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Abstract

One of the biggest issues plaguing modern physics is the observed value of the Baryon

Asymmetry of the Universe. One of the most promising mechanisms to explain the

observed Baryon Asymmetry of the Universe is Electroweak Baryogenesis. For Elec-

troweak Baryogenesis to be successful, there must have occurred in the early universe

a Strongly First Order Electroweak Phase Transition. In order for the Electroweak

Phase Transition to be First Order, the sphaleron decoupling condition must be sat-

isfied. The sphaleron decoupling condition requires large deviations in the Higgs triple

self-coupling. The Higgs triple self-coupling measurements at colliders can thus be

used to probe the nature of the Electroweak phase transition. Furthermore, first or-

der cosmological phase transitions are capable of generating gravitational waves and

even, in certain circumstances, primordial black holes. In extended scalar models,

the main effects leading to these phenomena are the non-decoupling effects origi-

nating from loop correction from the new degrees of freedom. The Standard Model

Effective Field Theory is not appropriate to describe non-decoupling effects, while the

Higgs Effective Field Theory lacks predictive power. In order to consistently describe

the non-decoupling effects from new physics in a model independent framework, the

nearly-aligned Higgs Effective Field Theory must be used.

In this thesis, various topics on the Standard Model phenomenology, extended

Higgs models, and cosmology of the electroweak phase transition are reviewed. The

nearly-aligned Higgs Effective Field Theory, its validity, and its effectiveness in de-

scribing non-decoupling effects is also reviewed in detail. Then, a new observable is

proposed as a probe for the nature of the Electroweak phase transition, the Higgs di-

photon effective coupling. Towards this objective, the nearly-aligned Higgs Effective

Field Theory is extended for the first time into its sub-leading order, chiral dimension 4,

Lagrangian. This is necessary since, in the chiral formalism, loop induced interactions,

like the Higgs di-photon, are only described by Lagrangians of this order. Furthermore,

several classes of models are chosen as benchmark models for our analysis using the

effective theory.

The non-decoupling effects on the Higgs di-photon couplings are analysed, and its

importance once again proven. It was found that in models with charged scalars, large

values of the Higgs triple self-coupling become easily constrained by Higgs di-photon
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measurements, unless the new physics scale is high enough. Then, an analysis of

signatures of the electroweak phase transition is performed for the benchmark models

mentioned above. The sphaleron decoupling condition is taken into account, together

with the phase transition completion condition, and perturbative unitarity. Various ob-

servables are analysed, such as the Higgs triple self-coupling, the Higgs di-photon

coupling, gravitational waves, and primordial black holes. Besides corroborating the

necessity of a large Higgs triple self-coupling, it is shown that models with charged

scalars also necessitate large deviations on the Higgs di-photon coupling.

This thesis closes with discussions on the usage of future measurements to probe

the nature of the Electroweak phase transition. First, a hypothetical scenario of Higgs

di-photon coupling measurement at the HL-LHC is considered. In this scenario, it is

shown how such measurements can be used to give tangible predictions on subse-

quent measurements of the Higgs triple self-coupling, in order to produce a Strongly

First Order Electroweak Phase Transition. Secondly, hypothetical scenarios of Higgs

triple self-coupling measurements at the HL-LHC and the various stages of the ILC

are considered. It is shown that such measurements at the HL-LHC and the first and

second stages of the ILC are incapable of decisively determining the nature of the

electroweak phase transition by themselves. Even the last stage of the ILC is shown to

only determine that the electroweak phase transition is first order, or that it is not first

order, in some very fine-tuned circumstances. It is also shown that joining these mea-

surements of the Higgs triple self-coupling, with the ones from the Higgs di-photon, can

solve this issue and decisively determine the nature of the Electroweak phase transition

in the future. This further motivates the use of the Higgs di-photon as a complementary

probe of the nature of the Electroweak phase transition.

Keywords: Higgs; Higgs Couplings; Di-Photon; Effective Field

Theory; naHEFT; Collider; Electroweak; Phase-

Transition; Sphaleron; Gravitational Waves
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Chapter 1

Introduction and Overview

Throughout the 20th century the Standard Model of Particle Physics has emerged as

one of the most successful theories of nature. Build upon the theory of the strong

nuclear force Quantum Chromodynamics [1, 2, 3, 4, 5], the Glashow-Weinberg-Salam

theory of Electroweak unification [6, 7, 8], and the Brout-Englert-Higgs-Guralnik-Hagen-

Kibble mechanism [9, 10, 11, 12, 13], also known simply as the Higgs mechanism, it

provides a complete quantum field theoretic description of all known fundamental par-

ticles and their interactions. After many decades of experimental scrutiny, it has been

proved to be remarkably accurate [14], standing as the cornerstone of modern physics.

The validation of the full framework was accomplished in 2012 with the discovery of

the Higgs boson by two experiments at CERN, ATLAS [15] and CMS [16], confirming

the Higgs mechanism responsible for electroweak symmetry breaking, and generating

mass terms for the rest of the fields. Despite it’s success, the Higgs sector remains

largely untested. It’s central role in mass generation and it’s unique nature as a scalar

field make it specially sensitive to phenomena beyond the Standard Model, making

Higgs precision phenomenology one of the primary focuses of the current high energy

physics community.

Despite it’s tremendous success, the Standard Model is widely believed to be an

incomplete description of natural phenomena. This comes from the existence of sev-

eral observed phenomena for which the Standard Model offers no explanation. These

include the observed Baryon Asymmetry of the Universe [17], the existence of Dark

Matter [17], and the origin of neutrino masses and oscillations [18]. The framework

also presents various theoretical challenges. These include the observed pattern of
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fermion masses and mixing, the hierarchy problem associated with the stability of the

Higgs mass, and the absence of a quantum description of gravity. These issues hint

at the existence of a higher energy scale beyond which a more complete theory must

appear, making the Standard Model likely a low energy effective theory of the phenom-

ena present above this scale. Since many of these open questions couple directly or

indirectly to the phenomenology of electroweak symmetry breaking, the Higgs sector

becomes a natural playground to explore the effects of new physics phenomena.

Following the observational and theoretical limits of the Standard Model, the Higgs

sector presents itself as a uniquely sensitive portal to explore new physics phenomena.

Being the only observed scalar field, the Higgs field’s couplings and self-interactions

are not protected by the models symmetries in the same way interactions involving

only fermions and gauge bosons are, making them specially sensitive to alterations

coming from heavy or hidden sectors. The measurement of deviations in the Higgs

couplings to fermions, gauge bosons, or itself, would therefore provide indirect evi-

dence of new physics beyond the Standard Model. Extended scalar sector present

in many new physics models, such as models with additional electroweak singlets

[19, 20, 21, 22, 23, 24, 25, 26, 27], doublets [28, 29, 30, 31, 20, 32, 33, 34, 35, 36, 37,

38, 39, 40, 41, 42, 43, 27], or triplets [44, 45, 46, 47, 48, 49, 20], can alter the shape of

the Higgs potential, modify the dynamics of electroweak symmetry breaking, and gen-

erate observable signatures in collider experiments. Precision measurements of Higgs

related observables at the LHC and future colliders, combined with electroweak pre-

cision measurements and flavour physics constraints, become a powerful window for

exposing and constraining new physics phenomena through the scalar sector. More-

over, alterations in the Higgs potential in extended scalar sectors also have tremendous

impact to early universe cosmology. Due to finite temperature corrections to the field

equations, at temperatures above the electroweak scale, the electroweak symmetry is

intact. Then, when crossing the electroweak scale, the universe undergoes a phase

transition and spontaneous symmetry breaking takes place through the Higgs mecha-

nism. The dynamics of this phenomena, known as the Electroweak Phase Transition,

is extremely dependent on the shape of the scalar potential.

The Baryon Asymmetry of the Universe can be explained by various models with

extended Higgs sectors. In order to produce the correct baryon asymmetry, these
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models must utilise a mechanism that satisfies the three Sakharov conditions [50].

One promising mechanism satisfying these conditions is Electroweak Baryogenesis

[51] which takes place during the Electroweak Phase Transition. In order to satisfy

the Sakharov condition of departure from thermal equilibrium, this transition must be

a first order phase transition. Then, the condition of Baryon number violation can be

accomplished through the sphaleron solution to the field equations [52, 53], only if the

sphaleron decouples right after the phase transition. A phase transition satisfying the

sphaleron decoupling condition, is called a Strongly First Order Electroweak Phase

Transition. Finally, the condition of C and CP violation is accomplished from new CP

violating terms in the scalar sector.

The Electroweak Phase Transition within the Standard Model framework is a smooth

crossover phase transition [54], and as such, it does not satisfy the Sakharov condition

of departure from thermal equilibrium. In addition, the only CP-violation term in the

Standard Model, the Cabibbo-Kobayashi-Maskawa phase, is known to be too small

to explain the observed baryon asymmetry [55, 56]. As for the sphaleron decoupling

condition, its validity is strongly dependent on large values for the Higgs triple self-

coupling [57, 58, 22, 59]. The nature of the Electroweak Phase Transitions can then

be explored through precise measurements of the triple Higgs coupling. This means

that extended Higgs sectors, specially the ones with a strong Higgs self-coupling, are

crucial for the onset of Electroweak Baryogenesis. Deviations in this coupling can have

two origins, mixing angles with new scalars, or radiative corrections from new physics.

Mixing angles are strongly constrained from Higgs coupling measurements [60, 61],

and generally lead to a decrease in the coupling value. This leaves radiative correc-

tions as the likely origin for strong couplings. Even though the Higgs self coupling has

not been measured precisely so far [61, 62], it will be measured precisely by future

collider experiments. For instance, the High-Luminosity HLC is expected to measure

the triple Higgs self-coupling with a precision of 50% [63], while the International Linear

Collider running at 1TeV is expected to do so with at least 10% precision [64].

First order phase transitions in the early universe are capable of generating cosmo-

logical imprints. In particular, stochastic gravitational wave backgrounds can be gener-

ated by a first order electroweak phase transition, which can be detected in the future

by gravitational wave observers [22, 59, 65]. The peak frequency of such gravitational
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waves is of the order 10−1 − 10−4Hz, which is within the reach of future space-based

interferometers like LISA [66], DECIGO [67], TianQin [68], Taiji [69], and the BBO [70].

Another example of cosmological imprints left by the electroweak phase transition are

Primordial Black Holes. These can be formed by a method of delayed first order phase

transition. They have recently been confirmed to be useful for the test of first order

phase transitions [71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83]. In the case of the

electroweak phase transition, the generated black holes have a mass of around 10−5

solar masses. This parameter region was contained up to a black hole fraction of 10−2

by Subaru HSC [84] and OGLE [85]. Future experiments, like PRIME [86] and the Ro-

man Telescope [87], are expected to further constrain this area of the parameter space.

These connections to cosmology make the Higgs sector an undeniable bridge between

particle phenomenology and early universe cosmology, serving as motivation for the

study of Higgs couplings, extended scalar potentials, and their thermal evolution and

dynamics in the early universe. Exploring the interplay between collider phenomenol-

ogy and early universe cosmological signatures reveals to be a powerful strategy to test

beyond the Standard Model physics in a complementary and experimentally testable

way.

When exploring effects of new physics in the Higgs sector, it is often convenient

to use a framework capable of describing deviations from the Standard Model with-

out specifying a specific ultraviolet complete model. With that end in mind, Effective

Field Theories (EFTs) give a a model-independent framework capable of systematic

parametrization of effects originating from physics at a higher scale through higher di-

mensional operators. In the context of Higgs physics, there are two widely used EFT

approaches. The Standard Model EFT (SMEFT) [88, 89, 90] assumes the observed

Higgs field to be part of the same electroweak doublet present in the Standard Model,

with symmetry braking following the same pattern as the Standard Model, making it

suitable for describing small deviations that decouple from the Standard Model for a

new physics scale much larger than the electroweak scale. The Higgs EFT (HEFT)

[91, 92, 93, 94, 95, 96, 97, 98, 99] relaxes this assumption by treating the Higgs as a

generic scalar and allowing for a non-linear realization of electroweak symmetry break-

ing, which accommodates the presence of large deviations from the Standard Model,

and also non-decoupling effects generated from loop correction from new physics,
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which do not decouple for large new physics scales [100, 101, 102]. Besides allow-

ing for a systematic description of modified Higgs couplings, EFTs are also suitable

to incorporate finite-temperature corrections to the field theory, which is essential for

the study of electroweak phase transitions and their cosmological signatures. It is thus

evident that EFTs offer a consistent framework to study the dynamics of beyond the

Standard Model Higgs sectors and both their collider and cosmological phenomenol-

ogy.

The nearly-aligned Higgs EFT (naHEFT) [103, 104, 105, 106] was introduced as a

subset of the HEFT, constructed with the added assumption that the observed Higgs

boson is close to the alignment limit. In this regime, the Higgs field has close charac-

teristics to the Standard Model Higgs at tree level, while not constrained to belonging

to the it’s doublet as in SMEFT, allowing the naHEFT to retain the flexibility to system-

atically describe large non-decoupling loop corrections to the Higgs couplings. This

means that correction on couplings such as the triple Higgs coupling appear not from

tree-level mixing effects, but from loop effects from new physics, just as we expect

for the occurrence of a strongly first order electroweak phase transition. Thus, the

naHEFT is the perfect framework to study phenomenology related to the electroweak

phase transition. The loop induced corrections to the Higgs self coupling are of partic-

ular importance, for altering the scalar potential in such a way to allow for a strongly

first order electroweak phase transition, while staying in the alignment limit at tree level.

The quantum corrected scalar potential is then responsible for generating the neces-

sary barrier between vacua and enabling the strong phase transition, while maintaining

consistency with current Higgs measurements. By implementing the non-linear struc-

ture of the HEFT while focusing on a nearly-aligned Higgs field, the naHEFT constitutes

a robust and tractable framework for connecting Higgs collider phenomenology with the

dynamics of electroweak symmetry breaking and it’s cosmological observables.

Given the situation explained so far, the central goal of this thesis in to investigate

new phenomenological paths to probe the nature of the Electroweak Phase Transition.

The main way to do this at the moment are: measuring the Higgs triple self coupling

with precision in future colliders, like the ILC; and detecting gravitational waves with

future space based observers, like LISA and DECIGO. Both these options depend on

experiments that won’t start running until the mid to late 2030’s. A third option has
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been introduced, detecting primordial black holes, with experiments running in a more

timely manner. This option, however, is only possible in a very fine-tuned section of the

parameter space. To deal with this issue, this thesis introduces a novel way of probing

the electroweak phase transition, thorough measurements of the Higgs to di-photon

decay. The LHC results for this effective interaction have recently been improved to

9% by ATLAS [107] and 8% by CMS [108], and is expected to be measured with 1.8%

accuracy by the HL-LHC [109]. This interaction would then be a very good alternative

to the aforementioned options to probe the nature of the electroweak phase transi-

tion. We show this to be possible because the same non-decoupling effects from new

physics that cause a sizeable triple Higgs, high enough to produce a strongly first or-

der phase transition, will also affect the effective interaction between the Higgs and

two photons. In order to study this effects, we introduce for the first time the next to

leading order terms in the nearly-aligned Higgs EFT necessary to properly describe

this effective interaction. We also calculate the parameter space of the naHEFT ca-

pable of generating a strongly first order phase transition, and the parameter space

leaving detectable cosmological imprints. We then study the interplay between the four

mentioned observable: the triple Higgs self-coupling, the effective Higgs di-photon in-

teraction, gravitational waves, and primordial black holes. We show not only that the

Higgs di-photon interaction is capable of testing the parameter space in a meaning-

ful way by itself, but also that it can complement the other observables in a unique

way that is impossible with only the other three observables. We also show how this

complementarity will help us approve or rule out specific models once we measure the

effective Higgs di-photon interaction at the HL-LHC and at least one more of these ob-

servables with enough precision. Finally, we discuss how measurements of the triple

Higgs self-coupling at the ILC will help to constrain the parameter space. Through this

unique approach, this work intends to serve as a steeping stone in understanding how

we can use all the available cosmological and collider observables to consistently test

the nature of the electroweak phase transition in the years to come.
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1.1 Overview of this Thesis

The rest of this Thesis is organized into two parts. Part I provides the background

necessary to follow the main work of this theses by presenting modern reviews on

relevant topics. Part II, on the other hand, its more focused on the original research

conducted for this thesis, from it’s theoretical setup, to the main analysis. The work

in this part was published in the journal Physics Letter B [105] or as a conference

proceedings of the International Workshop on Future Linear Colliders [106]. I now

provide a short summary for each of these parts.

Part I starts with Chapter 2 by reviewing the Standard Model theoretical framework,

detailing it’s scalar, gauge, and fermion sectors, including an introduction to the Higgs

mechanism and to the concept of custodial symmetry. Chapter 3 provides a review on

the current status of Higgs sector phenomenology, including the most precise measure-

ments at colliders of the Higgs mass and couplings to other particles and to itself, and

the status of electroweak precision phenomenology. Chapter 4 explores relevant ultra-

violet complete extensions of the Standard Model with extended scalar sectors, includ-

ing the Two Higgs Doublet Model, the Higgs Triplet Model, and the Georgi-Machacek

model, and it’s varied Higgs sector phenomenology. Chapter 5 then shifts into early

universe cosmology, namely by exploring the subject of Electroweak Phase Transi-

tion, including the concept of Electroweak Baryogenesis, the sphaleron process, the

formation and nature of a measurable stochastic gravitational wave background from

strongly first order phase transitions, and the generation of primordial black holes from

the advent of a delayed first order phase transition.

Part II starts with Chapter 6 by introducing the nearly-aligned Higgs Effective Field

Theory formalism, stemming from the electroweak chiral Lagrangian, into it’s full lead-

ing order Lagrangian and it’s finite temperature corrections, and finishes by setting

up the framework used in the remainder of this work. Chapter 7 expands the nearly-

aligned Higgs Effective Field Theory to include next to leading order terms necessary

for the calculation of loop induced decays like the h → ‚‚ and h → Z‚, and provides

a study of the effective Higgs coupling »‚‚ using this formalism. Chapter 8 provides

the main analysis of this research, explaining the calculation of the detectability of the

gravitational waves spectra at interferometers, and a full parameter space scan of the

occurrence of a Strongly First Order Electroweak Phase Transition, and all the signa-
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tures described before. Chapter 9 deepens the discussion further by discussing how

to complement this data with »3 and »‚‚ phenomenology at colliders, and how future

colliders, like the International Linear Collider, will impact this work in the future. Fi-

nally, chapter 10 provides a summary of the topics discussed in this thesis, and the

main conclusions to be taken from this study.
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Part I

Background Review
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Chapter 2

The Standard Model of Particle

Physics

The Standard Model of Particle Physics is a Quantum Field Theory theory locally in-

variant under the non-abelian Lie group

SU(3)C × SU(2)L × U(1)Y ; (2.1)

where the SU(3)C subgroup refers to the theory of Quantum Chromodynamics [1, 2,

3, 4, 5] which describes the strong nuclear force, while the SU(2)L × U(1)Y subgroup

refers to the theory of Glashow-Salam-Weinberg [6, 7, 8] which describes the elec-

troweak interactions, a unified theory of electromagnetism and the weak nuclear force.

By combining these gauge theories with the Higgs mechanism [9, 10, 11, 12, 13], the

Standard Model became the best theory of fundamental phenomena to date. The pur-

pose of this chapter is to review the theoretical framework in which this model is build

upon, with a stronger focus on the Higgs sector. In Section 2.1 the particle content of

the model is summarized, with explanations on their relations to the gauge groups in

Equation 2.1. In Section 2.2 the scalar potential is introduced, and the Higgs mecha-

nism is explained. In Section 2.3 gauge invariance is introduced into the model, and

the effect of the Higgs mechanism to the gauge bosons in explained. In Section 2.4 the

Yukawa Lagrangian is introduced and the basics of flavour physics arising from fermion

mixing is explained. In Section 2.5 an important property of the Standard Model Higgs

potential, custodial symmetry, is explained, which will be useful later for the discution
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Fermions SU(3)C SU(2)L Y
qL 3 2 1=6
uR 3 1 2=3
dR 3 1 −1=3
lL 1 2 −1=2
eR 1 1 −1

Table 2.1: First generation of fermions introduced into the standard
model with their gauge group representations and hypercharge.

of non-linear effective field theories. Finally, in Section 2.6, the full Lagragian on the

Standard Model is given.

2.1 Particle Content

The gauge symmetries in Equation 2.1 give rise to three sets of massless vectorial

gauge bosons

Ga=1;8
— ; W a=1;3

— ; B—; (2.2)

which act as mediators for their respective interactions.

A total of fifteen fermion fields are introduced. These are divided into three gener-

ations with identical properties, apart from their Yukawa couplings, and consequently,

their mass. Table 2.1 lists the fermion families, along with their representations under

the non-abelian gauge groups, and their hypercharge under the U(1)Y gauge group.

The indices L;R indicate the chirality of the fields. The electroweak doublets can be

further explicitly written as

qL =

0@uL
dL

1A ; lL =

0@‌L
eL

1A ; (2.3)

such that we get chirality pairs for both the types of quarks and the electrons. Many

new physics models naturally introduce the right handed neutrino with trivial gauge

variance.

A single scalar field is introduced, the Higgs field, which is a singlet under the strong
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group and a doublet under the electroweak group, with hypercharge 1/2

Φ =

0@ffi+

ffi0

1A ; YΦ = 1=2; (2.4)

the importance of which is explored in the next section.

2.2 The Higgs Mechanism

In the Standard Model, the Higgs field is subject to the following scalar potential

V = −—2|Φ|2 + –|Φ|4; (2.5)

with both —2 > 0 and – > 0. This potential has the infamous Mexican hat shape, leading

to a minima degenerate under three of the four degrees of freedom of the potential.

Expanding the field around this minima results in a vacuum expectation value v in the

forth direction, which can be taken to the real part of the lower component without loss

of generality, resulting into

Φ =

0@ G+

1√
2
(v + h + G0)

1A : (2.6)

Introducing this expression into the potential and solving the minimum condition

@V

@h
= 0; (2.7)

reveals the vacuum expectation value to be

v =

r
—2

–
; (2.8)

which can be used to replace —2 by v in the potential. Further, solving the two point

function condition

@2V

@h2
= m2

h; (2.9)
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leads to the formula for the mass of the Higgs field

m2
h = 2–v 2; (2.10)

which can be used to replace – by m2
h in the potential. The potential is thus written as

V =
m2
h

2
h2 +

m2
h

2v
h3 +

m2
h

8v 2
h4; (2.11)

and we are left with only one physical scalar degree of freedom, the Higgs boson h.

The remaining three degrees of freedom G0;± disappear from the potential and are thus

the unphysical Goldstone bosons resulting from the spontaneous symmetry breaking

of the electroweak gauge group as predicted by the Nambu-Goldstone theorem.

2.3 Gauge Invariance

Invariance under the Standard Model gauge groups is accomplished by forfeiting the

use of the usual space-time derivative in favour of the generalised covariant derivative

defined as

D— = @— + igcT
c
a G

a
— + igTaW

a
— + ig ′Y B—; (2.12)

where gc , g , and g ′ are the respective gauge couplings, T ca acts as –a=2 on SU(3)c

triplets and as null to singlets, with –a being the Gell-Mann matrices which generate

the group, T ca acts as fia=2 on SU(2) doublets and as null to singlets, with fia being the

Pauli matrices which generate the group, and Y is the hypercharge operator that acts

accordingly to each field is it applied to.

When applied to the fermions we get

L =
X
 

i  ̄ =D ; (2.13)

where I make use of the Dirac slash notation =D = ‚—D— with ‚— being the Dirac matrices

that generate the Clifford algebra Cl1;3(R). This Lagrangian is responsible for the strong

and electroweak interactions between the fermions mediated by the gauge bosons.
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When applied to the Higgs field we get

LΦ = D—Φ†D—Φ; (2.14)

which after expanding the Higgs around the potential minima leads to various terms.

Some of these terms depend on the derivatives of the Goldstone bosons @—G0;±. These

can be absorbed into the Gauge boson with a proper gauge transformation. The La-

grangian then becomes of the form

LΦ ⊃1

2
(@h)2 +

g 2v 2

8
(W 1— − iW 2—)(W 1

— + iW 2
—)

+
v 2

4
(g ′B— − gW 3—)(g ′B— − gW 3

—); (2.15)

which introduces mass terms for the gauge bosons. It is then appropriate to move to

their mass eigen-basis

W+
— =

1√
2
(W 1

— − iW 2
—); (2.16)

W−
— =

1√
2
(W 1

— + iW 2
—); (2.17)

Z— =cos(„W )W 3
— − sin(„W )B—; (2.18)

A— =sin(„W )W 3
— + cos(„W )B—; (2.19)

where „W is the Weinberg angle which satisfies

cos(„W ) =
g

gZ
; (2.20)

sin(„W ) =
g ′

gZ
; (2.21)

and

gZ =
p
g 2 + g ′2: (2.22)

The final form of the Lagrangian is thus

LΦ =
1

2
(@h)2 −m2

WW
+—W−

— − m2
Z

2
Z—Z—; (2.23)
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where the gauge bosons obtained the masses

m2
W =

g 2v 2

4
; (2.24)

m2
Z =

g 2
Zv

2

4
: (2.25)

These mass terms spontaneously break the electroweak gauge invariance in the de-

grees of freedom represented by these three fields thanks to the Higgs mechanism,

leaving the unbroken subgroup U(1)EM corresponding to the still massless boson A—,

responsible for the propagation of the electromagnetic interaction. The electromagnetic

charge operator can be retroactively defined as

Q = T3 + Y; (2.26)

such that the hypercharge conventions introduced for the fermions are consistent with

their electromagnetic charges.

Finally, the gauge boson are made dynamic by the introduction of their kinetic La-

grangian

LG = −1

4
Ga—‌G

—‌
a − 1

4
W a
—‌W

—‌
a − 1

4
B—‌B

—‌; (2.27)

where

V a—‌ = @—V‌ − @‌V— + gfabcV
b
— V

c
‌ ; (2.28)

and fabc are the structure constants of the respective gauge groups.

2.4 Flavour Physics

The Yukawa Lagrangian of the Standard Model is

LY = q̄LΦ̃YuuR + q̄LΦYddR + l̄LΦYeeR + h:c:; (2.29)
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where Φ̃ = ifiaΦ
∗. There are quite a few vector spaces implicit in this expression. First,

there’s the Dirac spinor space in which acts on all the fermions which are contracted

as  ̄ . Second, there’s the SU(3)c space acting on the quarks which are contracted as

q̄q. Third there’s the SU(2)L scape acting on left handed fermions contracted with the

Higgs doublet as  ̄LΦ. Lastly there’s the family space with three dimensions where the

Yukawa matrices Y are acted on the right by a fermion column vector, and on the left

by a fermion row vector.

After spontaneous symmetry breaking, mass terms proportional to v are generated

by the Higgs mechanism. The fields can then by brought to the mass eigenstates by

 mL =V  L  L; (2.30)

 mR =V  R  R; (2.31)

for  = u; d; e, where V  L;R are flavour space matrices that diagonalise the Yukawa

matrices such that

Mu =
v√
2
V uL Y

†
u V

u†
R ; (2.32)

Md =
v√
2
V dL YdV

d†
R ; (2.33)

Me =
v√
2
V eL YeV

e†
R ; (2.34)

are the diagonal mass matrices for the fermions, with real positive eigenvalues.

When diagonalising the fermions in their kinetic Lagrangian in Equation 2.13, the

following interaction terms appear

L ⊃ LJ = eA—J
—
A + gZZ—J

—
Z +

g√
2

“
W+
— J

—
W +W−

— J
—†
W

”
; (2.35)

where we introduce the electromagnetic coupling constant

e =
gg ′

gZ
; (2.36)

which corresponds experimentally to the electron charge. The currents in this interac-
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tion Lagrangian are given by

J—A =
2

3
ū‚—u − 1

3
d̄‚—d − ē‚—e; (2.37)

JZ =l̄ ‚—PLT3l + q̄‚—PLT3q − sin2 „WJ
—
A ; (2.38)

J—W =ū‚—PLVCKMd + ē‚—PL‌; (2.39)

where a sum in flavour space is implicit. Here we introduced a new flavour space matrix

VCKM = V uL V
d†
L ; (2.40)

commonly known as the Cabibbo–Kobayashi–Masukawa matrix, which is responsi-

ble for generating charged flavour changing charged currents mediated by W±
— , that

allow violation of flavour number within the Standard Model. On the other hand,

flavour changing neutral currents are suppressed within the Standard Model due to

the Glashow-Iliopoulous-Maiani mechanism.

2.5 Custodial Symmetry

The Higgs field can alternatively be represented as a matrix

Φ = (Φ̃;Φ) =

0@ ffi0∗ ffi+

−ffi− ffi0

1A ; (2.41)

such that the scalar potential can be written as

V =− —2

2
Tr
˘
Φ†Φ

¯
+
–

4
Tr
˘
Φ†Φ

¯2
; (2.42)

and the kinetic Lagrangian as

LΦ =
1

2
Tr
˘
(D—Φ)†D—Φ

¯
; (2.43)

where the covariant derivative should be taken as

D—Φ = @—Φ+ igTaW
a
—Φ− ig ′B—ΦT3; (2.44)
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with the special attention to the added T3 in the U(1)Y term which acts on the right of the

target field. This formulation reveals that the scalar sector is actually invariant not only

on the electroweak symmetry group, but also on the more general global symmetry

SU(2)L × SU(2)R, under which the Higgs field transforms as

Φ → ULΦUR; UL ∈ SU(2)L; UR ∈ SU(2)R; (2.45)

for which the electroweak group is a subgroup. After spontaneous symmetry breaking,

the vacuum expectation value of the Higgs field takes the form

⟨Φ⟩ = 1√
2

0@v 0

0 v

1A ; (2.46)

which is still invariant under a subset of the global symmetry where UL = UR. The

symmetry broken theory is then invariant under a global SU(2)V symmetry dubbed

custodial symmetry. This remaining global symmetry is responsible for the degeneracy

of the W a
— mass matrix after symmetry breaking. Let us now introduce the ȷ parameter

as

ȷ =
m2
W

cos2 „Wm
2
Z

; (2.47)

The mentioned mass degeneracy, and hence the presence of custodial symmetry, is

responsible for the relation ȷ = 1 holding at tree level. Since the Yukawa sector is does

not obey the custodial symmetry, loop correction to ȷ can deviate it from unity from next

to leading order.

Some new physics models with extended scalar sectors do not have a custodialy

symmetric scalar potential, such that ȷ can deviate from unity even at tree level. In fact,

for a theory with an arbitrary number of scalar electroweak multiplets, the ȷ parameter

is given by

ȷ =

P
i(ti(ti + 1)− t23V i)viP

i 2t
2
3V ivi

; (2.48)

where the sum goes over all the electroweak scalar multiplets, ti is such that 2ti + 1

is the multiplet’s dimension, vi is their vacuum expectation value, and t3V i is the T3
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eigenvalue corresponding to the electroweak vacuum. This equation indicates custo-

dial symmetry is intact for models with only singlets, doublets, and septets, plus some

other very high dimensional multiplets, while being broken by other types of multiplets,

like triplets. Those others models are able to keep this parameter near unity only if

they present a very small vacuum expectation value. As we will discuss in Chapter 4,

exceptions to this rule exist. One notable exception is the general Two Higgs Doublet

Model, where the most general potential is capable of breaking custodial symmetry.

On the other hand, another notable exception is the Georgi-Machacek model, which

introduces a scalar transforming as a triplet under both global symmetries in 2.45, and

thus explicitly preserving custodial symmetry.

At the quantum level, custodial symmetry is not exact even in the Standard Model.

Although the scalar potential preserves the global SU(2)L × SU(2)R symmetry at tree

level, it is explicitly broken by hypercharge interactions and by the Yukawa sector, where

fermions couple differently to the Higgs doublet. As a result, radiative corrections in-

duce deviations of the ȷ parameter from unity. These effects first appear at one-loop

order and are dominated by fermion mass splittings, in particular the large mass differ-

ence between the top and bottom quarks.

The leading one-loop correction to ȷ can be expressed in terms of the oblique pa-

rameter T , defined through ∆ȷ ≡ ȷ − 1 = ¸T , where ¸ is the electromagnetic fine-

structure constant. In the Standard Model, the dominant contribution is

∆ȷSM ≃ 3GF

8
√
2ı2

`
m2
t −m2

b

´
; (2.49)

which reflects the explicit custodial symmetry breaking induced by the Yukawa cou-

plings. The experimental status on the electroweak precision parameters will be dis-

cussed in Section 3.4

In models with extended scalar sectors, additional one-loop contributions to ȷ arise

from scalar mass splitting within custodial multiplets. Even if custodial symmetry is

preserved at tree level, radiative corrections can break it unless the scalar spectrum

respects the custodial SU(2)V symmetry. Consequently, maintaining ȷ ≃ 1 beyond

tree level typically requires either an exact custodial symmetry of the full Lagrangian

or a near-degeneracy of scalar masses. This requirement places strong constraints

on viable extensions of the Standard Model and motivates the custodial symmetric
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construction of models such as the Georgi-Machacek model.

2.6 Full Lagrangian

The full Standard Model Lagrangian can be obtained by summing the contributions

discussed throughout this chapter

LSM = LG + L + LΦ + LY − V: (2.50)

This Lagrangian serves as the backbone of modern particle physics, and most of it has

been experimentally corroborated by numerous experiments. Nonetheless, the current

measurements precisions still allow the Higgs sector to deviate from the predictions

by this model. This sector thus becomes a very powerful tool for the search of new

physics, and in the next chapter we review its phenomenological situation.
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Chapter 3

Higgs Sector Experimental Status

Even thought the Standard Model has been put under experimental scrutiny for many

decades so far [14], the Higgs sector is still widely untested. The purpose of this

chapter is to review the current phenomenological status of the Higgs sector. The most

important and up to date results from both ATLAS and CMS experiments at the LHC

are presented for: the Higgs mass in Section 3.1; major Higgs couplings to Standard

Model particles in Section 3.2; the Higgs triple self-coupling in 3.3; and the electroweak

precision parameters, S, T, and U, in Section 3.4. For the relevant couplings, the kappa

formalised is introduced and used.

3.1 Higgs Mass

The experiments at LHC produced several measurements of the Higgs boson mass.

These include the combined Run-1 experiments [110], Run-2 experiments by ATLAS

[111, 112], and those by CMS [113, 114]. Currently, the most precise measurement is

the combined results by ATLAS on the di-photon and ZZ channels [115]

mH = 125:11± 0:09(stat.)± 0:06(syst.)GeV (ATLAS); (3.1)

while the current best single channel result comes from CMS’s di-photon channel anal-

ysis [116]

mH = 125:08± 0:10(stat.)± 0:05(syst.)GeV (CMS): (3.2)
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ATLAS [107] CMS [108] HL-LHC[109]
»t 0:99± 0:09 0:92+0:09

−0:08 3.4%
»b 0:89+0:10

−0:09 0:98+0:13
−0:12 3.6%

»fi 0:94± 0:06 0:91± 0:07 1.9%
»— 1:04+0:23

−0:30 1:09+0:20
−0:22 3.0%

»W 1:00± 0:05 1:03± 0:06 1.6%
»Z 0:96± 0:05 1:07± 0:06 1.6%
»g 0:99+0:07

−0:06 0:91+0:07
−0:06 2.4%

»‚ 0:97± 0:06 1:10± 0:07 1.8%
»Z‚ 1:36+0:30

−0:36 1:61+0:32
−0:35 6.8%

Table 3.1: Current results from ATLAS [107] and CMS [108] exper-
iments for the couplings of the Higgs boson to other particles using
the kappa formalism, together with the expected measurement presi-
sion for said couplings by the HL-LHC [109]

The analysis of the entire Run-2 dataset is still to be made, and will be of great interest

for Higgs sector phenomenology.

3.2 Higgs Couplings

When discussing measurements of the Higgs boson couplings, one very convenient

formalism is the » framework, [117, 118], where the » parameters are introduced as

(ff · BR)(i → h → f ) =
ffSMi »2

i · ΓSMf »2
f

ΓSMH »2
H

; (3.3)

where kH expresses the correction to the Higgs width to take into account the various

coupling deviations. The rate relative to the SM value is then given by

—fi =
ff · BR

ffSM · BRSM

=
»2
i · »2

f

»2
H

; (3.4)

and the Standard Model prediction are recovered by setting all »i = 1. Global fits

on this formalism were made with the full Run-2 dataset of both ATLAS [107] and

CMS [108]. The ATLAS results for »— and »Z‚ also include data from Run 3. The

results are summarized in Table 3.1, together with the respective precision expected

at the HL-LHC [109]. These results are in strong agreement with the Standard Model

expectations, giving strong constraints to new physics models.
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3.3 Higgs Self-Coupling

The Higgs trilinear self-coupling » parameter is defined as the ratio between the ob-

served coupling and it’s Standard Model expectation

»3 =
–3
–SM3

: (3.5)

Currently, the most stringent result for the self-coupling is by the ATLAS experiment

coming from combined di-Higgs and single Higgs production [119]

−1:2 < »3 < 7:2 (ATLAS); (3.6)

while the current results from the CMS experiment come solely from the di-Higgs pro-

duction [120]

−1:39 < »3 < 7:02 (CMS); (3.7)

These results leave room for very large deviations from the Standard model expectation

when it come to the Higgs self-coupling.

3.4 Electroweak Precision Parameters

Other strong constraint on new physics come from the electroweak precision param-

eters. These are used to parametrize deviation on the electroweak observable origi-

nating from new physics. The two-point functions of the gauge bosons are defined as

[121]

ig—‌ΠXY (q
2) + (q—q‌ term) =

Z
d4xe−iqx⟨J—X(x)J‌Y (0)⟩; (3.8)

where the currents were defined in 2.39. The two-point functions can be expanded

around the external momentum q2 as

ΠXY (q
2) = ΠXY (0) + q2Π′

XY (0) +O(q4); (3.9)
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Result Correlation
S
T
U

0:021± 0:096
0:040± 0:012
0:008± 0:092

1 0:91 −0:62
0:91 1 −0:83
−0:62 −0:83 1

Table 3.2: Results from global fits [14] of the electroweak precision
parameters S, T, and U.

where Π
′
XY (q

2) denotes the derivative in terms of q2. The O(q4) are proportional to the

inverse of the new physics scale, and are thus negligible. In terms of these quantities,

the electroweak precision parameters are [122]

¸

4s2W c
2
W

S =− Re

»
ΠZZ(m

2
Z)− ΠZZ(0)

m2
Z

− c2W − s2W
cW sW

ΠZA(m
2
Z)

m2
Z

− ΠAA(m
2
Z)

m2
Z

–
; (3.10)

¸T =− Re

»
ΠWW (0)

m2
W

− ΠZZ(0)

m2
Z

–
; (3.11)

¸

4s2W
U =− Re

"
ΠWW (m2

W )− ΠWW (0)

m2
W

− c2W
ΠZZ(m

2
Z)− ΠZZ(0)

m2
Z

− 2sW cW
ΠZA(m

2
Z)

m2
Z

− s2W
ΠAA(m

2
Z)

m2
Z

#
; (3.12)

one of which corresponds to deviations in the aforementioned ȷ parameter

ȷ = 1 + ¸T: (3.13)

Current global fits yield the results show in table 3.2 [14]. This results are in strong

accordance with the Standard Model predictions, and leave thus strong constraints on

new physics.
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Chapter 4

Extended Higgs Models

In spite of the tremendous experimental success the Standard Model has achieved, it

isn’t without it’s drawbacks. In order to tackle this issues, many models with extended

scalar sector have been introduced. In this section, we give brief reviews on some of

the most relevant of these models. In Section 4.1, a brief review of a class of models

known as Two Higgs doublet models is given. Two model using scalar electroweak

triplets are also reviewed, the Higgs Triplet Model, and the Georgi-Machacek model, in

Sections 4.2 and 4.3 respectively.

4.1 The Two Higgs Doublet Model

Two Higgs Double Models (2HDM) are extensions of the Standard Model in which the

scalar sector includes two scalar SU(2)L doublets with the same hypercharge as the

Standard Model doublet

Φi=1;2 =

0@ w+
i

1√
2
(’i + izi)

1A : (4.1)

The Yukawa sector of the most general 2HDM leads to flavour changed neutral cur-

rents, which are strongly constrained by flavour experiments [123]. A common way to

naturally satisfy this constraints is to introduced a softly broken Z2 symmetry into the

model [124, 125, 126, 127, 128, 129, 130, 131, 29, 132]. Different assignments of this

symmetry among the scalars and fermions lead to four different 2HDM models. In table

4.1 these models are presented by which doublet each right handed fermion couples
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Type uR dR eR
I Φ2 Φ2 Φ2

II Φ2 Φ1 Φ1

X Φ2 Φ2 Φ1

Y Φ2 Φ1 Φ2

Table 4.1: The four types of Z2 symmetric 2HDM, indicating which
doublet couples to each fermion in the Yukawa Lagrangian for each
of the types.

to in the Yukawa sector.

The scalar potential can be generally written as

V =− —2
1Φ

†
1Φ1 − —2

2Φ
†
2Φ2 − (—2

3Φ
†
1Φ2 + h:c:)

+ –1(Φ
†
1Φ1)

2 + –2(Φ
†
2Φ2)

2 + –3(Φ
†
1Φ1)(Φ

†
2Φ2)

+ –4(Φ
†
1Φ2)(Φ

†
2Φ1) +

h
–5(Φ

†
1Φ2)

2 + h:c:
i
; (4.2)

with —2
3 and –5 complex, and the other parameters real. The —2

3 term is responsible

for the soft-breaking of the Z2 symmetry. After spontaneous symmetry breaking, both

doublets acquire a vacuum expectation value

’i = vi + hi ; (4.3)

and the gauge bosons will obtain mass given by
p
v 21 + v 22 , in place of the Standard

Model v .

The physical scalar spectrum is composed of two CP-even scalars h and H, a CP-

odd scalar A, and a pair of charged scalars H±. By usual convention, an angle ¸ is

responsible for diagonalizing the CP-even scalars, while an angle ˛ is responsible for

diagonalizing the CP-even and charged scalars with the Goldstone bosons.

The phenomenology of two Higgs doublet models (2HDMs) is strongly controlled

by the quartic couplings of the scalar potential and by the CP-even Higgs mixing angle

¸. The couplings of the light CP-even Higgs boson h to fermions and gauge bosons

approach their Standard Model (SM) values when cos(˛ − ¸) → 0.

One way this limit is realized is the decoupling limit, which occurs when the non-SM
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Higgs states become heavy, in particular for large pseudoscalar mass mA. In this case,

sin¸→ − cos˛; cos¸→ sin˛; (4.4)

so that cos(˛ − ¸) → 0 automatically. The SM-like behavior of h then arises because

the heavier scalar states effectively decouple from low-energy phenomenology.

A second, conceptually distinct possibility is the alignment limit, in which the Higgs

mass eigenstate h aligns with the direction of the electroweak vacuum expectation

value in field space, independently of the masses of the additional scalars. This occurs

when the parameters of the scalar potential satisfy a relation such as

M2
12 sin˛ = −(M2

11 −m2
h) cos˛; (4.5)

which enforces cos(˛ − ¸) = 0 even when the non-SM Higgs bosons remain relatively

light. In this case, the couplings of h to fermions and weak gauge bosons are SM-like

without requiring the decoupling of the additional scalar states.

The phenomenology of the two Higgs doublet models is highly dependent on the

quartic couplings and the size of the mixing angle ¸. The lightest CP-even Higgs boson

acts like the SM Higgs boson for large values of mA, sin¸→ − cos˛, cos¸→ sin˛, and

cos(˛ − ¸) → 0. If the quartic couplings are such that M2
12 sin˛ = −(M2

11 − m2
h) cos˛,

the same behaviour is obtained. The latter scenario, which is particularly interesting

because the found Higgs boson exhibits Standard Model-like properties, indicates a cir-

cumstance in which the couplings of heavy fermions and weak gauge bosons become

the same as in the SM without disconnecting the remaining non-standard scalars. This

scenario is called alignment.

As for custodial symmetry, it is easy to realise that the potential in 4.2 is custodial

symmetric. Nonetheless, the custodial symmetry is preserved due to the presence of

the Z2 symmetry. In fact, the more general non-Z2 symmetric 2HDM potential is not

generally custodial symmetric, and explicit condition for custodial symmetry for it have

been found [133, 134].
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4.2 The Higgs Triplet Model

The Higgs Triplet model extends the Standard model by adding a complex charged

electroweak triplet with hypercharge 1, that can be written as

∆ =
1√
2

0@ ∆+
√
2∆++

v∆ + ‹ + i‰ −∆+

1A ; (4.6)

which includes a CP-even scalar ‹ with vacuum expectation value v∆, a CP-odd scalar

‰, a singly charged scalar ∆+, and a doubly charged scalar ∆++.

The scalar potential can be written as

V =− —2
ΦΦ

†Φ− —2
∆ Tr

˘
∆†∆

¯
+ (—3Φ

T ifi2∆Φ+ h:c)

+ –1(Φ
†Φ)2 + –2 Tr

˘
∆†∆

¯2
+ –3 Tr

˘
(∆†∆)2

¯
+ –4Φ

†ΦTr
˘
∆†∆

¯
+ –5Φ

†∆∆†Φ; (4.7)

with —3 complex and the other parameters real. After symmetry breaking, there is

mixing between the scalars, leading to the following physical states: two CP-even h

and H, one CP-odd A, one singly charged H+, and one doubly charged H++. One

interesting property of this potential is that the —3 term is not custodially symmetric.

This allows the ȷ parameter to deviate from unity even at tree level. It’s tree level

expression is given by

ȷ =
1 + 2x2

1 + 4x2
; (4.8)

with x = v∆=vΦ. This together with the electroweak precision measurements imposes

a strong limit on the triplet vacuum expectation value of v∆ < 8GeV [46], severely

constraining the role of this Higgs triplet in the electroweak symmetry breaking. Fur-

thermore, it has been shown that electroweak precision measurements also severely

constrain the mass splittings |m+ −m++| and |m+ −mA| to be less than 50GeV [135].

This small value for the expectation value, on the other hand, can be used to gen-

erate a small mass for the neutrinos, without the need of introduction right handed
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neutrinos, through the interaction

Y i j‌ l
T
i C

−1ifi2∆lj ; (4.9)

where C is the charge conjugation matrix and Y i j‌ is a complex symmetric coupling

matrix. Efter symmetry breaking, the neutrinos obtain a mass matrix of the form

mi j
‌ =

√
2v∆Y

i j
‌ : (4.10)

This term together with the usual neutrino seesaw produces what is known as the

type-II seesaw mechanism [136].

The HTM puts forth the compelling chance of figuring out the characteristics of the

neutrino mass matrix by using the LHC. In the event that the doubly-charged Higgs

boson has a small enough mass and/or its interactions with W+W+ are adequately di-

minished, then its main method of breaking down is into pairs of leptons with the same

charge, H++ → l+i l
+
j , from the Equation 4.9, one can clearly see that these disintegra-

tion pathways commonly violate lepton-flavour rules, with how often they occur being

related to parts of the neutrino mass matrix [137].

Both the triplet vacuum expectation value, and the mass spectrum of the HTM are

constrained by precise electroweak data [138, 47]. These restrictions favour a spec-

trum in which the mass difference between H+ and H++ is a few hundred GeV and H++

is the lightest of the exotic bosons. In addition to favouring H++ decays into W+W+

over same-sign di-leptons, the preferred triplet vacuum expectation value is a few GeV.

4.3 The Georgi-Machacek Model

By considering the SM doublet written as a (2,2) under SU(2)L × SU(2)R in Equation

2.41, it is obvious that the next simplest custodial symmetric construction transforms as

a (3,3) [139, 140]. The Georgi-Machacek model directly tackles the ȷ parameter limita-

tion by naturally incorporating custodial symmetry into it’s setup, which consists of the

SM doublet plus a new scalar transforming as a (3,3) under this symmetry group. How-

ever, it was suggested that significant adjustments to ȷ = 1 are produced at one-loop

[141], necessitating substantial fine-tuning to maintain agreement with EW accuracy
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measurements. A complex electroweak triplet coupled with a real triplet is represented

by these nine real degrees of freedom, and the scalar potential must be invariant un-

der SU(2)R. They transform as 1 ⊕ 3 ⊕ 5 under the custodial SU(2)V , with a CP-even

neutral scalar in the custodial singlet, a CP-odd neutral scalar in the custodial triplet,

and another CP-even neutral scalar in the custodial quintet.

The new fields can be written as

Ξ =

0BBB@
ffl∗
3 ‰1 ffl1

−ffl∗
2 ‰2 ffl2

ffl∗
1 −‰∗1 ffl3

1CCCA ; (4.11)

with ‰2 being a real scalar while the rest are complex. The scalar potential can thus be

written as

V =− —2
Φ Tr

˘
Φ†Φ

¯
− —2

Ξ
Tr
˘
Ξ
†
Ξ
¯
+ —1 Tr

˘
Φ†T aΦT b

¯
(P †

ΞP )ab

+ —2 Tr
˘
Ξ
†T aΞT b

¯
(P †

ΞP )ab + –1⟨Φ†Φ⟩2 + –2 Tr
˘
Ξ
†
Ξ
¯2

+ –3 Tr
˘
(Ξ†

Ξ)2
¯
+ –4 Tr

˘
Φ†Φ

¯
Tr
˘
Ξ
†
Ξ
¯
+ –5 Tr

˘
Φ†T aΦT b

¯
Tr
˘
Ξ
†TaΞTb

¯
; (4.12)

where the parameters are all real, Ta acts as the 3 × 3 representation of the SU(2)

generators on the triplet, and we define

P =
1√
2

0BBB@
−1 i 0

0 0
√
2

1 i 0

1CCCA : (4.13)

The triplet vacuum expectation value is generated by the —1 term such that the elec-

troweak symmetry braking is accomplished by the scale

v 2 = v 2Φ + 8v 2
Ξ
; (4.14)

and after symmetry breaking we are left with an custodial quintet H5 = (H++
5 ; H+

5 ; H
0
5;

H−
5 ; H

−−
5 ) with mass m5, a triplet H3 = (H+

3 ; H
0
3; H

−
3 ) with mass m3, and two singlets, H1

with mass m1, and h to be identified with the measured 125GeV Higgs boson.

It is important to recognize that the GM triplets alone are adequate to account for
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electroweak symmetry breaking and the presence of a 125 GeV neutral boson, along

with a custodial triplet of Goldstone bosons. The complex doublet field in the GM frame-

work is necessary to produce fermion masses through the conventional dimension four

Yukawa couplings. This leads to the inquiry of whether it’s possible to eliminate the

chance that the 125 GeV boson is the neutral component of a custodial quintet instead

of a custodial singlet, without referencing decays to fermions. A definitive answer is

obtained by noting that the ratio of the branching fractions to W versus Z bosons is

entirely dictated by the custodial symmetry characteristics of the boson. For a custo-

dial quintet, the predicted ratio of the signal strength to WW compared to that to ZZ is

expected to be 1=4 of a SM Higgs boson [139, 140], and therefore it has already been

excluded by the experiments.

Another noteworthy general characteristic of Higgs triplet models is that, following

mixing, the SM-like neutral boson may exhibit stronger couplings to WW and ZZ than

the SM predicts [142, 143]. This differs from scenarios involving additional doublets and

singlets, which tend to decrease the WW and ZZ couplings compared to the SM. This

highlights that LHC Higgs data cannot derive model-independent coupling strengths

for the Higgs boson [118].

Due to the inherent custodial symmetry, the triplet vacuum expectation value in the

GM model may be significantly larger than the doublet’s. The custodial singlet neutral

boson from the triplet interacts with the neutral boson from the doublet. Two intrigu-

ing special scenarios are the triplet expectation value being minimal and the 125 GeV

boson resembling the SM with only slight deviations, and the 125 GeV boson primar-

ily acts as the custodial singlet neutral boson derived from the electroweak triplets.

The behaviour of the singly-charged and doubly-charged bosons resembles that of the

HTM. The limitations on the GM model from precise electroweak data, LEP data, and

present LHC data are outlined in [144].
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Chapter 5

Cosmology of the Electroweak Phase

Transition

The modern view on standard cosmology, the Lambda Cold Dark Matter Model (ΛCDM),

predicts an Electroweak Phase Transition (EWPT) to have happened at a temperature

T ∼ 300GeV , or a time t ∼ 10−11s after the Big Bang [145]. This phase transition is

responsible for the spontaneous symmetry breaking of the Electroweak Gauge groups

into electromagnetism, SU(2)L × U(1)Y → U(1)EM , and generating the masses of the

SM fermions and gauge bosons. Further, it is connected to various cosmological pro-

cesses, namely baryogenesis, gravitational waves, and primordial black holes. The

purpose of this chapter is to review the main concepts related to this phenomena. In

Section 5.1 we give motivation for the topic by discussing the baryon asymmetry of

the universe, and how can this problem be overcome by baryogenesis mechanisms.

In Section 5.2 we review one of the most prominent methods of baryogenesis, elec-

troweak baryogenesis, and why first order phase transitions play a crucial role in it.

In Section 5.3 we describe the sphaleron solution to the electroweak field equations

and how it can be used to generate baryon number. In Section 5.4 we explain how a

first order phase transition takes place through the nucleation of bubble of the broken

vacuum, and define the completion condition. In Section 5.5 we discuss the sphaleron

decoupling condition necessary for successful electroweak baryogenesis. We call a

strongly first order phase transition to one satisfying this condition. Finally, Sections

5.6 and 5.7 discuss the generation of gravitational waves and formation of primordial

black holes from a strongly first order electroweak phase transition, respectively.
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5.1 The Baryon Asymmetry of the Universe

On of the big questions in both modern cosmology and particle phenomenology is

the large value observed of the Baryon Asymmetry of the Universe. The ratio of the

numbers of baryon per photon in the universe can be measured from two sources: the

Cosmic Microwave Background (CMB), whose current observed value is [14]

nb
n‚

= (6:12± 0:04)× 10−10 (CMB); (5.1)

and the abundances of light elements from the Big Bang Nucleosynthesis (BBN),

whose current observed value is [14]

nb
n‚

= (6:040± 0:118)× 10−10 (BBN): (5.2)

In order to understand why this observed values are incompatible with the current

theoretical framework, we note that a universe, at a temperature below 1GeV, and

satisfying the initial condition

nb
n‚

= 0; (5.3)

develops baryon nb and anti-baryon nb̄ number densities according to the expression

[146]

nb
n‚

≃ nb̄
n‚

≃
“mp

T

” 3
2
e−

mp
T ; (5.4)

with mp the mass of the proton. The nucleons and anti-nucleons will decouple at a

temperature of around 20MeV, by the time which the number densities are expected to

take the following values [146]

nb
n‚

≃ nb̄
n‚

≃ 10−18; (5.5)

which is many orders of magnitude smaller than the observed value. This is one of the

big mysteries plaguing modern cosmology and particle physics communities.

To solve this issue, various mechanisms have been introduced to generate the ob-
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served baryon number. In order to do so successfully, a mechanism must satisfy the

three Sakharov conditions. These conditions are:

• Violation of baryon number;

• Violation of both C and CP;

• Departure from thermal equilibrium.

The first of these conditions, violation of baryon number, is trivially needed to generate

baryons and anti-baryons in an unequal amount. The second condition needs a bit

more reasoning to understand. Imagine a baryon generating process in a C conserving

model. By C conservation the C conjugate process will have equal rate and cancel

the net baryon number. In the same way, if we have CP conservation instead, the

CP conjugate process would generate anti-baryons with opposite parity in an equal

amount, once again cancelling the the net baryon number. This is why violation of

both C and CP is required. Finally, the third condition is necessary since, according

to statistical mechanics, a system in thermal equilibrium has no arrow of time, and all

processes occur at the same rate as the opposite processes. This means that even

with the inclusion of baryon number, C, or CP, violation processes, a system in thermal

equilibrium will not be able, in practice, to generate net violation. This is why departure

from thermal equilibrium is required.

A variety of baryogenesis mechanisms have been proposed over the decades.

These include scenarios like leptogenesis [147], the Affleck-Dine mechanism [148],

spontaneous baryogenesis [149], inflationary baryogenesis [150], mesogenesis [151],

GUT baryogenesis [152], gravitational baryogenesis [153], and string baryogenesis

[154]. In this work we focus on a mechanism known as Electroweak Baryogenesis,

which is the topic of discussion of the next section.

5.2 Electroweak Baryogenesis

Electroweak Baryogenesis presents itself as one of the most promising baryogenesis

models [155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 58, 166, 167, 168].

Since this mechanism takes place at the electroweak scale, many extended Higgs

models can be used for this purpose. Also due to taking place at this scale, it will
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be one of the best baryogenesis for testing at future colliders sensitive to Higgs pre-

cision physics. Finally, space focused experiments, like gravitational wave observers,

will become precise enough in the future to test the universe back to the time of the

electroweak scale. Since most other baryogenesis mechanisms happen at higher en-

ergy scales, Electroweak Baryogenesis is the most exiting from both theoretical and

experimental points of view.

As expected for a baryogenesis mechanism, electroweak baryogenesis includes an

environment that satisfies the Sakharok conditions. These are obeyed as follows [51]:

• Violation of baryon number: Sphaleron process;

• Violation of both C and CP: Extended scalar sectors;

• Departure from thermal equilibrium: First order phase transition.

The sphaleron is a saddle point solution in non-abelian gauge theories [52, 53].

The sphaleron process occurs when the fields transition between two vacuum states,

through a topologically non-trivial path with non-zero winding number, that passes the

sphaleron solution. In the case of the electroweak theory, this non-trivial path winds

over the SU(2)L gauge space. This leads to violation of baryon number through the

chiral anomaly [169, 170]. The C and CP violation can be easily achieved through the

inclusion of CP violating terms in extended Higgs models. Finally, the occurrence of

a first order electroweak phase transition leads to departure from thermal equilibrium,

serving as a catalyst for the sphaleron process to occur and produce net baryon num-

ber violation. In the next few sections, the processes involved in this phase transition

will be explained.

The dynamics of the electroweak phase transition within the SM was thoroughly

studied in the 90’s using lattice simulations [171, 172, 173, 174, 175, 176]. These

simulations indicate that the transition is only first order for Higgs masses below ap-

proximately 72GeV , other wise being crossover. This simulations were later further

explored for the measured Higgs mass value of 125:1 ± 0:3GeV [110] and confirmed

to be crossover, taking place at a critical temperature of 159:5 ± 1:5GeV [54]. Exten-

sions of the Standard Model Higgs sector with more complex scalar potentials are thus

needed for successful electroweak baryogenesis.
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5.3 The Sphaleron and Baryon Number Violation

Within the electroweak theory, the sum between baryon and lepton number is not con-

served. In fact, it’s corresponding conserved current is given by

@—J
—
B+L =

ng
32ı

"—‌ȷff(g 2W a
—‌W

a
ȷff + g ′2B—‌Bȷff); (5.6)

where ng is the number of fermion generations. Then, the variation of the baryon and

lepton number sum can be calculated as

∆(B + L) = 2ng∆NCS; (5.7)

with the variation in the Chern-Simons number is given by

∆NCS = NCS(t = +∞)− NCS(t = −∞); (5.8)

where the Chern-Simons number function can be defined as

NCS(t) =
g 2

16ı2

Z
d3x"i jk

„
W a
i @jW

a
k +

1

3
"abcW

a
i W

b
j W

c
k

«
: (5.9)

When transitioning between degenerate vacua through a topologically non-trivial path,

the variation in the Chern-Simons number will correspond to the winding number of

that path through the SU(2)L space. This transition through topologically distinct vacua

is called the sphaleron process, since it passes through the saddle point solution know

as sphaleron. The simplest, but also the most likely, of such transitions, is the one with

unity winding number, which leads to the variation

∆(B + L) = 2 ∗ 3 ∗ 1 = 6: (5.10)

Thanks to the opposite combination B−L being a conserved quantity with the Standard

Model fermion structure, this directly leads to the baryon number variation

∆B = ∆L = 3; (5.11)

which demonstrates how the sphaleron process is capable of violating baryon number.
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When transiting between topologically distinct vacua, the field must cross an energy

barrier between the two, on top of which lies the sphaleron as a saddle point. At zero

temperature, this transition can happened through quantum tunnelling, with a tunnelling

rate given by [170]

Γtun
sph ∝ e−8ı2=g2; (5.12)

which is strongly suppressed by the SU(2)L coupling constant. Transition through quan-

tum tunnelling is thus, in any practical terms, non-existent. This means this transition

necessitates some borrowing of energy to aid in surpassing the barrier. At finite tem-

perature, this energy borrowing can be given by temperature fluctuations, leading to

the sphaleron process. The thermal transition rate is given by [177]

Γsph(T ) ∝ e−Esph(T )=T ; (5.13)

where the sphaleron energy is introduced as

Esph(T ) =
4ıv(T )

g
E(T ); (5.14)

and v(T ) is the value of the vacuum expectation value of the salar field as a function

of temperature, and E(T ) is a quantity that depends on the scalar potential of extended

Higgs models, especially the triple Higgs self-coupling. The sphaleron energy deter-

mines the sphaleron transition rate, and as such, it is an important piece of informa-

tion when dealing with extended Higgs sectors as tools for electroweak baryogenesis.

Naturally, this value has been calculated for an extension on extended Higgs models

[178, 179, 180, 181, 182, 183, 184, 185, 186, 195, 188, 189, 190].

5.4 Bubble Nucleation and the Completion Condition

Once the temperature of the universe drops to values in which the phase transition

to the electroweak broken vacuum is probable enough, the transition, in the case of it

being first order, will take place within nucleation bubbles throughout space. In order to

calculate the nucleation rate of such bubbles, one must first find the classical bounce
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solution by solving the equation

d2ffib
dr 2

+
2

r 2
dffib
dr

=
@Veff

@ffib
;

dffib
dr

˛̨̨̨
˛
r=0

= 0; ffib
˛̨
r=+∞ = 0; (5.15)

from which one can calculate the three dimensional action of this solution

S3(T ) =

Z
d3x

»
1

2

“
~∇ffib

”2
+ Veff(ffib; T )

–
; (5.16)

and finally, the nucleation rate is then given by [191]

Γ(T ) ≃ T 4

„
S3(T )

2ıT

«3=2

e−S3(T )=T : (5.17)

The characteristic nucleation temperature of the phase transition is defined as the

temperature to which there is one bubble nucleating per Hubble volume. It can be

obtained from the equation

Γ(Tn)

H4(Tn)
= 1; (5.18)

where the Hubble parameter evolves with temperature as

H(T ) ≃ 1:66

p
g∗(T )T

2

Mpl
; (5.19)

with Mpl the Planck mass, and g∗(T ) the effective degrees of freedom at a given tem-

perature.

From observation, we know the whole observed universe has completed the elec-

troweak phase transition, or there would be sections within where the Higgs expecta-

tion value is zero, and physical process would behave very differently. In order for the

phase transition to be complete by today, we must have had at least a moment in time

where there was one or more bubble nucleated per Hubble volume, or the universe ex-

pansion would have washed out the effects, and the phase transition wouldn’t complete

everywhere by today. This translates as the completion condition

Γ(T )

H4(T )
≥ 1; (5.20)
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being valid for at least some temperature.

5.5 Sphaleron Decoupling Condition

Once the bubbles of the broken vacuum nucleate, they start expanding. The expan-

sion of the bubble walls interacts with the plasma creating a chiral asymmetry. The

sphaleron process is then responsible for turning this chiral asymmetry into baryon

asymmetry. As the bubble keeps expanding, the volume within the wall will be left with

excess baryon number. This excess baryon number will quickly be washed out again

by the sphaleron process, unless the sphaleron process quickly decouples. In such a

case, the washout can be avoided, and we will be left with a net baryon number within

the broken region. This excess baryon can explain in the observed baryon asymmetry

of the universe.

The condition of avoiding the baryon number washout can be formulated as [160,

51, 177]

− 1

nb

dnb
dt

< H(T ); (5.21)

which is often worked into the sphaleron energy as

Esph(T )

T
>38:849 + 7 ln

v(T )

T
− ln

T

100GeV

− 1

2
ln

g∗
106:75

+ ln»(T ) + ln

»
2Ntr(T )Nrot(T )

!−(T )

gv(T )

–
: (5.22)

The second line of this equation depends on various quantities that depend on the de-

tails of the extended scalar sectors, but this dependence is only logarithmic. It is thus

considered a good approximation to use the Standard Model values at zero temper-

ature of this quantities: the normalization factors for the translation and rotation zero

modes Ntr(0) ≃ 7:6 and Nrot(0) ≃ 11:2 [192]; the negative mode frequency around the

sphalerons !−(T ) ≃ 0:81gv(T )[192]; and the fluctuation determinant » ≃ 0:12 [193].

Using this approximation, and the formula for the sphleron energy, we get a condition
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of the broken vacuum value at the transition temperature of [160, 194, 195]

v(T )

T
>

g

4ıE(T )

»
41:65 + 7 ln

v(T )

T
− ln

T

100GeV

–
: (5.23)

This is known as the sphaleron decoupling condition. The quantity on the right hand

side is often close to unity, as an example, the value is 1:1 ∼ 1:2 in the singlet exten-

sion of the Standard Model scalar sector [194]. Approximating this quantity by unity

is a widely common approach. In our study using effective field theory, we utilize this

approach. The sphaleron condition is thus stated as

vn
Tn

> 1; (5.24)

where we use the nucleation temperature as the approximate temperature of the inside

of the wall as it propagates, and vn is the broken vacuum value at such temperature.

5.6 Gravitational Waves from First Order Phase Transi-

tions

First order phase transitions generate gravitational waves through different mecha-

nisms. The study and detection of such gravitational waves is thus crucial in deter-

mining the nature and dynamics of the electroweak phase transition, and the viability

of electroweak baryogenesis models. In this section we describe these generation

mechanisms and the properties of said gravitational waves.

We define T∗ as the temperature of the thermal bath at the time t∗ when the gravita-

tional waves are generated. By assuming there’s no significant reheating taking place,

we can consider this temperature equivalent to the nucleation temperature of the phase

transition

T∗ ≈ Tn: (5.25)

In order to define the nucleation temperature, consider the formula for the bubble nu-

53



cleation rate [210]

Γ(t) = A(t)e−S(t); (5.26)

where S is the Euclidean action of a critical bubble. We define Tn as the temperature

for which Γ is large enough to give a probability of order one of one bubble nucleation

within one horizon volume.

There are only a couple parameters that characterize the gravitational wave signal

observed in cosmological phase transitions.

One of these parameters is the inverse time duration of the phase transition defined

as

˛ ≡ −dS
dt

˛̨̨̨
˛
t=t∗

≃ Γ̇

Γ
; (5.27)

namely, being H∗ the Hubble parameter at t∗, the fraction ˛=H∗ directly correlates to

the strength of the phase transition, and hence the strength of the gravitational wave

signal. Since we consider T∗ ≈ Tn, we can calculate this fraction from

˛

H∗
= T∗

dS

dT

˛̨̨̨
˛
T∗

: (5.28)

The other key parameter is the ratio between the vacuum energy density released

in the transition and the energy density of the radiation bath

¸ ≡ ȷvac
ȷ∗rad

: (5.29)

In this equation, we assume no significant reheating takes place, and

ȷ∗rad =
g∗ı

2T 4
∗

30
; (5.30)

with g∗ the number of relativistic degrees of freedom of the plasma at t∗.

In general, in a cosmological first order phase transition, there are three possible

contributions to the generated gravitational wave spectrum:

• Collisions of bubble walls Ωffi: Direct contribution from the scalar field itself;
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• Sound waves ΩSW : From sound propagation after the collision but before the

kinetic energy is dissipated to the plasma;

• Magnetohydrodynamics ΩMHD: At percolation the fully-ionized plasma generates

Magnetohydrodynamic turbulence.

And the overall gravitational wave spectrum can be approximately calculated as

h2ΩGW ≃ h2Ωffi + h2ΩSW + h2ΩMHD; (5.31)

Which contribution to the spectrum is the most relevant depends on the dynamics of

the phase transition. Namely, there are three different possible cases for the dynamics:

• Non-runaway bubbles: The bubbles reach a relativistic terminal velocity, and most

of the signal comes from the bulk motion of the fluid. The bubble wall collision

can thus be neglected;

• Runaway bubbles in plasma: The bubbles walls accelerate without bound and all

the contributions must be considered;

• Runaway bubbles in vacuum: The plasma effects are negligible, and the walls

accelerate without bound. The bubble collision is the only relevant contribution.

In the case of a strongly first order EWPT, the dynamics of non-runaway bubbles

is generally assumed. Unfortunately, there is no known method to explicitly determine

the terminal wall velocity. In simulations, it is used as an independent parameter taken

to be close to the speed of light. In this work, we use vw = 0:95c , as high values favour

the production of detectable gravitational waves, in spite of the fact that it being difficult

to assert the viability of electroweak baryogenesis in such scenario [196]. Further,

the fraction between the magnetohydrodynamics contribution and the sound waves

contribution is not exactly determined, but is considered to be small enough that we

can neglect the former.

We thus consider only the sound wave contributions. The production of gravitational

waves from acoustics is a very active area of research with many improvements to be

expected in the future. For this work, it suffices us to use the numerical results in [197],
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which can be reasonably fitted by [198]

h2ΩSW (f ) = 2:65× 10−6

„
H∗

˛

«„
kv¸

1 + ¸

«2„
100

g∗

«1=3

vwSSW (f ); (5.32)

which depends on the previous introduced quantities ¸, ˛, g∗, H∗ and vw . It also de-

pends on the fraction of latent heat that is transformed into bulk motion of the fluid,

which for a relativistic wall velocity is approximately

kv ≃ ¸(0:73 + 0:083
√
¸+ ¸)−1; (5.33)

and further complete expressions can be found in [199], which we use in this work.

Finally, the frequency dependence is encapsulated in

SSW (f ) =

„
f

fSW

«3„
7

4 + 3(f =fSW )2

«7=2

; (5.34)

with the peak frequency being

fSW = 1:9× 10−2mHz
1

vw

„
˛

H∗

«„
T∗

100GeV

«“ g∗
100

”1=6
: (5.35)

5.7 Primordial Black Hole Generation

As we have discussed, a SFOPT leads to a large density contrast between the inside

and the outside of the nucleation bubbles. As this bubbles expand and collide, they

start to fill the space in between them. Due to the probabilistic nature of the phase

transition, is the probability is low enough, there will be a chance that a hole Hubble

volume is left in the unbroken phase. If the contrast between the two regions is high

enough, a region of over-density the size of at least a Hubble volume can collapse into

a Primordial Black Hole (PBH) [74]. This situation is called a formation of primordial

black holes through a delayed first order phase transition. Since the phase transition

needs to be delayed enough, the threshold for primordial black hole generation is very

close to the limit of the completion condition 5.20, in which case the transition is at

risk of not happening at all in a Hubble volume and is never finished. This leaves

only a very narrow parameter space available for primordial black hole generation by a
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strongly first order electroweak phase transition, as is corroborated in this thesis.

The unbroken region inside the Hubble volume will have an energy density contrast

to the broken region outside defined by

‹ ≡ |ȷin − ȷout |
ȷout

; (5.36)

where ȷin and ȷout refer to the energy density inside and outside the delayed Hubble

volume. If this exceeds the critical value ‹c = 0:45 [200, 201], then there is formation

of PBHs during the phase transition. Their mass is of the order of magnitude of the

Hubble horizon mass at production time, which is roughly five orders bellow the solar

mass for PBHs produced during the EWPT. The PBH fraction fPBH produced during the

EWPT can calculated from the previous introduced quantities ¸ and ˛, and it can be

probed by current and future micro-lensing observations like the Subaru HSC, OGLE,

PRIME, and the Roman Space Telescope. In this work, we apply the same treatment

of Primordial Black Hole generation as in [76].
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Part II

Exploring First Order EWPT using the

naHEFT
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Chapter 6

The nearly-aligned Higgs Effective

Field Theory

Since the discovery of the Higgs boson, one of the main tasks of particle physics

has been the investigation of it’s properties as a probe of the underlying dynamics

of electroweak symmetry breaking. While electroweak gauge interactions are typically

constrained to order O(1%) by electroweak precision measurements, the couplings

between the Higgs boson and the Gauge bosons, as well as with the top quark, still

allow deviations of O(10%) to the SM predictions. Furthermore, the Higgs boson self

couplings, and it’s couplings with other fermions, allow for even larger deviations. Thus,

it is natural to focus our attention on anomalous Higgs boson couplings, since these

have high potential for large new physics effects, compared to other sectors.

For model independent studies, an appropriate effective field theory capable of de-

scribing anomalous Higgs boson couplings is necessary. The mostly used SMEFT is

not suited to this end due to it’s explicit approach on the Higgs boson gauge-variance.

Allowing large new physics effects to dominate in the Higgs sector, by parametrizing the

Higgs couplings in a gauge-invariant way, leads to the electroweak chiral Lagrangian

as the low energy EFT, also known as the Higgs EFT (HEFT). This EFT approach is

capable of accurately describing non-decoupling new physics effects, but it also has

it’s drawbacks. Namely, it is too wide of a framework, allowing for too much freedom in

it’s parameters, and thus not having any predictive power without explicit matching to

UV models.

The nearly-aligned Higgs EFT (naHEFT) was introduced to tackle these issues. It

60



is build as a subset of the HEFT, under the constraint that the Higgs couplings are

close to the SM at tree level. Thus, it manages to keep HEFT’s freedom to accurately

describe non-decoupling new physics, while at the same time being a more contained

model with predictive power. Also, in the naHEFT, the deviation in the Higgs couplings

come mainly from quantum effects, exactly the type needed to generate a strongly first

order electroweak phase transition. It is thus the appropriate framework to study the

dynamics of electroweak phase transition.

In this section we introduce the naHEFT. In Section 6.1 we provide the groundwork

by introducing the chiral formalism of HEFT. In Section 6.2 we define the leading order

Lagrangian of the naHEFT. In Section 6.3 we provide a treatment of finite tempera-

ture corrections within the naHEFT. Finally, in Section 7.2 we introduce the specific

formalism and notations used in the rest of our work.

6.1 The electroweak chiral Lagrangian

The chiral formalism uses the Higgs form in Equation 2.41 and writes the fields as

(ffi; ffi) =
1√
2
(v + h)U; (6.1)

so that it can be separated into two components. A gauge-variant non-linear represen-

tation of the Nambu-Goldstone bosons

U =exp(ifiaı
a=v); (6.2)

ı± =
1√
2
(ı1 ∓ iı2); (6.3)

and the gauge-invariant Higgs boson h, allowing for the construction of a Lagrangian

with anomalous Higgs boson couplings, as was noted beforehand.

Contrary to the SMEFT Lagrangian, the chiral Lagrangian is organized in power

counting by chiral dimensions. This assigns 0 to each boson field, and 1 to each

fermion bilinear, derivative, and gauge and Yukawa couplings, being equivalent to loop

order with loop order L equivalent to chiral dimension 2L+2. The tree level Lagrangian

is thus of chiral dimension 2, while the one loop Lagrangian has chiral dimension 4.
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6.2 The naHEFT leading order Lagrangian

The nearly-aligned Higgs Effective Field Theory (naHEFT) [103, 104] is an EFT frame-

work that consistently characterizes non-decoupling effects of new physics. By assum-

ing that the Higgs couplings are SM-like, and that BSM corrections come from quantum

effects of new particles, the effective scalar potential can be described by a Coleman-

Weinberg-like potential. In the naHEFT, the leading order effective Lagrangian is then

given by

L2 = LSM + LBSM; (6.4)

where LSM is the SM Lagrangian, and LBSM encapsulates the contributions from new

physics and is defined as

LBSM =‰
h
− »0

4
[M2(h)]2 ln

M2(h)

—2

+
v 2

2
F(h) Tr

˘
D—U

†D—U
¯
+

1

2
K(h)@—h@

—h

− v
“
q̄iLU

h
Y i j
q (h) + Ŷ i j

q (h)fi
3
i
qjR + h:c:

”
− v

“
l̄ iLU
h
Y i j
l (h) + Ŷ i j

l (h)fi
3
i
l jR + h:c:

” i
; (6.5)

The discovered Higgs field is represented here as a scalar h singlet under the SM

gauge groups. The Nambu-Goldstone bosons, on the other hand, are encapsulated

under the non-linear representation:

U =exp(ifiaı
a=v); (6.6)

ı± =
1√
2
(ı1 ∓ iı2); (6.7)

with the covariant derivative acting on U as in Equation 2.44.

Regarding the constants present, v is taken to be 246GeV , k0 represents the de-

grees of freedom of new physics, — represents the renormalization scale, and ‰ =

1=(4ı)2 is the loop expansion parameter. We are only interested at one loop and con-

sequently will ignore all O(‰2) corrections.
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The new physics is encoded in the various polynomials in h

M2(h) =
X
n=0

Mn

n!

„
h

v

«n
; (6.8)

F(h) =
X
n=1

fn
n!

„
h

v

«n
; (6.9)

K(h) =
X
n=1

kn
n!

„
h

v

«n
; (6.10)

Y i j
 (h) =

X
n=1

y i j ;n
n!

„
h

v

«n
; (6.11)

Ŷ i j
 (h) =

X
n=1

ŷ i j ;n
n!

„
h

v

«n
; (6.12)

which satisfy F(0) = Y i j
 (0) = Ŷ i j

 (0) = 0 in order to keep the parameters in the SM

Lagrangian canonical.

The corrections in the kinetic term of the Higgs field affect its normalisation. The

canonically normalised field is

ĥ =

Z h

0

dh′
p
1 + ‰K(h′); (6.13)

h =
∞X
n=1

cn
n!
ĥn; (6.14)

where

cn=1 =1− ‰

2
k0 +O(‰2); (6.15)

cn>1 =− ‰

2

kn−1

vn−1
+O(‰2): (6.16)

The part pertaining to the Goldstone bosons can be written as

LNG =
v 2

4

„
1 + 2

h

v
+
h2

v 2
+ ‰F(h)

«
Tr
ˆ
D—U

†D—U
˜
; (6.17)

=
v 2

4

 
1 + 2»V

ĥ

v
+ »V V

ĥ2

v 2
+O(ĥ3)

!
Tr
ˆ
D—U

†D—U
˜
; (6.18)
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where we introduced the couplings

»V = c1

„
1 +

‰

2
f1

«
; (6.19)

»V V = c21

„
1 +

‰

2
f2

«
+ c2v

„
1 +

‰

2
f1

«
: (6.20)

And the Yukawa terms as

LY = −
X

f=u;d;e

mf i

" 
‹i j + »i jf

ĥ

v
+O(ĥ2; ı2)

!#
; (6.21)

with the couplings

»i ju = c1

„
‹i j + ‰(y i jq1 + ŷ i jq1)

v

mui

«
; (6.22)

»i jd = c1

„
‹i j + ‰(y i jq1 − ŷ i jq1)

v

mdi

«
; (6.23)

»i je = c1

„
‹i j + ‰(y i jl1 − ŷ i jl1)

v

mei

«
: (6.24)

Finally, we wish to calculate the couplings of the Higgs potential from the n-point

functions. Defining

dn = −@
nLnaHEFT
@hn

˛̨̨
h=0
; (6.25)

the stationary condition leads to

0 = c1d1; (6.26)

while the minimum condition reads

M2
h = c21d2; (6.27)

which are used to replace m and – present in the SM part of the Higgs potential. The

third and the fourth n-point functions give us the cubic and quartic self coupling of the
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Higgs, which normalized by the SM value read

»3 =
v

3M2
h

(c31d3 + 3c1c2d2); (6.28)

»4 =
v 2

3M2
h

(c41d4 + 6c21c2d3 + 4c1c3d2 + 3c22d2): (6.29)

In this work, we consider the polynomials

M2(h) =(1− r)Λ2 + rΛ2

„
1 +

h

v

«2

; (6.30)

K(h) =
»0Λ

2r

3v 2

»
1− (1− r)

Λ2

M2(h)

–
; (6.31)

F(h) =0; (6.32)

which come from assuming a number »0 of BSM scalars contributing significantly to

the Higgs potential at one loop corrections, at a mass scale Λ, and with uniform non-

decouplingness r .

In such a case, the relevant couplings are given by

»V = 1− »0
‰Λ2r 2

6v 2
; (6.33)

»V V = 1− »0
‰Λ2r 2

6v 2
(3− 2r); (6.34)

»3 = 1 +
4‰Λ4

3v 2M2
h

»
»0r

3 − »0
M2
hr

2

8Λ2
(3− 2r)

–
; (6.35)

»4 = 1 +
16‰Λ4

3v 2M2
h

»
»0r

33− r

2
− »0

M2
hr

2

16Λ2

25− 38r + 16r 2

3

–
: (6.36)

6.3 Finite Temperature Corrections

In order to study the dynamics of the EWPT transition, we must calculate the finite

temperature corrections from new physics within our EFT formalism. This was done in

[104] through a procedure in [202, 203, 204]. To that end, we first note that the BSM

scalar potential

VBSM(h) =− ‰
»0

4
[M2(h)]2 ln

M2(h)

—2
; (6.37)
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can be rewritten as

VBSM(h) =
»0

2

Z
d4kE
(2ı)4

ln[k2E +M2(h)]; (6.38)

by ignoring the ultraviolet divergent and the constant terms that are irrelevant in this

argument. We can then introduce the finite temperature corrections by performing the

replacement

Z
d4kE
(2ı)4

ln[k2E +M2(h)] → T
+∞X
n=−∞

Z
d3kE
(2ı)3

ln[~k2E + w 2
n +M2(h)]; (6.39)

where T is the temperature and wn is the Matsubara frequency defined as

wn = 2nıT; (6.40)

for k0 > 0, which is the case in our analysis. The finite temperature corrected potential

can then be written as

VBSM(h; T ) =
»0

2
T

+∞X
n=−∞

Z
d3kE
(2ı)3

ln[~k2E + w 2
n +M2(h)]: (6.41)

Further, we can decompose the above formula into a zero temperature part and a

temperature dependent part as

VBSM(h; T ) = VBSM(h) + ∆VBSM;T(h; T ); (6.42)

with

∆VBSM;T(h; T ) = 8‰T 4»0JBSM

„
M2(h)

T 2

«
(6.43)

where a new function is introduced, whose definition is

JBSM(x) =

Z ∞

0

dk2k2
“
1− e−

√
k2−x

”
: (6.44)

This form for the finite temperature corrected potential is used for the evolution of

the scalar vacuum during the EWPT.
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6.4 Validity as an Effective Theory

The nearly aligned Higgs EFT validity has been tested and contrasted with the Stan-

dard Model EFT to great results [103, 104]. We now summarize these results.

In reference [103], the naHEFT is matched to a real scalar singlet model. The

naHEFT Lagrangian is then written in terms of the SM electroweak doublet as

LnaHEFT = LSM − ‰
»0

4
(M2 + »p|Φ|2)2

"
ln
M2

—2
+

∞X
n=1

(−1)n+1

n

 
»p|Φ|2

M2

!n#

+ ‰
»0

24

»2
p

M2

∞X
n=0

 
−»p|Φ|

2

M2

!n
@—|Φ|2@—|Φ|2; (6.45)

which is then truncated at canonical dimension 6 as

LnaHEFT
˛̨
dim6 = LSM − ‰

2
»p

"
»0

„
ln
M2

—2
+

1

2

«
M2|Φ|2 + »0

„
ln
M2

—2
+

3

2

«
»p|Φ|4

+ »0

»2
p

6M2
|Φ|6 − »2

»p
12M2

@—|Φ|2 @—|Φ|2
#

(6.46)

so that it corresponds to the SMEFT. The evolution of the Higgs couplings »V and

»3 with the new physics scale for various values of the non-decouplingness is then

compared for the calculations of the naHEFT, SMEFT, and the full UV theory. Their

results are presented in Figure 6.1. The main takeaways from these plots is that both

the naHEFT and the cut-off dim-6 are good at describing these couplings for small

values of the non-decouplingness. For high values of the non-decouplingness, on the

other hand, the dim-6 results start deviating considerably from the UV ones, while the

naHEFT results remain remarkably accurate. This corroborates the affirmation that the

naHEFT is the more appropriate formalism to accurately describe the non-decoupling

effects from new physics.

In reference [104], the validity of the naHEFT is tested in the context of the study

of the electroweak phase transition. Namely, the evolution of vn=Tn with the non-

decouplingness is calculated. According to the sphaleron decoupling condition, if

this quantity is above unity, the electroweak phase transition is a strongly first order

phase transition. Their results are presented in Figure 6.2. The results for the na-

HEFT calculation are compared to the ones in the canonical dimension 6, 8, and 10
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Figure 6.1: Figure taken from [103]. Shows the evolution of the Higgs
triple self coupling with the cut-off scale of the respective EFT, for var-
ious values of the non-decouplingness r = 0:01; 0:6; 1. In blue is the
naHEFT, red the dim-6 truncated theory, and in gray the UV calcu-
lation in the singlet scalar extension of the SM. Below are the ratio
of the coupling variations of each EFT with the UV calculation. This
figure motivates the use of the naHEFT to describe non-decoupling
effects.
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Figure 6.2: Figure taken from [104]. Shows the evolution of vn=Tn
with the non-decouplingness in different effective theories, for a cut-
off scale Λ = 1TeV and number of degrees of freedom »0 = 1. In
red is the naHEFT result, whine in blue filled, dashed, and dotted,
is the dim-6, dim-8, and dim-10 truncated theories, respectively. For
vn=Tn = 1 the sphaleron decoupling condition is satisfied. When com-
pared with UV calculation, the best value for r satisfying sphaleron
decoupling condition is the naHEFT result of r ≃ 0:35. This fiure mo-
tivates the use of naHEFT when studying the dynamics of the elec-
troweak phase transition.
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truncated effective theory. By looking at the plot, one can notice that for low values of

the non-decouplingness, all the theories seem to match. One the non-decouplingness

starts increasing, the truncated theories seem to deviate in different directions, while

the naHEFT remains consistent in the middle of these. This shows once again that

the naHEFT is the correct effective theory framework to study the dynamics of the

electroweak phase transition, because this relies on the accurate description of non-

decoupling effects.
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Chapter 7

Loop induced decays in the naHEFT

The decay of the Higgs boson into two photons has been central in probing Standard

Model phenomenology. In fact, it was the observation of an excess in the diphoton

spectrum near 125GeV that provided one of the first and most compelling evidences for

the existence of the Higgs boson itself [15, 16]. In spite of it’s relatively small branching

ratio, the Higgs to di-photon clean experimental signature make it one of the most

powerful channels at the LHC.

One of the most unique features of the Higgs to di-photon decay is that it is a

loop induced decay. This makes it a unique window into beyond the Standard Model

physical degrees of freedom. In the context of the electroweak phase transition, within

the new scalar degree of freedom that contribute to the strengthening of the Higgs

triple self coupling and, consequently, the first order phase transition, the electrically

charged degrees of freedom will also heavily influence the Higgs to di-photon decay.

One of the main purposes of this thesis is to explore this correlation between the Higgs

to di-photon and a first order electroweak phase transition, and how this channel can

be used to probe the nature of the electroweak phase transition.

In this chapter we introduce for the first time the treatment of loop induced decays

within the naHEFT formalism. Using the chiral formalism, loop induced decays, like

the Higgs to di-photon and Higgs do Z-photon, appear only at chiral dimension 4.

This terms are thus not included in any previous treatment of the naHEFT, which were

focused on the leading order Lagrangian of chiral dimension 2. In Section 7.1 we

introduce the terms of this sub-leading order Lagrangian relevant for these two loop

induced decays. Then, in Section 7.2, we introduce the setup and notations used
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in the analysis throughout the rest of this thesis. Finally, in Section 7.3, we study

the behaviour of the h‚‚ effective interaction using our formalism, and compare with

collider measurements.

7.1 Sub-leading order Lagrangian

Loop induced processes, like the h → ‚‚ and h → Z‚, cannot be described with

the leading order Lagrangian introduced previously. Their effects come from the sub-

leading order Lagrangian

L4 = ‰
h
g ′2FB(h) Tr{B—‌B—‌}+ g 2FW (h) Tr{W—‌W

—‌}

+gg ′FBW (h) Tr
˘
UB—‌U

†W —‌
¯i
; (7.1)

where the polynomials can be written in the notation

‰FB(h) =− ahBB
h

v
+O(h2); (7.2)

‰FW (h) =− ahWW
h

v
+O(h2); (7.3)

‰FBW (h) =− ahBW
h

v
+O(h2): (7.4)

Arranging this Lagrangian in terms of the physical gauge fields, we can derive the

relevant terms

L4 = −1

2

e2

v
ah‚‚hF—‌F

—‌ − egcW
v

ahZ‚hF—‌Z
—‌ + :::; (7.5)

where

ah‚‚ =ahBB + ahWW − ahBW ; (7.6)

ahZ‚ =
1

c2W

»
−ahBBs2W + ahWW c

2
W − 1

2
ahBW (c2W − s2W )

–
; (7.7)

which are necessary for the loop induced decays h → ‚‚ and h → Z‚.

Mirroring our treatment of the leading order Lagrangian, we assume form factors of
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the form

FW (h) =FB(h) =
b

2
ln

"
r̃

„
1 +

h

v

«2

+ 1− r̃

#
; (7.8)

FBW (h) =0; (7.9)

where we again use the non-decouplingness r̃ of the particle contribution to this loop,

and the new parameter b representing the BSM charged particles in the loop which for

a model with singly and doubly charged particles is b = n++4n++

3
.

We can now calculate the Higgs di-photon effective interaction coupling as

»2
‚‚ =

ΓEFT
h→‚‚

ΓSM
h→‚‚

≃
˛̨̨̨
»V − br

FSM

˛̨̨̨2
: (7.10)

7.2 Parameter Setup

As a result of the discussion in the previous sections, the main new physics parameters

affecting the discussed observables are:

• Λ : the energy scale of the scalars contributing significantly to the Higgs self-

coupling and Higgs di-photon coupling;

• r : the non-decouplingness of those same scalar particles;

• »0 : the number of degree of freedom of those particles, subdivided as

»0 = n0 + 2n+ + 2n++:

– n0 : number of neutral scalars;

– n+ : number of singly charged scalars;

– n++ : number of doubly charged scalars.

where we made the natural assumption that those same charged scalars contribute to

the BSM correction to the loop decays with the same non-decouplingness, i.e. r̃ = r .

In order to study the EWPT using this formalism, we let the first two parameters run

free in our analysis, while choosing specific benchmark models for the values of the

number of scalar particles contributing to the Higgs self-coupling. We list the bench-

mark values that were considered with the respective example of BSM model:
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• Singly charged singlet: (n0; n+; n++) = (0; 1; 0)

• Real triplet: (n0; n+; n++) = (1; 1; 0)

• 2HDM: (n0; n+; n++) = (2; 1; 0)

• Doubly charged singlet: (n0; n+; n++) = (0; 0; 1)

• Complex triplet: (n0; n+; n++) = (2; 1; 1)

• Georgi-Machacek: (n0; n+; n++) = (3; 2; 1)

7.3 The effective h‚‚ interaction

In Figure 7.1, the evolution of »‚‚ with the non-decouplingness r is shown. The con-

straints from the ATLAS and CMS are shown in Figure 7.1 as orange and green re-

gions, respectively. The constraint on »‚‚ from the CMS results is »‚‚ = 1:10± 0:16 at

95% confidence level [61]. For the ATLAS, the current constraint is »‚‚ = 1:02 ± 0:11

at 95% confidence level, where it is assumed that the hgg coupling is the same as the

SM prediction [205]. Figure 7.1 indicates that large values of Λ lead to large deviations

in »‚‚. The first three figures, which only vary in the number of neutral particles n0,

show that the presence of neutral particles can lead to larger deviations in the Higgs

di-photon effective coupling. This effect is encoded within the »V term present in »‚‚.

The remaining three figures imply that extended Higgs models with doubly charged

scalar bosons are strongly constrained by h‚‚ coupling measurements. These re-

sults are consistent with the previous results in the specific renormalizable models

[45, 46, 206, 207]. The result in Figure 7.1 indicates that the value of »‚‚ becomes SM-

like when one takes the decoupling limit r ∼ 0. This behaviour is consistent with the

decoupling theorem [208]. On the other hand, large values for the non-decouplingness

can be constrained by h‚‚ coupling measurements at current and future collider ex-

periments.

In Figure 7.2, the correlation between »3 and »‚‚ is shown. This figure indicates that

high values of the scale of new physics lead to small values for »‚‚ and large values for

»3. We note that the h‚‚ coupling may be measured with about 0:5% accuracy in the

future by combining HL-LHC results with those from the ILC running at
√
s = 250GeV
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Figure 7.1: The relation between »‚‚ and the non-decouplingness r .
The parameter Λ corresponds to the mass scale of new particles. The
green and orange regions indicate the current allowed regions from
the CMS result [61] and the ATLAS result [205], respectively. The
parameters n0, n+ and n++ are the degrees of freedom of neutral,
singly charged and doubly charged particles, respectively.
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Figure 7.2: Correlation between »3 and »‚‚ for each benchmark point.
The parameter Λ corresponds to the mass scale of new particles. The
green and orange regions indicate the current allowed regions from
the CMS result [61] and the ATLAS result [205], respectively.
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with 68% confidence level [64]. As we discussed previously and confirm later, the

sphaleron decoupling condition in Equation (5.24) requires a large deviation in the hhh

coupling. Therefore, the new physics scale should be large to satisfy the condition in

Equation (5.24) and precise h‚‚ measurement results simultaneously.
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Chapter 8

Analysis of Electroweak Phase

Transition Signatures

The advent of a strongly first order electroweak phase transition is crucial for the gen-

eration of baryon asymmetry through the method of electroweak baryogenesis. While

the theoretical setup and conditions for this have been thoroughly discussed in previous

chapters, the viability of this mechanism ultimately requires connection to experimental

signatures. This chapter serves as comprehensive analysis of various phenomenolog-

ical probes of the electroweak phase transition.

In Section 8.1 we discuss how the analysis of the gravitational wave spectra and

their detectability at the future interferometers LISA and DECIGO is performed. Then,

in Section 8.2 we perform a full parameter scan for various benchmark models. We

include theoretical constraints on a first order phase transition, like the completion

condition and the sphaleron decoupling condition, and unitarity bounds. We include

experimental detectability of gravitational waves at LISA and DECIGO, and of primor-

dial black holes by various experiments. We also study how measurements of triple

Higgs coupling, and the Higgs di-photon interaction, can help to decipher this parame-

ter space.
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Figure 8.1: GW spectra in the naHEFT for each benchmark point.
The parameters r and Λ correspond to the non-decouplingness and
the mass scale of new particles, respectively. The black solid and
dashed lines are the peak integrated sensitivity curves for LISA and
DECIGO, respectively [209]. If the peak of GW spectra is higher than
the sensitivity curves, the detectability criterion SNR > 10 is satisfied.

8.1 Gravitational Wave Spectra

To discuss the detectability of the GWs, we evaluate the signal-to-noise ratio [198]

SNR =

s
T
Z fmax

fmin

df

»
h2ΩGW(f )

h2Ωsens(f )

–2
; (8.1)

where h2Ωsens(f ) and T are the sensitivity and the observation duration of future space-

based interferometers like LISA [66] and DECIGO [67]. We take T = 1:26 × 108 s for

all GW experiments. In this work, we consider that the GWs can be detected if the

condition SNR > 10 is satisfied [209].

In Figure 8.1, the prediction on GW spectra in three benchmark points is shown.
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The black solid and dashed lines are the peak integrated sensitivity curves of LISA

and DECIGO, respectively [209]. If the peak position of GW spectra is higher than the

sensitivity curves, the detectability criterion SNR > 10 is satisfied. Therefore, the red

benchmark points can be tested by LISA. On the other hand, all the benchmark points

shown can be explored by DECIGO. We here assume that the wall velocity is 95% of

the speed of light.

8.2 Parameter Scan

In Figure 8.2, the parameter region, which can be explored by h‚‚, hhh and GW ob-

servations, is shown for each model. The coloured solid lines are the contours of the

h‚‚ coupling. The black dotted lines are contours of the deviation in the hhh coupling.

The upper-right white region does not satisfy the completion condition, and the phase

transition never completes 5.20. In the lower-left white region, the sphaleron decou-

pling condition 5.24 is not satisfied, and the phase transition is not strongly first order.

The black solid line indicates constraints from the perturbative unitarity bound. We

here take into account the unitarity bound in the SM with N scalar singlet fields as an

example [59]. The red region can be explored by current and future microlensing obser-

vations such as Subaru HSC [84], OGLE [85], PRIME [86] and Roman telescope [87].

This PBH region is the same as the literature [76]. The green and dark green regions

indicate the parameter region that can be tested at DECIGO and LISA, respectively.

In the blue region, the first-order EWPT can be tested only by collider experiments.

Figure 8.2 indicates that a criterion of the strongly first-order EWPT can be obtained in

terms of the hhh coupling by using precise h‚‚ coupling measurements and the con-

dition (5.24). Also, Figure 8.2 indicates that the large deviation in the h‚‚ coupling is

required to realize a strongly first-order EWPT in models with doubly charged particles.

In Figure 8.3, contours of the hV V coupling are shown instead of the hhh coupling

contours in the same setup as Figure 8.2. We note that the hV V coupling may be mea-

sured with 0:5% accuracy by combining the HL-LHC with the ILC with
√
s = 250GeV

at 68% confidence level [64]. Therefore, the parameter region satisfying Λ < 1TeV

and Equation (5.24) can be explored by future precise hV V coupling measurements if

n0 ≥ 2.
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Figure 8.2: Parameter region explored by h‚‚, hhh and GW observa-
tions. The parameters r and Λ correspond to the non-decouplingness
and the mass scale of new particles, respectively. The values of ∆»3

and ∆»‚‚ are defined by ∆»3 ≡ »3 − 1 and ∆»‚‚ ≡ »‚‚ − 1, respec-
tively. The upper right white region is constrained by the perturbative
unitarity bound or the completion condition of the phase transition. In
the lower-left white region, the condition (5.24) is not satisfied. The
red region can be explored by Subaru HSC, OGLE, PRIME and Ro-
man telescope. The green and dark green regions are explored by
DECIGO and LISA, respectively. In the blue region, the first-order
EWPT can be basically tested only by collider experiments.
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Figure 8.3: Parameter region explored by h‚‚, hV V and GW observa-
tions. The parameters r and Λ correspond to the non-decouplingness
and the mass scale of new particles, respectively. The black dotted
lines are the contours of hV V coupling. The value of ∆»V is defined
by ∆»V ≡ »V − 1. The definitions of other lines and regions are the
same in Figure 8.2.
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Chapter 9

Further Discussions

Here further motivation of the importance of h → ‚‚ measurements in determining

the nature of the EWPT is provided. In Section 9.1 we discuss in detail the interplay

between these signatures, and in specific, discuss how the Higgs di-photon interac-

tion can come to play a unique role in deciphering the structure of the scalar sector

when contrasted with the rest. In Section 9.2 we discuss in which scenarios the future

colliders will be able to conclusively determine if a specific Higgs structure predicts

a strongly first order electroweak phase transition or not, by considering hypothetical

measurements at colliders, and how the Higgs di-photon measurements will be neces-

sary to conclusively determine the nature of the phase transition in most cases.

9.1 Coupling Predictions

In Table 9.1, it is summarized that the prediction on the hhh coupling to realize the

strongly first-order EWPT when ∆»‚‚ = −4% ± 1% for each model. In the second

column labelled “Required by vn
Tn
> 1 & Γ

H4 > 1”, it is shown that the predictions on the

hhh coupling where the EWPT can be strongly first-order. The lower and upper bounds

on ∆»3 are determined by sphaleron decoupling condition and the completion condi-

tion of the phase transition, respectively. For the third column labelled “Conservative

bound”, the predictions on the hhh coupling where the EWPT is strongly first-order are

shown. It means that in the bounds shown in the third column, the sphaleron decou-

pling condition and the completion conditions are safely satisfied simultaneously. Thus,

if the measured hhh coupling matches the prediction shown in the third column labelled
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(n0; n+; n++) Required by vn
Tn
> 1 & Γ

H4 > 1 Conservative bound
(0; 1; 0) 137% > ∆»3 > 21% 114% > ∆»3 > 50%
(1; 1; 0) 143% > ∆»3 > 19% 115% > ∆»3 > 47%
(2; 1; 0) 135% > ∆»3 > 18% 114% > ∆»3 > 44%
(0; 0; 1) 153% > ∆»3 > 62% 148% > ∆»3 > 65%
(2; 1; 1) 160% > ∆»3 > 65% 150% > ∆»3 > 75%
(3; 2; 1) 136% > ∆»3 > 59% 153% > ∆»3 > 63%

Table 9.1: Predictions on the hhh coupling for realizing the strongly
first-order EWPT if ∆»‚‚ = −4%± 1% for each model. The lower and
upper bounds on ∆»3 shown in the second column are determined
by the sphaleron decoupling conditions and the completion condition
of the phase transition, respectively. In the bounds shown in the third
column, the condition sphaleron decoupling and the completion con-
ditions are safely satisfied simultaneously. If the measured hhh cou-
pling matches the prediction shown in the third column, it is expected
that the EWPT is strongly first-order. In the final column, correspond-
ing candidates of the SM extensions are shown for each benchmark
point.

“Conservative bound”, it is expected that the electroweak phase transition occurring at

the early Universe was a strongly first order phase transition. Therefore, we empha-

size that the results in the third column are important in testing the strongly first-order

EWPT.

In Reference [211], it has been confirmed that conservative predictions for the fea-

sibility of the strongly first-order EWPT are given by ∆»3 > 80% in several represen-

tative extended Higgs models. Our new results indicate that more precise criteria for

the strongly first-order phase transition can be obtained by using precise h‚‚ coupling

measurements. If the hhh coupling measured at future colliders satisfies the predic-

tion shown in Table 9.1, we can conclude whether the EWPT is strongly first-order or

not. In addition, we can determine an upper bound on Λ by combining precise h‚‚

coupling measurements and the completion condition for the phase transition. In the

case with (n0; n+; n++) = (0; 1; 0), we can conclude that a new charged particle satisfy-

ing Λ < 946GeV and r > 0:457 should exist if we confirm ∆»‚‚ < −3%. If we cannot

observe any new physics signal at future colliders, we can test the EWPT via the GW

and PBH observations in addition to precise Higgs coupling measurements.

Moreover, Figure 8.2 indicates that lower bounds on the h‚‚ coupling can be ob-

tained by combining the sphaleron decoupling condition with the perturbative unitarity

bound. In Table 9.2, predictions on the h‚‚ coupling are summarized. If the measured
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(n0; n+; n++) Predictions on ∆»‚‚
(0,1,0) -0.88%
(1,1,0) -0.97%
(2,1,0) -0.95%
(0,0,1) -2.71%
(2,1,1) -3.73%
(3,2,1) -4.53%

Table 9.2: Predictions on the h‚‚ coupling. If the measured h‚‚ cou-
pling is larger than these predictions, the EWPT can be strongly first-
order.

Collider ∆»3(1ff)
HL-LHC 50%
ILC250 49%
ILC500 22%
ILC1000 10%

Table 9.3: Expected precision at one sigma of the triple Higgs cou-
pling measurements at the HL-LHC and various stages of the ILC.

h‚‚ coupling is larger than these predictions, the EWPT can be strongly first-order.

Before closing this section, we comment on our analyses. In our analyses, it has

been assumed that all new particles have the same mass and non-decouplingness. In

general, a hierarchy between new particle masses can exist. To discuss the impact of

the hierarchy, we consider the case with (n0; n+; n++) = (2; 1; 0). Although this setup is

the same as that in the top-right panel of Figure 8.2, we here assume that the charged

particle mass is heavier than the neutral particle mass. We also assume that the non-

decouplingness of the charged particle is larger than that of the neutral particles. In

Figure 7.1, it is shown that charged particles with larger Λ and r make the h‚‚ coupling

large. Therefore, we can expect that the contour for the h‚‚ coupling in the right panel

of Figure 8.2 is shifted to the left. On the other hand, the parameter region satisfying

the condition (5.24) is shifted downward. Thus, we can expect that the bounds on the

hhh coupling and Λ we obtained are not drastically changed. We have numerically

confirmed that our predictions do not much change even if non-decouplingness and

mass take slightly different values for each particle.
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9.2 Future Collider Phenomenology

In this section we discuss in which scenarios the future colliders will be able to con-

clusively determine if a specific Higgs structure predicts a strongly first order elec-

troweak phase transition or not. To this end, we consider hypothetical scenarios for

measurements of the triple Higgs coupling at future colliders. The expected precision

for the triple Higgs boson coupling measurements at the HL-LHC1 and at the three

stages, 250GeV, 500GeV, and 1TeV, of the ILC are presented in table 9.3. We use

the bound from the ATLAS result for the triple Higgs coupling scaling factor given by

−0:4 < »3 < 6:3 [62].

In figure 9.1 we consider the hypothetical scenario where the triple Higgs coupling is

measured to be the same as the SM value, »3 = 1, at the various collider stages. The

blue region represents the SFOPT allowed space, while the dashed lines represent

the line for which the area below is allowed experimentally in this scenario, for each

collider. Since all the lines are on top or above the blue area, except for the last stage

of 1TeV of the ILC, we conclude that, in this scenario, only by the last stage of the ILC

the SFOPT could be ruled out.

In figure 9.2 the hypothetical scenario where the triple Higgs coupling is measured

at its ideal value for a SFOPT, »3 = 1:8, is considered for the various collider stages.

The large dashed line represents the central value, while the smaller dashed lines

bound the allowed area. Again, it can be seen that only the last stage of the ILC

will be able to confirm the SFOPT by use of the triple Higgs coupling measurements

alone. Note that this only happens for this ideal »3 value. Slight deviation would make

it impossible to confirm the SFOPT even in the last ILC stage.

In figure 9.3 two hypothetical scenarios are considered, where the triple Higgs cou-

pling scaling factor is measured as »3 = 1:4 and »3 = 2:3 in the left and right of the

figure respectively. These represent different scenarios where not even the most accu-

rate precision of the triple Higgs coupling would be able to determine the nature of the

EWPT, since both situations present a central value contour that includes both sections

with a SFOPT and without. The »‚‚ contours are shown on top, and reveal that mea-

1Recently, new machine learning techniques have been used to improve this value at the HL-LHC
[213]. Even though we do not use this results, we point out that these results do not invalidate the
conclusions taken from this discussion.
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Figure 9.1: Scenario where »3 is measured as the standard model
value, »3 = 1. The dotted lines represent the upper bounds each
collider would impose with the uncertainties given in table 9.3.
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Figure 9.2: Scenario where »3 is measured at the ideal value for a
SFOPT, »3 = 1:8, by each collider, with the precisions shown in ta-
ble 9.3. The large dashed line represents this central value, while the
smaller dashed lines represent the respective bounds by the respec-
tive collider measurements.
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Figure 9.3: Two example scenarios, »3 = 1:4(left), »3 = 2:3(right),
where determination of the nature of the SFOPT is impossible by the
triple Higgs coupling alone. The »‚‚ contours show how the h → ‚‚
measurements can remedy this problem.
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surements of h → ‚‚ can restrict the parameter space to a smaller section, such that,

in conjunction with the »3 measurements, it can confirm or deny the SFOPT. This ex-

emplifies once again the importance of the h → ‚‚ measurements in helping to probe

the nature of the EWPT, in conjunction with the triple Higgs coupling measurements.
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Chapter 10

Summary and Conclusions

This thesis started in Chapter 1 by providing an introduction to the topics covered and

providing motivation for the research conducted in the context of this work. It was

then organized into two different parts. Part I covered the background review of topics

related to this research. Part II covered mainly the original research conducted. In this

final chapter we summarize the contents of this thesis, and the main conclusions to be

taken from it.

In Chapter 2 a review on the Standard Model of Particle Physics was presented.

The theoretical framework of this model was laid out. The particle content was listed.

An explanation of the Higgs mechanism was presented. Gauge invariance was used to

construct the Lagrangian. The flavour structure of the model was explained. The con-

cept of custodial symmetry was introduced. Finally, the full Standard Model Lagrangian

was given.

In Chapter 3 a review of the experimental status of Standard Model phenomenology

was given. A strong focus was given to Higgs sector phenomenology. Up to date results

on the Higgs mass and various Higgs couplings were provided. This includes the Higgs

triple self-couplings and the Higgs di-photon effective interaction, both of which are of

special interest in this work. A section was dedicated to the status of electroweak

precision experiments.

In Chapter 4 reviews on some important new physics models were given. These in-

clude the Two Higgs Doublet Model, the Higgs Triplet Model, and the Georgi-Machacek

Model. These models are later used as benchmark model for our analysis using an ef-

fective field theory approach.
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In Chapter 5 various topics on the Cosmology of the Electroweak Phase Transition

were discussed. This began with a description of the problem of the observed Baryon

Asymmetry of the Universe. It then discussed one of the most promising solutions

to this problem, Electroweak Baryogenesis. It proceeded by giving an explanation of

the sphaleron process, and how it can be used to produce baryon asymmetry. Then,

the advent of bubble nucleation in first order phase transitions was explained, and the

completion condition was presented. The sphaleron decoupling condition was then

introduced, which is a necessary condition for the advent of a strongly first order phase

transition. The generation of detectable gravitational waves and primordial black holes

from fist order phase transitions was discussed.

In Chapter 6 the nearly-aligned Higgs Effective Field Theory was introduced. It’s

roots from chiral theory were explained. From it, the leading order Lagrangian, at chiral

dimension 2, was derived. Corrections from finite temperature quantum field theory

were calculated. It’s validity and efficacy in describing non-decoupling effects were

discussed with comparisons to the approach of effective cut-off by canonical dimension

counting.

In Chapter 7 the non-decoupling effects in the Higgs di-photon effective interaction

were studied. To this purpose, the naHEFT formalism was extended to include sub-

leading order effects of chiral dimension four necessary to describe this interaction.

Then, the parameters used for analysis were laid out, together with the list of used

benchmark models. Finally, the behaviour of this effective interaction was studied by

analysing the various figures produced.

Various conclusions were taken from the analysis in Section 7.3. For starters, it

was shown the importance of the non-decoupling effects on this interaction, since the

deviations grow with the mass scale of new physics. This includes effects from neutral

particles, which indirectly affect the »‚‚ through the »V . The doubly charged scalars,

on the other hand, lead to large deviations, and become strongly constrained by mea-

surements. Finally, it was shown that large deviations in the Higgs triple self-coupling

lead to large deviations in the Higgs di-photon coupling. It was concluded that models

with charged scalars and a large triple Higgs coupling become constrained from Higgs

di-photon experiments, unless the new physics scale is Higgs enough.

In Chapter 8 the main analysis of Electroweak Phase Transition signatures was
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performed. After discussing the criteria used for the detectability of gravitational waves

at interferometers, the parameter scan is performed. This scan took into account the

sphaleron decoupling condition, which ensures the phase transition is strongly first

order, necessary for successful electroweak baryogenesis. It also took into account

the completion condition, making sure the transition is completed by the present day.

To account for realistic unitarity bounds, a UV model was used. Detectability of grav-

itational waves and primordial black holes was also calculated, together with collider

observables. Various benchmark models were considered with differently charged new

scalar degrees of freedom.

Various conclusions were taken from the figures in Section 8.2, which both include

contours of the deviations in »‚‚. Figure 8.2 includes contours of the Higgs triple self

coupling, while Figure 8.3 focuses on »V contours. From these, we corroborated that a

first order phase transition requires large deviations in the triple Higgs coupling. It was

also shown how models with charged particles predict a large Higgs di-photon coupling

for a first order phase transition to be possible. The »V interaction is also shown to be

useful in constraining the parameter space since it will be measured with high precision

in future experiments.

In Chapter 9 further topics were discussed building on the analysis performed in

the previous chapters. Section 9.1 discussed how Higgs di-photon coupling measure-

ments can be used to predict the triple Higgs coupling necessary for a first order phase

transition in each model. It also put lower bounds on the Higgs di-photon absolute

deviation for having a first order phase transition. Section 9.2, on the other hand, dis-

cussed how the triple Higgs coupling measurements will evolve at future colliders, and

what kind of information we will be able to retrieve from those.

Various conclusions were taken from the discussions Section 9.1. In this discus-

sion, the hypothetical future measurement of ∆»‚‚ = −4%±1% was considered. Then,

in Table 9.1, specific predictions on the triple Higgs coupling were made. For example,

in the simple charged singlet extension of the SM with (n0; n+; n++) = (0; 1; 0), it was

concluded that a strongly first order electroweak phase transition requires the triple

Higgs coupling deviation to be in the range 21% − 137%. On the other hand, if such

deviation is in the range 50% − 114%, the phase transition is guaranteed to be first or-

der. Moreover, in Figure 9.2, it was given an upper bound on the deviation in the Higgs
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di-photon interaction of −0:88% in this same model, for the advent of a first order phase

transition. These same bounds are made for each benchmark model.

Furthermore, various conclusions were taken from the discussions in Section 9.2.

In this discussion, the expected precision of the triple Higgs coupling at future colliders

shown in Table 9.3 were considered. Then, in Figure 9.1, by assuming a central value

of »3 = 1, the expected bounds were plotted. It was concluded that only the final

stage of the ILC will be able to completely exclude the strongly first order electroweak

phase transition, in that scenario. Subsequently, in Figure 9.2, an ideal central value

of »3 = 1:8 was considered. It was concluded that, once again, only the last stage

of the ILC will be able to confirm the strongly first order phase transition. Finally, in

Figure 9.3, it is exemplified that for other central values, for example »3 = 1:4; 2:3, no

precise measurement of the triple Higgs coupling would ever be able to confirm or deny

the strongly first order phase transition. Furthermore, the Higgs di-photon coupling

contours are also shown in this figure. It was concluded that measurements of the

Higgs di-photon coupling are ideal to solve this problem, by constraining the parameter

space in a perpendicular way to the triple Higgs coupling and the other observables

discussed before. This serves as further motivation of the usage of Higgs di-photon

effective coupling measurements as a key component in determining the nature of the

electroweak phase transition.
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Appendix A

Theoretical Constraints on the

naHEFT

Here we discuss the theoretical constraints on the naHEFT. We consider the case in

which the scalar potential is given by

V = VSM + ‰VCW ; (A.1)

where ‰ = 1=(4ı)2 is the loop factor, and VCW is a Coleman-Weingberg-like potential

given by

VCW =
»0

4

ˆ
M2(h)

˜2
ln
M2(h)

—2
; (A.2)

where »0 is the number of BSM degrees of freedom contributing to the loop corrections,

—2 is a renormalization scale, and the field depended mass is taken to be in the form

M2(h) = Λ2 + »p

„
|Φ|2 − v 2

2

«
; (A.3)

where Λ2 is the cut-off scale of the EFT, and »p is the portal coupling between the Higgs

field and the BSM fields, which can be related to the non-decouplingness by

r =
»p
2
v 2

Λ2
: (A.4)
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Figure A.1: Plots of the Higgs potential in the naHEFT for Λ = 1TeV ,
»0 = 1, and various values of r .

A.1 Vacuum Stability

It is necessary to verify if the electroweak vacuum is the global minimum of the poten-

tial. After using the stationary and positivity of the minimum to replace m and –, the

potential to study becomes

V (ffi) =
M2
h

8v 2
(ffi2 − v 2)2 +

‰

4
»0

»
[M2(ffi)]2 ln

M2(ffi)

Λ2
− 3

2
[M2(ffi)]2 + 2Λ2M2(ffi)

–
; (A.5)

where

M2(ffi) = Λ2 +
»p
2
(ffi2 − v 2); (A.6)

and the EW minimum is at ffi = v . Fixing Λ = 1TeV and »0 = 1, and for various values

of r , we obtaining the graphs in Figure A.1.

From the figures we conclude that for theories with non-decoupling effects, where r ∼

O(1), the EW minimum is not ensured to be the global minimum. Vacuum stability must
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be verified numerically.

A.2 Perturbative Unitarity

We impose to the theory restriction from perturbative unitarity. The relevant part of the

lagrangian is

L =
1

2
@—h@

—h +
v 2

4

„
1 + 2»V

h

v
+ »V V

h2

v 2

«
Tr
ˆ
@—U

†@—U
˜
− V (h); (A.7)

where

V (h) =
1

2
M2
hh

2 +
»3

3!

3M2
h

v
h3 +

»4

4!

3M2
h

v 2
h4; (A.8)

and the trace can be expanded as

v 2

4
Tr
ˆ
@—U

†@—U
˜
=

1

2
@—ı · @—ı +

1

6v 2
ˆ
(ı · @—ı)2 − ı2(@—ı · @—ı)

˜
+O(ı6): (A.9)

From this expression, the following vertices can be obtained
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Vhhh =− i»3
3M2

h

v
; (A.10)

Vhhhh =− i»4
3M2

h

v 2
; (A.11)

Vhı3ı3 =− i»V
2pı3

1
· pı3

2

v
; (A.12)

Vhı+ı− =− i»V
2pı+ · pı−

v
; (A.13)

Vhhı+ı− =− i»V V
2pı+ · pı−

v 2
; (A.14)

Vhhı3ı3 =− i»V V
2pı3

1
· pı3

2

v 2
; (A.15)

3iv 2Vı+ı−ı+ı− =pı+
1
· pı+

2
+ pı−

1
· pı−

2
(A.16)

− 2(pı+
1
· pı−

1
+ pı+

1
· pı−

2
+ pı+

2
· pı−

1
+ pı+

2
· pı−

2
); (A.17)

3iv 2Vı+ı−ı3ı3 =pı+ · pı3
1
+ pı− · pı3

1
+ pı+ · pı3

2
+ pı− · pı3

2
(A.18)

− 2(pı+ · pı− + pı3
1
· pı3

2
): (A.19)

In order to calculate the amplitudes, we must set on-shell conditions. Here we

neglect the on-shell masses setting them to zero. The amplitudes obtained are:
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A(ı+ı− → ı+ı−) = − u

v 2
− »2

V

v 2

„
s2

s −M2
h

+
t2

t −M2
h

«
; (A.20)

A(ı3ı3 → ı3ı3) = −»
2
V

v 2

„
s2

s −M2
h

+
t2

t −M2
h

+
u2

u −M2
h

«
; (A.21)

A(hh → hh) = −3M2
h

v 2

»
»4 + 3»3

„
M2
h

s −M2
h

+
M2
h

t −M2
h

+
M2
h

u −M2
h

«–
; (A.22)

A(ı+ı− → ı3ı3) =
s

v 2
− »2

V

v 2
s2

s −M2
h

; (A.23)

A(ı+ı− → hh) = − s

v 2
(»V V − »2

V )− 3»3
»VM
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«
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«
; (A.24)

A(ı+ı− → hh) = − s

v 2
(»V V − »2
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»VM

2
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A(ı3ı3 → hh) = − s
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(»V V − »2

V )− 3»3
»VM

2
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A(ı3H → ı3h) = − t

v 2
(»V V − »2

V )− 3»3
»VM

2
h
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„
1 +

M2
h
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h

«
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2
h
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„
−2»V + »V

M2
h
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Z

+ »V
M2
h

u −M2
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«
: (A.27)

The S wave amplitudes are now obtained from the formula

a0(i) =
1

32ı

Z 1

−1

A(i)d cos „; (A.28)

where once again we will have to consider some on-shell conditions for the replace-

ment of t and u to cos „. In order to obtain consistent results with [103], we must now

consider all masses to be non-zero on shell. The results are as follows
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a0(ı
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M2
h

«–
;

(A.29)

a0(ı
3ı3 → ı3ı3) = − M2

h

16ıv 2
»2
V

»
3 +

4M2
Z

M2
h

+
M2
h

s −M2
h

− 2M2
h

s − 4M2
Z

log

„
1 +

s − 4M2
Z

M2
h

«–
;

(A.30)

a0(hh → hh) = − M2
h

16ıv 2

»
3»4 + 9»2

3

M2
h

s −M2
h

− 18»2
3

M2
h

s − 4M2
h

log

„
s

M2
h

− 3

«–
;

(A.31)

a0(ı
+ı− → ı3ı3) =

s

16ıv 2
(1− »2

V )−
M2
h

16ıv 2
»2
V

„
1 +

M2
h

s −M2
h

«
; (A.32)

a0(ı
+ı− → hh) =

s

16ıv 2
(k2V − »V V )

− M2
h

16ıv 2
»2
V

»
3»3 − 2»V + 3»3

M2
h

s −M2
h

+»V
2M2

hp
(s − 4M2

W )(s − 4M2
h)

log

 
s − 2M2

h −
p
(s − 4M2

W )(s − 4M2
h)

s − 2M2
h +

p
(s − 4M2

W )(s − 4M2
h)

!#
;

(A.33)

a0(ı
3ı3 → hh) =

s

16ıv 2
(k2V − »V V )

− M2
h

16ıv 2
»2
V

»
3»3 − 2»V + 3»3

M2
h

s −M2
h

+»V
2M2

hp
(s − 4M2

Z)(s − 4M2
h)

log

 
s − 2M2

h −
p
(s − 4M2

Z)(s − 4M2
h)

s − 2M2
h +

p
(s − 4M2

Z)(s − 4M2
h)

!#
;

(A.34)

which mostly match [103] apart from some details in the term that goes as 1=s and are

thus irrelevant for unitarity constraints.

The S wave scattering matrix can be obtained by
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T0 =

0BBBBBB@
a0(ı

+ı− → ı+ı−) 1√
2
a0(ı

+ı− → ı3ı3) 1√
2
a0(ı

+ı− → hh) 0

1√
2
a0(ı

+ı− → ı3ı3) 1
2
a0(ı

3ı3 → ı3ı3) 1
2
a0(ı

3ı3 → hh) 0

1√
2
a0(ı

+ı− → hh) 1
2
a0(ı

3ı3 → hh) 1
2
a0(hh → hh) 0

0 0 0 a0(ı
3h → ı3h)

1CCCCCCA :

(A.35)

When expanded in powers of s, this matrix will have two relevant components

T0 =
s

32ıv 2
M1 −

1

8ıv 2
M0 +O

„
1

s

«
; (A.36)

where the second matrix shown can be further divided into the following contributions

M0 = M2
hMh +M2

WMW +M2
ZMZ: (A.37)

Two of the matrices can be readily obtained

M1 =

0BBBBBB@
Ã

√
2Ã

√
2B̃ 0

√
2Ã 0 B̃ 0

√
2B̃ B̃ 0 0

0 0 0 −B̃

1CCCCCCA ; (A.38)

Mh =

0BBBBBB@
A 1√

8
B 1√

8
C 0

1√
8
B 3

4
D 1

4
C 0

1√
8
C 1

4
C 3

4
E 0

0 0 0 1
2
F

1CCCCCCA ; (A.39)

where
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Ã = 1− »2
V ; (A.40)

B̃ = »2
V − »V V ; (A.41)

A = B = D = »2
V ; (A.42)

C = »V (3»3 − 2»V ); (A.43)

E = »4; (A.44)

F = 3»V (»3 − »V ) + »V V : (A.45)

By neglecting the gauge boson masses, we obtain the following eigenvalues

t1 =
s

32ıv 2
(»2

V − 1)− M2
h

16ıv 2
»2
V ; (A.46)

t2 =
s

32ıv 2
(1− »2

V )−
M2
h

16ıv 2
3»4 + 5»2

V + 4
p
K(s)

4
; (A.47)

t2 =
s

32ıv 2
(1− »2

V )−
M2
h

16ıv 2
3»4 + 5»2

V − 4
p
K(s)

4
; (A.48)

t4 =
s

32ıv 2
(»V V − »2

V )−
M2
h

16ıv 2
(3»V (»3 − »V ) + »V V ); (A.49)

where

K(s) = ∆1
s2

M4
h

−∆2
s

M2
h

+
1

16

ˆ
9»2

4 + »2
V (73»

2
V − 144»3»V + 108»2

3 − 30»4)
˜
; (A.50)

∆1 = (»2
V − 1)2 − 3

2
(»2

V − 1)(»V V − 1) +
3

4
(»V V − 1)2; (A.51)

∆2 =
9

2
»3»V (»

2
V − »V V ) +

3

4
»4(»

2
V − 1)− 1

4
»2
V (17»

2
V − 12»V V − 5): (A.52)

Finally, by replacing ∆»3;4 over r;Λ, and neglecting order ∆»2
V;V V , the eigenvalues

can be written as
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t1 =
Λ2

16ıv 2
∆»V ; (A.53)

t2 = − 3Λ2

64ıv 2

»
∆»V V +

4

3
‰»0r

3(6− r)
Λ2

v 2

–
; (A.54)

t3 = − Λ2

8ıv 2

»
∆»V − 3

8
∆»V V +

3

2
‰»0r

3(2− r)
Λ2

v 2

–
; (A.55)

t4 = − Λ2

32ıv 2

»
2∆»V −∆»V V + 8‰»0r

3Λ
2

v 2

–
: (A.56)
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