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Abstract

This thesis discusses learning coefficients for singular models. In Bayesian
inference, the asymptotic behavior of evaluation metrics for predictive accu-
racy, such as generalization loss and free energy, is determined by a model-
specific rational number known as the learning coefficient (real log canonical
threshold). Learning coefficients are already known for models that satisfy
regularity conditions. However, for singular models that do not satisfy these
conditions, specific values of learning coefficients have been provided for cer-
tain models such as reduced-rank regression. Nevertheless, a general formula
for learning coefficients that broadly applies to singular models has not yet
been established.

In Chapter E, we derive a formula for the learning coefficients of sta-
tistical models that satisfy a condition slightly less stringent than the reg-
ularity condition, which we refer to as semireqular models. This formula
reveals that a natural number m, determined by the partial derivatives of
the log-likelihood ratio function f, significantly affects the learning coeffi-
cient. However, it can only be used when the Kullback-Leibler divergence
K(0) is analytic or when the set of realization parameters O, is a single
point. It is not applicable to more general cases.

In Chapter ¥ and Chapter f, we present two generalizations to overcome
this limitation. First, we show that the formula for the learning coefficient
still holds when K(#) is not analytic. Second, we derive a formula that
is applicable even when ©, is not a single point. As a result, we gain
a systematic understanding of how the natural number m, determined by
partial derivatives of f, and the dimension of ©,, a geometric quantity,
influence the learning coefficient.

Our main results are applicable to a wide range of singular models. As
a specific example, we provide upper bounds on the learning coefficients for
neural networks and mixture distributions, which had not been elucidated
before.
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Chapter 1

Introduction

Hierarchical models such as neural networks, normal mixture models, and
Boltzmann machines are referred to as singular learning models. These mod-
els are widely used in the analysis of real data, but their theoretical analysis
has not been sufficiently developed. These models possess nonpositive defi-
nite Fisher information matrices and therefore cannot be analyzed by classic
theory [28]. For example, model selection methods such as AIC [1j], TIC [23],
and BIC [22], which require the Fisher information matrix to be positive def-
inite and the existence of a unique minimizer of the log loss function, cannot
be applied to singular models.

Watanabe established a theory of learning coefficients using algebraic
geometry for singular models [28]. However, only universal laws were pre-
sented, and further mathematical considerations are necessary to obtain
specific learning coeflicients.

Based on the free energy demonstrated by Watanabe [28], widely appli-
cable Bayesian information criteria (WBIC) [B0] and the singular Bayesian
information criterion (sBIC) [12] have been developed. The sBIC effectively
uses the learning coefficient A and its multiplicity m with a fixed point equa-
tion system of marginal likelihood. Moreover, the learning coefficients A
and their multiplicities m provide mathematical indicators for analyzing the
accuracy of model selection methods such as WAIC ( [1l], [24], [25], [26], [28],
[29], [B1]) and cross-validation in Bayesian estimation approaches.

The learning coefficient A is equal to the real log canonical threshold of
the Kullback-Leibler function in algebraic geometry, and its specific value
can be obtained using the recursive blow-up process [14]. However, this
result is an abstract existence theorem, and it is not clear which specific
blow-ups should be performed. Furthermore, the theory of real log canonical
thresholds has fewer achievements in the real number field compared to
the complex number field or algebraically closed fields [16,[18]. Therefore,
obtaining real log canonical thresholds is a matter of interest in various
fields, including mathematics.



Aoyagi and Watanabe [11] and Aoyagi [9] obtained the specific values of
the learning coefficients for reduced-rank regression models. Furthermore,
Aoyagi [2,B, [, 8] obtained specific values or upper bounds of the learn-
ing coefficients for models such as three-layer neural networks and normal
mixture models related to Vandermonde matrix-type singularities. In addi-
tion, Aoyagi [L0] obtained learning coefficients for three-layer neural network
models with ReLU units. Additionally, Aoyagi obtained specific values for
restricted Boltzmann machines [G]. Moreover, Rusakov and Geiger [19,20],
Zwiernik [33] and Drton, Lin, Weihs, and Zwiernik [13] respectively obtained
learning coeflicients for naive Bayesian networks, directed tree models with
hidden variables, and Gaussian latent tree and forest models. Additionally,
Lau, Furman, Wang, Murfet, and Wei [17] empirically developed a method
to obtain the local learning coefficient for deep linear networks.

While there is previous research on learning coefficients \ for each statis-
tical model, a formula for learning coefficients A\ that can be widely applied
to singular models has not been identified.

In Chapter B, we generalize the formula for the learning coefficient \ for
regular models and obtain a formula for A that can be applied to relatively
simple singular models. Regular models refer to cases where the Fisher
information matrix is positive definite and there is a formula A = d/2 using
the number of parameters d. We consider cases where the Fisher information
matrix is not positive definite and its rank r satisfies r < d. Assuming that
a certain type of linear independence holds, we derive the formula

N d—r+ rm,

2m

where m is a natural number determined by the order of differentiability
of the log-likelihood ratio function. This generalizes the regular case. In
particular, we clarify that this natural number m, along with the number
of parameters d and the rank r of the Fisher information matrix, is a factor
that determines the learning coefficient A. We utilize this formula to obtain
the learning coefficients for a specific three-layer neural networks with a fixed
weight, which had previously remained unresolved. However, it can only be
used when the Kullback-Leibler divergence K (#) is analytic or when the set
of realization parameters O, is a single point.

In Chapter Yl and Chapter p, we generalize this formula so that it covers
a broader class of singular models. We overcome these constraints in two
ways.

First, we prove that the learning coefficient formula still holds even when
K (0) is not analytic. This result makes the formula applicable to practically
important nonanalytic models such as normal mixture models.

Second, we handle cases where O, has a spread. From a geometric per-
spective, we usually know that ©, contains at least one nonsingular point.
We show that if the statistical model satisfies certain assumptions at a non-



singular point P, then the local learning coefficient Ap at P can be computed
in the same form as the formula in Chapter B
Ap = di—r+rm
2m

where dy is determined by the codimension of ©,. Since this provides an
upper bound on the learning coeflicient, we can evaluate it accordingly.

Our main results apply to many models, including a certain class of
three-layer neural networks and mixture distribution models. Specifically,
the three-layer neural network ¥ = S g,0(b; X) + N, which were treated
in Chapter E, are models in which the weights a; are fixed. In contrast,
by applying the framework developed in Chapter E, the weights a; can be
treated as parameters. As a result, our method can be applied to a broader
class of models. Based on our main results, we clarified that the learning
coefficient is significantly influenced by the integer r, which is the rank
of the Fisher information matrix, the integer m, which is determined by
the differentiability of f, and the integer di, which is determined by the
codimension of ©,.

1.1 Overview

The rest of this thesis is organized as follows. In Chapter E, we outline
the concepts of singularity resolution and real log canonical thresholds in
algebraic geometry. In Chapter E, we describe a formula for the learn-
ing coefficients of the semiregular model and discuss their applications. In
Chapter {l, we show that this formula remains valid without the analyticity
assumption on K (6). In Chapter p, we show that a formula of the same type
holds at nonsingular points of ©,. We discuss the conclusions and future
work in Chapter B

1.2 Definitions and Assumptions

Throughout this thesis, we consider statistical models p(z|f) with continu-
ous parameters § = (0y,...,0;) € © C R? where d > 1, and we denote the
true distribution by g(x). We denote the set of all possible data x by x.
We assume that the statistical model is realizable, meaning that there exists
a parameter 6, such that g¢(x) = p(z|0) almost surely. We refer to such
parameters 6, as realization parameters and denote the entire set of realiza-
tion parameters by O,. Without loss of generality, we assume 6, = 0. We
assume that the prior distribution of the parameters () satisfies p(6,) > 0
for any realization parameter 6,. We denote a random variable following
the true distribution ¢ by X, and we use Ex|[:] to represent the expectation
over the random variable X. In this thesis, we assume that the operations



of taking expectations and taking partial derivatives with respect to 6 are
interchangeable.

We define the log-likelihood ratio function f and the Kullback-Leibler
divergence K () respectively as

Fal6) = og 2 K ()= Ex [/(X]0).

b
9:0>i,j:1,...,d

Furthermore, we define
_ 9f(X10)
I =Cov < 06,

S (PE®)
— \ 06;00;

af(X10)
=0 ’ ‘999‘

0:0>i,j1,.. d

)

The matrix [ is the Fisher information matrix at § = 0. Generally, I and
J do not coincide, but under the conditions of this thesis, they do coincide
(see Remark @) We denote the rank of this matrix by r.

In this thesis, we also define the following function H () as a measure of
the distance between p(z|f) and g(x), which we use alongside K (0):

H()i= 5 [ (plal) - ala))dz



Chapter 2

Background

In this chapter, we collect the mathematical background needed in the rest
of the thesis. We first recall the basic Bayesian setting and the definition of
the learning coefficient. We then review resolution of singularities and real
log canonical thresholds, and explain how they arise in singular learning
theory.

2.1 Bayesian inference and generalization error
We consider a statistical model

{p(z]0) | 0 € © C R},

where x takes values in a measurable space x, and © is an open subset
of R%. The true distribution of the data is denoted by q(x). K(6) is the
Kullback-Leibler divergence,

q(X)
K@) :=Ex [log } .
) p(X]9)
where the expectation is taken with respect to the true distribution gq.
Given a prior density ¢(f) on ©, the zeta function is defined by

«akéK@www

Definition 2.1 (learning coefficient). [17,28] Let —\ and m be the largest
pole of the meromorphic function ((z) and its order. Then A > 0 is called
a learning coefficient. If we restrict the domain of integration of the zeta
function to a neighborhood of a realization parameter P, then the resulting
learning coefficient is called the local learning coefficient and is denoted by
Ap, and its multiplicity is denoted by mp.



If we obtain the learning coefficient, then we can predict the stochastic
complexity and the Bayes generalization error theoretically.
We assume that the statistical model is realizable. Let X" = (X1,..., X,,)
be an i.i.d. sample from q. The posterior density is
Jo {ITiz1 p(Xil0)} ¢ (6) A8

and the corresponding predictive density for a new observation X is
pn(z) := /p(:n|¢9) (0] X™) d6.

The Bayesian generalization error is defined as

q(X) }
pa(X)]
d

Under regularity, Ex»[G,] behaves as - 4+ o(1/n), but in singular models

G, =Ex [log

the coeflicient % is replaced by the learning coefficient A, leading to

Exn[G] = % +o(1/n).

The free energy F,, is defined to be the negative log of the marginal likelihod:

F, = —log </@ {HP(XM)} ©(0) d9> :
=1

The asymptotic expansion in n is given by

n
F,=— Z log g(x;) + Alogn — (m — 1) loglogn + O,(1).
i=1
Moreover, if we restrict the parameter space to a neighborhood of the re-
alization parameter P, then the expectation is governed by the local learning
coefficient Ap, and we obtain

ExalG] = 22 + o(1/n)

F, =— Zlogq(wi) + Aplogn — (mp — 1)loglogn + O,(1).

=1
2.2 Real log canonical thresholds

It is known that learning coefficients correspond to the concept of real log
canonical thresholds in algebraic geometry. Real log canonical thresholds
are defined using a resolution of singularities. Here, the resolution of singu-
larities refers to transforming the analytic function F' into a normal crossing,
as specified by Theorem P.1I.



Theorem 2.1 (Resolution of Singularities). [14,128] Let F(x) be a real
analytic function defined near the origin in R that is not identically zero,
with F(0) = 0. Then, there exists an open set W C R? containing the origin,
a real analytic manifold U, and a proper analytic map g : U — W satisfying:

(1) Let Wy := F~1(0) and Uy := g~ 1 (Wp); then, g : U\ Uy — W \ Wy is
an analytic isomorphism.

(2) At any point Q in Uy, taking local coordinates u = (uy,...,uq) of U
at @ as the origin, it can be expressed as:

F(g(u = a(u)ulrub? .. usd, (2.1)
(u)| = ‘b “1 u2 . uZd ,
where ki h; (i =1,...,d) are nonnegative integers and a(u),b(u) are

real analytic functions with a(u) # 0,b(u) # 0.
Expressions such as (@) are referred to as normal crossings.

Definition 2.2 (Real Log Canonical Threshold). [28] Let F' be a real
analytic function defined on an open set O in R%, and let C' C O be a compact
set. For each point P in C' where F(P) = 0, we perform a translation so
that point P coincides with the origin in R%, and Theorem @ applies, fixing
(W,U, g) as guaranteed by Theorem @(2) We denote the nonnegative
integers h;, k; given by Theorem @(2) near any point @ € Uy as hEQ), k:Z(Q).
(1) The real log canonical threshold Ap at point P, and the real log canon-
ical threshold X for the compact set C', are defined respectively as:

A 41
\p = inf{ S o

Qelo

min

i=1,..d kl(Q) }’ A= Jyelg)\P’

with (h(Q) + 1)/I<J(Q) = oo defined for cases where k( ) — 0 [28].

(2) For the point P € C giving the minimum in (1), the maximum number
of i satisfying Ap = (hl(-Q) +1)/ ng) is called the multiplicity m. If there
are multiple such points P, the multiplicity is defined as the maximum
number among them.

We consider a case where the analytic function F' corresponds to the
Kullback-Leibler divergence K (6). Under the condition that the prior dis-
tribution ¢(6,) > 0, it is known that the learning coefficient X is equal to the
real log canonical threshold on the compact set O, = {0 € © | K(0) = 0} [28,
Theorem 6.6, Definition 6.4]. This Ap is equal to the local learning coefficient
at P.



Theorem Ell ensures the existence of the function g, which can be con-
structed by a finite number of repetitions of an operation known as blow-
up [28]. This result is demonstrated in [14] and [2§, Theorem 3.6]. However,
the existence of ¢ is only proven abstractly, and it is usually difficult to find
a specific construction method for g. In this thesis, we construct the coordi-
nate transformation g through a concrete sequence of blow-ups to calculate
the learning coefficient A.

2.3 Regularity

Definition 2.3 (regularity). [28] ¢(z) is said to be regular for a statistical
model p(x|6) if the following conditions are satisfied:

o The set of realizing parameters ©, contains only the single element 6,
and is contained within the interior of ©.

« The Hessian matrix V2K (6,) as 6, defined by

0’°K
V32K (0,)) = ——
( )W 00;00; 4_g.
is positive definite.

Proposition 2.1 (Formula for the regular model). /28]
We assume that the true distribution is reqular and realizable with respect
to the statistical model. If ¢(0y) > 0, then we have A = d/2 and m = 1.

Proposition 2.2. [2§/ If there exists an open set U C © such that
{00 | K@) =0, ) >0}

is not the empty set, then

1\3_\ S

Proposition 2.3. [2§/
Assume that a parapeter is represented by (0,7) € © (0 € R4, 7 € R%)
and that K(0,7) and p(0,7) satisfy the following conditions.

(1) For arbitrary T, K(0y,7) = 0.
(2) There exists an open set V.C R such that ©(6y,7) >0 (1 € V).

Then p
1
< —.

=



Chapter 3

Semiregular models

3.1 Semiregularity

Definition 3.1 (Semiregularity). A statistical model p(z|@) is said to be
semiregular B at a parameter 6, (which realizes the true model ¢(z)) if the
following conditions are satisfied:

e The set of realizing parameters ©, contains only the single element 6,
and is contained within the interior of ©.

e If r =d, then the r random variables

of(X10) of(X10)
7 PR a (3.1)

are linearly independent E If » < d, then the model satisfies Assump-
tion [l).

Assumption 1. Divide the d parameters 6 = (61,...,04) into 6y,...,0,
and 6,41, ...,04, and assume:

(1) There exists a maximal integer m (with 2 < m < co) such that for all
multiple indices (iy41,...,1q) satisfying 1 < 4,9 + -+ +ig < m — 1,
the following condition holds:

air+1+-“+idf(X’9)

0071 -0

=0 a.s.
6=0

(2) For all (Sp41,...,54) # 0, the function

!This term is specific to this thesis and is not generally established.
2The random variables being linearly independent means that they are so with proba-
bility one.



1 o™ f(x|0 ; ;
F(X[sr41,..080) == Y f(10) syt s

irpr! - -ial 90,7 - 00

tpp1+Fig=m d 16=0

It 1se0d €L >0

and the r random variables in (@) are linearly independent. When
r = 0, this condition is understood to mean that

Fo(X|$r+1,--.,84) 70 as.

When r = d, this definition reduces to the usual notion of regularity, so
it indeed generalizes the classical concept. Therefore, we exclude such cases
from our discussion, and we assume r < d — 1 throughout this chapter.

Remark 3.1. We now explain the meaning of the assumption of semiregular-
ity. The assumptions other than Assumption [l| are the same as those in the
regularity condition, and Assumption [ll generalizes the regularity condition
that the Fisher information matrix is positive definite.

As for Assumption m(l), when 1 < r < d — 1, the first derivatives of f
with respect to 0,41, ..., 04 are linearly dependent on the r random variables
in (B.1)). As explained in Section B.2, by applying an appropriate coordinate
transformation, all such linearly dependent derivatives can be made zero.
Thus, Assumption m(l) can always be satisfied.

As for Assumption [l|(2), it is a condition necessary to guarantee normal
crossings (see the proof of Theorem B.1f). Unlike (1), there exist statistical
models that do not satisfy this condition.

Example 3.1. Let N be a random variable that is subject to the standard
normal distribution. The probability distribution ¢(z) of X is assumed to
have compact support. Consider the following statistical model in which a
random variable Y for a given X is defined by

Y = A10(61X) + Az0(02X) + N,

where Ay, Ay are nonzero constants. This is a layered neural network with
one input unit, two hidden units, and one output unit. The true distribution

of Y is assumed to be
Y =0+WN.

The activation function o (z) is an analytic function satisfying o(0) = 0, 0’(0) #
0, and the smallest natural number m(> 2) such that o™ (0) # 0 is de-
fined as m. For instance, m = 2 for o(x) = ¢* — 1, m = 3 for o(z) =
sin(z), arctan(z), tanh(z), and m for o(x) = =™ + x.

We assume that the constants Ay, Ay satisfy AT"! 4 (=1)m AT~ #0
and that the random variables X and X™ are linearly independent. Under

10



these conditions, the statistical model satisfies Assumption m for the realized
parameters (01,62) = (0,0) when (d,r,m) = (2,1,m).
Specifically, the log-likelihood ratio function f is given by

£(,l0) = — {A10(012) + A2 (050)}y + 5 { A1 (012) + Azor(030)) .

By performing the coordinate transformation 6] = 61+ (Az/A;)02, we obtain

87f/ = —Ala’(O)xy,

901 |91 65)=0

87]; =0 (1<n<m),

995 | (91 65)=0

of Ao —1 -1
802 (61 62)=0 Al 1 { 1 2 }

Since 2™y and xy are linearly independent by assumption, the model satisfies
Assumption m for (d,r,m)=(2,1,m).

Theorem 3.1. [Learning coefficient for a semiregular model] Assume that
K (0) is analytic. Then the learning coefficient for a semiregular model is
given by the following formula (with multiplicity m =1):
d—r—+rm
A=——— 3.2
o (32)
Remark 3.2. In the case of regular models, substituting r = d into (@)
results in

d-d+dxm d

A

2xm T

which matches the known result for regular models. Thus, this formula

generalizes the regular case. Previous research has generally shown that

A < d/2 (Proposition @), and

d—r+rm
2m

S0 (@) does not contradict this finding.

d
<77
-2

3.2 Derivation Method for m

Throughout this section, we assume that » > 0. To satisfy Assumption El(l),
we can explicitly construct the variable transformation as follows. Given the

semiregularity, we have r parameters 61, ..., 6, for which the derivatives
0 0
orf 9 (3.3)
901 |9—o 90r |9—o

11



are linearly independent. For the remaining parameters 6,,1,...,04, start-
ing from [ = 1, if the derivative can be expressed as

T Bf
:Zak%

6=0 k=1

of

ﬁ a.s., ap € R,
89r+1 e aed

0=0

then we perform the coordinate transformation

ai

/. 9 0i7‘+1 . Qid
=01+ - - r

! 7,7«_:,_1! <! T+l d 97“—1—1 T 97"-0-1
0. =0, + Qr Hir+1 . Hid =0,

T 7“ ir—l—l! L Zd‘ r41 d d

which makes
o f
r+1 " %Yd lgr=o

without changing other derivatives of order [ or lower (this fact is proven in
Proposition @) We repeat this process until we first encounter a derivative
that is linearly independent from (B.3); the order of this derivative is m.

Remark 3.3. We must have m < co. If m = oo, that is, if for any 4,41, ..., 44,
condition (@) is satisfied; then, in the Taylor expansion of f around 6§ = 0,
there would be no terms consisting solely of 6,41, ...,64. This means that
for sufficiently small arbitrary values of (6,41,...,604),

f(X|01=0,...,0, =0,Y0,41,...,Y05) =0 a.s.,

resulting in the statistical model p(z|0) realizing the true distribution ¢(z) at
multiple points near the origin. This contradicts the assumption of semireg-
ularity, which presumes realization at only one point.

3.3 Proof of Theorem 3.1

In the proof of Theorem @, we use the following theorem (for the proof,
see Appendix @)

Theorem 3.2. Suppose that the statistical model p(x|6) satisfies Assump-
tion B and that K(0) is analytic. Then the Taylor expansion of K(0) at
0 = 0 can be expressed as:

K(0) :%EX (R (X101, .0) + F(X [0y 00))?]

+ (higher order terms)

12



Here, we define

.9
Fl(X‘Sl,...,ST) = 87f

Sk,
0
k=1 Ok

0=0

and the higher order terms do not include the following:

o Terms of degree 2m or less consisting only of Or41,...,604.
o Terms of first degree in 01, ...,0, and up to m-th degree in 0,41, ...,604.
e Terms of second degree consisting only of 01,...,0,.

Degree of 61,...,0,

— %EX [F2(X|61,....0,)]

246

‘/— Ex[F1(X|61,...,0:) Fin(X0r41, ..., 04)]

1
/’ QEX [F%(X|0T+17 ceey ad):l

o) ’ m 7 2m Degree of 0,41,...,04
m—

1 2m —1

Figure 3.1: Lowest-order terms in the Taylor expansion of K (0)

Note. The horizontal axis represents the total degree with respect to 0,41,...,04, and
the vertical axis represents the total degree with respect to 61,...,0,. The blue region
(including its boundary) corresponds to the degrees of the partial derivatives of the log-
likelihood ratio function that are assumed to be zero almost surely. Under this assumption,
the derivatives corresponding to the red region (including its boundary) have zero expec-
tation; equivalently, all Taylor coefficients of K () associated with these degrees vanish.

Proof of Theorem . Using Theorem @, the Taylor expansion of K ()

at (61,...,04) = 0 can be expressed as:
1
K(0) =3Ex [{Fl(xyal, o 00) + (X |0y, ,ed)}ﬂ

+ (higher order terms)

where the higher order terms are specifically expressed as the sum of the
following four terms:

o fo(0r41,...,04): terms of degree 2m + 1 and higher

o f1(61,...,604): terms of first degree homogeneous in 6y,...,60, and of
degree m + 1 and higher in 6,11,...,60,

o fa(b1,...,604): terms of second degree and higher in 61, ...,60, and of
first degree and higher in 6,41,...,60;

13



Figure 3.2: The procedure of coordinate transformations g performed in the
proof of Theorem

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

o f3(01,...,60,): terms of third degree and higher.

We now consider these terms at their lowest degrees, namely:

o fo(0rt1,...,604): terms of degree 2m + 1 homogeneous

o f1(01,...,04): terms of first degree homogeneous in 6y, ..., 6, and m+1
degree homogeneous in 6,41, ...,04

o fa(01,...,04): terms of second degree homogeneous in 6,...,60, and
first degree homogeneous in 0,41, ...,604

o f3(01,...,60,): terms of third degree homogeneous.

The proof for the general case proceeds similarly.

We perform the following four types of coordinate transformations, CT1-
CT4 (see Figure @) ; in the case r = 0, we use only CT2. We demonstrate
that normal crossings are achieved in all the resulting local coordinates.

CT1 For1 <s<r, {9]-—>039;-]1§j§d,j7és}

CT2 Forr+1<t<d, {0; > 600, |1<j<d, j#t}

CT3 For the ¢ selected in CT2 and for 1 < s <, {0 — 050, 0; — 0,0, |
1<j<rj#s}

CT4 For the t selected in CT2, {0 — 6,07 | 1 < j <r}

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m — 1

times (resulting in a total of m iterations), we eventually achieve normal
crossings. The details of this procedure are provided below.

3In terms of algebraic geometry, CT1 and CT2 correspond to “blow-ups centered at
the origin of RY”. CT3 and CT4 correspond to “blow-ups centered at the subvariety
{(61,...,04) | 61 = --- = 0, = 6, = 0} when the exceptional surface from CT1 and CT2
is {975 = O}”.
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Performing CT1 Once

We can assume s = 1 without loss of generality. In CT1, we perform g =
{Qj:919;-\2§j§d}.

K(0) = %IEX (R (X101, 00) + F(X i, 00))’]

+ Jo(Orq1, .., 0a) + f1(01, ... 0a) + f2(01, ..., 0d) + f3(61,... . 0r)

1
_ 293{1{-3)( [{Fl(xu,eg, 0+ O E (X0 ,9;1)}2]

+9%m_1f0( 7,"+17' . '79&) +9’{nf1(179/27"'792l)

1
+ 91f2(1, 0/2, ceey 9&) + 91f3(1, 95, - ,9;)} = 59%&(91, 95, - ,0&)

where @ is an analytic function. Considering points on Uy = g~ '(O), the
condition #; = 0 is satisfied. From Assumption [li(2), we have

a(0,05,...,0)) =Ex [FE(X|1,65,...,0.)] >0,

and thus, a normal crossing is achieved.
The Jacobian of this coordinate transformation is 9?71, SO

Y41 @-1)+1 d
d k](-Q) o 2 2

inf min
Qelp j=1,...,

(with multiplicity m = 1). The symbols k§Q) and th) refer to Definition @

Sequence of Transformations: CT2 Once, CT4 i (< m — 2) Times,
and CT3

Assume without loss of generality that ¢ = d. First, perform CT2: g =
{0; — 0407 | 1 < j < d— 1}, which transforms K(0) as follows:

1 m— 2
K(0) = Qeg{mx {FI(X185, . 0) + 077 B (X101, 00, 1))
+ 07" fo(Or g0, 001, 1) + 07 1(6), -, 04, 1)

1
+9df2(9/17'--7 él—l’l) +9df3(9/17’91,")} = Qezla( /17""9&—179d)’

where a is an analytic function. Considering points on Uy = ¢~ !(O), the
condition #; = 0 is satisfied. We have

a’( /17'”7 &—170):]EX [F12(Xw/1776;')]
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For any point @ on Uy with (0], ...,0.) # 0, the normal crossing of K ()
is achieved, and

941 g
inf mn —L— =—
Q j=l.d @ 2

J

(with multiplicity m = 1). Therefore, we only need to consider points on Uy
where (6},...,0.) =0.

After applying CT4: {0 — 6407 | 1 < j < r} i times, K(¢) can be
expressed as:

A F(X)0),....0 2
K(9) = EQZ(H—I) Ex ! m|_z‘1—1 ) ' '
2 + 67 Fr(X|00sq, .., 001,1)
03T o0y 0y )+ 0T O], 0, 1)

+ O0af2(07, ... 0 1, 1) + 05 f( ’1’,...,9;’)}.

Additionally, we only need to consider the point where (07,...,07 0;) =
(0,...,0,0). We denote 67,...,60" as 0],....,0..

Next, perform CT3: {9; — 9’193’,961 — 010, | 2 < j < r}, which
transforms K () into:

K(0) = %0/12(i+2)9:12(i+1) »

o Ao 2
N+ omi2em i (X0 0 )

2(m—1)—3 H12(m—1)—1
+0’1( ) 0:1( ) fO( ’;‘-i-l?'--veélflvl)
+ 0T (1,05, .., 00, 1)

+ 0100 f2(1,05, .-, 051, 1) + 07200 £3(1, 65, 9;’)}
= SO a0y, 646,

where a is an analytic function. Considering points on Uy = g~ !(O), the
condition ¢ = 0 is satisfied. We have

a(0,05,...,0%)

2
Fi(X[1,04,....0") .

E ) r fi=m-—2

= . {—i_ezliml1Fm(X|9;+1""792l—171) e ’

Ex |[Fi(X]1, g,...,e;’)ﬂ if i <m—2.
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According to Assumption E(Q), this expression is positive. Therefore, in this

local coordinate, the normal crossing of K (#) is achieved at any point Q on

Up. The Jacobian of this coordinate transformation is HldM(Hl) 9:;””71,

leading to:
‘ S {d+r(z’+1)1+1 d+m1+1}
inf min = min - , -
QU j=1,....d k](Q) 2(i +2) 2(i+1)
d=r+r(i+2)
2(i+2)

(with multiplicity m = 1).

After Performing CT2 Once, Then Applying CT4 m — 1 Times

Following the above method, after performing the coordinate transformation
g and using the analytic function a, K () can be expressed as:

1 om 2
K(6) = 03 {EX (PN, 00) + B (K10, 0y, 1)}
+9df0(97,"+17"-79217171)+9df1( llla"'aezlylflvl)

+9df2( ,1/7“-792[7171) _1_931]1'3( ,1/779;/)}

1
= 59?/”@( V0, 0q).

Considering points on Uy = ¢~ !(O), the condition ; = 0 is satisfied. In
accordance with Assumption E(Z), we have

g0k Fi(X)07,....00) 2 >0
Qa P I .
1 d—1 1 + Fm (X101 - 0a151)

This conclusion can be understood as follows. The condition (67,...,0/ ;,

0) = 0 holds if and only if
Fi(X167,...,0) + Fp (X104, ...,05_1,1) =0 as.

r

of(X|0)
= 0// e ee— (X|0T 1,...,6:1_1,1) :0 a.s..
Z 90y, (61,...,04)= 0 "

However, this equivalence does not hold because, by Assumption m(Q), the
random variable F,, (X0, ,,...,0/_;,1) is linearly independent of the r
random variables

9f(X]0) 9f(X]0)

90, (91,...,0d):o7 90, (61,..,04)=0
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Thus, the normal crossing of K(f) is achieved. The Jacobian of this

. .. ad —1)-1
coordinate transformation is d+r(m ) , SO

) ) th)+1 d+r(m—-1)—-1+1 d—r+rm
inf min = =
QeUo j=1,....d kJ(.Q) 2m 2m

(with multiplicity m = 1). Therefore, we achieve normal crossings at all
local coordinates, and we determine the real log canonical threshold as:

{d—r+rm/}_d—r+rm

min

1<m/<m /

2m 2m

O]

Remark 3.4. When considering the coordinate transformation g performed
in Theorem @, we can deduce that the only point in the neighborhood of
the origin in R? where K () = 0 is the origin itself. For example, after
performing CT2 once and CT4 m — 1 times, in the local coordinates v =
07,...,0,_1,04), we have K(0) = K(g(u)) =0= 604 =0forall0/,...,0, |,
and it follows that g(67,...,6/_,,64 = 0) = (0,...,0). 8 Therefore, even
without assuming the condition that “©, contains only the single element”
in the definition of semiregularity, it follows that ©, consists of only one
point in a neighborhood of § = 0, provided that Assumption [l| is satisfied.

“In the terminology of algebraic geometry, this follows because the centers of the blow-
ups conducted are all contained in the exceptional surfaces of the previous blow-ups.
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Chapter 4

Extensionl : generalization
to the nonanalytic case

In Chapter E, we assumed that K (6) is analytic, but there are cases in which
K (0) is not analytic, such as in normal mixture distributions.

Example 4.1. Let p(z|u) be the probability density function of a normal
distribution with mean p and variance 1. Consider the statistical model

p(z|d) := (1 - 0) - p(x[0) + 6 - p(z[2)

If the true distribution is g(z) := p(«]0), then this statistical model realizes
the true distribution at § = 0. In this case, K(6) is nonanalytic at § = 0
[27], [28, Example 7.3].

In this chapter, even if analyticity is not guaranteed, we claim that the
same result holds under the following assumption.

Assumption 2. For a statistical model p(x|f), assume that either
o K(0) is analytic, or

o K(#) is nonanalytic, but the learning coefficient A\ equals the real log
canonical threshold of the following analytic function H(0):

= 3 | (00e18) —at)? e (41)

Remark 4. 1 The following conditions provide a sufficient criterion for As-
sumption P [27]

o There exists a measurable function M (z) such that

—log

plalo) |, plalo)

+228
e T 2@ M(x).
p

9o ( ém) 1)2 =
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o Define an inner product (u,v) := [u(z)v(z) M(z)q(x)dz, which in-
duces a Hilbert space H. Then the map

@99Hpuw)—1eﬂ
q(z)

is analytic with respect to the topology of H.

In other words, if p(z|f) is analytic in 6, then even if K(6) itself is
nonanalytic, we can obtain results equivalent to those in the analytic case.
[27], [21] and [B2] verified this sufficient condition for normal mixture models,
Poisson mixture models, and multinomial mixture models. Hence, each of
these models satisfies Assumption E

Theorem 4.1 (Generalization of Theorem @) Suppose we have a semireg-
ular model in which, instead of assuming K(0) is analytic, we assume As-
sumption E holds. Then the learning coefficient is expressed as

d—
)\:M7 m=1
2m

See Appendix @ for the proof. In the proof of Theorem @, the following
theorem is essential.

Theorem 4.2 (An analogue of Theorem @ for K(0)). Consider a statis-
tical model for which the realization parameter is @ = 0 and which satisfies
Assumption B(l) Then the Taylor expansion of H(0) at 6 = 0 can be
expressed as

H(0) :%EX [{Fl(X|91, vy On) + Fn(X0ri1, -, 0a) ) q(X)]

+ (higher order terms)

where the higher order terms do not include the following:

e Terms of degree 2m or less consisting only of 0,41,...,04.
o Terms of first degree in 01, ...,0, and up to m-th degree in 0,41, ...,604.
o Terms of second degree consisting only of 01, ...,0,.

20



Chapter 5

Extension2 : generalization
to the case where O, has
more than one point

5.1 Local learning coefficients at non-singular points

In this section, we determine the local learning coefficient at nonsingular
points in the real analytic variety ©,.

Definition 5.1. [28, Definition 2.6] Let d = dy + da with di,ds € Z>o. A
point 0, € O, C R¥*% 5 called a nonsingular point if there exist open sets
Ui,Us C R4+d2 and an analytic isomorphism ¢ : U; — Us such that

(O, Nl = {(0, e 02, . ,xd2)|xi € R} NUs.
We call d; the codimension and ds the dimension of O, as a manifold.

Remark 5.1. Tt is known that such nonsingular points always exist in O, [28,
Theorem 3.4]. Moreover, when O, consists of a single point, the conditions
of Definition El! are satisfied in the case of (dy,d2) = (d,0).

Let d; and do be positive integers, and consider a statistical model
p(z|0,7) with di + d2 parameters (0y,...,604,,71,...,74,). We consider the
case where the set of realization parameters ©, is spread out in the 7-
direction in a neighborhood of a certain point P : (0,7) = (0,7"). That is,
there exists a neighborhood V' C R% of 7 = T such that

VreV, f(X]0=0,7)=0 as. (5.1)

or, equivalently,
VreV, K@=0,7)=0. (5.2)
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The equivalence of (@) and (@) follows from the following inequality for
realizable statistical models [28, Theorem 6.3]:

K(0,7) = Ex [f(X]6,7)] > 3Ex [F(X]6,7)].

Assumption 3. A point P : (0,7) = (0.T) is an interior point of the
parameter space ©, and p(x|0, T) satisfies (@) Moreover, we assume that
the rank r of the Fisher information matrix at the point P satisfies r < dj.
In the case r = dy, we assume that for any fixed = € V, the r random
variables

Of(X10,7) Of(X10,7)
L PO ¢ P

are linearly independent. In the case r < d;, we assume the following;:

(5.3)

(1) There exists a maximal integer m (with 2 < m < oo) such that for all
multiple indices (iy41,...,1q4,) satisfying 1 < d,41 4+ - +ig, <m—1
and for any 7 € V, the following condition holds:

o (X0, 7)

aeirJrl .. .39”1 =0 as.
r+1 di

0=0
(2) For all (Sp41,...,54,) # 0 and each fixed 7 € V,

Fo(X|Sr41y- -5 8d)

_ Z 1 amf(Xle,T) Sir+1-«'5id1
= Zr+1! . Zd ! 897:7“'!’1 801"11 r+1 dl
trg1tFigy =m 1 r+1 7 Ydy e

ir+1,...,id1 GZEO

and the r random variables (@) are linearly independent. When
r = 0, this condition is understood to mean that

Fo(X|Sr41,---,84;) #0  as.

Note that when ds = 0, Assumption E( 1)(2) and Assumption m are equiv-
alent. When dy > 0, the set of realization parameters ©, of the statistical
model satisfying Assumption E is not a single point due to (@), and thus
this statistical model does not satisfy semiregularity.

Remark 5.2. We now explain the meaning of Assumption E It is a local
condition in the neighborhood of P. Condition (@) means that all points
around P : (0,7) = (0,7) in the 7-direction are realization parameters.
Furthermore, Assumption é(l)@) is a generalization of Assumption m(l)(Q)
so that it holds for every 7 € V. Assumption B(1) is necessary for the Taylor
expansion result in Theorem p.l|. Assumption J(2) is a condition necessary
to guarantee normal crossings.
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Example 5.1. The following statistical models do not satisfy semiregularity,
but they satisfy Assumption E

(1)

Let p(b) represent the binomial distribution with M (> 2) trials and
success probability b, the Poisson distribution with mean b, or the
normal distribution with mean b and variance 1. Suppose H(> 1) is

the number of mixture components, and (a1, ..., ar) are their mixture
weights.
Consider the mixture model with 2H parameters (ai,...,aq,b1,...,bp):

H
p(z|a,b) = Z a;p(x|b;)
i=1

If the true distribution g(x) has Hy mixture components with Hy <
min{H, M/2}, then this model does not satisfy semiregularity. How-
ever, for some point P € ©,, it satisfies Assumption J for (dy,r,m) =
(H+ Hy—1,2Hy — 1,2). Details are provided in AppendixB

Let A be a random variable that is subject to the standard normal dis-
tribution. The probability distribution ¢(x) of X has compact support.
Consider the following statistical model in which a random variable Y’
for a given X is defined by

H
Y = Zaia(biX) +N.
i=1
This is a three-layer neural network with one input unit, one output
unit, and the number of hidden units is H. The true distribution of
Y is assumed to a hidden layer with Hg units, where 1 < Hy < H:

Hy
Y = Z ;50 (bix X) + N.
i=1
Here, {b14, ..., bm,s} are distinct nonzero constants, and {a1, ..., GHy«}
are nonzero constants. Assume that the random variables

o(bist), ..., 0(brgwt), o' (bia)z, . .., 0" (biysz)x, 0" (bpgwt) x>

are linearly independent. Then, although this statistical model does
not satisfy semi-regularity, it satisfies Assumption B with (dy,r,m) =
(H + Hy,2Hy,2) at any point P in the following set of realization
parameters:

(a,b) Z; c e,

i=Hy Vi = C}{Ho*v
ai(aHO* — Zk:HOJrl ak) >0 (7, = Ho + 1,. . .,H)
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(3) We now consider the same three-layer neural network model as in (2),
with particular focus on the case Hy = H — 2 (> 1). Assume that
the activation function o is analytic and satisfies o(0) = 0, 0/(0) # 0,
and let m(> 2) be the smallest positive integer such that (™) (0) #
0. Assume that the following 2H — 2 random variables are linearly
independent:

o(b141), ..., 0(bg_2:7), 0" (b1sx)x, ..., 0" (by_oux)x, 2, 2™  (5.4)
Then this statistical model satisfies Assumption E with (dy,r,m) =
(2H —2,2H — 3, m) at any point P in the following set of realization
parameters:
A; = Qjx, bz‘:bi* (i=1,...,H—2),
(a,b) bg_1=byg =0, C 6,
V(ag—1.an) ; ag—1ag # 0,0~} # (—ag)™ "

We verify this. The log-likelihood ratio function f is expressed as

H
(z,y|0) = [Z a0 (i) Zaia(bix)]
i=1

X [y - Dy ai*g(bi*x);— YL aiU(bifﬂ)] )

We next perform the coordinate transformation

b
@)= 0= ues b= b= b (1= 1, H —), bzq_lzbg_waif’,
1

and compute the partial derivatives of f at ({a}}/1?, {b’ WO b)) =
0. We obtain the following results using z := y — Zi:l ;0 (bisx):

0
8—f, =—0(bz)z (i=1,...,H —2)
Wi (@l e By b1)=0
(5.5)
0
a—l{; = —a;0 (bjppx)zz (i=1,...,H —2)
il(al,...,aly _ob) by 1,0 )=0
(5.6)
0
%,7']( = —ag_10(0)zz (5.7)
H-1 (af,saly 5,0, by 1 ,bE)=0
0
abf =0
H{(a),....ay_ 5.6}ty ,brr)=0
omf __en{ain — (Can)™ T} o)
by =" T ()"
H (@)oo Vel 1 3b1) =0 CH—1
(5.8)
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Since z|x follows the standard normal distribution and the random
variables ( are linearly independent, it follows that (@), (@),
(6.7), and (p.§) are also linearly independent. Therefore, we conclude
that this statistical model satisfies Assumption B when (di,r,m) =
(2H — 2,2H — 3,m).

The above argument also applies to the case (H, Hy) = (2,0). If the
random variables x and x™ are linearly independent, then the model
satisfies Assumption E with (dy,r,m) = (2,1, m).

Let X be a discrete random variable taking N (< d+1) distinct values.
We assume that there is a point P € ©, with » > N — 1, and that
the statistical model p(z|@) is analytic with respect to §. Then, p(z|0)
satisfies Assumptioné for (di,r) = (N — 1, N — 1) at the point P.

We verify this. Without loss of generality, we assume that the point
P is the origin in R¢, and we assume that

9f(X10) 9f(X10)
961 (91,...,0d):o7 0N -1 (01,...,04)=0
are linearly independent. From the identity
0f(X10) 1 op(x)9)
90; (01,...,04)=0 q(X)  90; (01,....04)=0

we see that the linear independence of the derivatives of f(X|6) implies
the linear independence of

Ip(X|0) Ip(X|0)
=2 N S A (5.9)
891 (91,...,9d)=0 89N_]- (917"'7911):0
Furthermore,
Op(z110) ‘ L. Op(x1]0)

891 (91,...,9d)=0 69N71 (91,...,9d)=0

. . c R(N—l)x(N—l)
Op(zn-110) ’ ... Op(zn-110) ’
96, (61,...,84)=0 90N -1 (01,---,04)=0

(5.10)
has NV — 1 column vectors that are linearly independent. Suppose that
for some real numbers {s;}, the following holds:

N-1

ZsiM —0, 1<j<N-1. (5.11)
i—1 90; (61,...,64)=0
Using the identity
N
Yy Op(x;]0) —0, 1<i<N-1
=1 90; (01,...,04)=0
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we have

N—1 N—1N—-1
Ip(zN|0) ‘ Op :133\9
5; N = si —0.
; 80'& (917 79d) ; jzl Z (017"'79d):0

Hence, () is an identity in the random variable X, and since
the random variables (b.9) are linearly independent, it follows that
si=0(1<i<N-1).

Because X is discrete,
o, = {HeRd ‘ p(a:l8) — q(a:) =0 ,z'zL...,N—l}.

Applying the implicit function theorem, there exist N — 1 analytic
functions g1, ...,gn—_1 on a neighborhood V of the origin in R&N+1
such that in a neighborhood U of the point P, the set ©, can be
expressed as

0.NU={(bh,...,0q) | 0i=9i(ON,...,04) ,i=1,...,N—-1}NnU.
Therefore, performing the coordinate transformation
0, :=0; — g:(On,...,04)
yields
V(On,...,00) €V, f(X|07=0,...,0nh_1=0,0n,...,04) =0,
which implies (@) Moreover,

af(x16) _ 0f(x10)

(i=1,...,N—=1)
892 (67,-.-,04)=0 90; (61,...,64)=0

are linearly 1ndependent Therefore, we conclude that p(z|f) satisfies
Assumption § for (di,7)=(N—-1,N —1).

Let p(x|b) be the probability function of a binomial distribution Bin(H, b)
with H (> 2) trials and success probability b. We consider a mixture
distribution model with 2H parameters (a1, ...,amg,b1,...,by), where
H is the number of mixture components, and (ay,...,ay) represents
the mixture weights. We assume that the number of mixture compo-
nents matches that of the true distribution:

(z|a,b) Zalp (z|b;)
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In this case, (a,b) = (a,bs) is a realization parameter, and

(o7 8]3 )
= — X bz* 1 = 17 ey H .
(a,b)=(ax,bx) q(z) 8b( [bis) ( )

0b;

Since {b1,...,bms} are distinct, the same argument as in Lemma @
applies, and we see that these H random variables are linearly inde-
pendent.

Therefore, at the realization parameter (a,b) = (ax, bx), it follows that
r > H. By applying Example @(4), we conclude that this model
satisfies Assumption B for (dy,r) = (H, H).

Remark 5.3.

(1) Examples @(2)—(3) are similar to Example @, but there is a key dis-
tinction. In Example @, the weights A; in the model Y = A;0(61.X)+
A0 (02X) + N are treated as constants, whereas in Examples @(2}—
(3), the corresponding weights a; are treated as parameters. Hence,
Examples p.1|(2)-(3) represent more general statistical models.

(2) Assumption E fundamentally relies on differentiability. Therefore, ac-
tivation functions such as ReLU, defined by o(z) := max(0, z), which
are not differentiable at certain points, fall outside the scope of the
present analysis.

(3) The statistical model considered in Example @(5) does not satisfy
condition (@) before the coordinate transformation. However, by
applying the coordinate transformation 0, := 6, —¢g; (i = 1,...,d1)
guaranteed by the implicit function theorem (i.e., the map ¢ in Defi-
nition p.1]), the model comes to satisfy condition (@) As a result, we
separate the parameters into dy parameters (6], ... ,%1) that locally
define O, and the remaining dy redundant parameters.

Main Theorem. Consider_a statistical model p(xz|0, ) that satisfies As-
sumption @ and Assumption B The local learning coefficient Ap at the point
P is given by the following formula:
di—r-+rm
A p=————, m=1 5.12

P 2m ( )
This provides an upper bound for the learning coefficient of this statistical
model.

Remark 5.4. Since (@) holds, we can apply the previous result (Proposi-
tion R.3) to derive A < d; /2. Furthermore, since

d1—7"+rm<d1

2m - 2’
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it follows that the Main Theorem provides a tighter upper bound than this
previous result.

Moreover, if (dy,d2) = (d,0), then it is consistent with Theorem @ and
Theorem H.1.

Remark 5.5. By Remark @, if the statistical model satisfies Assumption E
at the point P, then P is a nonsingular point of ©, with codimension equal
to di. Therefore, the Main Theorem applies only when P is a nonsingular
point of ©,.

5.2 Derivation Method for m

Throughout this section, we assume that the Fisher information matrix at
P has rank r > 0. At the point P where (0,7) = (0,7, it follows from (EI)
that

of =0 (i=1,...,d9)
97 (9,r)=(0,1)
Since r > 0, we can choose r parameters 61, ...,60, such that
of of
90, (6‘,7):(0,T)7 $ 00, (6,7)=(0,T)

are linearly independent. If necessary, we can restrict V so that for each

fixed T €V,
of of

87019:07...78071

(5.13)

6=0
are linearly independent.

Next, consider the remaining parameters 6,.1,...,04,. Fix an arbitrary
constant 7 € V. Starting with [ = 1, if the derivative can be expressed as

o1 o)

__9r _ () 2L

trl tdq 89k
Wy -+ Wy, (O1,b0,)=0  F=1

a.s. (5.14)

(917“'70(11 ):0

where ¢1(7), ..., ,(7) are analytic functions on V. In that case, by applying
a coordinate transformation

I p1(r)  girt1 | gld /

91 T 01 + ir+1!---id1!07"+1 9(11 0T+1 = 07’"‘1‘1
r _en(n) girt1 | gl -

97’ T 07’ + ir+1!---id1!97’+1 edl edl T edl

which is an analytic isomorphism in a neighborhood of the origin in R%, we
obtain

of

lir41 lia,
90,17 -+~ 08y,

=0 as.. (5.15)

0'=0
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without changing any other derivatives of order [ or lower. This fact can be
proved by applying Proposition @, considering 7 as a constant. Repeat-
ing this process, m is defined as the order of derivatives at which we first
encounter a derivative that is linearly independent from ()

5.3 Examples and Experiments

5.3.1 Neural Networks

In this section, we consider three-layer neural networks in which both the
input and output layers consist of a single unit. Let H denote the number
of hidden units of the statistical model, and Hy that of the true model.

Example 5.2. The three-layer neural network with (H, Hy) = (2, 0) satisfies
Assumption E with (di.7,m) = (2,1, m) at a certain realization parameter,
as shown in Example @(3) Hence, by the Main Theorem, the local learning
coefficient at P is given by
1+m

Ap=—5 = m=1 (5.16)
In particular, this provides an upper bound on the learning coefficient of the
model.

For example, if o(x) = e — 1, then m = 2, and () yields 3/4,
which matches the specific value [28, Example 7.1]. For o(xz) = tanh(z),
we have m = 3, and () becomes 2/3, which also matches the specific
value [28, Section 7.2]. Thus, this upper bound is tight (see Table aj)

Table 5.1: Differences in the upper bound on the learning coefficient de-
pending on the activation function

Upper bound ()

Activation function o(z) m
e* =1, z/(1+e7) 2 3/4
sin(x), tanh(x), arctan(z) 3 2/3
2"+ m (m+1)/2m

Example 5.3. For a three-layer neural network with 1 < Hyg < H, Ex-
ample p.1j(2) shows that there exists a realization parameter such that the
model satisfies Assumption B with (di,r,m) = (H + Ho,2Hy, 2). Therefore,
an upper bound on the learning coefficient of this model is given by

§H+3H0

A 4

(5.17)
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For example, when o(x) = tanh(z), the learning coefficient A is known
from [3]. When H < Hy + 9, it is given by

1 k2 + ki +2(H—Hy+1)
AN=Hy— -+ 2 ;
0Tt Ak + 1) ’

ki :=max{i € Z|i*+i <2(H — Hy+ 1)}

We compare this value with the upper bound in () for Hy = 1,2,3 in
Table @ and Figure p.1l. We observe that the bound matches A\ when H is
small, while the difference between them increases as H becomes larger.

Table 5.2: Learning coefficients of three-layer neural networks when o =
tanh

H

Hy=1 2 3 4 5 6 7T 8 9 10
upper bound (f.17) 2 2 % 2§ 3 I 3 I
3 s, 9 I
i 2 3 6 8§ 14 8§ 2

Hy =2
upper bound (5.17) - 7 3 Il 3 L3 T 15 4
A 95§ I 3 5 13w

1 2 3 % 8 1

Hy =3
upper bound (5.17) - - L T L4 T3 1
A B S | R A SO B 4
1 2 3 % s 4

-®@- Upper bound (Ho = 1) A
451 —@— A(Ho=1) ”"‘,—’

-m- Upper bound (Ho =2)
- A (Ho=2)

—4A- Upper bound (Ho = 3) -
—A— A (Ho=3) = e

Learning coefficient
w
°

2.0

I o

Figure 5.1: Graph of learning coefficients of three-layer neural networks
(o = tanh)

5.3.2 Mixture Models

Example 5.4. The mixture model in Example @( 1) satisfies Assumption
as shown in Remark .1 For a point P € O,, the model satisfies Assump-
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tion E with (dy,r,m) = (H + Hy — 1,2Hy — 1,2). Hence, by the Main
Theorem, the local learning coefficient is

3Hy+ H —2
)\P == 0 + , M= 1.
4

For mixture Poisson distributions and mixture normal distributions with
variance 1, the learning coefficient is known from [21], [8]. In each case, the
value coincides with the upper bound derived here. Therefore, this upper

bound is tight.

We verify these results through numerical experiments. We use the es-
timator A100 proposed by [[15]:

100

— 1 ~ ~ n 1
N = X A =t2Vi{logp(X"(0)}, t:
k=1

~ log(n)

¢ [ hO)p(X™(0)"p(6)db
B0} = J p(X™0)ip(0)do

where p(X™|0) represents the likelihood function for n independent and iden-
tically distributed samples following the true distribution q.

We conducted the numerical experiments with n = 10000, using the
Hamiltonian Monte Carlo method implemented in the R package RStan to
obtain the posterior distribution.

We let M =4 and Hy € {1,2}. We assume a prior distribution ¢(6)
with 6 ~ Unif(0,1) for the binomial parameter. For Hy = 1, the success
probability of the true distribution is 0.5. For Hy = 2, the true distribution
is a mixture of two binomial distributions with success probabilities 0.1 and
0.9, each with equal mixture weights. Table and Figure show that
the estimated values indeed lie below the theoretical upper bound from the
Main Theorem.

. VH{(O)} = EG{n(0)*} — (EH{n(0)})*

Table 5.3: Estimated learning coefficients for the binomial distribution

H
Hy=1 1 2 3 4 ) 6 7 8

Theoretical upper 0.50 0.75 1.00 1.25 150 1.75 2.00 2.25
bound

Estimated value 0.495 0.728 0.954 1.174 1.390 1.609 1.820 2.044
Hy=2
Theoretical upper - 1.50 1.75 2.00 225 250 275 3.00
bound
Estimated value - 1.502 1.694 1.879 2.044 2.214 2.389 2.550

31



Ho=1 Ho=2

4.5+ -<- A=H/2 (Upper Bound from Existing Research) ---- A=(H+1)/2 (Upper Bound from Existing Research)
—+— A=(H+1)/4 (Upper Bound from Main Theorem) —+— A =(H+4)/4 (Upper Bound from Main Theorem)
40 —=— Estimate Value for Binomial —s=— Estimate Value for Binomial
X o
3.5 i

3.0

~ 25

2.0

15

1.0

0.5

Figure 5.2: Graph of estimated learning coefficients of the binomial distri-
bution

5.4 Proof of the Main Theorem

We use the following theorem for proving the Main Theorem.

Theorem 5.1. Suppose that the statistical model p(z|0,T) satisfies (@),
Assumption @, and Assumption B(Z) For any fixed T € V, consider K (0, )
and H(0,7) as functions of 0. Then, the Taylor expansion at § =0 can be
expressed as

1
K(0,7) =5Ex [{F1(X[01,- ., 00) + Fn(X[0p51,- 0’|
+ (higher order terms),
1
H(O,7) =5Ex [{FL(X |01, . 0) + Fn(X[0p51,- ., 00) Y a(X)]
+ (higher order terms).

The first equation is valid if K is analytic. Here, we define

.9
Fl(X|817"'787“) :Zaé];
k=1

Sk
0=0

and the higher order terms do not include the following:

o Terms of degree 2m or less consisting only of 0r41,...,04,.
o Terms of first degree in 01, ..., 0, and up to m-th degree in 0,41, ...,04, .
e Terms of second degree consisting only of 01,...,0,.
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Proof. We fix any 7 € V. From (@) and (@), there is no constant term
in the Taylor expansions of K(0,7) or H(6,7) at # = 0. In other words, a
term consisting only of 7 does not exist. Moreover, by Assumption B(1), for
all indices (iy41,...,1q,) satisfying 1 <i,41 + -+ +ig, < m — 1, we have

girt i (X9, 7)

g1 tdy
90,7 -+ 00y,

=0 a.s..

6=0

Therefore, we can apply Theorem @ and Theorem @, which lead to the
following equation:

1
K(6,7) =5Ex [{Fl(X\Bl, 0+ F(X |0y, . ‘,edl)}ﬂ
+ (higher order terms),
1
H(0,7) =3Ex [{FL(X]01, ., 00) + Fn(X |01, 00,) a(X)
+ (higher order terms).
This completes the proof. O

Example 5.5. We verify the validity of Theorem @ and the Main Theorem
through explicit computations. Let X be a random variable following the
binomial distribution Bin(2, ) with parameter 6, where 0 < 6 < 1:

1-02 (@=0)
H(X = 2]0) = @) 0°(1— 02" = {2001 -0), (z=1)
62, x=2)

Consider the following mixture model with parameters (61, 62, 7):
1 . 1+2 1 1\ .

1—-27 2 2
Assuming the true distribution is p(X|1/2), this model realizes the true
distribution at parameters (61,602,7) = (0,0,0). We determine the real log
canonical threshold at the point P : (61,02,7) = (0,0,0) € O..

Because this model is a mixture of two binomial distributions, it satisfies
Assumption E by Remark @ Thus, we do not need to show that K (6, 7)
is analytic, and it suffices to compute the real log canonical threshold of the
analytic function H(6,7). We fix any 7 in a neighborhood V of 0. Since
f(z|@ =0,7) =0, condition (p.1]) is satisfied. The following derivatives exist
at (01, 02) =0:

1
0o + 2) .
(5.18)

9f(X16,7)
96,

of(X16,7)
(91 ,92):0 ’ 802

0*f(X10,7)

(61,02)=0 7 89% (01,02)=0
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resulting, respectively, in:

1 0 ~1
20—2r)x | 0|, 01, 8(11+227) x| 1
-1 0 AT -1

Each column vector corresponds to z = 0, z = 1, and = = 2. Since the first

and third vectors are linearly independent, the model satisfies Assumption

with (di,7,m) = (2,1,2).

0f(X]6,7) L1 PR
L+ =

891 (91702):0 2 69%

2(1 —27)81 — 41+27) 5%

—27

55

(61,02)=0

F1<X‘81) + FQ(X‘SQ) =

_ 4(11+2T) 2
T—2r 92
—2(1 — 27)s; — A2 2

Then,

%EX [{F1(X]s1) + Fa(X|s2)}2q(X)]
1 4(1+27) L\2 1 [41+27) 5\* 1
_2{ (2(1 —27)s1 — 1_27_3%> T 42 T <1—27-8%> 22

+ <—2(1 —27)s1 — 4<1+27)s§>2 : 1}

1-27 42

(1 —27')282 3(1 +27')284
4 TP (1—2r2
On the other hand, we obtain:

1 —27)2 1+ 27)2 1 —27)?
H(0,7) = 7 g2 3((1 _+2:))2 o1+ 2 7 gt~ 3(1 - ar)6%0,
(5.19)
9,0 61+ 27)?2 3
+ 6(1 + 7—)(1 + 27)9102 — ﬁ9102

+ (terms of order 5 or higher).

where terms of order five and higher are omitted. Therefore, as stated in

Theorem EI, the lower order terms of H (6, 7) are indeed

(1—27)2
4

3(1+27)?
(1—27)2

Next, we verify that the Main Theorem holds by performing the coordi-
nate transformation g, known as a "blow-up” (CT1)-(CT4) as illustrated in
Figure p.3. This transformation ensures that a normal crossing is obtained
for each local coordinate. We define Wy := {(61,62,7) | 01 = 0,02 = 0,V7 €
V.

6? +

SEx [{R(XI0) + Fa(X[0))0(X)] =
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(CT1) Transforming with 6 = 66, in () gives:

1—-27)*  3(1+27)°
H(,T) :9%{( 1 ) + ((1_27))2 6%0§4+91><~-} (5.20)

(1—27)?
4

=020, (01,05, 7), a1(0,05,7) = > 0.

Considering points on Uy = g~ '(Wj), the condition §; = 0 (V1 €
V) is satisfied. Therefore, a normal crossing is achieved in this local
coordinate system (61,65, 7).

(CT2) Transforming with 6; = 626] in () results in:

1—27)? 3(1 + 27)?
H(H,T) :03 {( i 7) 9/12 + ((1 j_2TT))2 9% 4+ 0y % - } (5_21)
1—27)>
:0%a2(0/170277—)’ a2( /17077-) = (4)932

Considering points on Uy = g~*(Wp), the condition 6y = 0 (V7 €
V) is satisfied. Therefore, a normal crossing is achieved in this local
coordinate system (6],62,7) except at the points (0},62) = 0.

To determine the normal crossing at the points (67, 62) = 0, we perform
another blow-up centered at these points. Under the transformations
(CT3): 6y = 61605 and (CT4): 6] = 0207, we obtain:

—27)%  3(1+27)°
4 (1—27)2
:0/1495/2613( lla 9/2,a T)v

(1—27)%  3(1+27)?

1
H(0,7) =0/'65> {( 0% + 607 x - - } (5.22)

vr eV, az(0,05,7) = 652 > 0,

4 (1—27)2
1—27)? 3(1+27)?
H —pi ( "2 ]
(9,7-) 02 { 4 01 + (1 _ 27_)2 —+ 92 X (5 23)
:0§a4( ,1/7 02a 7-)7
1" _ (1- 27—)2 w3+ 27—)2
VT eV, as(07,0,7) = 1 01" + (1= 272 > 0.

Therefore, normal crossings are achieved in these local coordinates.

We summarize the normal crossings for each local coordinate in Table @,
where the symbols g, kz@), hEQ) refer to Definition @ Thus, we conclude
that the real log canonical threshold at P is 3/4 with multiplicity m = 1.
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Table 5.4: Normal crossings for each local coordinate

u g(u) H(g(u) g/ ()| kP  h@ A
(b.20) (61,05, 7) (01,6105, 7) 03 a1 (01,604, 7) 16:] (2,0,0) (1,0,0) 1
(b.29) (01,05, 7) (012605, 0105, 7) 01 052 as(01,04,7) 01265] (4,2,0) (2,1,0) 3/4
(b.23) (07,62,7) (0763, 62,7) 05 as (07,02, 7) |63 (0,4,0) (0,2,0) 3/4

Figure 5.3: The procedure of coordinate transformation g performed in Ex-
ample

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

Proof of the Main Theorem. We restrict our proof to the case where
K (0, 7) is analytic, but a similar argument can be used to prove the result
in the nonanalytic case by replacing K with an analytic function H. (See
the proof of Theorem W.1|.

By applying Theorem p.1f, for each fixed 7 € V', the Taylor expansion of
K (0, 7) with respect to 0 at (01,...,604 ) = 0 can be expressed as:

1
K(0,7) =3Ex [{Fl(XWl, e 0) + Fo(X|0ri1, - 02}
+ (higher order terms).

We perform the following four coordinate transformations, CT1-CT4
(see Figure p.4). B ; in the case r = 0, we use only CT2. We demonstrate
that normal crossings are achieved in all the resulting local coordinates.

CT1 For 1 <s <7, {0; = 0,0 |1 <j<di,j+# s}
CT2 Forr+1<t<d, {9]—>0t9;|1§]§d1,]7ét}

CT3 For the t selected in CT2 and for 1 < s < r, {0 — 0507,0; — 0,0, |
L<j<rj#s}

CT4 For the t selected in CT2, {07 — 0,07 [ 1 < j <r}.

n terms of algebraic geometry, CT1 and CT2 correspond to “blow-ups centered at
the subvariety Wy = {(0,7) | § = 0,7 € V}”. CT3 and CT4 correspond to “blow-ups
centered at the subvariety {(60,7) | 01 = --- = 0, = 0; = 0,7 € V} when the exceptional
surface from CT?2 is {6; = 0}".
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Figure 5.4: The procedure of coordinate transformations g performed in the
proof of the Main Theorem

Note. Local coordinates displayed in red represent the minimal real log canonical thresh-
olds.

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m — 1
times (resulting in a total of m iterations), we eventually achieve normal
crossings. For detailed calculations, see the proof of Theorem B.1l.

Here, we verify only the following three inequalities, which are crucial
for achieving normal crossings:

ai(s2,...,8a,7) =Ex [FE(X|[1,s9,...,5,)] >0,

— 2

a l X]787-~-7S

2(827-..,Sd1, ]) _EX ( ’ 2 7.) . |
l_Sd]}m<X‘ST ]7"'78d ]’l)

a -l ;(S 2

T yeees S
3(81,-..,Sd1 B ) :_]E'X ( ’ 1 7’) o
%(X’Sr,u’_ ,...7Sd 1, I)

For the first inequality, fixing any 7 € V', a1(s2, ..., Sq4,,7) = 0 implies
of - of

Fi(X]|1,s2,...,8)=0 as. & 20,

=0 a.s..
6=0

0=0

Since
of
001

of
by’ 00
are linearly independent, there exists no (sa,...,sq,,7) that satisfies this

equivalence. Therefore, we conclude that aj(se,...,sq4,,7) > 0 holds.
The second inequality is analogous to the third, so we verify only the

(5.24)

0=0
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third. as(si,...,S4q,-1,7) = 0 implies
Fi(X|s1,...y8) + Fn(X|Sr41, .-, Sd,-1,1) =0 a.s.

T (9f
= ZSkaigk

k=1

+ Fo(X|$r415 -+, 8d,-1,1) =0 a.s..
0=0

For each parameter (s;41,...,84,-1,1) # 0, Assumption 5(2) implies_that
the random variable Fy,(X|sy+1,...,84,-1,1) and the r derivatives ()
are linearly independent for each fixed 7 € V. Thus, there does not exist
(S1,.-.,84,—1,T) satisfying this equivalence relation, so we conclude that
as(S1,.--,8d,—1,7) > 0 holds. O

Remark 5.6. Remark @ shows that the only point in the neighborhood of
the origin # = 0 in R? where K () = 0 is the origin itself. Applying the
same argument to K (0, 7) implies that, in a neighborhood U; of the point P
in R%+92 the points satisfying K (#,7) = 0 occur only when 6 = 0. Because
the 7-direction remains arbitrary,

0.NU; ={(6,7)|0=0, 7€V}

Hence by Definition @, P is a nonsingular point of O,.
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Chapter 6

Conclusions and future work

In this thesis, we defined semiregular models as a generalization of regular
models and provided a formula for the learning coefficient A for semiregular
models (Theorem @)

Furthermore, we generalized Theorem El] in two directions. First, we
proved that the same formula holds even when K () is not analytic (Theo-
rem {1.1)). Second, in the Main Theorem we derived a formula for the local
learning coefficient at nonsingular points when 0, is not a single point, and
we provided an upper bound on the learning coefficient for a certain class
of three-layer neural networks and mixture models.

The derived upper bound coincides with the learning coefficient for mix-
ture models, but a gap remains in the case of three-layer neural networks
when the number of hidden units is general. To narrow this gap, we need
to consider the local learning coefficient at singular points of ©,. For future
research, we intend to further generalize the methods used in this study and
derive local learning coefficients at singular points of ©..
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Appendix A

Proof of Theorem 3.2

Let i1,...,ix € {1,...,d}. We define
0F f(x]6)
}/:51,---7’% = - R
06;, --- 00;,

where we aim to identify patterns in the partial derivatives of the log-
likelihood ratio function f. We refer to Y;, . ;, as indeterminate symbols of
weight k. Setting 0 = (01, ...,04), we obtain the following;:

of(zle) _ 1 op(alo)
905, p(z|0) 90;
9% f(x10) 1 9°p(z]0)
892’1801'2 P(JUW) 89218‘922 * b ( )
9% f (10) 1 3p(xl0)
= - Y, Y,Y;
69i189i289i3 p(a:\&) 89i189i289i3+ 1R
+}/;1,i2Y;3 + }/ig,igi/;l + }/Z'g,ili/izv
0" f(]0) 1 9*p(x|0)
= - Y Y5, Yi,Yi
891'180@2891'360@4 p(a:\ﬁ) 8(9“891'289@3891'4_'— 1T

+Y;17i2Y;3Yi4 + }/;17i3}/;2}/;'4 + }/;17i4}/;2}/;3

+Y;2,i3Y;1Yi4 + }/;2,i4m1}/'1'3 + YES,ZAYQ 12

+Yé1ﬁ’2 Yi:‘s,m + Y:i1,i3 Yiz,i4 + Yil,i4Yi27i3

+Yé1,i2,z‘3Yé4 + Yil,i2,i4Yi3 + Yihi3J4Yi2 + 1/;2,@'3,1'41/;1'
Assuming we can interchange the order of partial differentiation and inte-
gration, the first term on the right-hand side becomes zero at # = 0 when
taking the expectation with respect to X. Therefore, the partial deriva-

tives of K () at @ = 0 depend primarily on the terms from the second term
onward.

Remark A.1. By taking the expectation with respect to X in (@) and
substituting # = 0, we find that the Fisher information matrices I and .J
coincide.
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The subsequent terms on the right-hand side are sums of products of
two or more indeterminate symbols Y. Each term has a coefficient of 1, and
the total weight of each product equals the order of differentiation. This
pattern holds in general.

Proposition A.1.

O f@o) 1 ()

0iy -+ 00;,  p(x|6) 90;, --- 00,

is a polynomial consisting of indeterminate symbols Y;, . ;, with weights less
than n. Each term in the polynomial has a coefficient of 1, and each term

is a product of two or more indeterminates, with a total weight of n. The
polynomial is the sum of all such terms with these weights.

Gn(ity ... ip) = 5

Proof. We prove this by induction on n. For n = 1, G1(i;) = 0 satisfies

the condition since there are no terms. Assuming G, (i1,...,%,) is such a
polynomial for some n > 1, we obtain
"t f(xl9)
30;, -+ 00;,.,
0 1 o" 0 ) .
= {— p(x‘ ) —l—Gn(’Ll,...,Zn)}
801'”+1 p(l“@) 69“ te 89M

1 0" p(z]0) 1 o"p(x|0) ., N OG (i1, ..., in)
p(ﬂf|9) 89“ e 89in+1 p(CL‘|09) 8011 cee 8&" tntl 6«9in+1
1 9"tip(]0)

=- Gn(i, ... in)Y; Vi Vi
p(al0) 00, -8, Ot YT

O (in, - 1 in)
005, '
Thus,
) ) ) ) 0Gp (i1, ..., in
Gt 1) = Galin Vi Vi Vi + O fn)
In+1

By the induction hypothesis, this is a polynomial consisting of indeterminate
symbols Y with weights less than or equal to n, where each term has a
coefficient of 1 and the sum of weights in each term equals n + 1. Moreover,
the terms containing the indeterminate Y;  , are derived from the first and
second terms on the right-hand side, while the terms that do not contain
Y;, ., are derived from the third term on the right-hand side. Thus, we have
shown that each term is a product of two or more indeterminate symbols,
summing to a total weight of n + 1. O

Remark A.2. The statement of Proposition @ can be written explicitly as

follows:
Gulir,....in) = > [ W, (A.2)



where S;, ;. is the set of all disjoint partitions of the set {i1,...,i,}. A
disjoint partition satisfies

UUi={ir,....in}, UinUj={}fori#j, Ui # {}.{ir.... in},

and each partition is denoted as T' = {U;, Us, .. .}.

For example, when n = 2, the disjoint partition of {i1,i2} consists of a
single element, 77 = {{i1}, {i2}}, so Si, i, = {11}. Substituting this into
equation (), we have

Galir,iz) = [ Yo =Yi,Yi,.
UeTy

Similarly, when n = 3, the disjoint partitions of {i1,i2,73} are given
by Ty = {{in}, {i2}, {is}}, T2 = {{ir, iz}, {is}}, T5 = {{i2,is}, {ir}}, Ty =

i3.01}, {i2}}, s0 Siyisis = {T1,T2,T3,T4}. Substituting into equation
@)

, we have

G Z1,22,’Lg HYU+HYU+HYU+HYU

Uely UeTs UeTs UeTy
- Yi1Y;'2Y }/;1 ’LQY }/7/2 ZJY YZda'LlY

Corollary A.1.

(1) If all indeterminate symbols of weight m — 1 or less are zero almost
surely at = 0, then Gy (for k < 2m — 1) will also be zero almost
surely at 6 = 0.

(2) When the interchange of differentiation and integration is permissible,

.

equals the expectation over X of a polynomial. This polynomial is ob-
tained by summing all terms where at least two indeterminates Yy, .. i,
are multiplied together, the total weight is n, and the coefficients of all
terms are 1.

oK (6)
861/1 ot aeln 0=0

o f(X]0)
90;, - 00;.

_EX[

Proof. (1) follows because terms with a sum of weights up to 2m — 1 are
products of two or more terms, so at least one term will have a weight of
m—1 or less and thus will be zero almost surely at # = 0. (2) follows directly
from the previous discussions. O

Proof of Theorem . We need to prove the following five points about
the Taylor expansion of K () at 6 = 0:
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(1) Coefficients of terms of order zero in (61,...,6,) and of order 2m — 1

or less in (0y41,...,0q) are zero.
(2) Coefficients of terms of first order in (64, ..., 6,) and of order m —1 or
less in (0y41,...,0q) are zero.

(3) Terms of first order in (61,...,0,) and of m-th order in (6,41, ...,604)
are represented by:

Ex [Fi(X]61,...,0:.)Fpn(X|0r41,...,04)] -

(4) Terms of second order in (61, ..., 6,) and of zero order in (6,41, ...,04)
are represented by:

1

(5) Terms of zero order in (61, ..., 60,) and of 2m-th order in (6,11, ...,04q)
are represented by:

1
SEx [F(X10r g1, ..., 00)] -

For (1), it suffices to show that for ;41 + -+ +ig < 2m — 1,

s (X]0)
001108

6=0
is a random variable with an expected value of zero. This has already been
demonstrated in Corollary @(1) For (2),for 1 < j <randi,f1+---+ig <
m—1,
81+ir+1+---+idf(X’9)
89]‘39:1?11 T agfjd 6=0

is shown to have an expected value of zero. Among the products of two or
more indeterminates claimed in Corollary @(2), those that do not include
f; are zero with probability 1 by assumption. Therefore, their expected
value is zero.

For (3), using a similar argument as in (2), consider a case where 1 <
j<randiyy;+---+1tq =m. For

ImHf(X]6)
80,007 - - 99’y

)

0=0

the nonzero products of two or more indeterminates claimed in Corollary @(2)
are limited to

OfXI0)| _omf(XI)
905 9_ o0, - 00 o
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Therefore,

o f(X16) _Ey af(X|0) o™ f(X10)
00,0075 -+ 003 |,_, R R

validating the claim in (3).
Since (4) is a special case of (5), it suffices to demonstrate (5) alone. For
b1 4 Fig = 2m,
o™ f(X|0)
00,7 - 00 |,y
is restricted to the sum over the set _of nonzero products of two or more
indeterminates claimed in Corollary @(2), given by

{ o™ f(X0)

o0 - b

o™ f(X10)

' lrp1—Jr41 i4—Jd
o—o 9051 00

Jr41+ o+ Ja=m,
ip > jn >0 '

0=0

Note that each element in this set appears as

<¢T+1>_“(z’d>x 5 if (2rs1, -5 200) = (irg1, - - da),
Jr+1 Jd 1 otherwise.

Thus, we can express
0:0]

k) | [ emixe)
o 00y, Lowt - ony
4ox (0
2jr+1+"'+jd=m Jr+1 Jd
th>gn >0

o™ f(X10) amf(X|0)
X Ex aej7'+1 80jd ' aeir+1*jv-+1 80id—jd ’
r+1 " Y%d lg=0 r+1 P =0

Transforming to the target expression, we find:

1
SBx [F(X10rs1, ..., 0)]

krt1+lr41 kq+lg
0 o

— r+1
> 2 2kr++1!.~kd!zr+1!mzd!

krii4-tkg=mlpp1+--+lg=m

kp>0 >0
o™ f(X10) o™ f(X10)
X S gk | og . ok
r+1 "7 d 10=0 r4+1 "7 d 1§=0
- % L _OMEO | g
TN i agir i r '
try1+etig=2m br41 td: aer-&fll T 89dd 6=0

ZhZO
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The proof is completed using the variable substitutions kp +1, = iy, kp = jp
for h=7r+1,...,d. Thus, the claim is demonstrated. O
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Appendix B

Derivation Method for m

Proposition B.1 (Properties of the Coordinate Transformation). Fiz non-

negative integers ipyi,...,tq With tp11 + -+ +1iq9 > 1. For k = 1,...,r,
consider the coordinate transformation ¢ : (61,...,0q) — (0],...,0)) de-
fined by
ak(9T+1> ) gd) = 07k ’ eir_‘—ll T 9?7 cr €R,
Gr1!edg! T
where
9'1:01+a1(9r+1,...,9d), RN 9;:0T+ar(9r+1,...,9d),
i1 =01, ..., 0;=0q

This transformation satisfies the following conditions:

(1) p(0) =0, |det ¢’ (0)| = 1, and ¢ is bijective and analytic in a neigh-
borhood of 0.

(2) Forj=1,...,r, we h(wea%;:a%j.

(8) For any (hyst1,...,hq) € Z‘;f with hyy1 + -+ hg < dpgp1 + -+ + g,
the following holds:

Yhr+1++ha
8«9;&"{ ' '8921% (6},....0,)=0
Blrs1+tha 0 if (hrsrs s ha) # (g1, - - dd),
_4807«1?1"' o0 |, ch aek if (Brsts ooy ha) = (ips1y - - id)-
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Proof. (1) is straightforward. (2) follows from the relationship of partial
derivatives before and after the transformation:

d r
a o 00 ) aak
Za ae; _Zaek o0, Z 39 Ok
k=1 k=1 k=r+1
) dap, O
N G=r+1...d,
=1 = 7J k
B ) .
ﬁ % (321,...,7“).
J

For (3),let m:=d,41+---+ig>land l := hyy1 + -+ hg < m. We
have:

(2 om0
a(9/hr+1. .ggfihd . 89]' =1 89]' 00,

r+1 Jj=r+1
d T
oM Miay, 0
_-H (ae’?f_zae’?f '89k+m> (B-1)
j=r+1 j k=1 J
ol d o )
- Z¢7+ (B.2)

o0 ol - od

We focus on the terms indicated by - - - ” in equations (Ell) and (@), which
involve derivatives of ag (60,41, . ..,04) of order less than or equal to [ —1 with
respect t0 0,41, ...,04. Since ag(0,41,...,04) is a homogeneous polynomial
of degree m in 0,41, ...,04, these terms evaluate to zero at (61,...,04) = 0.
Therefore, we have:

8lak _ 0 if (hr+1,...,hd) 75 (ir+1,...,id),
80:};*11 ---892‘1 —o ce if (hpyr, .o ha) = (irg1, -0, 0q).
Consequently,
al
Ih,- /h
aerﬂ“’ '89d ¢ (67,...,07)=0
8l 0 if (hT+17"'7hd)#(iT+17"'7id)>
g ot | Z o M i (st oy ha) = (i i),
as desired. ]
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Appendix C

Proof of Theorem 4.1

We outline the proof as follows. First, we prove Theorem @, which provides
the Taylor expansion for the analytic function H(6). This theorem asserts
that the Taylor expansion of H(f) takes the same form as in Theorem @,
which describes the Taylor expansion of K (#). The proof is based on the ar-
gument in Appendix |Al. Here, we focus on the differences from Appendix @
Finally, using this result, we derive Theorem by directly applying the
proof technique in Section B.3.
Let i1,...,ix € {1,...,d} and define

_ 0"p(x]0)
£ 00, - 00,

where we aim to identify patterns in the partial derivatives of h. We refer

2

Zivvo h(elh) = 5 {p(elh) — ()}

to Zi,.. i, as indeterminate symbols of weight k. Setting 6 = (61,...,04q),
we obtain
Oh(xl) Ip(x|0)
S = i) - a@)-
0%h(x|0) 9%p(x(0)
96,00, {p(2|0) — q(z)} - 265, 065, + Zi, Zi,
9*h(x|0) 9%p(z(9)

a0, Pl @)t m e
+Ziy i Zis + ZigisZiy + Zig iy Ziy
0*h(x|0 0*p(x|0
aeilaai;aei:aeu = {p@lf) —a(@)}- 891-18012-)2(8‘91»:861-4
+Ziy iy Zissis T Ziyyisinyia T ZivisZisia
+Zi1,i2,i3Zi4 + Zi17i2,i4Zi3 + Zil,is,u Zi2 + Zi2,i37i4Zi1'

In each of these, the first term on the right-hand side is zero at § = 0.
Therefore, if we can interchange the order of partial differentiation and in-
tegration, the partial derivatives of H(#) at § = 0 depend primarily on the
terms from the second term onward.
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In Appendix @, instead of using h, the partial derivatives of the log-
likelihood ratio function f were examined. The second and subsequent
terms on the right-hand sides of both expressions are similar. However,
the partial derivatives of h consist of a product of two indeterminate sym-
bols Z, whereas the partial derivatives of f consist of a product of two or
more indeterminate symbols Y. Since terms consisting of a product of two
indeterminate symbols play a crucial role in the following discussion, we can
obtain the same conclusion for the partial derivatives of h.

Proposition C.1.

8" h(x|0)

| | o"p(x|0
Gn(zl,.--,ln)::ag. 00 =

— {p(al0) - q(a)} - o)
- {p(x0) )} 0, -0,
is a polynomial consisting of indeterminate symbols Z;, . ;. with weights less
than n. Each term in the polynomial has a coefficient of 1, and each term
is a product of two indeterminate symbols, with a total weight of n. The
polynomial is the sum of all such terms with these weights.

Proof. We prove this by induction on n. For n = 1, G1(i1) = 0 satisfies
the condition since there are no terms. Assuming Gy (i1,...,,) is such a
polynomial for some n > 1, we obtain

00, ---00;, .,
-0 _O"p(lf) o
=56, {{p(x\ﬁ) q(z)} 96, 06, + G (it, ..« in)
9"+ p(x]0) OGn (i1, ... ,in)
Thus,
OG (v, - - ,in
Gn+1(i1a s ain+1) = Zil;-u,in Zin+1 + M

a07:'/L+1

By the induction hypothesis, this is a polynomial consisting of indeterminate
symbols Z with weights less than or equal to n, where each term has a
coefficient of 1 and the sum of weights in each term equals n + 1. Moreover,
the terms containing the indeterminate symbol Z; , are derived from the
first and second terms on the right-hand side, while the terms that do not
contain Z;, , are derived from the third term on the right-hand side. Thus,
we have shown that each term is a product of two indeterminate symbols,
summing to a total weight of n + 1. O

Corollary C.1. (1) If all indeterminate symbols of weight m — 1 or less
are zero almost surely at @ =0, then Gy, (for k <2m — 1) will also be
zero almost surely at § = 0.
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(2) If differentiation and integration can be interchanged,

O H ()
06;, - - 90

in

B 0"h(x|0)
o ) 00,00

in

dx
0=0

equals the value obtained by substituting 0 = 0 and integrating over
x a polynomial. This polynomial is obtained by summing all terms
where two indeterminate symbols Z;, . i, are multiplied together, the
total weight is n, and the coefficients of all terms are 1.

Proof. (1) follows because terms with a sum of weights up to 2m — 1 are
products of two terms, so at least one term will have a weight of m — 1 or
less and thus will be zero almost surely at § = 0. (2) follows directly from
the previous discussions. O

Proof of Theorem @ We define

L r Op(x|0
Py(x|s1,...,8;) = ijl 891‘- ) oo 5T
N o , 1 " p(X10) el iq
Pm(X|ST+1’ B sd) T Zl.’”"'l—"_m."_ld:m ir1ldal ggit4l ggtd Sr+l T Sd
ZT+1,...,2dEZZO r+1 d 16=0

In the proof of Theorem @, by replacing Y with Z and f with either h
or p, we can show that the Taylor expansion of H(0) at (61,...,64) = 0 is

given by
1
H(0) :/{Pl(x|91,...,9r)+Pm(as|0r+1,...,9d)}2d1:
2 ), (C1)
+ (higher order terms).
As an example, we confirm that terms of first order in (61,...,6,) and
of m-th order in (0,41,...,60;) are represented by
/ Pi(2l61, . ., 00) Pu(elOh 1, - . 6a) . (C.2)
X
Under Assumption m(l), we deduce from Proposition @(1) that for all
indices (iy41,...,1q) satisfying 1 < i,41 4+ +ig <m—1,
air+1+~~~+id X0
Fae) P il ) =0 a.s.
90,5y -+ 904 6=0
holds. For
o™ Lh(X)0)

1<ji<r g1+ +ig=m),

00,00, -+~ 00 |o_y
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the nonzero products of two indeterminate symbols claimed in Corollary @(2)
are limited to

opXie)| - _o"p(X]e)
905 lg—g 89725:11 - 00y 6=0
Hence,
m+1 m
X 8@-80,,’::11 o _89:{1 0=0 v 905 oo 897;:11 ) ~~60;d 6=0

validates the claim in (@)
Finally, we verify that the equation to be proven follows from (@)

Since

off __ L op

905 19— q(z) 09;]y_y’
we get Pi(z|s1,...,s,) = —Fi(x|s1,...,8:)q(x). Under Assumption m(l),
we deduce from Proposition A.1j(1) that

i) | _ 1 omp(als)
o0, 00 |,_,  a@) a0 00k,

Thus, we obtain P, (x|Sy41,--.,84) = —Fm(x|sr41, ..., 84)q(x). Therefore,

/{Pl(af|01,...,0,,)—|—Pm(x\9r+1,...,0d)}2dx
X

=Ex [{F(X]01,..,00) + F(X 1641, -, 60)} a(X)]

is established. O
Proof of Theorem B Since most of the argument parallels that in Sec-
tion B.3, we outline only the main steps here. By Theorem K.2, the Taylor
expansion of H(f) at (01,...,64) = 0 can be expressed as

1
H(9) =3 Ex [{Fl(X\Hl, e 0,) 4 Fo(X [0y, .. ,Qd)}Qq(X)]
+ (higher order terms).

We perform the following four coordinate transformations, CT1-CT4 (see
Figure @) In the case r = 0, we use only CT2. We demonstrate that
normal crossings are achieved in all the resulting local coordinates.

CT1 FOI'lSSST,{Qj_)GSQ‘;"1§j§d7j7é8}

CT2 Forr+1<t<d, {6; 0,0, |1<j<d, j#t}

CT3 For the ¢t selected in CT2 and for 1 < s < r, {9; —>0399-’, 0 — 050, |
1<j<r j#s}
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CT4 For the t selected in CT2, {93 — 9,593-’ |1<j<r}

Initially, we perform CT1 and CT2. The first transformation achieves
normal crossings, but the second does not. Therefore, we proceed to perform
further iterations involving CT3 and CT4. In these iterations, CT3 achieves
normal crossings, but CT4 does not. By repeating this process up to m — 1
times (resulting in a total of m iterations), we eventually achieve normal
crossings.

Here, we verify only the following three inequalities, which are essen-
tial for achieving normal crossings (each parameter s; ranges over all real
numbers):

al(SQ,. .. ,Sd) =Ex |:F12(X‘1,827. . .,sr)q(X)] >0

Fl(Xyl,SQ, e ,87«)

2
q(X)| >0
+ SdFm(X’3r+1a---73d171)} (X)

az(sz, ..., sa) =Ex {

az(s1,. -, 84-1) :=Ex

{FI(X|51, s

2
q(X)| >0
+ Fm(X|Sr+1,...,Sd1,1)} ( )

For the first inequality, since ¢(X) # 0 a.s., aj(s2,...,sq) = 0 holds if and
only if

Fl(X|1,SQ,. .. ,87») =0 a.s.

T

of (X160 8 (X16)
M + Z N | =0 a.s..
91,600 B o,,...00=0
By Assumption m, the set of partial derivatives
of (X0 of (X160
F(x10) L orx1e) s
961 (01,...,04)=0 90, (01,...,04)=0
are linearly independent, so there do not exist (so,...,sq) satisfying the
above equivalence and we conclude that aj(sg,...,sq) > 0 holds.
The second inequality is analogous to the third, so we verify only the
third. The equation as(si,...,sq—1) = 0 implies
Fi(X|s1y.-oy8r) + Fn(X|Sp41,- -+, S4-1,1) =0 a.s.
T
6 (X160
& Z i | ) + Fn(X|Sr41,- -+, 84-1,1) =0 a.s..
el (01,...,04)=0
yeesd
For a nonzero parameter (S;41,...,84-1,1) # 0, Assumption E(Q) implies
that the random variable F,,(X|sy4+1,...,584-1,1) and the r random vari-
ables in (@) are linearly independent. Therefore, there does not exist
(s1,...,84—1) that satisfies this equivalence relation. Thus, we conclude
that as(s1,...,84-1) > 0 holds. O
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Appendix D

Details on Example 5.1/(1)

Let H be the number of mixture components with H > 2, and (a1,...,ag_1)
be mixture weights. Consider the following mixture model with 2H — 1
parameters (ai,...,ag—1,b1,...,bp):

(z|a,b) := Zazp x|b;) + (1—Zaz> x|bgr).

The true distribution g(x) can be expressed using Hy—1 constants {az*}HO !

satisfying a;. > 0 and /01

bis, ..., bHy«, as follows:

a;x < 1, along with Hy distinct constants

) = { S e ptalbi) + (1= S0 i) - Blalbige) i Ho > 1,
ﬁ(x]bl*) if Ho = 1.

It is clear that points satisfying the following conditions are realization pa-
rameters:

{(al, cey QHy—1,QHy, - - - ,aH_l) = (al*, N ,a,Ho_l*,VaHO, PN ,VGH_1>

(b1, .., bmo—1,bmys - -, br—1,01) = (D1, -, OHg—14, DHysy - - 5 OFgws DHs) -
We now consider the case where the following condition holds:

Hp—1

CLHO,...,(IH_1>0, Z ap <1— Z Afox - (Dl)

k=Hy

Since the set of realization parameters is not a single point, this statistical
model does _not satisfy semiregularity. For any realization parameter P
satisfying (@), we show that p(z|a,b) satisfies (Ell) and Assumption
with (di,7,m) = (H + Hy — 1,2Hy — 1,2).
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By translating the coordinates, we can express

Hp—1 H-1

p(xla,b) = > (a; + aw)p(a|bi + bu) + > aip(@]bi + biys)
-1 i=H,

P e {(CLl?"'aaHo1vbla"'7bH7aHoa"')aH1)

al :...:aHO_l :0
by=---=bg=0

It is clear that (@) holds. In the following, we arbitrarily fix the H —
Hy parameters (apy,...,ay—1) within the range satisfying (|D.1)). For the

remaining H + Hy — 1 parameters ay,...,an,-1,b1,...,bm, we perform the
coordinate transformation

Skt @k

ZHO g — Zk Hp ak‘

After performing this transformation, we examine the partial derivatives of
f(z]a,b) at the point P. Then,

IH::bH-i—

af 1 ) |
90~ q(x) {P(x[bi) — P(x|brx) } i=1,...,Hy—1
of _ 1 [ an3(alby) i=1,... Hy—1
ob;  q(x) | 0 i=Ho,...,H—1

Hop—1 H-1
of _ op
oy Z Qe = Y an 5y (&10Hox)-

k=Hy

The second derivative with respect to b := (by, - - bp_1) ! € RE—Ho g given
by

pHo L i1 o2
I DI !

it ig—1t gp o - Qb

iyt FiH—1=2
{iH07~-~7iH—1}CZZO
1 -1 9%

= = : (z|bry) - b b
2(1 - kHzollak:* = 2k= hlr ak) q(z )8b2 ’

(a1,0 1y —1,01,,b1 ) =0

where X := (04,j)1<i,j<H—H, is defined by
Ho—1 H-1 S
S { QitHo—1(1 = D020 Qe — Dj— g, Ok + QigHg—1) @ = J,
0,j . .
Qi+ Ho—1 " Gj+Hy—1 i # J.
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Under condition (@), it follows from Lemma @, which will be stated
below, that X is a positive definite matrix, so for any b # 0, we have
Fy(z|b) # 0 a.s..

From Lemma @ stated below,

. _ op op 0%p
p($|bl*),...,p($’bHo*), %( |bl*)7"‘7%( ‘bHo*)v @( ‘bHo*) (D2)
are linearly independent, we see that for any b(# 0),
0 0 0 0 0
oF L O O )

aalj'”,8&[{0_1’8[)17“.78[)}[0_1’@7

are linearly independent. Therefore, at point P, the model satisfies As-
sumption é(l)(Q) for (dy,r,m) = (H + Hp — 1,2Hy — 1,2), where we set
0:=(ar,...,amgy—1,b1,...,bg—1,by) and 7 := (am,,...,am—1).

For simplicity in the following lemma, we replace the notation Hy with
N and bl* with bz

Lemma D.1. Let p(z|b) be one of the following distributions: the binomial
distribution with M (> 2) trials and success probability b, the Poisson dis-
tribution with mean b, or the normal distribution with mean b and variance
1. Let N(< M/2) be an integer greater than or equal to 1. Then for N
distinct parameters {by,...,bn}, the following random variables are linearly
independent:

_ ) op
p(x|b1), ..., p(x|bN), - (x[b1),..., 5

ob
Proof. Let {s;},{t:}, u be real numbers, and suppose that

2~

- -, 0P 0%
Z sip(x|b;) + Ztl%@‘bz) + u@(a:]b]\r) =0 as. (D.3)
i=1

=1

We show s; =t; =u =0 for all i = 1,...,N. Note that the n-th moment
(n < M) of a random variable following the given probability distribution p
is a polynomial of degree n in b. First, summing (E) over x € x implies

D s =0. (D.4)

Next, multiplying (@) by z and again summing over x € Y, then using
(ID.4), we obtain

N N
Z sib; + Z t; =0. (D.5)
=1 =1
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Repeating this process for n = 2,...,2N(< M), multiplying (@) by z",
summing over x € x, and using (@)7( )

, we get
N N
D sl 4Py b+ Poubl ? =0,
i=1 i=1
where for nonnegative integers m > n, we define ,,P,, := m!/(m — n)!.
Therefore, we have W(sy --- sy t; -+ ty u)| =0 € R2V+L
1 - 1 0 0 0
by -+ by 1 1 0
b2 b 2P1b1 2P1bn 2Po
woe | B B | P PR 3Poby
b - by 4P163 e PbY 4Pob%;
DI BN | on PO T PR T | o PabtN 2

Thus, we show that det W # 0. A straightforward computation gives

det Woo [ i—b)*x [ —0w)C

1<i<j<N-1 1<i<N-1
Because {by,...,by} are distinct, we conclude that det W # 0. O

Lemma D.2. Let N be a positive integer, and let A, Ty, ..., TN be variables.
Define the symmetric matriz X = (05 ;)1<ij<N € RNXN gy

T, T, ifi#

Then, for any (A,Th,...,Tn) satisfying AT; > 0 for alli =1,...,N, the
matriz Yy is positive definite.

{n(um ifi=j,
i,j —

Proof.

N 2 N
(517"'781\7)2]\7(81)'"aSN)T: (Z*%ﬂ) +ZAT‘131220
=1

=1
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