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Abstract

This thesis discusses learning coefficients for singular models. In Bayesian
inference, the asymptotic behavior of evaluation metrics for predictive accu-
racy, such as generalization loss and free energy, is determined by a model-
specific rational number known as the learning coefficient (real log canonical
threshold). Learning coefficients are already known for models that satisfy
regularity conditions. However, for singular models that do not satisfy these
conditions, specific values of learning coefficients have been provided for cer-
tain models such as reduced-rank regression. Nevertheless, a general formula
for learning coefficients that broadly applies to singular models has not yet
been established.

In Chapter 3, we derive a formula for the learning coefficients of sta-
tistical models that satisfy a condition slightly less stringent than the reg-
ularity condition, which we refer to as semiregular models. This formula
reveals that a natural number m, determined by the partial derivatives of
the log-likelihood ratio function f , significantly affects the learning coeffi-
cient. However, it can only be used when the Kullback-Leibler divergence
K(θ) is analytic or when the set of realization parameters Θ∗ is a single
point. It is not applicable to more general cases.

In Chapter 4 and Chapter 5, we present two generalizations to overcome
this limitation. First, we show that the formula for the learning coefficient
still holds when K(θ) is not analytic. Second, we derive a formula that
is applicable even when Θ∗ is not a single point. As a result, we gain
a systematic understanding of how the natural number m, determined by
partial derivatives of f , and the dimension of Θ∗, a geometric quantity,
influence the learning coefficient.

Our main results are applicable to a wide range of singular models. As
a specific example, we provide upper bounds on the learning coefficients for
neural networks and mixture distributions, which had not been elucidated
before.
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Chapter 1

Introduction

Hierarchical models such as neural networks, normal mixture models, and
Boltzmann machines are referred to as singular learning models. These mod-
els are widely used in the analysis of real data, but their theoretical analysis
has not been sufficiently developed. These models possess nonpositive defi-
nite Fisher information matrices and therefore cannot be analyzed by classic
theory [28]. For example, model selection methods such as AIC [1], TIC [23],
and BIC [22], which require the Fisher information matrix to be positive def-
inite and the existence of a unique minimizer of the log loss function, cannot
be applied to singular models.

Watanabe established a theory of learning coefficients using algebraic
geometry for singular models [28]. However, only universal laws were pre-
sented, and further mathematical considerations are necessary to obtain
specific learning coefficients.

Based on the free energy demonstrated by Watanabe [28], widely appli-
cable Bayesian information criteria (WBIC) [30] and the singular Bayesian
information criterion (sBIC) [12] have been developed. The sBIC effectively
uses the learning coefficient λ and its multiplicity m with a fixed point equa-
tion system of marginal likelihood. Moreover, the learning coefficients λ
and their multiplicities m provide mathematical indicators for analyzing the
accuracy of model selection methods such as WAIC ( [1], [24], [25], [26], [28],
[29], [31]) and cross-validation in Bayesian estimation approaches.

The learning coefficient λ is equal to the real log canonical threshold of
the Kullback-Leibler function in algebraic geometry, and its specific value
can be obtained using the recursive blow-up process [14]. However, this
result is an abstract existence theorem, and it is not clear which specific
blow-ups should be performed. Furthermore, the theory of real log canonical
thresholds has fewer achievements in the real number field compared to
the complex number field or algebraically closed fields [16, 18]. Therefore,
obtaining real log canonical thresholds is a matter of interest in various
fields, including mathematics.
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Aoyagi and Watanabe [11] and Aoyagi [9] obtained the specific values of
the learning coefficients for reduced-rank regression models. Furthermore,
Aoyagi [2, 5, 7, 8] obtained specific values or upper bounds of the learn-
ing coefficients for models such as three-layer neural networks and normal
mixture models related to Vandermonde matrix-type singularities. In addi-
tion, Aoyagi [10] obtained learning coefficients for three-layer neural network
models with ReLU units. Additionally, Aoyagi obtained specific values for
restricted Boltzmann machines [6]. Moreover, Rusakov and Geiger [19, 20],
Zwiernik [33] and Drton, Lin, Weihs, and Zwiernik [13] respectively obtained
learning coefficients for naive Bayesian networks, directed tree models with
hidden variables, and Gaussian latent tree and forest models. Additionally,
Lau, Furman, Wang, Murfet, and Wei [17] empirically developed a method
to obtain the local learning coefficient for deep linear networks.

While there is previous research on learning coefficients λ for each statis-
tical model, a formula for learning coefficients λ that can be widely applied
to singular models has not been identified.

In Chapter 3, we generalize the formula for the learning coefficient λ for
regular models and obtain a formula for λ that can be applied to relatively
simple singular models. Regular models refer to cases where the Fisher
information matrix is positive definite and there is a formula λ = d/2 using
the number of parameters d. We consider cases where the Fisher information
matrix is not positive definite and its rank r satisfies r < d. Assuming that
a certain type of linear independence holds, we derive the formula

λ =
d− r + rm

2m
,

where m is a natural number determined by the order of differentiability
of the log-likelihood ratio function. This generalizes the regular case. In
particular, we clarify that this natural number m, along with the number
of parameters d and the rank r of the Fisher information matrix, is a factor
that determines the learning coefficient λ. We utilize this formula to obtain
the learning coefficients for a specific three-layer neural networks with a fixed
weight, which had previously remained unresolved. However, it can only be
used when the Kullback-Leibler divergence K(θ) is analytic or when the set
of realization parameters Θ∗ is a single point.

In Chapter 4 and Chapter 5, we generalize this formula so that it covers
a broader class of singular models. We overcome these constraints in two
ways.

First, we prove that the learning coefficient formula still holds even when
K(θ) is not analytic. This result makes the formula applicable to practically
important nonanalytic models such as normal mixture models.

Second, we handle cases where Θ∗ has a spread. From a geometric per-
spective, we usually know that Θ∗ contains at least one nonsingular point.
We show that if the statistical model satisfies certain assumptions at a non-
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singular point P , then the local learning coefficient λP at P can be computed
in the same form as the formula in Chapter 3.

λP =
d1 − r + rm

2m

where d1 is determined by the codimension of Θ∗. Since this provides an
upper bound on the learning coefficient, we can evaluate it accordingly.

Our main results apply to many models, including a certain class of
three-layer neural networks and mixture distribution models. Specifically,
the three-layer neural network Y =

∑H
i=1 aiσ(biX)+N , which were treated

in Chapter 3, are models in which the weights ai are fixed. In contrast,
by applying the framework developed in Chapter 5, the weights ai can be
treated as parameters. As a result, our method can be applied to a broader
class of models. Based on our main results, we clarified that the learning
coefficient is significantly influenced by the integer r, which is the rank
of the Fisher information matrix, the integer m, which is determined by
the differentiability of f , and the integer d1, which is determined by the
codimension of Θ∗.

1.1 Overview
The rest of this thesis is organized as follows. In Chapter 2, we outline
the concepts of singularity resolution and real log canonical thresholds in
algebraic geometry. In Chapter 3, we describe a formula for the learn-
ing coefficients of the semiregular model and discuss their applications. In
Chapter 4, we show that this formula remains valid without the analyticity
assumption on K(θ). In Chapter 5, we show that a formula of the same type
holds at nonsingular points of Θ∗. We discuss the conclusions and future
work in Chapter 6.

1.2 Definitions and Assumptions
Throughout this thesis, we consider statistical models p(x|θ) with continu-
ous parameters θ = (θ1, . . . , θd) ∈ Θ ⊂ Rd where d ≥ 1, and we denote the
true distribution by q(x). We denote the set of all possible data x by χ.
We assume that the statistical model is realizable, meaning that there exists
a parameter θ∗ such that q(x) = p(x|θ∗) almost surely. We refer to such
parameters θ∗ as realization parameters and denote the entire set of realiza-
tion parameters by Θ∗. Without loss of generality, we assume θ∗ = 0. We
assume that the prior distribution of the parameters φ(θ) satisfies φ(θ∗) > 0
for any realization parameter θ∗. We denote a random variable following
the true distribution q by X, and we use EX [·] to represent the expectation
over the random variable X. In this thesis, we assume that the operations
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of taking expectations and taking partial derivatives with respect to θ are
interchangeable.

We define the log-likelihood ratio function f and the Kullback-Leibler
divergence K(θ) respectively as

f(x|θ) := log
q(x)

p(x|θ)
, K(θ) := EX [f(X|θ)] .

Furthermore, we define

I =Cov

(
∂f(X|θ)

∂θi

∣∣∣∣
θ=0

,
∂f(X|θ)

∂θj

∣∣∣∣
θ=0

)
i,j=1,...,d

,

J =

(
∂2K(θ)

∂θi∂θj

∣∣∣∣
θ=0

)
i,j=1,...,d

.

The matrix I is the Fisher information matrix at θ = 0. Generally, I and
J do not coincide, but under the conditions of this thesis, they do coincide
(see Remark A.1). We denote the rank of this matrix by r.

In this thesis, we also define the following function H(θ) as a measure of
the distance between p(x|θ) and q(x), which we use alongside K(θ):

H(θ) :=
1

2

∫
χ
{p(x|θ)− q(x)}2 dx.
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Chapter 2

Background

In this chapter, we collect the mathematical background needed in the rest
of the thesis. We first recall the basic Bayesian setting and the definition of
the learning coefficient. We then review resolution of singularities and real
log canonical thresholds, and explain how they arise in singular learning
theory.

2.1 Bayesian inference and generalization error
We consider a statistical model

{p(x|θ) | θ ∈ Θ ⊂ Rd},

where x takes values in a measurable space χ, and Θ is an open subset
of Rd. The true distribution of the data is denoted by q(x). K(θ) is the
Kullback-Leibler divergence,

K(θ) := EX

[
log

q(X)

p(X|θ)

]
.

where the expectation is taken with respect to the true distribution q.
Given a prior density φ(θ) on Θ, the zeta function is defined by

ζ(z) :=

∫
Θ
K(θ)zφ(θ) dθ

Definition 2.1 (learning coefficient). [17,28] Let −λ and m be the largest
pole of the meromorphic function ζ(z) and its order. Then λ > 0 is called
a learning coefficient. If we restrict the domain of integration of the zeta
function to a neighborhood of a realization parameter P , then the resulting
learning coefficient is called the local learning coefficient and is denoted by
λP , and its multiplicity is denoted by mP .

5



If we obtain the learning coefficient, then we can predict the stochastic
complexity and the Bayes generalization error theoretically.

We assume that the statistical model is realizable. Let Xn = (X1, . . . , Xn)
be an i.i.d. sample from q. The posterior density is

πn(θ|Xn) =
{
∏n

i=1 p(Xi|θ)}φ(θ)∫
Θ {
∏n

i=1 p(Xi|θ)}φ(θ) dθ
,

and the corresponding predictive density for a new observation X is

pn(x) :=

∫
p(x|θ)πn(θ|Xn) dθ.

The Bayesian generalization error is defined as

Gn := EX

[
log

q(X)

pn(X)

]
.

Under regularity, EXn [Gn] behaves as d
2n + o(1/n), but in singular models

the coefficient d
2 is replaced by the learning coefficient λ, leading to

EXn [Gn] =
λ

n
+ o(1/n).

The free energy Fn is defined to be the negative log of the marginal likelihod:

Fn := − log

(∫
Θ

{
n∏

i=1

p(Xi|θ)

}
φ(θ) dθ

)
.

The asymptotic expansion in n is given by

Fn = −
n∑

i=1

log q(xi) + λ log n− (m− 1) log log n+Op(1).

Moreover, if we restrict the parameter space to a neighborhood of the re-
alization parameter P , then the expectation is governed by the local learning
coefficient λP , and we obtain

EXn [Gn] =
λP

n
+ o(1/n)

Fn = −
n∑

i=1

log q(xi) + λP log n− (mP − 1) log log n+Op(1).

2.2 Real log canonical thresholds
It is known that learning coefficients correspond to the concept of real log
canonical thresholds in algebraic geometry. Real log canonical thresholds
are defined using a resolution of singularities. Here, the resolution of singu-
larities refers to transforming the analytic function F into a normal crossing,
as specified by Theorem 2.1.
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Theorem 2.1 (Resolution of Singularities). [14, 28] Let F (x) be a real
analytic function defined near the origin in Rd that is not identically zero,
with F (0) = 0. Then, there exists an open set W ⊂ Rd containing the origin,
a real analytic manifold U , and a proper analytic map g : U → W satisfying:

(1) Let W0 := F−1(0) and U0 := g−1(W0); then, g : U \ U0 → W \W0 is
an analytic isomorphism.

(2) At any point Q in U0, taking local coordinates u = (u1, . . . , ud) of U
at Q as the origin, it can be expressed as:

F (g(u)) = a(u)uk11 uk22 · · ·ukdd , (2.1)∣∣g′(u)∣∣ = ∣∣∣b(u)uh1
1 uh2

2 · · ·uhd
d

∣∣∣ ,
where ki, hi (i = 1, . . . , d) are nonnegative integers and a(u), b(u) are
real analytic functions with a(u) 6= 0, b(u) 6= 0.

Expressions such as (2.1) are referred to as normal crossings.

Definition 2.2 (Real Log Canonical Threshold). [28] Let F be a real
analytic function defined on an open set O in Rd, and let C ⊂ O be a compact
set. For each point P in C where F (P ) = 0, we perform a translation so
that point P coincides with the origin in Rd, and Theorem 2.1 applies, fixing
(W,U, g) as guaranteed by Theorem 2.1(2). We denote the nonnegative
integers hi, ki given by Theorem 2.1(2) near any point Q ∈ U0 as h

(Q)
i , k

(Q)
i .

(1) The real log canonical threshold λP at point P , and the real log canon-
ical threshold λ for the compact set C, are defined respectively as:

λP := inf
Q∈U0

{
min

i=1,...,d

h
(Q)
i + 1

k
(Q)
i

}
, λ := inf

P∈C
λP ,

with (h
(Q)
i + 1)/k

(Q)
i = ∞ defined for cases where k

(Q)
i = 0 [28].

(2) For the point P ∈ C giving the minimum in (1), the maximum number
of i satisfying λP = (h

(Q)
i +1)/k

(Q)
i is called the multiplicity m. If there

are multiple such points P , the multiplicity is defined as the maximum
number among them.

We consider a case where the analytic function F corresponds to the
Kullback-Leibler divergence K(θ). Under the condition that the prior dis-
tribution φ(θ∗) > 0, it is known that the learning coefficient λ is equal to the
real log canonical threshold on the compact set Θ∗ = {θ ∈ Θ | K(θ) = 0} [28,
Theorem 6.6, Definition 6.4]. This λP is equal to the local learning coefficient
at P .
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Theorem 2.1 ensures the existence of the function g, which can be con-
structed by a finite number of repetitions of an operation known as blow-
up [28]. This result is demonstrated in [14] and [28, Theorem 3.6]. However,
the existence of g is only proven abstractly, and it is usually difficult to find
a specific construction method for g. In this thesis, we construct the coordi-
nate transformation g through a concrete sequence of blow-ups to calculate
the learning coefficient λ.

2.3 Regularity
Definition 2.3 (regularity). [28] q(x) is said to be regular for a statistical
model p(x|θ) if the following conditions are satisfied:

• The set of realizing parameters Θ∗ contains only the single element θ∗
and is contained within the interior of Θ.

• The Hessian matrix ∇2K(θ∗) as θ∗ defined by

(
∇2K(θ∗)

)
i,j

=
∂2K

∂θi∂θj

∣∣∣∣
θ=θ∗

is positive definite.

Proposition 2.1 (Formula for the regular model). [28]
We assume that the true distribution is regular and realizable with respect

to the statistical model. If φ(θ∗) > 0, then we have λ = d/2 and m = 1.

Proposition 2.2. [28] If there exists an open set U ⊂ Θ such that

{θ ∈ Θ | K(θ) = 0, φ(θ) > 0}

is not the empty set, then
λ ≤ d

2
.

Proposition 2.3. [28]
Assume that a parapeter is represented by (θ, τ) ∈ Θ (θ ∈ Rd1 , τ ∈ Rd2)

and that K(θ, τ) and φ(θ, τ) satisfy the following conditions.

(1) For arbitrary τ , K(θ0, τ) = 0.

(2) There exists an open set V ⊂ Rd2 such that φ(θ0, τ) > 0 (τ ∈ V ).

Then
λ ≤ d1

2
.
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Chapter 3

Semiregular models

3.1 Semiregularity
Definition 3.1 (Semiregularity). A statistical model p(x|θ) is said to be
semiregular 1 at a parameter θ∗ (which realizes the true model q(x)) if the
following conditions are satisfied:

• The set of realizing parameters Θ∗ contains only the single element θ∗
and is contained within the interior of Θ.

• If r = d, then the r random variables

∂f(X|θ)
∂θ1

∣∣∣∣
θ=0

, . . . ,
∂f(X|θ)

∂θr

∣∣∣∣
θ=0

(3.1)

are linearly independent 2. If r < d, then the model satisfies Assump-
tion 1.

Assumption 1. Divide the d parameters θ = (θ1, . . . , θd) into θ1, . . . , θr
and θr+1, . . . , θd, and assume:

(1) There exists a maximal integer m (with 2 ≤ m < ∞) such that for all
multiple indices (ir+1, . . . , id) satisfying 1 ≤ ir+1 + · · · + id ≤ m − 1,
the following condition holds:

∂ir+1+···+idf(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

= 0 a.s.

(2) For all (sr+1, . . . , sd) 6= 0, the function
1This term is specific to this thesis and is not generally established.
2The random variables being linearly independent means that they are so with proba-

bility one.
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Fm(X|sr+1, . . . , sd) :=
∑

ir+1+···+id=m
ir+1,...,id∈Z≥0

1

ir+1! · · · id!
∂mf(x|θ)

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

s
ir+1

r+1 · · · sidd .

and the r random variables in (3.1) are linearly independent. When
r = 0, this condition is understood to mean that

Fm(X|sr+1, . . . , sd) 6= 0 a.s.

When r = d, this definition reduces to the usual notion of regularity, so
it indeed generalizes the classical concept. Therefore, we exclude such cases
from our discussion, and we assume r ≤ d− 1 throughout this chapter.
Remark 3.1. We now explain the meaning of the assumption of semiregular-
ity. The assumptions other than Assumption 1 are the same as those in the
regularity condition, and Assumption 1 generalizes the regularity condition
that the Fisher information matrix is positive definite.

As for Assumption 1(1), when 1 ≤ r ≤ d − 1, the first derivatives of f
with respect to θr+1, . . . , θd are linearly dependent on the r random variables
in (3.1). As explained in Section 3.2, by applying an appropriate coordinate
transformation, all such linearly dependent derivatives can be made zero.
Thus, Assumption 1(1) can always be satisfied.

As for Assumption 1(2), it is a condition necessary to guarantee normal
crossings (see the proof of Theorem 3.1). Unlike (1), there exist statistical
models that do not satisfy this condition.

Example 3.1. Let N be a random variable that is subject to the standard
normal distribution. The probability distribution q(x) of X is assumed to
have compact support. Consider the following statistical model in which a
random variable Y for a given X is defined by

Y = A1σ(θ1X) +A2σ(θ2X) +N ,

where A1, A2 are nonzero constants. This is a layered neural network with
one input unit, two hidden units, and one output unit. The true distribution
of Y is assumed to be

Y = 0 +N .

The activation function σ(x) is an analytic function satisfying σ(0) = 0, σ′(0) 6=
0, and the smallest natural number m(≥ 2) such that σ(m)(0) 6= 0 is de-
fined as m. For instance, m = 2 for σ(x) = ex − 1, m = 3 for σ(x) =
sin(x), arctan(x), tanh(x), and m for σ(x) = xm + x.

We assume that the constants A1, A2 satisfy Am−1
1 + (−1)mAm−1

2 6= 0
and that the random variables X and Xm are linearly independent. Under
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these conditions, the statistical model satisfies Assumption 1 for the realized
parameters (θ1, θ2) = (0, 0) when (d, r,m) = (2, 1,m).

Specifically, the log-likelihood ratio function f is given by

f(x, y|θ) = −{A1σ(θ1x) +A2σ(θ2x)} y +
1

2
{A1σ(θ1x) +A2σ(θ2x)}2 .

By performing the coordinate transformation θ′1 = θ1+(A2/A1)θ2, we obtain

∂f

∂θ′1

∣∣∣∣
(θ′1,θ2)=0

= −A1σ
′(0)xy,

∂f

∂θn2

∣∣∣∣
(θ′1,θ2)=0

= 0 (1 ≤ n < m),

∂f

∂θm2

∣∣∣∣
(θ′1,θ2)=0

= − A2

Am−1
1

{
Am−1

1 + (−1)mAm−1
2

}
σ(m)(0)xmy.

Since xmy and xy are linearly independent by assumption, the model satisfies
Assumption 1 for (d, r,m) = (2, 1,m).

Theorem 3.1. [Learning coefficient for a semiregular model] Assume that
K(θ) is analytic. Then the learning coefficient for a semiregular model is
given by the following formula (with multiplicity m = 1):

λ =
d− r + rm

2m
(3.2)

Remark 3.2. In the case of regular models, substituting r = d into (3.2)
results in

λ =
d− d+ d×m

2×m
=

d

2
,

which matches the known result for regular models. Thus, this formula
generalizes the regular case. Previous research has generally shown that
λ ≤ d/2 (Proposition 2.2), and

d− r + rm

2m
≤ d

2
,

so (3.2) does not contradict this finding.

3.2 Derivation Method for m

Throughout this section, we assume that r > 0. To satisfy Assumption 1(1),
we can explicitly construct the variable transformation as follows. Given the
semiregularity, we have r parameters θ1, . . . , θr for which the derivatives

∂f

∂θ1

∣∣∣∣
θ=0

, . . . ,
∂f

∂θr

∣∣∣∣
θ=0

(3.3)
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are linearly independent. For the remaining parameters θr+1, . . . , θd, start-
ing from l = 1, if the derivative can be expressed as

∂lf

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

=

r∑
k=1

ak
∂f

∂θk

∣∣∣∣
θ=0

a.s., ak ∈ R,

then we perform the coordinate transformation
θ′1 := θ1 +

a1
ir+1! · · · id!

θ
ir+1

r+1 · · · θidd
...
θ′r := θr +

ar
ir+1! · · · id!

θ
ir+1

r+1 · · · θidd


θ′r+1 := θr+1

...
θ′d := θd

which makes
∂lf

∂θ
′ir+1

r+1 · · · ∂θ′idd

∣∣∣∣∣
θ′=0

= 0 a.s. (3.4)

without changing other derivatives of order l or lower (this fact is proven in
Proposition B.1). We repeat this process until we first encounter a derivative
that is linearly independent from (3.3); the order of this derivative is m.
Remark 3.3. We must have m < ∞. If m = ∞, that is, if for any ir+1, . . . , id,
condition (3.4) is satisfied; then, in the Taylor expansion of f around θ = 0,
there would be no terms consisting solely of θr+1, . . . , θd. This means that
for sufficiently small arbitrary values of (θr+1, . . . , θd),

f(X|θ1 = 0, . . . , θr = 0, ∀θr+1, . . . , ∀θd) = 0 a.s.,

resulting in the statistical model p(x|θ) realizing the true distribution q(x) at
multiple points near the origin. This contradicts the assumption of semireg-
ularity, which presumes realization at only one point.

3.3 Proof of Theorem 3.1
In the proof of Theorem 3.1, we use the following theorem (for the proof,
see Appendix A):

Theorem 3.2. Suppose that the statistical model p(x|θ) satisfies Assump-
tion 1 and that K(θ) is analytic. Then the Taylor expansion of K(θ) at
θ = 0 can be expressed as:

K(θ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2

]
+ (higher order terms)

12



Here, we define

F1(X|s1, . . . , sr) :=
r∑

k=1

∂f

∂θk

∣∣∣∣
θ=0

sk,

and the higher order terms do not include the following:

• Terms of degree 2m or less consisting only of θr+1, . . . , θd.

• Terms of first degree in θ1, . . . , θr and up to m-th degree in θr+1, . . . , θd.

• Terms of second degree consisting only of θ1, . . . , θr.

Degree of θr+1, . . . , θd

Degree of θ1, . . . , θr

O m 2m

1

2

m− 1 2m− 1

EX [F1(X|θ1, . . . , θr)Fm(X|θr+1, . . . , θd)]

1

2
EX

[
F 2
m(X|θr+1, . . . , θd)

]

1

2
EX

[
F 2
1 (X|θ1, . . . , θr)

]

Figure 3.1: Lowest-order terms in the Taylor expansion of K(θ)

Note. The horizontal axis represents the total degree with respect to θr+1, . . . , θd, and
the vertical axis represents the total degree with respect to θ1, . . . , θr. The blue region
(including its boundary) corresponds to the degrees of the partial derivatives of the log-
likelihood ratio function that are assumed to be zero almost surely. Under this assumption,
the derivatives corresponding to the red region (including its boundary) have zero expec-
tation; equivalently, all Taylor coefficients of K(θ) associated with these degrees vanish.

Proof of Theorem 3.1. Using Theorem 3.2, the Taylor expansion of K(θ)
at (θ1, . . . , θd) = 0 can be expressed as:

K(θ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2

]
+ (higher order terms)

where the higher order terms are specifically expressed as the sum of the
following four terms:

• f0(θr+1, . . . , θd): terms of degree 2m+ 1 and higher

• f1(θ1, . . . , θd): terms of first degree homogeneous in θ1, . . . , θr and of
degree m+ 1 and higher in θr+1, . . . , θd

• f2(θ1, . . . , θd): terms of second degree and higher in θ1, . . . , θr and of
first degree and higher in θr+1, . . . , θd

13



CT1
0m?
m -CT2

CT3
1m?
m -CT4

CT3
2m?
m -CT4 · · · · · · -CT4

CT3

m− 2��
��?

m -CT4

CT3

m− 1��
��?

m -CT4
m����

Figure 3.2: The procedure of coordinate transformations g performed in the
proof of Theorem 3.1

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

• f3(θ1, . . . , θr): terms of third degree and higher.

We now consider these terms at their lowest degrees, namely:

• f0(θr+1, . . . , θd): terms of degree 2m+ 1 homogeneous

• f1(θ1, . . . , θd): terms of first degree homogeneous in θ1, . . . , θr and m+1
degree homogeneous in θr+1, . . . , θd

• f2(θ1, . . . , θd): terms of second degree homogeneous in θ1, . . . , θr and
first degree homogeneous in θr+1, . . . , θd

• f3(θ1, . . . , θr): terms of third degree homogeneous.

The proof for the general case proceeds similarly.
We perform the following four types of coordinate transformations, CT1–

CT4 (see Figure 3.2) 3 ; in the case r = 0, we use only CT2. We demonstrate
that normal crossings are achieved in all the resulting local coordinates.

CT1 For 1 ≤ s ≤ r, {θj → θsθ
′
j | 1 ≤ j ≤ d, j 6= s}

CT2 For r + 1 ≤ t ≤ d, {θj → θtθ
′
j | 1 ≤ j ≤ d, j 6= t}

CT3 For the t selected in CT2 and for 1 ≤ s ≤ r, {θ′j → θsθ
′′
j , θt → θsθ

′
t |

1 ≤ j ≤ r, j 6= s}

CT4 For the t selected in CT2, {θ′j → θtθ
′′
j | 1 ≤ j ≤ r}

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m− 1
times (resulting in a total of m iterations), we eventually achieve normal
crossings. The details of this procedure are provided below.

3In terms of algebraic geometry, CT1 and CT2 correspond to “blow-ups centered at
the origin of Rd”. CT3 and CT4 correspond to “blow-ups centered at the subvariety
{(θ1, . . . , θd) | θ1 = · · · = θr = θt = 0} when the exceptional surface from CT1 and CT2
is {θt = 0}”.
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Performing CT1 Once

We can assume s = 1 without loss of generality. In CT1, we perform g =
{θj = θ1θ

′
j | 2 ≤ j ≤ d}.

K(θ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2

]
+ f0(θr+1, . . . , θd) + f1(θ1, . . . , θd) + f2(θ1, . . . , θd) + f3(θ1, . . . , θr)

=
1

2
θ21

{
EX

[{
F1(X|1, θ′2, . . . , θ′r) + θm−1

1 Fm(X|θ′r+1, . . . , θ
′
d)
}2]

+ θ2m−1
1 f0(θ

′
r+1, . . . , θ

′
d) + θm1 f1(1, θ

′
2, . . . , θ

′
d)

+ θ1f2(1, θ
′
2, . . . , θ

′
d) + θ1f3(1, θ

′
2, . . . , θ

′
r)

}
=

1

2
θ21a(θ1, θ

′
2, . . . , θ

′
d)

where a is an analytic function. Considering points on U0 = g−1(O), the
condition θ1 = 0 is satisfied. From Assumption 1(2), we have

a(0, θ′2, . . . , θ
′
d) = EX

[
F 2
1 (X|1, θ′2, . . . , θ′r)

]
> 0,

and thus, a normal crossing is achieved.
The Jacobian of this coordinate transformation is θd−1

1 , so

inf
Q∈U0

min
j=1,...,d

{
h
(Q)
j + 1

k
(Q)
j

}
=

(d− 1) + 1

2
=

d

2

(with multiplicity m = 1). The symbols k(Q)
j and h

(Q)
j refer to Definition 2.2.

Sequence of Transformations: CT2 Once, CT4 i (≤ m − 2) Times,
and CT3

Assume without loss of generality that t = d. First, perform CT2: g =
{θj → θdθ

′
j | 1 ≤ j ≤ d− 1}, which transforms K(θ) as follows:

K(θ) =
1

2
θ2d

{
EX

[{
F1(X|θ′1, . . . , θ′r) + θm−1

d Fm(X|θ′r+1, . . . , θ
′
d−1, 1)

}2]
+ θ2m−1

d f0(θ
′
r+1, . . . , θ

′
d−1, 1) + θmd f1(θ

′
1, . . . , θ

′
d−1, 1)

+ θdf2(θ
′
1, . . . , θ

′
d−1, 1) + θdf3(θ

′
1, . . . , θ

′
r)

}
=

1

2
θ2da(θ

′
1, . . . , θ

′
d−1, θd),

where a is an analytic function. Considering points on U0 = g−1(O), the
condition θd = 0 is satisfied. We have

a(θ′1, . . . , θ
′
d−1, 0) = EX

[
F 2
1 (X|θ′1, . . . , θ′r)

]
.
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For any point Q on U0 with (θ′1, . . . , θ
′
r) 6= 0, the normal crossing of K(θ)

is achieved, and

inf
Q

min
j=1,...,d

h
(Q)
j + 1

k
(Q)
j

=
d

2

(with multiplicity m = 1). Therefore, we only need to consider points on U0

where (θ′1, . . . , θ
′
r) = 0.

After applying CT4: {θ′j → θdθ
′′
j | 1 ≤ j ≤ r} i times, K(θ) can be

expressed as:

K(θ) =
1

2
θ
2(i+1)
d

{
EX

{F1(X|θ′′1 , . . . , θ′′r )
+ θm−i−1

d Fm(X|θ′r+1, . . . , θ
′
d−1, 1)

}2


+ θ
2(m−i)−1
d f0(θ

′
r+1, . . . , θ

′
d−1, 1) + θm−i

d f1(θ
′′
1 , . . . , θ

′
d−1, 1)

+ θdf2(θ
′′
1 , . . . , θ

′
d−1, 1) + θi+1

d f3(θ
′′
1 , . . . , θ

′′
r )

}
.

Additionally, we only need to consider the point where (θ′′1 , . . . , θ
′′
r , θd) =

(0, . . . , 0, 0). We denote θ′′1 , . . . , θ
′′
r as θ′1, . . . , θ

′
r.

Next, perform CT3: {θ′j → θ′1θ
′′
j , θd → θ′1θ

′
d | 2 ≤ j ≤ r} , which

transforms K(θ) into:

K(θ) =
1

2
θ
′2(i+2)
1 θ

′2(i+1)
d ×{

EX

{F1(X|1, θ′′2 , . . . , θ′′r )
+ θ′m−i−2

1 θ′m−i−1
d Fm(X|θ′r+1, . . . , θ

′
d−1, 1)

}2


+ θ
′2(m−i)−3
1 θ

′2(m−i)−1
d f0(θ

′
r+1, . . . , θ

′
d−1, 1)

+ θ′m−i−1
1 θ′m−i

d f1(1, θ
′′
2 , . . . , θ

′
d−1, 1)

+ θ′1θ
′
df2(1, θ

′′
2 , . . . , θ

′
d−1, 1) + θ′i+2

1 θ′i+1
d f3(1, θ

′′
2 , . . . , θ

′′
r )

}
=

1

2
θ
′2(i+2)
1 θ

′2(i+1)
d a(θ′1, θ

′′
2 , . . . , θ

′
d),

where a is an analytic function. Considering points on U0 = g−1(O), the
condition θ′1 = 0 is satisfied. We have

a(0, θ′′2 , . . . , θ
′
d)

=


EX

[{
F1(X|1, θ′′2 , . . . , θ′′r )
+ θ′m−i−1

d Fm(X|θ′r+1, . . . , θ
′
d−1, 1)

}2
]

if i = m− 2,

EX

[
F1(X|1, θ′′2 , . . . , θ′′r )2

]
if i < m− 2.
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According to Assumption 1(2), this expression is positive. Therefore, in this
local coordinate, the normal crossing of K(θ) is achieved at any point Q on
U0. The Jacobian of this coordinate transformation is θ

′d+r(i+1)−1
1 θ′d+ri−1

d ,
leading to:

inf
Q∈U0

min
j=1,...,d

h
(Q)
j + 1

k
(Q)
j

= min

{
d+ r(i+ 1)− 1 + 1

2(i+ 2)
,
d+ ri− 1 + 1

2(i+ 1)

}
=

d− r + r(i+ 2)

2(i+ 2)

(with multiplicity m = 1).

After Performing CT2 Once, Then Applying CT4 m− 1 Times

Following the above method, after performing the coordinate transformation
g and using the analytic function a, K(θ) can be expressed as:

K(θ) =
1

2
θ2md

{
EX

[{
F1(X|θ′′1 , . . . , θ′′r ) + Fm(X|θ′r+1, . . . , θ

′
d−1, 1)

}2]
+ θdf0(θ

′
r+1, . . . , θ

′
d−1, 1) + θdf1(θ

′′
1 , . . . , θ

′
d−1, 1)

+ θdf2(θ
′′
1 , . . . , θ

′
d−1, 1) + θmd f3(θ

′′
1 , . . . , θ

′′
r )

}
=

1

2
θ2md a(θ′′1 , . . . , θ

′
d−1, θd).

Considering points on U0 = g−1(O), the condition θd = 0 is satisfied. In
accordance with Assumption 1(2), we have

a(θ′′1 , . . . , θ
′
d−1, 0) = EX

{F1(X|θ′′1 , . . . , θ′′r )
+ Fm(X|θ′r+1, . . . , θ

′
d−1, 1)

}2
 > 0.

This conclusion can be understood as follows. The condition (θ′′1 , . . . , θ
′
d−1,

0) = 0 holds if and only if

F1(X|θ′′1 , . . . , θ′′r ) + Fm(X|θ′r+1, . . . , θ
′
d−1, 1) = 0 a.s.

⇔
r∑

k=1

θ′′k · ∂f(X|θ)
∂θk

∣∣∣∣
(θ1,...,θd)=0

+ Fm(X|θ′r+1, . . . , θ
′
d−1, 1) = 0 a.s..

However, this equivalence does not hold because, by Assumption 1(2), the
random variable Fm(X|θ′r+1, . . . , θ

′
d−1, 1) is linearly independent of the r

random variables
∂f(X|θ)

∂θ1

∣∣∣∣
(θ1,...,θd)=0

, . . . ,
∂f(X|θ)

∂θr

∣∣∣∣
(θ1,...,θd)=0

.
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Thus, the normal crossing of K(θ) is achieved. The Jacobian of this
coordinate transformation is θ

d+r(m−1)−1
d , so

inf
Q∈U0

min
j=1,...,d

h
(Q)
j + 1

k
(Q)
j

=
d+ r(m− 1)− 1 + 1

2m
=

d− r + rm

2m

(with multiplicity m = 1). Therefore, we achieve normal crossings at all
local coordinates, and we determine the real log canonical threshold as:

min
1≤m′≤m

{
d− r + rm′

2m′

}
=

d− r + rm

2m
.

Remark 3.4. When considering the coordinate transformation g performed
in Theorem 3.1, we can deduce that the only point in the neighborhood of
the origin in Rd where K(θ) = 0 is the origin itself. For example, after
performing CT2 once and CT4 m − 1 times, in the local coordinates u =
(θ′′1 , . . . , θ

′
d−1, θd), we have K(θ) = K(g(u)) = 0 ⇒ θd = 0 for all θ′′1 , . . . , θ′d−1,

and it follows that g(θ′′1 , . . . , θ
′
d−1, θd = 0) = (0, . . . , 0). 4 Therefore, even

without assuming the condition that “Θ∗ contains only the single element”
in the definition of semiregularity, it follows that Θ∗ consists of only one
point in a neighborhood of θ = 0, provided that Assumption 1 is satisfied.

4In the terminology of algebraic geometry, this follows because the centers of the blow-
ups conducted are all contained in the exceptional surfaces of the previous blow-ups.
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Chapter 4

Extension1 : generalization
to the nonanalytic case

In Chapter 3, we assumed that K(θ) is analytic, but there are cases in which
K(θ) is not analytic, such as in normal mixture distributions.

Example 4.1. Let p̃(x|µ) be the probability density function of a normal
distribution with mean µ and variance 1. Consider the statistical model

p(x|θ) := (1− θ) · p̃(x|0) + θ · p̃(x|2)

If the true distribution is q(x) := p̃(x|0), then this statistical model realizes
the true distribution at θ = 0. In this case, K(θ) is nonanalytic at θ = 0
[27], [28, Example 7.3].

In this chapter, even if analyticity is not guaranteed, we claim that the
same result holds under the following assumption.

Assumption 2. For a statistical model p(x|θ), assume that either

• K(θ) is analytic, or

• K(θ) is nonanalytic, but the learning coefficient λ equals the real log
canonical threshold of the following analytic function H(θ):

H(θ) :=
1

2

∫
χ
{p(x|θ)− q(x)}2 dx. (4.1)

Remark 4.1. The following conditions provide a sufficient criterion for As-
sumption 2 [27]:

• There exists a measurable function M(x) such that

sup
θ∈Θ

− log p(x|θ)
q(x) + p(x|θ)

q(x) − 1(
p(x|θ)
q(x) − 1

)2 ≤ M(x).
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• Define an inner product (u, v) :=
∫
u(x) v(x)M(x) q(x) dx, which in-

duces a Hilbert space H. Then the map

Θ 3 θ 7→ p(x|θ)
q(x)

− 1 ∈ H

is analytic with respect to the topology of H.

In other words, if p(x|θ) is analytic in θ, then even if K(θ) itself is
nonanalytic, we can obtain results equivalent to those in the analytic case.
[27], [21] and [32] verified this sufficient condition for normal mixture models,
Poisson mixture models, and multinomial mixture models. Hence, each of
these models satisfies Assumption 2.

Theorem 4.1 (Generalization of Theorem 3.1). Suppose we have a semireg-
ular model in which, instead of assuming K(θ) is analytic, we assume As-
sumption 2 holds. Then the learning coefficient is expressed as

λ =
d− r + rm

2m
, m = 1

See Appendix C for the proof. In the proof of Theorem 4.1, the following
theorem is essential.

Theorem 4.2 (An analogue of Theorem 3.2 for K(θ)). Consider a statis-
tical model for which the realization parameter is θ = 0 and which satisfies
Assumption 1(1). Then the Taylor expansion of H(θ) at θ = 0 can be
expressed as

H(θ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2 q(X)

]
+ (higher order terms)

where the higher order terms do not include the following:

• Terms of degree 2m or less consisting only of θr+1, . . . , θd.

• Terms of first degree in θ1, . . . , θr and up to m-th degree in θr+1, . . . , θd.

• Terms of second degree consisting only of θ1, . . . , θr.
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Chapter 5

Extension2 : generalization
to the case where Θ∗ has
more than one point

5.1 Local learning coefficients at non-singular points
In this section, we determine the local learning coefficient at nonsingular
points in the real analytic variety Θ∗.

Definition 5.1. [28, Definition 2.6] Let d = d1 + d2 with d1, d2 ∈ Z≥0. A
point θ∗ ∈ Θ∗ ⊂ Rd1+d2 is called a nonsingular point if there exist open sets
U1, U2 ⊂ Rd1+d2 and an analytic isomorphism φ : U1 → U2 such that

φ(Θ∗ ∩ U1) = {(0, . . . , 0, x1, . . . , xd2)|xi ∈ R} ∩ U2.

We call d1 the codimension and d2 the dimension of Θ∗ as a manifold.

Remark 5.1. It is known that such nonsingular points always exist in Θ∗ [28,
Theorem 3.4]. Moreover, when Θ∗ consists of a single point, the conditions
of Definition 5.1 are satisfied in the case of (d1, d2) = (d, 0).

Let d1 and d2 be positive integers, and consider a statistical model
p(x|θ, τ) with d1 + d2 parameters (θ1, . . . , θd1 , τ1, . . . , τd2). We consider the
case where the set of realization parameters Θ∗ is spread out in the τ -
direction in a neighborhood of a certain point P : (θ, τ) = (0, T ). That is,
there exists a neighborhood V ⊂ Rd2 of τ = T such that

∀τ ∈ V, f(X|θ = 0, τ) = 0 a.s. (5.1)

or, equivalently,
∀τ ∈ V, K(θ = 0, τ) = 0. (5.2)
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The equivalence of (5.1) and (5.2) follows from the following inequality for
realizable statistical models [28, Theorem 6.3]:

K(θ, τ) = EX [f(X|θ, τ)] ≥ 1

2
EX

[
f2(X|θ, τ)

]
.

Assumption 3. A point P : (θ, τ) = (0, T ) is an interior point of the
parameter space Θ, and p(x|θ, τ) satisfies (5.1). Moreover, we assume that
the rank r of the Fisher information matrix at the point P satisfies r ≤ d1.
In the case r = d1, we assume that for any fixed τ ∈ V , the r random
variables

∂f(X|θ, τ)
∂θ1

∣∣∣∣
θ=0

, . . . ,
∂f(X|θ, τ)

∂θr

∣∣∣∣
θ=0

(5.3)

are linearly independent. In the case r < d1, we assume the following:

(1) There exists a maximal integer m (with 2 ≤ m < ∞) such that for all
multiple indices (ir+1, . . . , id1) satisfying 1 ≤ ir+1 + · · ·+ id1 ≤ m− 1
and for any τ ∈ V , the following condition holds:

∂ir+1+···+id1f(X|θ, τ)
∂θ

ir+1

r+1 · · · ∂θid1d1

∣∣∣∣∣∣
θ=0

= 0 a.s.

(2) For all (sr+1, . . . , sd1) 6= 0 and each fixed τ ∈ V ,

Fm(X|sr+1, . . . , sd1)

:=
∑

ir+1+···+id1=m
ir+1,...,id1∈Z≥0

1

ir+1! · · · id1 !
∂mf(X|θ, τ)
∂θ

ir+1

r+1 · · · ∂θid1d1

∣∣∣∣∣∣
θ=0

s
ir+1

r+1 · · · sid1d1

and the r random variables (5.3) are linearly independent. When
r = 0, this condition is understood to mean that

Fm(X|sr+1, . . . , sd1) 6= 0 a.s.

Note that when d2 = 0, Assumption 3(1)(2) and Assumption 1 are equiv-
alent. When d2 > 0, the set of realization parameters Θ∗ of the statistical
model satisfying Assumption 3 is not a single point due to (5.1), and thus
this statistical model does not satisfy semiregularity.
Remark 5.2. We now explain the meaning of Assumption 3. It is a local
condition in the neighborhood of P . Condition (5.1) means that all points
around P : (θ, τ) = (0, T ) in the τ -direction are realization parameters.
Furthermore, Assumption 3(1)(2) is a generalization of Assumption 1(1)(2)
so that it holds for every τ ∈ V . Assumption 3(1) is necessary for the Taylor
expansion result in Theorem 5.1. Assumption 3(2) is a condition necessary
to guarantee normal crossings.
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Example 5.1. The following statistical models do not satisfy semiregularity,
but they satisfy Assumption 3.

(1) Let p̃(b) represent the binomial distribution with M(≥ 2) trials and
success probability b, the Poisson distribution with mean b, or the
normal distribution with mean b and variance 1. Suppose H(≥ 1) is
the number of mixture components, and (a1, . . . , aH) are their mixture
weights.
Consider the mixture model with 2H parameters (a1, . . . , aH , b1, . . . , bH):

p(x|a, b) :=
H∑
i=1

aip̃(x|bi)

If the true distribution q(x) has H0 mixture components with H0 ≤
min{H,M/2}, then this model does not satisfy semiregularity. How-
ever, for some point P ∈ Θ∗, it satisfies Assumption 3 for (d1, r,m) =
(H +H0 − 1, 2H0 − 1, 2). Details are provided in Appendix D.

(2) Let N be a random variable that is subject to the standard normal dis-
tribution. The probability distribution q(x) of X has compact support.
Consider the following statistical model in which a random variable Y
for a given X is defined by

Y =
H∑
i=1

aiσ(biX) +N .

This is a three-layer neural network with one input unit, one output
unit, and the number of hidden units is H. The true distribution of
Y is assumed to a hidden layer with H0 units, where 1 ≤ H0 < H:

Y =

H0∑
i=1

ai∗σ(bi∗X) +N .

Here, {b1∗, . . . , bH0∗} are distinct nonzero constants, and {a1∗, . . . , aH0∗}
are nonzero constants. Assume that the random variables

σ(b1∗x), . . . , σ(bH0∗x), σ
′(b1∗x)x, . . . , σ

′(bH0∗x)x, σ
′′(bH0∗x)x

2

are linearly independent. Then, although this statistical model does
not satisfy semi-regularity, it satisfies Assumption 3 with (d1, r,m) =
(H + H0, 2H0, 2) at any point P in the following set of realization
parameters:(a, b)

∣∣∣∣∣∣∣∣
ai = ai∗, bi = bi∗ (i = 1, . . . , H0 − 1),
bi = bH0∗ (i = H0, . . . , H),∑H

i=H0
ai = aH0∗,

ai(aH0∗ −
∑H

k=H0+1 ak) > 0 (i = H0 + 1, . . . , H)

 ⊂ Θ∗
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(3) We now consider the same three-layer neural network model as in (2),
with particular focus on the case H0 = H − 2 (≥ 1). Assume that
the activation function σ is analytic and satisfies σ(0) = 0, σ′(0) 6= 0,
and let m(≥ 2) be the smallest positive integer such that σ(m)(0) 6=
0. Assume that the following 2H − 2 random variables are linearly
independent:

σ(b1∗x), . . . , σ(bH−2∗x), σ
′(b1∗x)x, . . . , σ

′(bH−2∗x)x, x, x
m (5.4)

Then this statistical model satisfies Assumption 3 with (d1, r,m) =
(2H − 2, 2H − 3,m) at any point P in the following set of realization
parameters:(a, b)

∣∣∣∣∣∣
ai = ai∗, bi = bi∗ (i = 1, . . . , H − 2),
bH−1 = bH = 0,

∀(aH−1, aH) ; aH−1aH 6= 0, am−1
H−1 6= (−aH)m−1

 ⊂ Θ∗

We verify this. The log-likelihood ratio function f is expressed as

f(x, y|θ) =

[
H−2∑
i=1

ai∗σ(bi∗x)−
H∑
i=1

aiσ(bix)

]

×

[
y −

∑H−2
i=1 ai∗σ(bi∗x) +

∑H
i=1 aiσ(bix)

2

]
.

We next perform the coordinate transformation

a′i = ai − ai∗, b′i = bi − bi∗ (i = 1, . . . , H − 2), b′H−1 = bH−1 +
aHbH
aH−1

,

and compute the partial derivatives of f at
(
{a′i}

H−2
i=1 , {b′i}

H−1
i=1 , bH

)
=

0. We obtain the following results using z := y −
∑H−2

i=1 ai∗σ(bi∗x):
∂f

∂a′i

∣∣∣∣
(a′1,...,a

′
H−2,b

′
1,...,b

′
H−1,bH)=0

= −σ(bi∗x)z (i = 1, . . . , H − 2)

(5.5)
∂f

∂b′i

∣∣∣∣
(a′1,...,a

′
H−2,b

′
1,...,b

′
H−1,bH)=0

= −ai∗σ
′(bi∗x)xz (i = 1, . . . , H − 2)

(5.6)
∂f

∂b′H−1

∣∣∣∣
(a′1,...,a

′
H−2,b

′
1,...,b

′
H−1,bH)=0

= −aH−1σ
′(0)xz (5.7)

∂f

∂bH

∣∣∣∣
(a′1,...,a

′
H−2,b

′
1,...,b

′
H−1,bH)=0

= 0

∂mf

∂bmH

∣∣∣∣
(a′1,...,a

′
H−2,b

′
1,...,b

′
H−1,bH)=0

= −
aH
{
am−1
H−1 − (−aH)m−1

}
am−1
H−1

σ(m)(0)xmz

(5.8)
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Since z|x follows the standard normal distribution and the random
variables (5.4) are linearly independent, it follows that (5.5), (5.6),
(5.7), and (5.8) are also linearly independent. Therefore, we conclude
that this statistical model satisfies Assumption 3 when (d1, r,m) =
(2H − 2, 2H − 3,m).
The above argument also applies to the case (H,H0) = (2, 0). If the
random variables x and xm are linearly independent, then the model
satisfies Assumption 3 with (d1, r,m) = (2, 1,m).

(4) Let X be a discrete random variable taking N(≤ d+1) distinct values.
We assume that there is a point P ∈ Θ∗ with r ≥ N − 1, and that
the statistical model p(x|θ) is analytic with respect to θ. Then, p(x|θ)
satisfies Assumption 3 for (d1, r) = (N − 1, N − 1) at the point P .
We verify this. Without loss of generality, we assume that the point
P is the origin in Rd, and we assume that

∂f(X|θ)
∂θ1

∣∣∣∣
(θ1,...,θd)=0

, . . . ,
∂f(X|θ)
∂θN−1

∣∣∣∣
(θ1,...,θd)=0

are linearly independent. From the identity
∂f(X|θ)

∂θi

∣∣∣∣
(θ1,...,θd)=0

= − 1

q(X)

∂p(X|θ)
∂θi

∣∣∣∣
(θ1,...,θd)=0

,

we see that the linear independence of the derivatives of f(X|θ) implies
the linear independence of

∂p(X|θ)
∂θ1

∣∣∣∣
(θ1,...,θd)=0

, . . . ,
∂p(X|θ)
∂θN−1

∣∣∣∣
(θ1,...,θd)=0

. (5.9)

Furthermore,
∂p(x1|θ)

∂θ1

∣∣∣
(θ1,...,θd)=0

· · · ∂p(x1|θ)
∂θN−1

∣∣∣
(θ1,...,θd)=0

... . . . ...
∂p(xN−1|θ)

∂θ1

∣∣∣
(θ1,...,θd)=0

· · · ∂p(xN−1|θ)
∂θN−1

∣∣∣
(θ1,...,θd)=0

 ∈ R(N−1)×(N−1)

(5.10)
has N −1 column vectors that are linearly independent. Suppose that
for some real numbers {si}, the following holds:

N−1∑
i=1

si
∂p(xj |θ)

∂θi

∣∣∣∣
(θ1,...,θd)=0

= 0, 1 ≤ j ≤ N − 1. (5.11)

Using the identity
N∑
j=1

∂p(xj |θ)
∂θi

∣∣∣∣
(θ1,...,θd)=0

= 0, 1 ≤ i ≤ N − 1,
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we have
N−1∑
i=1

si
∂p(xN |θ)

∂θi

∣∣∣∣
(θ1,...,θd)=0

= −
N−1∑
i=1

N−1∑
j=1

si
∂p(xj |θ)

∂θi

∣∣∣∣
(θ1,...,θd)=0

= 0.

Hence, (5.11) is an identity in the random variable X, and since
the random variables (5.9) are linearly independent, it follows that
si = 0 (1 ≤ i ≤ N − 1).

Because X is discrete,

Θ∗ =
{
θ ∈ Rd

∣∣∣ p(xi|θ)− q(xi) = 0 , i = 1, . . . , N − 1
}
.

Applying the implicit function theorem, there exist N − 1 analytic
functions g1, . . . , gN−1 on a neighborhood V of the origin in Rd−N+1,
such that in a neighborhood U of the point P , the set Θ∗ can be
expressed as

Θ∗ ∩ U = {(θ1, . . . , θd) | θi = gi(θN , . . . , θd) , i = 1, . . . , N − 1} ∩ U.

Therefore, performing the coordinate transformation

θ′i := θi − gi(θN , . . . , θd)

yields

∀(θN , . . . , θd) ∈ V, f(X|θ′1 = 0, . . . , θ′N−1 = 0, θN , . . . , θd) = 0,

which implies (5.1). Moreover,

∂f(X|θ)
∂θ′i

∣∣∣∣
(θ′1,...,θd)=0

=
∂f(X|θ)

∂θi

∣∣∣∣
(θ1,...,θd)=0

(i = 1, . . . , N − 1)

are linearly independent. Therefore, we conclude that p(x|θ) satisfies
Assumption 3 for (d1, r) = (N − 1, N − 1).

(5) Let p̃(x|b) be the probability function of a binomial distribution Bin(H, b)
with H(≥ 2) trials and success probability b. We consider a mixture
distribution model with 2H parameters (a1, . . . , aH , b1, . . . , bH), where
H is the number of mixture components, and (a1, . . . , aH) represents
the mixture weights. We assume that the number of mixture compo-
nents matches that of the true distribution:

p(x|a, b) :=
H∑
i=1

aip̃(x|bi)

q(x) :=

H∑
i=1

ai∗p̃(x|bi∗), ai∗ 6= 0, bi∗ 6= bj∗(i 6= j)
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In this case, (a, b) = (a∗, b∗) is a realization parameter, and

∂f

∂bi

∣∣∣∣
(a,b)=(a∗,b∗)

= − ai∗
q(x)

∂p̃

∂b
(x|bi∗) (i = 1, . . . , H).

Since {b1∗, . . . , bH∗} are distinct, the same argument as in Lemma D.1
applies, and we see that these H random variables are linearly inde-
pendent.
Therefore, at the realization parameter (a, b) = (a∗, b∗), it follows that
r ≥ H. By applying Example 5.1(4), we conclude that this model
satisfies Assumption 3 for (d1, r) = (H,H).

Remark 5.3.

(1) Examples 5.1(2)-(3) are similar to Example 3.1, but there is a key dis-
tinction. In Example 3.1, the weights Ai in the model Y = A1σ(θ1X)+
A2σ(θ2X) +N are treated as constants, whereas in Examples 5.1(2)-
(3), the corresponding weights ai are treated as parameters. Hence,
Examples 5.1(2)-(3) represent more general statistical models.

(2) Assumption 3 fundamentally relies on differentiability. Therefore, ac-
tivation functions such as ReLU, defined by σ(x) := max(0, x), which
are not differentiable at certain points, fall outside the scope of the
present analysis.

(3) The statistical model considered in Example 5.1(5) does not satisfy
condition (5.1) before the coordinate transformation. However, by
applying the coordinate transformation θ′i := θi − gi (i = 1, . . . , d1)
guaranteed by the implicit function theorem (i.e., the map φ in Defi-
nition 5.1), the model comes to satisfy condition (5.1). As a result, we
separate the parameters into d1 parameters (θ′1, . . . , θ

′
d1
) that locally

define Θ∗, and the remaining d2 redundant parameters.

Main Theorem. Consider a statistical model p(x|θ, τ) that satisfies As-
sumption 2 and Assumption 3. The local learning coefficient λP at the point
P is given by the following formula:

λP =
d1 − r + rm

2m
, m = 1 (5.12)

This provides an upper bound for the learning coefficient of this statistical
model.

Remark 5.4. Since (5.2) holds, we can apply the previous result (Proposi-
tion 2.3) to derive λ ≤ d1/2. Furthermore, since

d1 − r + rm

2m
≤ d1

2
,
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it follows that the Main Theorem provides a tighter upper bound than this
previous result.

Moreover, if (d1, d2) = (d, 0), then it is consistent with Theorem 3.1 and
Theorem 4.1.
Remark 5.5. By Remark 5.6, if the statistical model satisfies Assumption 3
at the point P , then P is a nonsingular point of Θ∗ with codimension equal
to d1. Therefore, the Main Theorem applies only when P is a nonsingular
point of Θ∗.

5.2 Derivation Method for m

Throughout this section, we assume that the Fisher information matrix at
P has rank r > 0. At the point P where (θ, τ) = (0, T ), it follows from (5.1)
that

∂f

∂τi

∣∣∣∣
(θ,τ)=(0,T )

= 0 (i = 1, . . . , d2).

Since r > 0, we can choose r parameters θ1, . . . , θr such that
∂f

∂θ1

∣∣∣∣
(θ,τ)=(0,T )

, . . . ,
∂f

∂θr

∣∣∣∣
(θ,τ)=(0,T )

are linearly independent. If necessary, we can restrict V so that for each
fixed τ ∈ V ,

∂f

∂θ1

∣∣∣∣
θ=0

, . . . ,
∂f

∂θr

∣∣∣∣
θ=0

(5.13)

are linearly independent.
Next, consider the remaining parameters θr+1, . . . , θd1 . Fix an arbitrary

constant τ ∈ V . Starting with l = 1, if the derivative can be expressed as

∂lf

∂θ
ir+1

r+1 · · · ∂θid1d1

∣∣∣∣∣∣
(θ1,...,θd1 )=0

=
r∑

k=1

φk(τ)
∂f

∂θk

∣∣∣∣
(θ1,...,θd1 )=0

a.s. (5.14)

where φ1(τ), . . . , φr(τ) are analytic functions on V . In that case, by applying
a coordinate transformation

θ′1 := θ1 +
φ1(τ)

ir+1!···id1 !
θ
ir+1

r+1 · · · θid1d1
...
θ′r := θr +

φr(τ)
ir+1!···id1 !

θ
ir+1

r+1 · · · θid1d1


θ′r+1 := θr+1

...
θ′d1 := θd1

which is an analytic isomorphism in a neighborhood of the origin in Rd1 , we
obtain

∂lf

∂θ
′ir+1

r+1 · · · ∂θ′id1d1

∣∣∣∣∣∣
θ′=0

= 0 a.s.. (5.15)
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without changing any other derivatives of order l or lower. This fact can be
proved by applying Proposition B.1, considering τ as a constant. Repeat-
ing this process, m is defined as the order of derivatives at which we first
encounter a derivative that is linearly independent from (5.13).

5.3 Examples and Experiments
5.3.1 Neural Networks
In this section, we consider three-layer neural networks in which both the
input and output layers consist of a single unit. Let H denote the number
of hidden units of the statistical model, and H0 that of the true model.

Example 5.2. The three-layer neural network with (H,H0) = (2, 0) satisfies
Assumption 3 with (d1, r,m) = (2, 1,m) at a certain realization parameter,
as shown in Example 5.1(3). Hence, by the Main Theorem, the local learning
coefficient at P is given by

λP =
1 +m

2m
, m = 1 (5.16)

In particular, this provides an upper bound on the learning coefficient of the
model.

For example, if σ(x) = ex − 1, then m = 2, and (5.16) yields 3/4,
which matches the specific value [28, Example 7.1]. For σ(x) = tanh(x),
we have m = 3, and (5.16) becomes 2/3, which also matches the specific
value [28, Section 7.2]. Thus, this upper bound is tight (see Table 5.1).

Table 5.1: Differences in the upper bound on the learning coefficient de-
pending on the activation function

Activation function σ(x) m Upper bound (5.16)
ex − 1, x/(1 + e−x) 2 3/4

sin(x), tanh(x), arctan(x) 3 2/3

xm + x m (m+ 1)/2m

Example 5.3. For a three-layer neural network with 1 ≤ H0 < H, Ex-
ample 5.1(2) shows that there exists a realization parameter such that the
model satisfies Assumption 3 with (d1, r,m) = (H +H0, 2H0, 2). Therefore,
an upper bound on the learning coefficient of this model is given by

λ ≤ H + 3H0

4
(5.17)
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For example, when σ(x) = tanh(x), the learning coefficient λ is known
from [3]. When H ≤ H0 + 9, it is given by

λ = H0 −
1

2
+

k21 + k1 + 2(H −H0 + 1)

4(k1 + 1)
;

k1 := max{i ∈ Z | i2 + i ≤ 2(H −H0 + 1)}

We compare this value with the upper bound in (5.17) for H0 = 1, 2, 3 in
Table 5.2 and Figure 5.1. We observe that the bound matches λ when H is
small, while the difference between them increases as H becomes larger.

Table 5.2: Learning coefficients of three-layer neural networks when σ =
tanh

H
H0 = 1 2 3 4 5 6 7 8 9 10

upper bound (5.17) 5
4

3
2

7
4 2 9

4
5
2

11
4 3 13

4

λ 5
4

3
2

5
3

11
6 2 17

8
9
4

19
8

5
2

H0 = 2

upper bound (5.17) - 9
4

5
2

11
4 3 13

4
7
2

15
4 4

λ - 9
4

5
2

8
3

17
6 3 25

8
13
4

27
8

H0 = 3

upper bound (5.17) - - 13
4

7
2

15
4 4 17

4
9
2

19
4

λ - - 13
4

7
2

11
3

23
6 4 33

8
17
4
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Figure 5.1: Graph of learning coefficients of three-layer neural networks
(σ = tanh)

5.3.2 Mixture Models
Example 5.4. The mixture model in Example 5.1(1) satisfies Assumption 2
as shown in Remark 4.1. For a point P ∈ Θ∗, the model satisfies Assump-
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tion 3 with (d1, r,m) = (H + H0 − 1, 2H0 − 1, 2). Hence, by the Main
Theorem, the local learning coefficient is

λP =
3H0 +H − 2

4
, m = 1.

For mixture Poisson distributions and mixture normal distributions with
variance 1, the learning coefficient is known from [21], [8]. In each case, the
value coincides with the upper bound derived here. Therefore, this upper
bound is tight.

We verify these results through numerical experiments. We use the es-
timator λ̂100 proposed by [15]:

λ̂100 :=
1

100

100∑
k=1

λ̂, λ̂ := t2Vt
θ{log p(Xn|θ)}, t :=

1

log(n)

Et
θ{h(θ)} :=

∫
h(θ)p(Xn|θ)tφ(θ)dθ∫
p(Xn|θ)tφ(θ)dθ

, Vt
θ{h(θ)} := Et

θ{h(θ)2} −
(
Et
θ{h(θ)}

)2
where p(Xn|θ) represents the likelihood function for n independent and iden-
tically distributed samples following the true distribution q.

We conducted the numerical experiments with n = 10000, using the
Hamiltonian Monte Carlo method implemented in the R package RStan to
obtain the posterior distribution.

We let M = 4 and H0 ∈ {1, 2}. We assume a prior distribution φ(θ)
with θ ∼ Unif(0, 1) for the binomial parameter. For H0 = 1, the success
probability of the true distribution is 0.5. For H0 = 2, the true distribution
is a mixture of two binomial distributions with success probabilities 0.1 and
0.9, each with equal mixture weights. Table 5.3 and Figure 5.2 show that
the estimated values indeed lie below the theoretical upper bound from the
Main Theorem.

Table 5.3: Estimated learning coefficients for the binomial distribution

H

H0 = 1 1 2 3 4 5 6 7 8
Theoretical upper
bound

0.50 0.75 1.00 1.25 1.50 1.75 2.00 2.25

Estimated value 0.495 0.728 0.954 1.174 1.390 1.609 1.820 2.044
H0 = 2

Theoretical upper
bound

- 1.50 1.75 2.00 2.25 2.50 2.75 3.00

Estimated value - 1.502 1.694 1.879 2.044 2.214 2.389 2.550
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Figure 5.2: Graph of estimated learning coefficients of the binomial distri-
bution

5.4 Proof of the Main Theorem
We use the following theorem for proving the Main Theorem.

Theorem 5.1. Suppose that the statistical model p(x|θ, τ) satisfies (5.1),
Assumption 2, and Assumption 3(1). For any fixed τ ∈ V , consider K(θ, τ)
and H(θ, τ) as functions of θ. Then, the Taylor expansion at θ = 0 can be
expressed as

K(θ, τ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd1)}

2
]

+ (higher order terms),

H(θ, τ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd1)}

2 q(X)
]

+ (higher order terms).

The first equation is valid if K is analytic. Here, we define

F1(X|s1, . . . , sr) :=
r∑

k=1

∂f

∂θk

∣∣∣∣
θ=0

sk,

and the higher order terms do not include the following:

• Terms of degree 2m or less consisting only of θr+1, . . . , θd1.

• Terms of first degree in θ1, . . . , θr and up to m-th degree in θr+1, . . . , θd1.

• Terms of second degree consisting only of θ1, . . . , θr.
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Proof. We fix any τ ∈ V . From (5.1) and (5.2), there is no constant term
in the Taylor expansions of K(θ, τ) or H(θ, τ) at θ = 0. In other words, a
term consisting only of τ does not exist. Moreover, by Assumption 3(1), for
all indices (ir+1, . . . , id1) satisfying 1 ≤ ir+1 + · · ·+ id1 ≤ m− 1, we have

∂ir+1+···+id1f(X|θ, τ)
∂θ

ir+1

r+1 · · · ∂θid1d1

∣∣∣∣∣∣
θ=0

= 0 a.s..

Therefore, we can apply Theorem 3.2 and Theorem 4.2, which lead to the
following equation:

K(θ, τ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd1)}

2
]

+ (higher order terms),

H(θ, τ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd1)}

2 q(X)
]

+ (higher order terms).

This completes the proof.

Example 5.5. We verify the validity of Theorem 5.1 and the Main Theorem
through explicit computations. Let X be a random variable following the
binomial distribution Bin(2, θ) with parameter θ, where 0 < θ < 1:

p̃(X = x|θ) =
(
2

x

)
θx(1− θ)2−x =


(1− θ)2, (x = 0)

2θ(1− θ), (x = 1)

θ2, (x = 2).

Consider the following mixture model with parameters (θ1, θ2, τ):

p(X|θ, τ) :=
(
1

2
− τ

)
· p̃
(
X

∣∣∣∣θ1 − 1 + 2τ

1− 2τ
θ2 +

1

2

)
+

(
τ +

1

2

)
· p̃
(
X

∣∣∣∣θ2 + 1

2

)
.

(5.18)

Assuming the true distribution is p̃(X|1/2), this model realizes the true
distribution at parameters (θ1, θ2, τ) = (0, 0, 0). We determine the real log
canonical threshold at the point P : (θ1, θ2, τ) = (0, 0, 0) ∈ Θ∗.

Because this model is a mixture of two binomial distributions, it satisfies
Assumption 2 by Remark 4.1. Thus, we do not need to show that K(θ, τ)
is analytic, and it suffices to compute the real log canonical threshold of the
analytic function H(θ, τ). We fix any τ in a neighborhood V of 0. Since
f(x|θ = 0, τ) = 0, condition (5.1) is satisfied. The following derivatives exist
at (θ1, θ2) = 0:

∂f(X|θ, τ)
∂θ1

∣∣∣∣
(θ1,θ2)=0

,
∂f(X|θ, τ)

∂θ2

∣∣∣∣
(θ1,θ2)=0

,
∂2f(X|θ, τ)

∂θ22

∣∣∣∣
(θ1,θ2)=0
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resulting, respectively, in:

2(1− 2τ)×

 1
0

−1

 ,

 0
0
0

 ,
8(1 + 2τ)

1− 2τ
×

 −1
1

−1

 .

Each column vector corresponds to x = 0, x = 1, and x = 2. Since the first
and third vectors are linearly independent, the model satisfies Assumption 3
with (d1, r,m) = (2, 1, 2).

F1(X|s1) + F2(X|s2) =
∂f(X|θ, τ)

∂θ1

∣∣∣∣
(θ1,θ2)=0

s1 +
1

2

∂2f(X|θ, τ)
∂θ22

∣∣∣∣
(θ1,θ2)=0

s22

=

 2(1− 2τ)s1 − 4(1+2τ)
1−2τ s22

4(1+2τ)
1−2τ s22

−2(1− 2τ)s1 − 4(1+2τ)
1−2τ s22


Then,

1

2
EX

[
{F1(X|s1) + F2(X|s2)}2q(X)

]
=
1

2

{(
2(1− 2τ)s1 −

4(1 + 2τ)

1− 2τ
s22

)2

· 1

42
+

(
4(1 + 2τ)

1− 2τ
s22

)2

· 1

22

+

(
−2(1− 2τ)s1 −

4(1 + 2τ)

1− 2τ
s22

)2

· 1

42

}

=
(1− 2τ)2

4
s21 +

3(1 + 2τ)2

(1− 2τ)2
s42.

On the other hand, we obtain:

H(θ, τ) =
(1− 2τ)2

4
θ21 +

3(1 + 2τ)2

(1− 2τ)2
θ42 +

3(1− 2τ)2

4
θ41 − 3(1− 4τ2)θ31θ2

(5.19)

+ 6(1 + τ)(1 + 2τ)θ21θ
2
2 −

6(1 + 2τ)2

1− 2τ
θ1θ

3
2

+ (terms of order 5 or higher).

where terms of order five and higher are omitted. Therefore, as stated in
Theorem 5.1, the lower order terms of H(θ, τ) are indeed

1

2
EX

[
{F1(X|θ1) + F2(X|θ2)}2q(X)

]
=

(1− 2τ)2

4
θ21 +

3(1 + 2τ)2

(1− 2τ)2
θ42.

Next, we verify that the Main Theorem holds by performing the coordi-
nate transformation g, known as a ”blow-up” (CT1)-(CT4) as illustrated in
Figure 5.3. This transformation ensures that a normal crossing is obtained
for each local coordinate. We define W0 := {(θ1, θ2, τ) | θ1 = 0, θ2 = 0, ∀τ ∈
V }.
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(CT1) Transforming with θ2 = θ1θ
′
2 in (5.19) gives:

H(θ, τ) =θ21

{
(1− 2τ)2

4
+

3(1 + 2τ)2

(1− 2τ)2
θ21θ

′4
2 + θ1 × · · ·

}
(5.20)

=θ21a1(θ1, θ
′
2, τ), a1(0, θ

′
2, τ) =

(1− 2τ)2

4
> 0.

Considering points on U0 = g−1(W0), the condition θ1 = 0 (∀τ ∈
V ) is satisfied. Therefore, a normal crossing is achieved in this local
coordinate system (θ1, θ

′
2, τ).

(CT2) Transforming with θ1 = θ2θ
′
1 in (5.19) results in:

H(θ, τ) =θ22

{
(1− 2τ)2

4
θ′21 +

3(1 + 2τ)2

(1− 2τ)2
θ22 + θ2 × · · ·

}
(5.21)

=θ22a2(θ
′
1, θ2, τ), a2(θ

′
1, 0, τ) =

(1− 2τ)2

4
θ′21 .

Considering points on U0 = g−1(W0), the condition θ2 = 0 (∀τ ∈
V ) is satisfied. Therefore, a normal crossing is achieved in this local
coordinate system (θ′1, θ2, τ) except at the points (θ′1, θ2) = 0.
To determine the normal crossing at the points (θ′1, θ2) = 0, we perform
another blow-up centered at these points. Under the transformations
(CT3): θ2 = θ′1θ

′′
2 and (CT4): θ′1 = θ2θ

′′
1 , we obtain:

H(θ, τ) =θ′41 θ
′′2
2

{
(1− 2τ)2

4
+

3(1 + 2τ)2

(1− 2τ)2
θ′′22 + θ′1 × · · ·

}
(5.22)

=θ′41 θ
′′2
2 a3(θ

′
1, θ

′′
2 , τ),

∀τ ∈ V, a3(0, θ
′′
2 , τ) =

(1− 2τ)2

4
+

3(1 + 2τ)2

(1− 2τ)2
θ′′22 > 0,

H(θ, τ) =θ42

{
(1− 2τ)2

4
θ′′21 +

3(1 + 2τ)2

(1− 2τ)2
+ θ2 × · · ·

}
(5.23)

=θ42a4(θ
′′
1 , θ2, τ),

∀τ ∈ V, a4(θ
′′
1 , 0, τ) =

(1− 2τ)2

4
θ′′21 +

3(1 + 2τ)2

(1− 2τ)2
> 0.

Therefore, normal crossings are achieved in these local coordinates.

We summarize the normal crossings for each local coordinate in Table 5.4,
where the symbols g, k

(Q)
i , h

(Q)
i refer to Definition 2.2. Thus, we conclude

that the real log canonical threshold at P is 3/4 with multiplicity m = 1.
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Table 5.4: Normal crossings for each local coordinate

u g(u) H(g(u)) |g′(u)| k
(Q)
i h

(Q)
i λ

(5.20) (θ1, θ
′
2, τ) (θ1, θ1θ

′
2, τ) θ21 a1(θ1, θ

′
2, τ) |θ1| (2, 0, 0) (1, 0, 0) 1

(5.22) (θ′1, θ
′′
2 , τ) (θ′ 21 θ′′2 , θ

′
1θ

′′
2 , τ) θ′ 41 θ′′ 22 a3(θ

′
1, θ

′′
2 , τ) |θ′ 21 θ′′2 | (4, 2, 0) (2, 1, 0) 3/4

(5.23) (θ′′1 , θ2, τ) (θ′′1 θ
2
2 , θ2, τ) θ 4

2 a4(θ
′′
1 , θ2, τ) |θ 2

2 | (0, 4, 0) (0, 2, 0) 3/4

��
��
(5.20)

CT1 ?

��
��
(5.19) -CT2

CT3

��
��
(5.22)

��
��
(5.21)

?

-CT4 ��
��
(5.23)

Figure 5.3: The procedure of coordinate transformation g performed in Ex-
ample 5.5

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

Proof of the Main Theorem. We restrict our proof to the case where
K(θ, τ) is analytic, but a similar argument can be used to prove the result
in the nonanalytic case by replacing K with an analytic function H. (See
the proof of Theorem 4.1.)

By applying Theorem 5.1, for each fixed τ ∈ V , the Taylor expansion of
K(θ, τ) with respect to θ at (θ1, . . . , θd1) = 0 can be expressed as:

K(θ, τ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd1)}

2
]

+ (higher order terms).

We perform the following four coordinate transformations, CT1-CT4
(see Figure 5.4). 1 ; in the case r = 0, we use only CT2. We demonstrate
that normal crossings are achieved in all the resulting local coordinates.

CT1 For 1 ≤ s ≤ r, {θj → θsθ
′
j | 1 ≤ j ≤ d1, j 6= s}.

CT2 For r + 1 ≤ t ≤ d1, {θj → θtθ
′
j | 1 ≤ j ≤ d1, j 6= t}.

CT3 For the t selected in CT2 and for 1 ≤ s ≤ r, {θ′j → θsθ
′′
j , θt → θsθ

′
t |

1 ≤ j ≤ r, j 6= s}

CT4 For the t selected in CT2, {θ′j → θtθ
′′
j | 1 ≤ j ≤ r}.

1In terms of algebraic geometry, CT1 and CT2 correspond to “blow-ups centered at
the subvariety W0 = {(θ, τ) | θ = 0, τ ∈ V }”. CT3 and CT4 correspond to “blow-ups
centered at the subvariety {(θ, τ) | θ1 = · · · = θr = θt = 0, τ ∈ V } when the exceptional
surface from CT2 is {θt = 0}”.
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CT1
0m?
m -CT2

CT3
1m?
m -CT4

CT3
2m?
m -CT4 · · · · · · -CT4

CT3

m− 2��
��?

m -CT4

CT3

m− 1��
��?

m -CT4
m����

Figure 5.4: The procedure of coordinate transformations g performed in the
proof of the Main Theorem

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m− 1
times (resulting in a total of m iterations), we eventually achieve normal
crossings. For detailed calculations, see the proof of Theorem 3.1.

Here, we verify only the following three inequalities, which are crucial
for achieving normal crossings:

a1(s2, . . . , sd1 , τ) :=EX

[
F 2
1 (X|1, s2, . . . , sr)

]
> 0,

a2(s2, . . . , sd1 , τ) :=EX

{F1(X|1, s2, . . . , sr)
+ sd1Fm(X|sr+1, . . . , sd1−1, 1)

}2
 > 0,

a3(s1, . . . , sd1−1, τ) :=EX

{F1(X|s1, . . . , sr)
+ Fm(X|sr+1, . . . , sd1−1, 1)

}2
 > 0.

(si ∈ R, τ ∈ V )

For the first inequality, fixing any τ ∈ V , a1(s2, . . . , sd1 , τ) = 0 implies

F1(X|1, s2, . . . , sr) = 0 a.s. ⇔ ∂f

∂θ1

∣∣∣∣
θ=0

+
r∑

k=2

sk ·
∂f

∂θk

∣∣∣∣
θ=0

= 0 a.s..

Since
∂f

∂θ1

∣∣∣∣
θ=0

, . . . ,
∂f

∂θr

∣∣∣∣
θ=0

(5.24)

are linearly independent, there exists no (s2, . . . , sd1 , τ) that satisfies this
equivalence. Therefore, we conclude that a1(s2, . . . , sd1 , τ) > 0 holds.

The second inequality is analogous to the third, so we verify only the
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third. a3(s1, . . . , sd1−1, τ) = 0 implies

F1(X|s1, . . . , sr) + Fm(X|sr+1, . . . , sd1−1, 1) = 0 a.s.

⇔
r∑

k=1

sk ·
∂f

∂θk

∣∣∣∣
θ=0

+ Fm(X|sr+1, . . . , sd1−1, 1) = 0 a.s..

For each parameter (sr+1, . . . , sd1−1, 1) 6= 0, Assumption 3(2) implies that
the random variable Fm(X|sr+1, . . . , sd1−1, 1) and the r derivatives (5.24)
are linearly independent for each fixed τ ∈ V . Thus, there does not exist
(s1, . . . , sd1−1, τ) satisfying this equivalence relation, so we conclude that
a3(s1, . . . , sd1−1, τ) > 0 holds.

Remark 5.6. Remark 3.4 shows that the only point in the neighborhood of
the origin θ = 0 in Rd where K(θ) = 0 is the origin itself. Applying the
same argument to K(θ, τ) implies that, in a neighborhood U1 of the point P
in Rd1+d2 , the points satisfying K(θ, τ) = 0 occur only when θ = 0. Because
the τ -direction remains arbitrary,

Θ∗ ∩ U1 = {(θ, τ) | θ = 0, τ ∈ V }.

Hence by Definition 5.1, P is a nonsingular point of Θ∗.
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Chapter 6

Conclusions and future work

In this thesis, we defined semiregular models as a generalization of regular
models and provided a formula for the learning coefficient λ for semiregular
models (Theorem 3.1).

Furthermore, we generalized Theorem 3.1 in two directions. First, we
proved that the same formula holds even when K(θ) is not analytic (Theo-
rem 4.1). Second, in the Main Theorem we derived a formula for the local
learning coefficient at nonsingular points when Θ∗ is not a single point, and
we provided an upper bound on the learning coefficient for a certain class
of three-layer neural networks and mixture models.

The derived upper bound coincides with the learning coefficient for mix-
ture models, but a gap remains in the case of three-layer neural networks
when the number of hidden units is general. To narrow this gap, we need
to consider the local learning coefficient at singular points of Θ∗. For future
research, we intend to further generalize the methods used in this study and
derive local learning coefficients at singular points of Θ∗.
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Appendix A

Proof of Theorem 3.2

Let i1, . . . , ik ∈ {1, . . . , d}. We define

Yi1,...,ik := − ∂kf(x|θ)
∂θi1 · · · ∂θik

,

where we aim to identify patterns in the partial derivatives of the log-
likelihood ratio function f . We refer to Yi1,...,ik as indeterminate symbols of
weight k. Setting θ = (θ1, . . . , θd), we obtain the following:

∂f(x|θ)
∂θi1

= − 1

p(x|θ)
∂p(x|θ)
∂θi1

,

∂2f(x|θ)
∂θi1∂θi2

= − 1

p(x|θ)
∂2p(x|θ)
∂θi1∂θi2

+ Yi1Yi2 , (A.1)

∂3f(x|θ)
∂θi1∂θi2∂θi3

= − 1

p(x|θ)
∂3p(x|θ)

∂θi1∂θi2∂θi3
+ Yi1Yi2Yi3

+Yi1,i2Yi3 + Yi2,i3Yi1 + Yi3,i1Yi2 ,

∂4f(x|θ)
∂θi1∂θi2∂θi3∂θi4

= − 1

p(x|θ)
∂4p(x|θ)

∂θi1∂θi2∂θi3∂θi4
+ Yi1Yi2Yi3Yi4

+Yi1,i2Yi3Yi4 + Yi1,i3Yi2Yi4 + Yi1,i4Yi2Yi3

+Yi2,i3Yi1Yi4 + Yi2,i4Yi1Yi3 + Yi3,i4Yi1Yi2

+Yi1,i2Yi3,i4 + Yi1,i3Yi2,i4 + Yi1,i4Yi2,i3

+Yi1,i2,i3Yi4 + Yi1,i2,i4Yi3 + Yi1,i3,i4Yi2 + Yi2,i3,i4Yi1 .

Assuming we can interchange the order of partial differentiation and inte-
gration, the first term on the right-hand side becomes zero at θ = 0 when
taking the expectation with respect to X. Therefore, the partial deriva-
tives of K(θ) at θ = 0 depend primarily on the terms from the second term
onward.
Remark A.1. By taking the expectation with respect to X in (A.1) and
substituting θ = 0, we find that the Fisher information matrices I and J
coincide.
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The subsequent terms on the right-hand side are sums of products of
two or more indeterminate symbols Y . Each term has a coefficient of 1, and
the total weight of each product equals the order of differentiation. This
pattern holds in general.
Proposition A.1.

Gn(i1, . . . , in) :=
∂nf(x|θ)

∂θi1 · · · ∂θin
+

1

p(x|θ)
∂np(x|θ)

∂θi1 · · · ∂θin
is a polynomial consisting of indeterminate symbols Yi1,...,ik with weights less
than n. Each term in the polynomial has a coefficient of 1, and each term
is a product of two or more indeterminates, with a total weight of n. The
polynomial is the sum of all such terms with these weights.
Proof. We prove this by induction on n. For n = 1, G1(i1) = 0 satisfies
the condition since there are no terms. Assuming Gn(i1, . . . , in) is such a
polynomial for some n ≥ 1, we obtain

∂n+1f(x|θ)
∂θi1 · · · ∂θin+1

=
∂

∂θin+1

{
− 1

p(x|θ)
∂np(x|θ)

∂θi1 · · · ∂θin
+Gn(i1, . . . , in)

}
=− 1

p(x|θ)
∂n+1p(x|θ)

∂θi1 · · · ∂θin+1

+
1

p(x|θ)
∂np(x|θ)

∂θi1 · · · ∂θin
Yin+1 +

∂Gn(i1, . . . , in)

∂θin+1

=− 1

p(x|θ)
∂n+1p(x|θ)

∂θi1 · · · ∂θin+1

+Gn(i1, . . . , in)Yin+1 + Yi1,...,inYin+1

+
∂Gn(i1, . . . , in)

∂θin+1

.

Thus,

Gn+1(i1, . . . , in+1) = Gn(i1, . . . , in)Yin+1 + Yi1,...,inYin+1 +
∂Gn(i1, . . . , in)

∂θin+1

.

By the induction hypothesis, this is a polynomial consisting of indeterminate
symbols Y with weights less than or equal to n, where each term has a
coefficient of 1 and the sum of weights in each term equals n+1. Moreover,
the terms containing the indeterminate Yin+1 are derived from the first and
second terms on the right-hand side, while the terms that do not contain
Yin+1 are derived from the third term on the right-hand side. Thus, we have
shown that each term is a product of two or more indeterminate symbols,
summing to a total weight of n+ 1.

Remark A.2. The statement of Proposition A.1 can be written explicitly as
follows:

Gn(i1, . . . , in) =
∑

T∈Si1,...,in

∏
U∈T

YU , (A.2)
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where Si1,...,in is the set of all disjoint partitions of the set {i1, . . . , in}. A
disjoint partition satisfies⋃

i

Ui = {i1, . . . , in}, Ui ∩ Uj = {} for i 6= j, Ui 6= {}, {i1, . . . , in},

and each partition is denoted as T = {U1, U2, . . .}.
For example, when n = 2, the disjoint partition of {i1, i2} consists of a

single element, T1 = {{i1}, {i2}}, so Si1,i2 = {T1}. Substituting this into
equation (A.2), we have

G2(i1, i2) =
∏
U∈T1

YU = Yi1Yi2 .

Similarly, when n = 3, the disjoint partitions of {i1, i2, i3} are given
by T1 = {{i1}, {i2}, {i3}}, T2 = {{i1, i2}, {i3}}, T3 = {{i2, i3}, {i1}}, T4 =
{{i3, i1}, {i2}}, so Si1,i2,i3 = {T1, T2, T3, T4}. Substituting into equation
(A.2), we have

G3(i1, i2, i3) =
∏
U∈T1

YU +
∏
U∈T2

YU +
∏
U∈T3

YU +
∏
U∈T4

YU

= Yi1Yi2Yi3 + Yi1,i2Yi3 + Yi2,i3Yi1 + Yi3,i1Yi2 .

Corollary A.1.

(1) If all indeterminate symbols of weight m − 1 or less are zero almost
surely at θ = 0, then Gk (for k ≤ 2m − 1) will also be zero almost
surely at θ = 0.

(2) When the interchange of differentiation and integration is permissible,

∂nK(θ)

∂θi1 · · · ∂θin

∣∣∣∣
θ=0

= EX

[
∂nf(X|θ)
∂θi1 · · · ∂θin

∣∣∣∣
θ=0

]
equals the expectation over X of a polynomial. This polynomial is ob-
tained by summing all terms where at least two indeterminates Yi1,...,ik
are multiplied together, the total weight is n, and the coefficients of all
terms are 1.

Proof. (1) follows because terms with a sum of weights up to 2m − 1 are
products of two or more terms, so at least one term will have a weight of
m−1 or less and thus will be zero almost surely at θ = 0. (2) follows directly
from the previous discussions.

Proof of Theorem 3.2. We need to prove the following five points about
the Taylor expansion of K(θ) at θ = 0:
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(1) Coefficients of terms of order zero in (θ1, . . . , θr) and of order 2m− 1
or less in (θr+1, . . . , θd) are zero.

(2) Coefficients of terms of first order in (θ1, . . . , θr) and of order m− 1 or
less in (θr+1, . . . , θd) are zero.

(3) Terms of first order in (θ1, . . . , θr) and of m-th order in (θr+1, . . . , θd)
are represented by:

EX [F1(X|θ1, . . . , θr)Fm(X|θr+1, . . . , θd)] .

(4) Terms of second order in (θ1, . . . , θr) and of zero order in (θr+1, . . . , θd)
are represented by:

1

2
EX

[
F 2
1 (X|θ1, . . . , θr)

]
.

(5) Terms of zero order in (θ1, . . . , θr) and of 2m-th order in (θr+1, . . . , θd)
are represented by:

1

2
EX

[
F 2
m(X|θr+1, . . . , θd)

]
.

For (1), it suffices to show that for ir+1 + · · ·+ id ≤ 2m− 1,

∂ir+1+···+idf(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

is a random variable with an expected value of zero. This has already been
demonstrated in Corollary A.1(1). For (2), for 1 ≤ j ≤ r and ir+1+· · ·+id ≤
m− 1,

∂1+ir+1+···+idf(X|θ)
∂θj∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

is shown to have an expected value of zero. Among the products of two or
more indeterminates claimed in Corollary A.1(2), those that do not include
θj are zero with probability 1 by assumption. Therefore, their expected
value is zero.

For (3), using a similar argument as in (2), consider a case where 1 ≤
j ≤ r and ir+1 + · · ·+ id = m. For

∂m+1f(X|θ)
∂θj∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

,

the nonzero products of two or more indeterminates claimed in Corollary A.1(2)
are limited to

∂f(X|θ)
∂θj

∣∣∣∣
θ=0

∂mf(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

.
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Therefore,

EX

[
∂m+1f(X|θ)

∂θj∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

]
= EX

[
∂f(X|θ)

∂θj

∣∣∣∣
θ=0

∂mf(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

]
,

validating the claim in (3).
Since (4) is a special case of (5), it suffices to demonstrate (5) alone. For

ir+1 + · · ·+ id = 2m,
∂2mf(X|θ)

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

is restricted to the sum over the set of nonzero products of two or more
indeterminates claimed in Corollary A.1(2), given by{

∂mf(X|θ)
∂θ

jr+1

r+1 · · · ∂θjdd

∣∣∣∣∣
θ=0

· ∂mf(X|θ)
∂θ

ir+1−jr+1

r+1 · · · ∂θid−jd
d

∣∣∣∣∣
θ=0

∣∣∣∣∣ jr+1 + · · ·+ jd = m,

ih ≥ jh ≥ 0

}
.

Note that each element in this set appears as(
ir+1

jr+1

)
· · ·
(
id
jd

)
×

{
1
2 if (2jr+1, . . . , 2jd) = (ir+1, . . . , id),

1 otherwise.

Thus, we can express

∂2mK(θ)

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

= EX

[
∂2mf(X|θ)

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

]

=
1

2

∑
jr+1+···+jd=m

ih≥jh≥0

(
ir+1

jr+1

)
· · ·
(
id
jd

)

× EX

[
∂mf(X|θ)

∂θ
jr+1

r+1 · · · ∂θjdd

∣∣∣∣∣
θ=0

· ∂mf(X|θ)
∂θ

ir+1−jr+1

r+1 · · · ∂θid−jd
d

∣∣∣∣∣
θ=0

]
.

Transforming to the target expression, we find:
1

2
EX

[
F 2
m(X|θr+1, . . . , θd)

]
=

∑
kr+1+···+kd=m

kh≥0

∑
lr+1+···+ld=m

lh≥0

θ
kr+1+lr+1

r+1 · · · θkd+ld
d

2kr+1! · · · kd!lr+1! · · · ld!

× EX

[
∂mf(X|θ)

∂θ
kr+1

r+1 · · · ∂θkdd

∣∣∣∣∣
θ=0

∂mf(X|θ)
∂θ

lr+1

r+1 · · · ∂θldd

∣∣∣∣∣
θ=0

]

=
∑

ir+1+···+id=2m
ih≥0

1

ir+1! · · · id!
∂2mK(θ)

∂θ
ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

θ
ir+1

r+1 · · · θidd .
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The proof is completed using the variable substitutions kh+ lh = ih, kh = jh
for h = r + 1, . . . , d. Thus, the claim is demonstrated.
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Appendix B

Derivation Method for m

Proposition B.1 (Properties of the Coordinate Transformation). Fix non-
negative integers ir+1, . . . , id with ir+1 + · · · + id ≥ 1. For k = 1, . . . , r,
consider the coordinate transformation φ : (θ1, . . . , θd) 7→ (θ′1, . . . , θ

′
d) de-

fined by

ak(θr+1, . . . , θd) :=
ck

ir+1! · · · id!
· θir+1

r+1 · · · θidd , ck ∈ R,

where

θ′1 = θ1 + a1(θr+1, . . . , θd), . . . , θ′r = θr + ar(θr+1, . . . , θd),

θ′r+1 = θr+1, . . . , θ′d = θd.

This transformation satisfies the following conditions:

(1) φ(0) = 0, | detφ′(0)| = 1, and φ is bijective and analytic in a neigh-
borhood of 0.

(2) For j = 1, . . . , r, we have ∂
∂θ′j

= ∂
∂θj

.

(3) For any (hr+1, . . . , hd) ∈ Zd−r
≥0 with hr+1 + · · · + hd ≤ ir+1 + · · · + id,

the following holds:

∂hr+1+···+hd

∂θ
′hr+1

r+1 · · · ∂θ′hd
d

∣∣∣∣∣
(θ′1,...,θ

′
d)=0

=
∂hr+1+···+hd

∂θ
hr+1

r+1 · · · ∂θhd
d

∣∣∣∣∣
θ=0

−


0 if (hr+1, . . . , hd) 6= (ir+1, . . . , id),
r∑

k=1

ck
∂

∂θk

∣∣∣∣
θ=0

if (hr+1, . . . , hd) = (ir+1, . . . , id).
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Proof. (1) is straightforward. (2) follows from the relationship of partial
derivatives before and after the transformation:

∂

∂θ′j
=

d∑
k=1

∂

∂θk
· ∂θk
∂θ′j

=

r∑
k=1

∂

∂θk
· ∂θk
∂θ′j

+

d∑
k=r+1

∂

∂θk
· δk,j

=
∂

∂θj
−

r∑
k=1

∂ak
∂θj

· ∂

∂θk
(j = r + 1, . . . , d),

∂

∂θ′j
=

∂

∂θj
(j = 1, . . . , r).

For (3), let m := ir+1 + · · · + id ≥ 1 and l := hr+1 + · · · + hd ≤ m. We
have:

∂l

∂θ
′hr+1

r+1 · · · ∂θ′hd
d

=

d∏
j=r+1

(
∂

∂θj
−

r∑
k=1

∂ak
∂θj

· ∂

∂θk

)hj

=

d∏
j=r+1

(
∂hj

∂θ
hj

j

−
r∑

k=1

∂hjak

∂θ
hj

j

· ∂

∂θk
+ · · ·

)
(B.1)

=
∂l

∂θ
hr+1

r+1 · · · ∂θhd
d

−
r∑

k=1

∂lak

∂θ
hr+1

r+1 · · · ∂θhd
d

· ∂

∂θk
+ · · · (B.2)

We focus on the terms indicated by “· · · ” in equations (B.1) and (B.2), which
involve derivatives of ak(θr+1, . . . , θd) of order less than or equal to l−1 with
respect to θr+1, . . . , θd. Since ak(θr+1, . . . , θd) is a homogeneous polynomial
of degree m in θr+1, . . . , θd, these terms evaluate to zero at (θ1, . . . , θd) = 0.
Therefore, we have:

∂lak

∂θ
hr+1

r+1 · · · ∂θhd
d

∣∣∣∣∣
θ=0

=

{
0 if (hr+1, . . . , hd) 6= (ir+1, . . . , id),

ck if (hr+1, . . . , hd) = (ir+1, . . . , id).

Consequently,

∂l

∂θ
′hr+1

r+1 · · · ∂θ′hd
d

∣∣∣∣∣
(θ′1,...,θ

′
d)=0

=
∂l

∂θ
hr+1

r+1 · · · ∂θhd
d

∣∣∣∣∣
θ=0

−


0 if (hr+1, . . . , hd) 6= (ir+1, . . . , id),
r∑

k=1

ck
∂

∂θk

∣∣∣∣
θ=0

if (hr+1, . . . , hd) = (ir+1, . . . , id),

as desired.
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Appendix C

Proof of Theorem 4.1

We outline the proof as follows. First, we prove Theorem 4.2, which provides
the Taylor expansion for the analytic function H(θ). This theorem asserts
that the Taylor expansion of H(θ) takes the same form as in Theorem 3.2,
which describes the Taylor expansion of K(θ). The proof is based on the ar-
gument in Appendix A. Here, we focus on the differences from Appendix A.
Finally, using this result, we derive Theorem 4.1 by directly applying the
proof technique in Section 3.3.

Let i1, . . . , ik ∈ {1, . . . , d} and define

Zi1,...,ik :=
∂kp(x|θ)

∂θi1 · · · ∂θik
, h(x|θ) := 1

2

{
p(x|θ)− q(x)

}2
,

where we aim to identify patterns in the partial derivatives of h. We refer
to Zi1,...,ik as indeterminate symbols of weight k. Setting θ = (θ1, . . . , θd),
we obtain

∂h(x|θ)
∂θi1

= {p(x|θ)− q(x)} · ∂p(x|θ)
∂θi1

∂2h(x|θ)
∂θi1∂θi2

= {p(x|θ)− q(x)} · ∂
2p(x|θ)

∂θi1∂θi2
+ Zi1Zi2

∂3h(x|θ)
∂θi1∂θi2∂θi3

= {p(x|θ)− q(x)} · ∂3p(x|θ)
∂θi1∂θi2∂θi3

+Zi1,i2Zi3 + Zi2,i3Zi1 + Zi3,i1Zi2

∂4h(x|θ)
∂θi1∂θi2∂θi3∂θi4

= {p(x|θ)− q(x)} · ∂4p(x|θ)
∂θi1∂θi2∂θi3∂θi4

+Zi1,i2Zi3,i4 + Zi1,i3Zi2,i4 + Zi1,i4Zi2,i3

+Zi1,i2,i3Zi4 + Zi1,i2,i4Zi3 + Zi1,i3,i4Zi2 + Zi2,i3,i4Zi1 .

In each of these, the first term on the right-hand side is zero at θ = 0.
Therefore, if we can interchange the order of partial differentiation and in-
tegration, the partial derivatives of H(θ) at θ = 0 depend primarily on the
terms from the second term onward.
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In Appendix A, instead of using h, the partial derivatives of the log-
likelihood ratio function f were examined. The second and subsequent
terms on the right-hand sides of both expressions are similar. However,
the partial derivatives of h consist of a product of two indeterminate sym-
bols Z, whereas the partial derivatives of f consist of a product of two or
more indeterminate symbols Y . Since terms consisting of a product of two
indeterminate symbols play a crucial role in the following discussion, we can
obtain the same conclusion for the partial derivatives of h.

Proposition C.1.

Gn(i1, . . . , in) :=
∂nh(x|θ)

∂θi1 · · · ∂θin
−
{
p(x|θ)− q(x)

}
· ∂np(x|θ)
∂θi1 · · · ∂θin

is a polynomial consisting of indeterminate symbols Zi1,...,ik with weights less
than n. Each term in the polynomial has a coefficient of 1, and each term
is a product of two indeterminate symbols, with a total weight of n. The
polynomial is the sum of all such terms with these weights.

Proof. We prove this by induction on n. For n = 1, G1(i1) = 0 satisfies
the condition since there are no terms. Assuming Gn(i1, . . . , in) is such a
polynomial for some n ≥ 1, we obtain

∂n+1h(x|θ)
∂θi1 · · · ∂θin+1

=
∂

∂θin+1

{
{p(x|θ)− q(x)} · ∂np(x|θ)

∂θi1 · · · ∂θin
+Gn(i1, . . . , in)

}
= {p(x|θ)− q(x)} · ∂n+1p(x|θ)

∂θi1 · · · ∂θin+1

+ Zi1,...,inZin+1 +
∂Gn(i1, . . . , in)

∂θin+1

Thus,
Gn+1(i1, . . . , in+1) = Zi1,...,in Zin+1 +

∂Gn(i1, . . . , in)

∂θin+1

.

By the induction hypothesis, this is a polynomial consisting of indeterminate
symbols Z with weights less than or equal to n, where each term has a
coefficient of 1 and the sum of weights in each term equals n+1. Moreover,
the terms containing the indeterminate symbol Zin+1 are derived from the
first and second terms on the right-hand side, while the terms that do not
contain Zin+1 are derived from the third term on the right-hand side. Thus,
we have shown that each term is a product of two indeterminate symbols,
summing to a total weight of n+ 1.

Corollary C.1. (1) If all indeterminate symbols of weight m− 1 or less
are zero almost surely at θ = 0, then Gk (for k ≤ 2m− 1) will also be
zero almost surely at θ = 0.
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(2) If differentiation and integration can be interchanged,

∂nH(θ)

∂θi1 · · · ∂θin

∣∣∣∣
θ=0

=

∫
χ

∂nh(x|θ)
∂θi1 · · · ∂θin

∣∣∣∣
θ=0

dx

equals the value obtained by substituting θ = 0 and integrating over
χ a polynomial. This polynomial is obtained by summing all terms
where two indeterminate symbols Zi1,...,ik are multiplied together, the
total weight is n, and the coefficients of all terms are 1.

Proof. (1) follows because terms with a sum of weights up to 2m − 1 are
products of two terms, so at least one term will have a weight of m − 1 or
less and thus will be zero almost surely at θ = 0. (2) follows directly from
the previous discussions.

Proof of Theorem 4.2. We define
P1(x|s1, . . . , sr) :=

∑r
j=1

∂p(x|θ)
∂θj

∣∣∣
θ=0

sj ,

Pm(X|sr+1, . . . , sd) :=
∑

ir+1+···+id=m
ir+1,...,id∈Z≥0

1
ir+1!···id!

∂mp(X|θ)
∂θ

ir+1
r+1 ···∂θidd

∣∣∣∣
θ=0

s
ir+1

r+1 · · · sidd .

In the proof of Theorem 3.2, by replacing Y with Z and f with either h
or p, we can show that the Taylor expansion of H(θ) at (θ1, . . . , θd) = 0 is
given by

H(θ) =
1

2

∫
χ
{P1(x|θ1, . . . , θr) + Pm(x|θr+1, . . . , θd)}2 dx

+ (higher order terms).
(C.1)

As an example, we confirm that terms of first order in (θ1, . . . , θr) and
of m-th order in (θr+1, . . . , θd) are represented by∫

χ
P1(x|θ1, . . . , θr)Pm(x|θr+1, . . . , θd) dx. (C.2)

Under Assumption 1(1), we deduce from Proposition A.1(1) that for all
indices (ir+1, . . . , id) satisfying 1 ≤ ir+1 + · · ·+ id ≤ m− 1,

∂ir+1+···+idp(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

= 0 a.s.

holds. For

∂m+1h(X|θ)
∂θj∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

(1 ≤ j ≤ r, ir+1 + · · ·+ id = m),
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the nonzero products of two indeterminate symbols claimed in Corollary C.1(2)
are limited to

∂p(X|θ)
∂θj

∣∣∣∣
θ=0

· ∂mp(X|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

.

Hence,∫
χ

∂m+1h(x|θ)
∂θj∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

dx =

∫
χ

∂p(x|θ)
∂θj

∣∣∣∣
θ=0

· ∂mp(x|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

dx

validates the claim in (C.2).
Finally, we verify that the equation to be proven follows from (C.1).

Since
∂f

∂θj

∣∣∣∣
θ=0

= − 1

q(x)

∂p

∂θj

∣∣∣∣
θ=0

,

we get P1(x|s1, . . . , sr) = −F1(x|s1, . . . , sr)q(x). Under Assumption 1(1),
we deduce from Proposition A.1(1) that

∂mf(x|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

= − 1

q(x)

∂mp(x|θ)
∂θ

ir+1

r+1 · · · ∂θidd

∣∣∣∣∣
θ=0

.

Thus, we obtain Pm(x|sr+1, . . . , sd) = −Fm(x|sr+1, . . . , sd)q(x). Therefore,∫
χ
{P1(x|θ1, . . . , θr) + Pm(x|θr+1, . . . , θd)}2 dx

=EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2 q(X)

]
is established.

Proof of Theorem 4.1. Since most of the argument parallels that in Sec-
tion 3.3, we outline only the main steps here. By Theorem 4.2, the Taylor
expansion of H(θ) at (θ1, . . . , θd) = 0 can be expressed as

H(θ) =
1

2
EX

[
{F1(X|θ1, . . . , θr) + Fm(X|θr+1, . . . , θd)}2 q(X)

]
+ (higher order terms).

We perform the following four coordinate transformations, CT1-CT4 (see
Figure 3.2). In the case r = 0, we use only CT2. We demonstrate that
normal crossings are achieved in all the resulting local coordinates.

CT1 For 1 ≤ s ≤ r, {θj → θsθ
′
j | 1 ≤ j ≤ d, j 6= s}

CT2 For r + 1 ≤ t ≤ d, {θj → θtθ
′
j | 1 ≤ j ≤ d, j 6= t}

CT3 For the t selected in CT2 and for 1 ≤ s ≤ r, {θ′j → θsθ
′′
j , θt → θsθ

′
t |

1 ≤ j ≤ r, j 6= s}
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CT4 For the t selected in CT2, {θ′j → θtθ
′′
j | 1 ≤ j ≤ r}

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m− 1
times (resulting in a total of m iterations), we eventually achieve normal
crossings.

Here, we verify only the following three inequalities, which are essen-
tial for achieving normal crossings (each parameter si ranges over all real
numbers):

a1(s2, . . . , sd) :=EX

[
F 2
1 (X|1, s2, . . . , sr)q(X)

]
> 0

a2(s2, . . . , sd) :=EX

{F1(X|1, s2, . . . , sr)
+ sdFm(X|sr+1, . . . , sd−1, 1)

}2

q(X)

 > 0

a3(s1, . . . , sd−1) :=EX

{F1(X|s1, . . . , sr)
+ Fm(X|sr+1, . . . , sd−1, 1)

}2

q(X)

 > 0

For the first inequality, since q(X) 6= 0 a.s., a1(s2, . . . , sd) = 0 holds if and
only if

F1(X|1, s2, . . . , sr) = 0 a.s.

⇔ ∂f(X|θ)
∂θ1

∣∣∣∣
(θ1,...,θd)=0

+

r∑
k=2

sk ·
∂f(X|θ)

∂θk

∣∣∣∣
(θ1,...,θd)=0

= 0 a.s..

By Assumption 1, the set of partial derivatives
∂f(X|θ)

∂θ1

∣∣∣∣
(θ1,...,θd)=0

, . . . ,
∂f(X|θ)

∂θr

∣∣∣∣
(θ1,...,θd)=0

(C.3)

are linearly independent, so there do not exist (s2, . . . , sd) satisfying the
above equivalence and we conclude that a1(s2, . . . , sd) > 0 holds.

The second inequality is analogous to the third, so we verify only the
third. The equation a3(s1, . . . , sd−1) = 0 implies

F1(X|s1, . . . , sr) + Fm(X|sr+1, . . . , sd−1, 1) = 0 a.s.

⇔
r∑

k=1

sk ·
∂f(X|θ)

∂θk

∣∣∣∣
(θ1,...,θd)=0

+ Fm(X|sr+1, . . . , sd−1, 1) = 0 a.s..

For a nonzero parameter (sr+1, . . . , sd−1, 1) 6= 0, Assumption 1(2) implies
that the random variable Fm(X|sr+1, . . . , sd−1, 1) and the r random vari-
ables in (C.3) are linearly independent. Therefore, there does not exist
(s1, . . . , sd−1) that satisfies this equivalence relation. Thus, we conclude
that a3(s1, . . . , sd−1) > 0 holds.

52



Appendix D

Details on Example 5.1(1)

Let H be the number of mixture components with H ≥ 2, and (a1, . . . , aH−1)
be mixture weights. Consider the following mixture model with 2H − 1
parameters (a1, . . . , aH−1, b1, . . . , bH):

p(x|a, b) :=
H−1∑
i=1

aip̃(x|bi) +

(
1−

H−1∑
i=1

ai

)
p̃(x|bH).

The true distribution q(x) can be expressed using H0−1 constants {ai∗}H0−1
i=1

satisfying ai∗ > 0 and
∑H0−1

i=1 ai∗ < 1, along with H0 distinct constants
b1∗, . . . , bH0∗, as follows:

q(x) =

{∑H0−1
i=1 ai∗ · p̃(x|bi∗) +

(
1−

∑H0−1
i=1 ai∗

)
· p̃(x|bH0∗) if H0 > 1,

p̃(x|b1∗) if H0 = 1.

It is clear that points satisfying the following conditions are realization pa-
rameters:{
(a1, . . . , aH0−1, aH0 , . . . , aH−1) = (a1∗, . . . , aH0−1∗, ∀aH0 , . . . , ∀aH−1)

(b1, . . . , bH0−1, bH0 , . . . , bH−1, bH) = (b1∗, . . . , bH0−1∗, bH0∗, . . . , bH0∗, bH0∗).

We now consider the case where the following condition holds:

aH0 , . . . , aH−1 > 0,
H−1∑
k=H0

ak < 1−
H0−1∑
k=1

ak∗. (D.1)

Since the set of realization parameters is not a single point, this statistical
model does not satisfy semiregularity. For any realization parameter P
satisfying (D.1), we show that p(x|a, b) satisfies (5.1) and Assumption 3
with (d1, r,m) = (H +H0 − 1, 2H0 − 1, 2).
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By translating the coordinates, we can express

p(x|a, b) =
H0−1∑
i=1

(ai + ai∗)p̃(x|bi + bi∗) +

H−1∑
i=H0

aip̃(x|bi + bH0∗)

+

(
1−

H0−1∑
i=1

ai∗ −
H−1∑
i=1

ai

)
p̃(x|bH + bH0∗).

P ∈

{
(a1, . . . , aH0−1, b1, . . . , bH , aH0 , . . . , aH−1)

∣∣∣∣∣ a1 = · · · = aH0−1 = 0

b1 = · · · = bH = 0

}
It is clear that (5.1) holds. In the following, we arbitrarily fix the H −
H0 parameters (aH0 , . . . , aH−1) within the range satisfying (D.1). For the
remaining H +H0 − 1 parameters a1, . . . , aH0−1, b1, . . . , bH , we perform the
coordinate transformation

b′H := bH +

∑H−1
k=H0

akbk

1−
∑H0−1

k=1 ak∗ −
∑H−1

k=H0
ak

.

After performing this transformation, we examine the partial derivatives of
f(x|a, b) at the point P . Then,

∂f

∂ai
= − 1

q(x)
{p̃(x|bi∗)− p̃(x|bH0∗)} i = 1, . . . , H0 − 1

∂f

∂bi
= − 1

q(x)

{
ai∗

∂p̃
∂b (x|bi∗) i = 1, . . . , H0 − 1

0 i = H0, . . . , H − 1

∂f

∂b′H
= − 1

q(x)

1−
H0−1∑
k=1

ak∗ −
H−1∑
k=H0

ak

 ∂p̃

∂b
(x|bH0∗).

The second derivative with respect to b := (bH0 · · · bH−1)
⊤ ∈ RH−H0 is given

by

F2(x|b) =
∑

iH0
+···+iH−1=2

{iH0
,...,iH−1}⊂Z≥0

b
iH0
H0

· · · biH−1

H−1

iH0 ! · · · iH−1!

∂2f

∂b
iH0
H0

· · · ∂biH−1

H−1

∣∣∣∣∣∣
(a1,...,aH0−1,b1,...,bH)=0

=
1

2(1−
∑H0−1

k=1 ak∗ −
∑H−1

k=H0
ak)

· −1

q(x)

∂2p̃

∂b2
(x|bH0∗) · b⊤Σb

where Σ := (σi,j)1≤i,j≤H−H0 is defined by

σi,j :=

{
ai+H0−1(1−

∑H0−1
k=1 ak∗ −

∑H−1
k=H0

ak + ai+H0−1) i = j,

ai+H0−1 · aj+H0−1 i 6= j.
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Under condition (D.1), it follows from Lemma D.2, which will be stated
below, that Σ is a positive definite matrix, so for any b 6= 0, we have
F2(x|b) 6= 0 a.s..

From Lemma D.1 stated below,

p̃(x|b1∗), . . . , p̃(x|bH0∗),
∂p̃

∂b
(x|b1∗), . . . ,

∂p̃

∂b
(x|bH0∗),

∂2p̃

∂b2
(x|bH0∗) (D.2)

are linearly independent, we see that for any b( 6= 0),

∂f

∂a1
, . . . ,

∂f

∂aH0−1
,
∂f

∂b1
, . . . ,

∂f

∂bH0−1
,
∂f

∂b′H
, F2(x|b)

are linearly independent. Therefore, at point P , the model satisfies As-
sumption 3(1)(2) for (d1, r,m) = (H + H0 − 1, 2H0 − 1, 2), where we set
θ := (a1, . . . , aH0−1, b1, . . . , bH−1, b

′
H) and τ := (aH0 , . . . , aH−1).

For simplicity in the following lemma, we replace the notation H0 with
N and bi∗ with bi.

Lemma D.1. Let p̃(x|b) be one of the following distributions: the binomial
distribution with M(≥ 2) trials and success probability b, the Poisson dis-
tribution with mean b, or the normal distribution with mean b and variance
1. Let N(≤ M/2) be an integer greater than or equal to 1. Then for N
distinct parameters {b1, . . . , bN}, the following random variables are linearly
independent:

p̃(x|b1), . . . , p̃(x|bN ),
∂p̃

∂b
(x|b1), . . . ,

∂p̃

∂b
(x|bN ),

∂2p̃

∂b2
(x|bN )

Proof. Let {si}, {ti}, u be real numbers, and suppose that

N∑
i=1

sip̃(x|bi) +
N∑
i=1

ti
∂p̃

∂b
(x|bi) + u

∂2p̃

∂b2
(x|bN ) = 0 a.s.. (D.3)

We show si = ti = u = 0 for all i = 1, . . . , N . Note that the n-th moment
(n ≤ M) of a random variable following the given probability distribution p̃
is a polynomial of degree n in b. First, summing (D.3) over x ∈ χ implies

N∑
i=1

si = 0. (D.4)

Next, multiplying (D.3) by x and again summing over x ∈ χ, then using
(D.4), we obtain

N∑
i=1

sibi +
N∑
i=1

ti = 0. (D.5)
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Repeating this process for n = 2, . . . , 2N(≤ M), multiplying (D.3) by xn,
summing over x ∈ χ, and using (D.4)–(D.5), we get

N∑
i=1

sib
n
i + nP1

N∑
i=1

tib
n−1
i + nP2ub

n−2
N = 0,

where for nonnegative integers m ≥ n, we define mPn := m!/(m − n)!.
Therefore, we have W (s1 · · · sN t1 · · · tN u)⊤ = 0 ∈ R2N+1,

W :=



1 · · · 1 0 · · · 0 0
b1 · · · bN 1 · · · 1 0
b21 · · · b2N 2P1b1 · · · 2P1bN 2P2

b31 · · · b3N 3P1b
2
1 · · · 3P1b

2
N 3P2bN

b41 · · · b4N 4P1b
3
1 · · · 4P1b

3
N 4P2b

2
N

... · · ·
...

... · · ·
...

...
b2N1 · · · b2NN 2NP1b

2N−1
1 · · · 2NP1b

2N−1
N 2NP2b

2N−2
N


.

Thus, we show that detW 6= 0. A straightforward computation gives

det W ∝
∏

1≤i<j≤N−1

(bi − bj)
4 ×

∏
1≤i≤N−1

(bi − bN )6.

Because {b1, . . . , bN} are distinct, we conclude that detW 6= 0.

Lemma D.2. Let N be a positive integer, and let A, T1, . . . , TN be variables.
Define the symmetric matrix ΣN := (σi,j)1≤i,j≤N ∈ RN×N by

σi,j :=

{
Ti(A+ Ti) if i = j,

Ti · Tj if i 6= j

Then, for any (A, T1, . . . , TN ) satisfying ATi > 0 for all i = 1, . . . , N , the
matrix ΣN is positive definite.

Proof.

(s1, . . . , sN )ΣN (s1, . . . , sN )⊤ =

(
N∑
i=1

siTi

)2

+
N∑
i=1

ATis
2
i ≥ 0
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