energetic proximity. In such
cases, accurate state preparation critically depends on reliable spin filtering, as
developed in this dissertation. The subsequent QC–CBT–AFQMC framework
then incorporates correlation effects outside the active space, providing a route
toward quantitatively accurate descriptions of complex multireference systems
that remain difficult to treat using purely classical methods.

The main conceptual limitation of the present work is its focus on the
preparation and post-processing of a single dominant electronic state. In many
chemically relevant situations, however, several low-lying, quasi-degenerate states
must be treated on an equal footing to maintain balanced accuracy across the
manifold. Addressing this multi-state regime will likely require extensions beyond
the present power-iteration framework. For example, state preparation schemes
based on effective Hamiltonian formalisms can simultaneously approximate
multiple low-lying eigenstates. On the classical side, analogous challenges arise
because standard AFQMC targets a single state. Thus, consistent treatments
of near-degenerate manifolds may require explicitly multi-state formulations.
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Developing such multi-state quantum state preparation methods and integrating
them with compatible classical strategies represents a natural direction for future
work, particularly for systems exhibiting quasi-degeneracies.

Additional limitations arise from practical considerations. Quantum power
methods are most effective when the initial guess state already captures
the essential multireference character, mirroring the classical use of the PL
method [179] as refinement techniques rather than as a black-box solver. The
QFSM further relies on sufficiently large energy gaps, which tend to decrease for
excited states in chemically relevant systems. Both quantum power methods and
symmetry projectors assume the availability of AA to achieve practical success
probabilities. Finally, the QC-CBT-AFQMC workflow inherits the active space
selection problem common to many multireference methods and requires that all
qualitatively important configurations be included in the CBT reconstruction.
Although their coefficients are only approximate and subsequently refined during
AFQMC, phases should be captured precisely.

At this point, a philosophical question may arise: can a truly universal method
exist that would allow one to solve any molecular problem to an arbitrary
precision more efficiently than brute-force FCI or direct spatial discretization?
This question reflects a tension between the abstract universality of formal
laws and the concrete individuality of real systems. Computational complexity
theory provides strong reasons to doubt the existence of such a universal method,
indicating that, when the Hamiltonian is taken as an abstract object in isolation,
extracting its physical content requires exponential resources.

One may nevertheless imagine the discovery of a universal algorithm capable
of efficiently solving all electronic structure problems. Yet such a discovery would
have a paradoxical consequence. By abolishing the need for approximations,
heuristics, and chemical intuition, it would dissolve the very conditions under
which chemistry exists as a science. Chemistry persists not despite the simplicity
of its fundamental Hamiltonians, but because concrete molecular systems exhibit
individuality that cannot be exhausted by abstract universal rules. In this sense,
such a universal algorithm would signify the negation of chemistry as a living
process of knowledge, reducing it to a closed formal system.

Scientific understanding does not proceed by the mere application of abstract
laws to particular cases. Rather, it unfolds through the continuous mediation
between reasoning and reality. Knowledge emerges through this process
of interaction, in which experiments, engineering constraints, and practical
limitations play an essential role. Purely formal reasoning, detached from
material engagement, cannot “outrun the locomotive” of nature itself.

Formal limitations, expressed, for instance, in the language of computational
complexity theory, should therefore not be interpreted as absolute prohibitions.
Instead, they reflect the current stage of our conceptual and practical
interaction with the physical world. They mark points of tension where
abstract universality encounters concrete specificity and where new forms of
approximation, representation, and computation may emerge through their
resolution.
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Thus, the perspective that emerges from this work suggests that progress in
quantum chemistry relies on the systematic incorporation of chemical intuition
and physically motivated heuristics into computational methods, rather than
on the prospect of discovering a universal algorithm. Even in the presence of
highly structured molecular Hamiltonians, one must ultimately acknowledge
the irreducible emergent complexity of each system. Knowledge in quantum
chemistry should not be understood as automatic computation, but as a dialog
between human reasoning and nature, in which computation constitutes only
one moment within a broader process of scientific becoming.
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Appendix

Appendix A: Supporting Information for Chapter
3

A1 Angle Finding
A crucial component of any QSP-based algorithm is the determination of the
rotation angles sequence. The GQSP algorithm is no exception; it uses a
procedure very similar to that of conventional QSP and QSVT. An angle finding
protocol typically involves four steps: truncation, partition, completion, and
carving. Each step is described in detail below.

In GQSP, our goal is to apply an arbitrary function f(z) to a unitary block
encoding matrix U . As the first step, we approximate the target function using
a complex-valued polynomial F (z), for instance, using the Remez exchange
algorithm. This procedure is called truncation: restricting the function to a
finite-degree polynomial that approximates f(z) sufficiently well for our purposes.

Once we obtain F (z), the next step is partition, in which we rescale F (z) to
ensure that its absolute value does not exceed 1 on a unit circle in the complex
plane. Typically, this is achieved by dividing F (z) by a sufficiently large constant
α, and defining P(z) = F (z)/α. This results in |P(z)| ≤ 1 on the complex unit
circle.

Having obtained P(z), we must then complete the polynomial to form the
unitary that GQSP applies to U . Specifically, we seek a polynomial Q(z) such
that

GQSP(U) =
(

P(U) ∗
Q(U) ∗

)
(A1)

with the constraint |P(z)|2 + |Q(z)|2 = 1 on a unit circle. Several methods
can be used to find Q(z); four of the most common are via optimization, via
root-finding, via Prony’s method, and the recently proposed exact expression
using contour integration [258].

The optimization-based technique used by the original GQSP authors [128]
begins by applying a Fourier transform to the condition |P(z)|2 + |Q(z)|2 = 1.
Denoting by a⃗ and b⃗ the coefficient vectors of P(z) and Q(z) respectively, one
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obtains
a⃗ ⋆ reverse(⃗a)∗ + b⃗ ⋆ reverse(⃗b)∗ = δ⃗, (A2)

where ⋆ denotes discrete convolution and reverse(·) refers to the reversal order
of elements of an vector.

One can then solve

arg min
b

∥∥∥a⃗ ⋆ reverse
(
a⃗
)∗ + b⃗ ⋆ reverse

(⃗
b
)∗ − δ⃗

∥∥∥2
, (A3)

determining a suitable b⃗. Although straightforward to implement, this method
can be sensitive to initial guesses and may not be precise enough.

A more direct approach uses polynomial properties in a complex plane [259].
One first defines

g(z) = 1 − |P(z)|2. (A4)
Half of the roots of g(z) lie inside the unit circle, whereas the other half lie

outside. Let {ξj} be the roots within the unit circle. Subsequently, a polynomial
Q(z) satisfying |Q(z)|2 = g(z) on |z| = 1 can be written up to scaling as follows:

Q(z) ∝
∏

|ξj |<1

(z − ξj). (A5)

Although conceptually simpler, this requires finding all roots of a potentially
high-degree polynomial, making it computationally expensive.

Prony’s method was proposed to address the scaling challenges of root
finding [260, 129]. Define

h(z) = 1
g(z) = 1

1 − |P(z)|2 . (A6)

In this formulation, the roots of g(z) become poles of h(z). Hence h(z) can be
expressed as follows:

h(z) =
∑
ξj

rj
z − ξj

+ constant, (A7)

where rj are the residues of h(z) at the poles ξj . Next, one computes the Fourier
coefficients ĥk of h(z):

ĥk = 1
2πi

∫
G

h(z)
zk

dz

z
= −

∑
|ξj |<1

rjξ
−(k+1)
j , (A8)

where G denotes a unit circle contour. Thus, each ĥk is a linear combination of
the inverses of the roots inside G. Following Prony’s approach, the polynomial
for Q(z) is obtained by solving

HProny


m0
m1
...
md

 = 0, (A9)
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where HProny is the l × (d+ 1) Hankel matrix

HProny =


ĥ−1 ĥ−2 · · · ĥ−(d+1)
ĥ−2 ĥ−3 · · · ĥ−(d+2)

...
... . . . ...

ĥ−l ĥ−(l+1) · · · ĥ−(d+l)

 . (A10)

The vector m⃗ = (m0,m1, . . . ,md)T contains the coefficients of the Q(z) up to
a scaling factor and can be obtained using the singular value decomposition
(SVD). In particular, HProny = USVDΣV †

SVD, where USVD and VSVD are unitary
matrices, and Σ is a diagonal matrix of singular values of HProny. Because
rank(HProny) < d+ 1, Σ has at least one zero and the corresponding column of
VSVD supplies m⃗.

The most advanced technique for the completion step, which relies on complex
analysis, was introduced in [258]. In this approach, one begins with the function
g(z) defined in Eq. (A4); however, this time, the logarithm is applied:

w(z) = log(g(z)). (A11)

Next, the Fourier series of the boundary function w(eiθ) is calculated, denoted
by ŵ(θ). Then the projection operator Π is applied, which leaves only non-
negative frequency components from ŵ(θ) and halves the constant term:

Π
[
einθ

]
:=


einθ, n ∈ Z>0,
1
2 , n = 0,
0, n ∈ Z<0.

(A12)

This projection ensures that Πw(z) is holomorphic inside the unit disc; thus, the
resulting polynomial Q(z) will contain only non-negative powers of z.

Finally, the polynomial Q(z) is recovered by exponentiating the projected
function:

Q(z) = exp[Πw(z)]. (A13)

After completing P(U) and Q(U), the final step is called carving, in which
the GQSP sequence (see Eq. (2.168)) was unwrapped from the end:(

P̂(U) ·
Q̂(U) ·

)
= CU†

0 R̃(θj , ϕj , 0)†
(

P(U) ·
Q(U) ·

)
=
(
e−iϕj cos(θj)U † sin(θj)U †

e−iϕj sin(θj)I − cos(θj)I

)(
P(U) ·
Q(U) ·

)
,

(A14)

yielding new polynomials P̂(U) and Q̂(U) of one degree lower than P(U) and
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Q(U). At each iteration, the rotation angles are extracted using

θj = tan−1
(

|bj |
|aj |

)
,

ϕj = arg
(
aj
bj

)
,

λ0 = arg(b0).

(A15)

This process is repeated until the sequence is fully carved out, and any remaining
global phase is stored in the final angle λ0.

In practice, numerical problems may arise when P(z) has nearly zero
coefficients at high or low powers. This reduces the numerical rank of HProny
in Eq. (A9). To mitigate this, a capitalization technique is used, in which an
auxiliary polynomial P ′(z) with large coefficients at the highest and lowest
powers is added and then subtracted:

P ′′(z) = 1
β

P(z) − P ′(z) = 1
β

P(z) − Υ(zd + 1), (A16)

where β and Υ are suitably chosen large constants. Subsequently, we work with
P ′′(z), which is numerically more stable.

Once P ′′(U) is computed, the P(U) must be recovered. This requires the
addition of P ′(U) using an extra qubit, as illustrated in Fig. A1:

|0⟩

. . .

|0⟩ Had Had

GQSP
for

P ′(U)

GQSP
for

P ′′(U)

Figure A1: Quantum circuit to restore the original polynomial P(U) after the
capitalization step, using LCU with one additional qubit. Had denotes Hadamard
gates.

Although this method doubled the circuit depth and consumed an additional
qubit, it stabilized the numerical procedure.

A2 Comparison of QII with Q-Inv and I-Iter for Different
Truncation

Here, we analyze how the convergence behavior of QII changes with different
truncations of the Taylor polynomial (see Fig. A2). As a general rule, the
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Figure A2: Comparison of QII, I-Iter, and Q-Inv [171] for H2, LiH, BeH2, and
H4. Shown is the deviation from CASCI energies as a function of the iteration
number. For QII, n refers to the polynomial truncation degree, while for I-Iter
and Q-Inv, n is the Gauss-Legendre polynomial order. neq is the order at which
energy convergence is reached.

convergence limit depends on the truncation: the higher the polynomial degree,
the lower the energy.

For H2, QII achieved chemical accuracy for all tested values n. Q-Inv(n = 1)
is very close to QII(n = 5). The curves for QII(n = 20), QII(n = 50), I-
Iter(n = 1) and Q-Inv+I-Iter(n = neq) are grouped near 4 × 10−16, which is the
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most likely consequence of machine precision.
For LiH, polynomial truncation in QII becomes a more significant constraint.

Chemical accuracy was achieved only for n ≥ 20, whereas lower n values
converged to energies above the chemical accuracy. However, once n is sufficiently
large, QII converges faster than Q-Inv and I-Iter; QII(n = 20) requires only two
iterations to reach chemical accuracy, whereas QII(n = 50) does so in a single
iteration.

A similar trend is observed for BeH2. QII with n ≥ 20 achieved chemical
accuracy with seven iterations at n = 20 and in only one iteration at n = 50.
Again, QII(n = 50) initially converges faster than I-Iter or Q-Inv. However,
after approximately 30 iterations, the combined Q-Inv+I-Iter approach slightly
exceeded QII(n = 50). Extending QII to n > 50 further improves the final
accuracy.

The ground state of the square H4 system exhibits a strong multireference
character, making it the most challenging case. Only QII(n = 50) achieved
chemical accuracy in only two iterations. However, at longer iteration counts
(beyond 10), I-Iter eventually reached lower energies. Similarly, increasing the
degree of polynomial n in QII can further enhance its performance. Conversely,
the Q-Inv method alone did not achieve chemical accuracy of this system within
the tested iterations.

A3 Pseudocodes
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Algorithm 1 Quantum power Lanczos (QPLk)

Require: Hamiltonian H, initial state
∣∣ψ(0)〉, Krylov order d, iterations N

1: Initialize coefficients Ci.
2: Define the Krylov polynomial

Pd(x) =
d∑
i=0

Cix
i.

3: Variational optimization:
4: repeat
5: Use GQSP to prepare ∣∣∣Ψ(0)

k

〉
∝ Pd(H)

∣∣∣ψ(0)
〉
.

6: Estimate the energy

E
(0)
k =

〈
Ψ(0)
k

∣∣∣H ∣∣∣Ψ(0)
k

〉
.

7: Update {Ci} to minimize E(0)
k .

8: until convergence of E(0)
k

9: Power iteration:
10: n = 1
11: repeat
12: Use GQSP to prepare ∣∣∣Ψ(n)

k

〉
∝ HnPd(H)

∣∣∣ψ(0)
〉
.

13: Apply AA circuit
14: Estimate the energy

E
(n)
k =

〈
Ψ(n)
k

∣∣∣H ∣∣∣Ψ(n)
k

〉
.

15: n = n+ 1
16: until n = N + 1 or convergence of E(n)

k

17: return
∣∣∣Ψ(n)

k

〉
(and E

(n)
k )
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Algorithm 2 Quantum inverse iteration (QII)
Require: Hamiltonian H, shift ϵ0, truncation order M , iterations N

1: n = 1
2: repeat
3: Compute polynomial coefficients {ak}Mk=0 approximating

(H − ϵ0I)−n ≈
M∑
k=0

akHk.

4: Use GQSP to prepare

∣∣∣Ψ(n)
〉

∝
M∑
k=0

akHk
∣∣∣ψ(0)

〉
.

5: Apply AA circuit
6: Estimate the energy

E(n) =
〈

Ψ(n)
∣∣∣H ∣∣∣Ψ(n)

〉
.

7: n = n+ 1
8: until n = N + 1 or convergence of E(n)

9: return
∣∣Ψ(n)〉 (and E(n))
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Algorithm 3 Quantum folded spectrum method (QFSM)
Require: Hamiltonian H, target shift ϵm, constant C > 0, iterations N

1: n = 1
2: repeat
3: Define the shifted Hamiltonian

Hshifted = H − ϵmI.

4: Define the folded-spectrum polynomial

Fn(x) = (1 − Cx2)n.

5: Use GQSP to prepare ∣∣∣Ψ(n)
〉

∝ Fn(H)
∣∣∣ψ(0)

〉
.

6: Apply AA circuit
7: Estimate the energy

E(n) =
〈

Ψ(n)
∣∣∣H ∣∣∣Ψ(n)

〉
.

8: n = n+ 1
9: until n = N + 1 or convergence of E(n)

10: return
∣∣Ψ(n)〉 (and E(n))
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Controlled-QA

a

. . .

. . .

. . .

|0⟩ R̃(θ0, ϕ0, λ) Z

|0⟩ PREP
SELECT

PREP†

|ψ⟩

. . .

. . .

. . .

R̃(θd, ϕd, 0)
|0⟩

|0⟩

Poly(A/α)|ψ⟩

Figure B1: GQSVT circuit. The circuit comprises three registers: the first
one qubit register performs signal processing; the second a qubits register
performs the block encoding; and the third qubits register that holds the
state, which the operator Poly(A/α) acts on. The state Poly(A/α)|ψ⟩ is up
to corresponding normalization. The blue frame highlights the controlled-QA
qubitization operator.

Appendix B: Supporting Information for Chapter
4
B1 Generalized Quantum Singular-Value Transformation
Given a (λLCU, a, 0) block encoding VA of A/λLCU, qubitization (see Sec. 2.2.4.3)
embeds this operator into a larger unitary, whose action is reduced to
two–dimensional invariant subspaces. Concretely, define

QA = (2 |0⟩⟨0| ⊗ I − I)VA. (B1)

Within each invariant subspace, QA acts as an SU(2) rotation. If σi are the
singular values of A, then the eigenphases ±θi of QA satisfy

cos θi = σi/λLCU, (B2)

such that the spectrum of A is encoded at the rotation angles of QA.
Using QA as the signal operator in the GQSP framework yields the

GQSVT [177], in which polynomial transformations act directly on the singular
values of A. The resulting sequence has the same form as Eq. (2.168) with
controlled-QA instead of controlled-U . If A is diagonalizable, then the procedure
implements Poly(A/λLCU). The GQSVT circuit is illustrated in Fig. B1.
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Therefore, the GQSVT framework provides a unified method for constructing
projectors, filters, and other spectral transformations for any block encoded
operator, without assuming normality. The probability of success for an input
state |ψ⟩ is

Pr[succ] =
∥∥Poly(A/λLCU) |ψ⟩

∥∥2
2, (B3)

and can be boosted using AA, similar to GQSP.

Appendix C: Supporting Information for Chapter
5
C1 Dependency Analysis of QC-CBT-AFQMC on the

Number of Measurements for Ethylene and Nitrogen
For ethylene, we benchmarked our CBT-AFQMC results against SC-NEVPT2
and CCSD(T) methods (refer to the lower part of Fig. C1). In the SC-NEVPT2
analysis, the energy does not vary significantly at the 90◦ dihedral angle compared
to CCSD(T), albeit with an offset in the energy scale. Nevertheless, both analyses
reveal minimal energy discrepancies. This was expected since our system is
predominantly a single reference across most geometries. However, the presence
of two anomalies was corrected using Eq. (5.19).

As previously highlighted, the nitrogen molecule represents a challenging
multireference scenario at extended N-N bond lengths. Figure C2 illustrates
the significant escalation of errors as the bond length expands. Nonetheless,
by implementing Eq. (5.19), we successfully mitigated these errors, even with
a small number of measurements. This reduction is feasible because the VQE
component effectively captures most of the static correlation.

C2 Complete Basis Set Extrapolation
The incompleteness of the basis set significantly contributes to discrepancies
between experimental results and computational calculations. Therefore, CBS
extrapolation is crucial for achieving accurate and practically viable results.
Additionally, reference calculations were conducted with CBS extrapolation,
prompting us to adopt a similar strategy.

Typically, for post-HF calculations, it is advisable to differentiate between
the SCF energy (ESCF

X ) and the correlation energy (Ecorr
X ):

Etot
X = ESCF

X + Ecorr
X , (C1)

where Etot
X denotes the total energy of the method under consideration, and

X indicates the cardinal number of the basis set. Subsequently, distinct
CBS schemes are applied to each component of the total energy because the
convergence rate of ESCF

X is typically much faster than that of Ecorr
X . In our

study, ESCF
X corresponds to the VQE energy, analogous to CASCI, while Ecorr

X

represents the energy difference between the energies derived using AFQMC and
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Figure C1: Potential energy curves for the ethylene molecule in the (2,2)
active space with the cc-pVDZ basis set as a function of the number of CBT
measurements (a) without and (b) with applying Eq. (5.19). Energy differences
between QC-CBT-AFQMC and SC-NEVPT2/CASCI(2,2) as a function of the
number of CBT measurements (c) without and (d) with applying Eq. (5.19).
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Figure C2: Potential energy curves for the N2 molecule in the (6,6) active
space with the aug-cc-pVDZ basis set as a function of the number of CBT
measurements (a) without and (b) with implementing Eq. (5.19). Energy
differences between QC-CBT-AFQMC and MRCISD+Q as a function of the
number of CBT measurements (c) without and (d) with using Eq. (5.19).
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VQE, signifying the AFQMC correlation energy. For the convergence analysis
of VQE energy, we employed SCF extrapolation schemes. Table C2 illustrates
the rapid convergence of VQE energies with increasing basis set size, showing a
pattern similar to that observed with SCF convergence.

Several existing techniques for CBS extrapolation are applicable to SCF and
CASSCF. Initially, we employed the exponential scheme [261] as described by

ESCF
X = ESCF

∞ +A exp(−βX), (C2)

where β, A, and ESCF
∞ are parameters determined through fitting. This method

utilizes data from all three basis sets. The second approach adapts the exponential
formula, incorporating pre-optimized parameters tailored for the CASSCF
method based on molecular datasets [262]. The formula for this technique
is given by

ECAS
∞ =

EXi
eβXi − EXj

eβXj

eβXi − eβXj
, (C3)

where Xi represents the optimized cardinal numbers of the basis sets, which
slightly deviate from their integer values, and β is another parameter obtained
through fitting. For our extrapolations, we chose the aug-cc-pVTZ and aug-cc-
pVQZ basis sets. Despite the different approaches, both methods yielded similar
results, with a marginal discrepancy of only 1 mHa, as detailed in Tab. C1.

Furthermore, various methods are available for extrapolating the correlation
energy to the CBS limit. Among these, we explored the use of a recently
introduced CBS scheme that utilizes the Riemann zeta function, a method
known for its generality and solid theoretical foundation [263]. The principal
formula for extrapolating across three consecutive basis sets using this method
is expressed as

E∞ = EL + a

(
ζ(4) −

L∑
l=1

l−4

)
+ b

(
ζ(6) −

L∑
l=1

l−6

)
, (C4)

where ζ(x) denotes the Riemann zeta function (notably, ζ(4) = π4

90 and
ζ(6) = π6

945 ). The coefficients a and b are determined as follows:

a = L6(EL − EL−1) − (L− 1)6(EL−1 − EL−2)
2L− 1 ,

b = L6(EL − EL−1) − aL2.

(C5)

Here, L represents the maximum angular momentum achievable with the chosen
basis set. For Dunning’s basis sets, L corresponds to the cardinal number of the
set. For example, in the aug-cc-pVnZ or cc-pVnZ series, L = n.

In addition to the Riemann zeta function approach, we applied the well-
established CBS extrapolation method proposed by Helgaker et al. [264], which
uses an inverse cubic function with two fitting parameters:

EX = E∞ + a

X3 , (C6)
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where X is the cardinal number of the basis set. Since this extrapolation formula
necessitates the use of two basis sets, aug-cc-pVTZ and aug-cc-pVQZ were used.
This scheme has been previously employed in studies focusing on the AFQMC
method and has yielded plausible results [265].

Table C1 shows that the CASCI energies exhibit rapid convergence as the
basis set size increases. The CBS methods, initially designed for CASSCF but
applied to CASCI in our study, yield remarkably consistent energies, diverging
by no more than 1.5 mHa. Such consistency underscores the reliability of the
obtained results.

Conversely, the convergence of AFQMC correlation energies is notably slower.
The CBS methods are tailored for correlation energy calculations, resulting in
more substantial discrepancies in energies across different molecular systems.
Nonetheless, when these methods are applied to computing energy barriers, the
differences tend to offset each other, resulting in energy discrepancies within 1.5
kcal/mol, as detailed in Tab. C2.
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