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Abstract

Let G be a finite p-solvable group. For a given p-block B of G, we define a canonical pair
(K, A), refered to as a nucleus for B, where K is a subgroup of G and A is a block of K of
maximal defect, defined uniquely by B up to G-conjugacy. The irreducible characters (ordi-
nary or modular) associated with B are closely related to those associated with A. Also, not

surprisingly, (K, A) is just (G, B) in case B is of maximal defect.
Given a normal subgroup N of G and a block b of N, we show that there exist a nucleus
(N ,Z) for b and a subgroup Gof G containing N as a normal subgroup such that the blocks of

G covering b behave quite analogously to those of G covering b.

1. Introduction

Fix a prime p and let G be a finite group. Next, let BI(G) be the set of p-blocks of G.
Recall that a block B € BI(G) is said to be of maximal defect if it has a Sylow p-subgroup
of G as a defect group. Since the principal block of G is of maximal defect, then it is clear
that a block B of G is of maximal defect if and only if B is of maximal defect in BI(G). It is
well known that, in general, a block is not of maximal defect, and in some situations blocks
of maximal defect are more amenable to proving the validity of certain statements about
blocks.

Assume now that G is p-solvable and let B be a block of G. In this paper, we associate
with B a canonical pair (K, A), where K is a subgroup of G and A is a block of K of maximal
defect, defined uniquely by B up to G-conjugacy such that A® is defined and equals B and
any Sylow p-subgroup of K is a defect group for B. As might be expected, (K, A) is just
(G, B) in case B is of maximal defect. Any such pair (K, A) is said to be a nucleus for B,
and we refer to A as a nucleus block for B. (We should mention that we have borrowed the
term nucleus from [6], where G. Navarro constructed, in a somewhat similar manner, the
(normal) nucleus of an irreducible character of a p-solvable group.)

If A is a nucleus block for B, then the irreducible characters (ordinary or modular) associ-
ated with B are closely related to those associated with A. In fact, character induction defines
height-preserving bijections from Irr(A) onto Irr(B) and from IBr(A) onto IBr(B), where, as
is customary, Irr(A) (resp. IBr(A)) is the set of ordinary (resp. p-Brauer) irreducible charac-
ters belonging to the block A.

We continue to assume that G is p-solvable. Let now N be a normal subgroup of G and
b a block of N. We denote by BI(G|b) the set of blocks of G that cover b. A block B of G
covering b is said to be of maximal defect in BI(G|b) if the defect of B is greatest among
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the defects of all the members of BI(G|b). Next, given B € BI(G|b) and u € Irr(b), we write
Irr(B|u) for the set of all characters in Irr(B) that lie over u. The first of our main results
shows that there exist a nucleus (ﬁ ,/b\) for b and a subgroup Gof G containing N as a normal
subgroup such that the blocks in Bl(é |79\) behave quite analogously to those in BI(G|b).

Theorem A. Let N < G, where G is p-solvable and let b be a block of N. Then there
exist a nucleus (I/V\ ,Ib\) for b and a subgroup G of G containing N as a normal subgroup such
that the following statements hold.

(@ GNN =N.

(b) b is G-stable.

(c) Block induction deﬁnes a bijection from Bl(GIb) onto BI(G|b).

(d) Suppose Be Bl(GIb) Then any defect group of B is one for BS. Furthermore, B is
of maximal defect in BI(G) if and only if BS is of maximal defect in BI(G|b).

(e) If Be Bl(Glb) then induction defines height-preserving bljectzons Jrom Irr(B) onto
Irr(BG) and from IBr(B) onto IBr(BG). Moreover, if 6 € Irr(B) and ¢ € IBr(B), then
it holds that dg, = dge 6.

) Given Be Bl((? |Z) and p € Irr(b), it holds that

Irr(BC|w) = {6° : 6 € Irr(B[@)).
where W is the unique character in Trr(b) such that = p.

Let now B be an arbltrary block in BI(Gl|b). Then, using Theorem A, we can show that
there exist a nucleus (N b) for b, a subgroup G( of G containing N as a normal subgroup
and a block By € Bl(Golb) of maximal defect in Bl(Gy) such that the character theory of B
”is similar” to that of By.

Theorem B. Let N < G, where G is p-solvable and let B and b be blocks of G and N,
respectively, such that B covers b. Then there exist a nucleus (]V j)\) for b, a subgroup Gy of
G containing N as a normal subgroup and a block By of Gy of maximal defect such that the
Jollowing statements hold.

(@) GoNN =N.

(b) By covers .

(c) By is defined and equals B.

(d) Every defect group of By is one for B.

(e) Induction defines height-preserving bijections from Irr(By) onto Irr(B) and from
IBr(By) onto 1Br(B). Furthermore, if 6 € Irr(By) and ¢ € 1Br(By), then it holds
that dggo = dgG‘pG

2. The nucleus of a block

Throughout the remainder of this paper we fix a p-solvable group G, where p is a prime
number. We denote by P the set of all pairs (H, b), where H is a subgroup of G and b is a
block of H. Then G acts by conjugation on P by (H, b)? = (H?,b?). Now given a block B of
G, we let Np the set of all those pairs (H, b) in P such that H < G, b is of maximal defect
and B covers b. It is clear that ((1), b(1y) € N, where b1y is the unique block of the identity
subgroup (1) . Also, notice that N3 is closed under the conjugation action of G. Next, for
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pairs (H,b) and (H’,b’) in N'g, we write (H,b) < (H',b’),if H C H' and b’ covers b. This
clearly defines a partial order on Ng.

Lemma 2.1. Let B be a block of G. Then there is a unique conjugacy class of maximal
pairs in Np.

Proof. Suppose (M1, b;) and (M, by) are maximal pairs in N3. Since, clearly, any G-
conjugate of a maximal pair is also maximal, it suffices to show that (M, b;) and (M>, b,)
are conjugate in G.

Since both M, and M, are normal in G, then so is M{M,. Now choose a block b of MM,
covered by B and covering b;. Next, as B covers both b and b,, it follows that b covers some
G-conjugate of b,. There is, thus, no loss in assuming that b covers b;.

Let D be a defect group of B. It follows by [4, Theorem 5.5.16(ii)] that DN M, and DN M,
are Sylow p-subgroups of M| and M,, respectively. We claim that D N (M| M>) is a Sylow
p-subgroup of M| M,.

We have

DM |p| M, |DI| M|, M|, _ |DlIM;,
(DMy) N\ Mal, — 1D 0 MI(DMy) 0 My, — [((DMy) 0 My,
Now, since D N M, C (DM;) " M, € M>, and D N M, is a Sylow p-subgroup of M,, we
must have [(DM;) N M|, = |M5|,. It follows that [(DM)M5|, = |D|. On the other hand,
|D||M M-,
ID N (M My)|
Hence |D N (M M,)| = |[MM5|,, which proves our claim.
In view of [4, Theorem 5.5.16(ii)], we conclude that (M M,, b) € N'g. By the maximality

of (M, by) and (M>, b»), we are then forced to have (M, b,) = (M, M>, b) = (M>, by), which
clearly completes the proof of the lemma. m|

[((DM)M>|, =

|(DM1)M,|, = |D(MM>)|, =

Lemma 2.2. Let B be a block of G and choose a maximal pair (M, b) in Ng. If b is
invariant in G, then (M, b) = (G, B).

Proof. Suppose, on the contrary, that M < G. Let L/M be a chief factor of G, and observe
that since G is p-solvable, L/M is either a p-group or a p’-group. (See [2, p. 5].)

Suppose L/M is a p-group. By Corollary 5.5.6 in [4], there is a unique block b’ of L
covering b. Since B covers b, then b’ must be covered by B. Now let P and R be defect
groups of b and &', respectively. Since L stabilizes b, we have that |R| = |P||L : M|, by [4,
Theorem 5.5.16(1)]. It follows that R is a Sylow p-subgroup of L as P is a Sylow p-subgroup
of M. Then (L,b’) € N, which clearly contradicts the maximality of (M, b). Hence L/M
must be a p’-group.

Choose a block b’ of L covered by B and covering b. If P is a defect group of b, then P is
contained in some defect group R of b’ by [4, Theorem 5.5.16(ii)]. Next, since P is a Sylow
p-subgroup of M and L/M is a p’-group, then P must be a Sylow p-subgroup of L. This
forces R = P. Therefore (L,b’) € N, contradicting the choice of (M, b). This clearly ends
the proof of the lemma. m|

Let B be a block of G. A nucleus for B is any pair (K,A) € P defined inductively as
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follows. If B is of maximal defect, we let (K,A) = (G, B). Now if B is not of maximal
defect, choose a maximal pair (M, b) in N, and note that M < G. Let T be the inertial
group of b in G, and let B’ be the Fong-Reynolds correspondent of B over b. Since M < G,
Lemma 2.2 implies that 7 < G. By the inductive hypothesis, a nucleus for B’ is well defined.
Take (K, A) to be any nucleus of B’.

Next, we record the following couple of facts about nuclei for future use.

Corollary 2.3. Let B be a block of G. Then

(a) The set of nuclei of B consists of a single G-conjugacy class of pairs.

(b) If(K,A) is a nucleus for B, then A is of maximal defect.

(c) If (H,p) € Np, then there exists a nucleus (K,A) of B such that H C K and S is
covered by A.

Proof. We proceed by induction on |G|. Suppose first that B is of maximal defect. Then
the unique nucleus of B is (G, B), and there is nothing to prove. Assume now that B is not
of maximal defect.

By choosing a maximal pair (M, b) in Nz, we have M < G. Then, in light of Lemma
2.2, the inertial group T of b is a proper subgroup of G. Let B’ be the Fong-Reynolds cor-
respondent of B over b. Then the inductive hypothesis ensures that the set of nuclei of B’
consists of a single 7T-conjugacy class of pairs. Next, by Lemma 2.1, any other maximal pair
in N3 is of the form (M, b?) for some g € G. Then the block B’? of TY is the Fong-Reynolds
correspondent of B over b?, and by the construction of the nucleus of a block, it follows that
{(K,A) : (K,A) is a nucleus for B’} is precisely the set of nuclei of B’?. This takes care of
(a).

For (b), suppose (K, A) is a nucleus for B. Then there exists a maximal pair (M, b) in N
such that (K, A) is a nucleus for the Fong-Reynolds correspondent B’ of B over b. Since B’
is a block of the inertial group 7 of » in G and T < G, the inductive hypothesis guarantees
that A is of maximal defect.

Finally, we prove (c). Suppose that (H,8) € N. Then there exists a maximal pair (M, b)
in N such that (H, 8) < (M, b). It follows that (H, 8) € N, where B’ is the Fong-Reynolds
correspondent of B over b. By the inductive hypothesis, there is a nucleus (K, A) for B’ such
that H C K and 8 is covered by A. Since (K, A) is a nucleus for B, part (c) follows. m]

Our next result establishes some connections between a block and its nuclei. Toward that
end, the following easy and quite general lemma is needed.

Lemma 2.4. Let L be a subgroup of an arbitrary finite group H. Suppose B and B’ are
blocks of H and L, respectively, such that induction defines bijections from Irr(B’) onto Irr(B)
and from IBr(B’) onto IBr(B). Then dg, = dgnyu for 6 € Irr(B’) and ¢ € 1Br(B’).

Proof. Let 6 € Irr(B’). Then
O =@ =( Y dagp) = D due,

welBr(B) welBr(B’)

where (67)° (resp. 6°) is the restriction of 67 (resp. 6) to the set of p-regular elements of H
(resp. L). It follows that dgun = dg, for every ¢ € IBr(B’), as needed to be shown. |
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Theorem 2.5. Let B be a block of G with nucleus (K, A). Then

(a) AC is defined and equals B.

(b) A and B have a common defect group.

(¢) Induction defines height-preserving bijections of Irr(A) onto Irr(B) and of 1Br(A)
onto 1Br(B). Consequently, dg, = dysc for all 6 € Irr(A) and all ¢ € IBr(A).

Proof. We proceed by induction on |G|. Suppose first that B is of maximal defect. Then
A = B and, in this case, all assertions are immediate. We may now assume that B is not
of maximal defect. Then there is a maximal pair (M, b) in N such that if T is the inertial
group of b in G and B’ is the Fong-Reynolds correspondent of B over b, then (K, A) is a
nucleus for B’. Since T < G, the inductive hypothesis guarantees that all three assertions
hold with B’ in place of B.

By [4, Theorem 5.5.10(i)], we have that B’ is defined and equals B. Since A7 is de-
fined and equals B’, it follows by Lemma 5.3.4 in [4] that AY is defined and equals B. This
proves (a). Next, the blocks A and B’ have a common defect group. Also, by [4, Theorem
5.5.10(iv)], any defect group of B’ is one for B. Part (b) is then immediate.

For (c), the inductive hypothesis ensures that the map ¢ +— &7 induces a height-
preserving bijection from Irr(A) onto Irr(B’). Then, using [4, Theorem 5.5.10(ii)] and [5,
Theorem 9.14(d)], we conclude that the correspondence & — &9 defines a height-preserving
bijection from Irr(A) onto Irr(B). The proof of the analogous statement for IBr(A) and IBr(B)
is similar. Finally, the last assertion of (c) is immediate from Lemma 2.4. m]

We have accumulated enough information to be able to describe the nuclei of a block of
a p-nilpotent group. Suppose, then, that G is p-nilpotent and let B € BI(G). Choose a block
B of O,(G) covered by B. Next, let J be the inertial group of 8 in G, and let B € BI(J) be
the Fong-Reynolds correspondent of B over 8. We shall see that (J, B) is a nucleus for B.

Since O, (J) = O,(G) and J stabilizes g, then [5, Theorem 10.20] says that B is the
unique block of J covering 5, and that the Sylow p-subgroups of J are precisely the defect
groups of B.In particular, we can then write J = DO, (G) for some defect group D of B.

Next, since (0,(G),p) € N, then in view of Corollary 2.3(c), there is a nucleus (K, A)
for B such that O,(G) € K and A covers . Let P be a Sylow p-subgroup of K. Then
K = PO,/(G), and by Corollary 2.3(b), we have that P is a defect group for A.

We argue now that K C J. It is clear that K N J is the inertial group of S in K. Now, let A
be the Fong-Reynolds correspondent of A over . Then, by [4, Theorem 5.5.10(iv)], there is
k € K such that P* is a defect group for A. Since PXO,(G) € K nJ C K = PO, (G), and
|P¥| = |P], it follows that K N J = K. This clearly proves that K C J, as claimed.

Since P is a defect group for A, then, by Theorem 2.5(b), we have that P is a defect
group for B. Next, recall that D is a defect group for B. Then D is a defect group for
B by [4, Theorem 5.5.10(iv)]. Therefore, P and D are conjugate in G, and consequently
[/l = IDI|O,(G)| = |P||0,(G)| = |K|. Now, as K C J, we conclude that K = J. Since A
covers (3, and B is the unique block of J covering S, it follows that A = B. Thus (J,B) is a
nucleus for B, as needed.
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3. Nuclei and normal subgroups

We begin this section by fixing some notation. Let H be a finite group and let N be a
normal subgroup of H. Let b be a block of N and suppose u € Irr(N). The set of irreducible
characters of H lying over u is denoted by Irr(H|w). Also, we write BI(H|b) for the set of
blocks of H that cover b. Next, suppose that u € Irr(b) and B € BI(H|b). We denote by
Irr(B|w) the intersection Irr(B) N Irr(H|w).

In order to prove Theorem A, we need a couple of preliminary lemmas.

Lemma 3.1. Let N < H, where H is an arbitrary finite group. Let B and b be blocks of
H and N, respectively, such that B covers b.

(a) Suppose b is H-stable of maximal defect and B is weakly regular (relative to N).
Then B has a Sylow p-subgroup of H as a defect group.

(b) Suppose u € Irr(b) and let B” be the Fong-Reynolds correspondent of B over b. Then
character induction defines a bijection of Irr(B’|u) onto Irr(B|w).

Proof. Part (a) follows immediately from [4, Theorem 5.5.16(i)]. Next, in view of [4,
Theorem 5.5.10(ii)], induction defines an injective map from Irr(B’|u) into Irr(Blu). Now
suppose y € Irr(Blu). Then there is a unique character 6 € Irr(B’) such that 6 = y. Since y
lies over y, then 6 lies over " for some h € H. Also, as b is the unique block of N covered
by B’, notice that i € Irr(b). It follows that b" = b, as u € Irr(b). Therefore h lies in the
inertial group T of b in H, and hence 6 must lie over u. This clearly completes the proof of
(b). O

Lemma 3.2. Let M C N be normal subgroups of a finite group H. Let 8 be a block of M
with inertial group I in H, and set J = I N N. Suppose B € BI(H|B) and b € BI(N|B), and let
B’ € BI(I|B) and b’ € BI(J|B) be the Fong-Reynolds correspondents of B and b, respectively.
Then the following statements hold.

(a) Suppose v € Irr(B), y € Irr(I[v) and T € Irr(J|v). Then " € Irr(H) and ™ € Irr(N).
Furthermore, J < I, and y lies over T if and only if x" lies over V.

(b) B covers b if and only if B’ covers b'.

(c) Suppose B covers b and let T € Irr(b’). Then v € Irr(b) and Irr(B|t™) = [} : y €
Irr(B'|1)}.

Proof. Let Iy be the inertial group of v in H and let Jo = Iy N N. Then Iy C I, Jy C J,
Jo < Iy and J < I. Next, let yo and 7o be the unique characters in Irr(/p|v) and Irr(Jplv),
respectively, such that yo’ = y and 7o/ = 7. (See [1, Theorem 6.11].) Then, by Lemma 2.6
in [3], we have that y lies over 7 if and only if y lies over 7y. Next, by Theorem 6.11 in [1],
we have yo! € Irr(H|v) and 73" € Irr(N|v). Moreover, by [3, Lemma 2.6], again, it holds
that o lies over 7o" if and only if yq lies over 7. Since y! = yo and " = 7V, the proof
of (a) is complete. Next, we prove (b).

Since both B’ and b’ cover 3, we can choose v € Irr(B), y € Irr(B’|v) and 7 € Irr(d’|v). By
part (a), xy' € Irr(H), ™V € Irr(N), and y lies over 7 if and only if y* lies over V. Also, in
light of [4, Theorem 5.5.10(ii)], note that y* € Irr(B) and 7V € Irr(b).

Suppose B’ covers b’. Then y can be chosen to lie over 7. Therefore, ' lies over 7,
and hence B covers b. Conversely, suppose B covers b. Then, there exists a character & €
Irr(B|t™™). Since 7V lies over v, then so does &. It follows by Lemma 3.1(b) that there is
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€ Irr(B'|v) such that 7 = &. We conclude, then, by (a), that £ lies over 7. Hence B’ covers
b’. We have thus established (b). Finally, we prove (c).

Assume B covers b and let T € Irr(b’). We know that 7V € Irr(b). Now suppose y €
Irr(B’|r). Then " € Irr(B). Moreover, by choosing a character v € Irr(3) under 7, it follows
by (a) that y* € Irr(B|t"). Next, assume & € Irr(B|r"). Then, as in the preceeding paragraph,
& = M for some character £ € Irr(B’|r). This proves (c) and concludes the proof of the
lemma. m|

We are now ready to prove Theorem A.

Proof of Theorem A. Let T be the inertial group of b in G. Suppose first that b is of
maximal defect. Then (N, b) is the unique nucleus for b. In this case, we let (]V ?)\) = (N,b)
and G = T. Now assertions (a) and (b) are clearly satisfied, and (c) is direct from [4, Theorem
5.5.10(1)]. Next, suppose B € Bl(GIb) Then, by Theorem 5.5.10(iv) in [4], any defect
group for B is one for BC. It follows by [4, Theorem 5.5.16(i)] that BY is weakly regular
relative to N if and only if B is weakly regular (relative to N), and if such is the case,
Lemma 3.1(a) tells us that B has a Sylow p-subgroup of G as a defect group. This completes
the proof of (d). Next, by [4, Theorem 5.5.10(ii)] and [5, Theorem 9.14(d)], character
induction defines a height-preserving bijection of Irr(E) onto Irr(EG). A similar argument
establishes the analogous statement for IBr(E) and IBr(EG). Now, by Lemma 2.4, it holds
that dgy, = dyoge for all 6 € Irr(E) and all ¢ € IBr(E). The proof of (e) is then complete.
Finally if 4 € Irr(b), then u = u (as b = b), and part (f) follows from Lemma 3.1(b). We
have thus settled the case, in which b is of maximal defect. We can assume, therefore, that b
is not of maximal defect, and we proceed by induction on |N|.

Choose a maximal pair (M, ) in N}. Since M is uniquely determined by b and b is T-
stable, note that 7 normalizes M. Let I be the inertial group of Sin T and J = I N N (the
inertial group of 8 in N). Next, let o’ be the Fong-Reynolds correspondent of b over 3. Then
b’ is a block of J, and as N < G, note that J < I. Now, since b is not of maximal defect, we
have J < N by Lemma 2.2. Then, by the inductive hypothesis, there exist a nucleus (]’V\ ,Z)
for b’ and a subgroup GofI containing N as a normal subgroup such that assertions (a)-(f)
all hold with 7, J and b’ in place of G, N and b.

Now, by definition, (ﬁ 77\) is a nucleus for b, and we need to establish statements (a)-(f)
for G, N and b. First, note that (b) is clearly satisfied. Assertion (a) also holds as GNN =
GNINN=GnJ =N, where the last equality holds by the inductive hypothesis. Our next
task is to prove (c).

We have that block induction defines a bijection I' from B1(§ IZ) onto BI(/|b’). Next, we
claim that induction also defines a bijection from B1(/|6”) onto BI(T'|b).

Recall that / is the inertial group of 8 in 7. Then, Theorem 5.5.10(i) of [4] tells us that
block induction defines a bijection A from BI(/|8) onto BI(T'|8). Since both b and b’ cover 3,
it is clear that B1(T'|b) € BI(T'|8) and BI(/|b") C BI(I|B). Then, in view of Lemma 3.2(b), it
follows that A maps BI(/|b") onto BI(7'|b). This clearly proves our claim.

Next, we have that 7 is the inertial group of b in G. Then, owing to [4, Theorem 5.5.10(1)],
once more, block induction gives us a bijection ® from Bl(TIb) onto BI(G|b). Now let A
be the composite 'A®. Then A is a bijection from Bl(GIb) onto BI(G|b). Furthermore, by
Lemma 5.3.4 in [4], A is just block induction. This proves (c).
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Now let B € Bl((’}\l’b\). By the inductive hypothesis, any defect group D of B is one for
B!. Next, since B is the Fong-Reynolds correspondent of BT over B and BT is the Fong-
Reynolds correspondent of BY over b, we have, by Theorem 5.5.10(iv) in [4] that D is a
defect group for BS.In particular, we conclude that the bijection A preserves block defects.
It follows, then, that B is of maximal defect in BI(G|b) if and only if B is of maximal defect
in BI(G|b). Next, since b is G-stable of maximal defect, we have, in light of Lemma 3.1(a)
and [4, Theorem 5.5. 16(1)] that B is of maximal defect in Bl(Glb) if and only if B is of
maximal defect in Bl(G) Therefore, B is of maximal defect in BI(G) if and only if BY is of
maximal defect in BI(G|b). We have, thus, completed the proof of (d). Next, we take care of
(e).

By the inductive hypothesis, character induction defines a height-preserving bijection of
Irr(E) onto Irr(EI ). Next, by [4, Theorem 5.5.10(ii)] and [5, Theorem 9.14(d)], induction also
defines height-preserving bijections from Irr(E’ ) onto Irr(ET) and from Irr(ET) onto Irr(EG).
It follows that character induction yields a height-preserving bijection of Irr(E) onto Irr(EG).
A similar argument proves the parallel statement for IBr(E) and IBr(EG). Then, in light of
Lemma 2.4, we conclude that dg, = dgo.c for any 6 € Irr(§) and any ¢ € IBr(E). This takes
care of assertion (e). Finally, we prove (f).

We have 1’ € Irr(b’), and by the inductive hypothesis,

Irr(B'[7)) = {6' - 6 € Irr(B|)).
Next, recall that the block BT covers b. Then, in light of Lemma 3.2(c), we have
Irr(B |y = {x" : y € Im(B' @)} = {67 : 6 € Ie(BI)}.

Next, since B” is the Fong-Reynolds correspondent of BS over b, Lemma 3.1(b) implies that
Irr(BC|u) = (Y 1y € Irr(ETlu)}. It follows that Irr(B%|u) = {6 : @ € Irr(B[w)}. This proves
(f), and completes the proof of the theorem. m|

Next, we prove Theorem B.

Proof of Theorem B. Choose a nucleus (ﬁ ,Z) for b and a subgroup G of G as in Theorem
A. Now by Theorem A(c), there is a unique block B e Bl(a IZ) such that B¢ = B. Since
(N b) € Nz B Corollary 2.3(c) tells us that there exists a nucleus (G, By) for B such that
N C Gy and By covers b. Observe that the block By is of maximal defect and that N < Go,
as G normalizes N.

Since GAN =N by Theorem A(a) and NC GoNN C Gn N, assertion (a) follows. Next,
part (b) is clear.

We have that Bog is defined and equals Eby Theorem 2.5(a). Now, as BC = B, Lemma
5.3.4 of [4] implies that By is defined and equals B. This is (c). Next, statement (d) follows
by Theorem 2.5(b) and Theorem A(d). Finally, assertion (e) is a consequence of Theorem
2.5(c) and Theorem A(e). This finishes the proof of Theorem B. m]

It is natural to seek connections between the nuclei of a block and the Harris-Knorr cor-
respondence. Our final result of this section offers a connection in that direction. In order to
prove this result, we need the following general fact about the Harris-Knorr correspondence.
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Lemma 3.3. Let H C K be normal subgroups of the arbitrary (finite) group T, and let 3,
b and B be blocks of H, K and I, respectively, such that B and b cover 3. Let Q be a defect
group of B, and let B € BI(Ny(Q)) be the Brauer correspondent of 5. If B' € BI(Nr(Q)|8")
(resp. b" € BINg(Q)|B")) is the Harris-Knorr correspondent of B (resp. b), then B covers b
if and only if B" covers b’.

Proof. First, assume that B covers b. Since b’ covers 5" and 8’ has defect group Q, then
by [5, Theorem 9.26], we can choose a defect group P of b’ such that PN Ng(Q) = Q. Also,
in view of [5, Theorem 9.28], note that P is a defect group of . Now, by [5, Theorem 9.26]
again, as 3 has defect group Q, there exists x € K suchthat PN H = Q. Since Q C PN H
and |P N H| = |P* N H|, it follows that PNH = Q. Then, as H < I', we have Np(P) € Nr(Q).

Letb € BI(Nk(P)) be the Brauer correspondent of b, and let B € Bl(Nr(P)lg) be the
Harris-Knorr correspondent of B. Since Ng(P) € Ng(Q), and b has defect group P, [4,
Theorem 5.3.8] says that H5N<©@ is defined and has defect group P. Then, as bX is defined
and equals b, we conclude by [4, Lemma 5.3.4] that (5N«@)K is defined and equals b.

Now both & and BN*@ are blocks of Ng(Q) having P as a defect group. Since (b')K =
b = (BN<)K it follows by [4, Theorem 5.3.8] that bN<@ = p’. Consequently, as b has
defect group P and Ny, () (P) = Ng(P), the block b is the Brauer correspondent of »” in
N, (0)(P). Next, since Ny, (o)(P) = Np(P) and B € BI(NR(P)[b), then [5, Theorem 9.28]
implies that BN'@ s defined and covers b’. Thus, in particular, the block BN'(@ covers .
Now, by [5, Theorem 9.28] again, (ENF(Q))F is defined and covers . Next, in view of [4,
Lemma 5.3.4], we have (ENF(Q))r = B' = B. Since B’ € BI(Nr(Q)|B) is the Harris-Knorr
correspondent of B, we are forced to have BN@ = B’. We conclude, then, that B’ covers b’

Now, assume that B’ covers b’. Our goal is to show that B covers b. First, recall that b is
the Brauer correspondent of 5" in Ny, (g)(P). Let now B € Bl(Np(P)|Z) be the Harris-Knorr
correspondent of B € BI(IN(Q)|b’) (recall that Ny, (g)(P) = Nr(P)). Since (Bo)N'@ = B
and (B')' = B, then by [4, Lemma 5.3.4], (By)" is defined and equals B. Now, as B covers
B, then [5, Theorem 9.28] tells us that B covers b, as needed to be shown. O

Theorem 3.4. Let B € BI(G) and suppose (H,B) € Np. Let Q be a defect group of B
and let ' € BI(Ny(Q)) be the Brauer correspondent of 8. Also, let B' € BI(Ng(Q)|B") be
the Harris-Knorr correspondent of B. If (K, A) is any nucleus of B with (H, ) < (K, A), then
(Nk(Q),A") is a nucleus of B’, where A’ € BI(INg(Q)|B’) is the Harris-Knorr correspondent
of A.

Proof. First, we prove by induction on |G| that there exists a nucleus (J,C) of B with
(H,B) < (J,C) such that (N;(Q),C’) is a nucleus of B’, where C’ € BI(N,(Q)|5’) is the
Harris-Knorr correspondent of C.

Choose a maximal pair (M, b) in Ny with (H,8) < (M,b), and let b’ € BI(Ny(Q)|B)
be the Harris-Knorr correspondent of b. Since B covers b, note, by Lemma 3.3, that B’
covers b’. Next, in view of [5, Theorem 9.28], the blocks b and &’ have a common defect
group. Now, as Ny (Q) € M and b is of maximal defect, then b’ is of maximal defect. We
conclude, then, that the pair (N;(Q), b’) lies in Nz.. Now, we claim that, in fact, (N/(Q), b")
is maximal in Np.

Suppose, on the contrary, that (N,(Q), b’) is not maximal in N . Then, there is (U, by) €
Ny with (N (0), b)) < (U, by) and [N(Q)| < |U|. Now write L = HU. Then,
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NL(Q) = LN Ng(Q) = HU NNg(Q) = UNH(Q) = U,

where the last equality holds since Ny(Q) is contained in U. Next, as Q is a Sylow p-
subgroup of the normal subgroup H of G, we have G = HNg(Q) by the Frattini argument.
Since U <1 Ng(Q), it follows that L is normal in G. Also, as M = HNy,(Q) and Ny (Q) C U,
we have that M C L.

Choose a Sylow p-subgroup P of U. As Q < U, we have Q C P. Also, note that P is a
defect group for by. Now, since

\H|,\Ul,  H,IUl, |,
HAUl,  IHONGQ),  IN#(Q),

we see that P is a Sylow p-subgroup of L. Also, as by covers b’ and b’ covers 3’, we observe
that by covers . Then, by [5, Theorem 9.28], (by)* is a block of L covering 8 and having P
as a defect group. Furthermore, since B’ covers by, we have that B covers (by)" by Lemma
3.3. We conclude, then, that (L, (by)*) € N. Next, since by covers b’, then, again by Lemma
3.3, the block (by)* covers b. Now, by the maximality of the pair (M, b), we are forced to
have L = M. Then U = N.(Q) = Ny/(Q), which contradicts our assumption that Ny, (Q) is
proper in U. We have thus proved that (N,(Q), b’) is maximal in N, as claimed.

Next, let S be the inertial group of b’ in Ng(Q), and write T = HS. Our task now is to
show that T is the inertial group of b in G. First, if t € T, then ¢t = hs for some 4 € H and
s € S. Now,

LI, = =1Ul,,

bt — bhs =D’ = ((b/)M)s — ((bl)S)M — (b/)M — b,

where the second equality holds, since 4 € H C M. This shows that T stabilizes b. It remains
to show that, in fact, T is the full stabilizer of b in G. Let then g € G with b = b. We can
write g = h'n, where i’ € H and n € Ng(Q). Hence " = b. Therefore, in particular, b
covers the block " € BI(H). It follows that 8" = g" for some m € M. Furthermore, as
M = HN/(Q), we may assume that m € Ny (Q). Now nm~' € Ng(Q), and so (ﬂ’)’””_1 is a
block of Ny (Q) having Q as a defect group (recall that Q is a defect group of 5’). Moreover,
we have

(@Y™ HH = ()™ =g =B.

Since ' is the Brauer correspondent of 8 in Ny(Q), we are forced to have (,8/)”an =f.
Now, the block (b’)’"”_l of Ny(Q) covers 8’ and

((b/)nm’l)M — ((b/)M)nnfl — bnm" — bm’] =b.
It follows, by [5, Theorem 9.28], that (b’)”’"il = b’. Then, as m € Ny (Q), we get (b')" =
(') = b'. Therefore n € S, and hence g = h’'n € HS = T. This proves that T is the inertial
group of b in G, as needed to be shown.

Next,

N7(Q) = T N Ng(Q) = HS N Ng(Q) = SNu(Q) = §,

where the last equality holds, since Ny(Q) C S.
Suppose first that 7 = G. Then S = Ng(Q), and by Lemma 2.2, we conclude that B and
B’ are both of maximal defect. Therefore, (G, B) (resp. (Ng(Q), B’)) is the unique nucleus
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for B (resp. B’). In this case, (J, C) is precisely (G, B).

Assume now that T < G. Since T = HS, notice that § < Ng(Q). Let B e BI(S) be the
Fong-Reynolds correspondent of B’ over b’. Then B covers ', and hence, by [5, Theorem
9.28], (E)T is defined and covers . Also, in view of Lemma 3.3, note that (E)T covers b.
Next, we have (B)N¢(@ = B’ and (B')® = B. It follows by [4, Lemma 5.3.4] that (B)C is
defined and equals B. Then, by [4, Lemma 5.3.4] again, we conclude that ((E)T)G is defined
and equals B. It follows that (E)T is the Fong-Reynolds correspondent of B over b. Now by
the inductive hypothesis, there is a nucleus (J, C) of (E)T with (H,B) < (J,C) and such that
(N;(Q), ) is anucleus of B, where C’ € BI(N,(Q)|B’) is the Harris-Knorr correspondent of
C. Since, by the definition of nuclei, (J, C) (resp. (N;(Q), C")) is a nucleus of B (resp. B’),
we are clearly done in this case.

Now to complete the proof of the theorem, we let (K, A) be an arbitrary nucleus of B such
that (H,3) < (K,A). We know that B has a nucleus (J, C) with (H,) < (J,C) such that B’
has nucleus (N,(Q), C"), where C’ € BI(N;(Q)|B’) is the Harris-Knérr correspondent of C.
Then, by Corollary 2.3(a), (K,A) = (J,C)* for some x € G. Furthermore, as G = HNg(Q)
and H C J, we may assume that x € Ng(Q). Now C covers both blocks 8 and ,8"_1 of H. It
follows that Bx_l = pY for some y € J. Since J = HN,(Q), we may assume that y € N;(Q).
Now yx € Ng(Q), and so (8")" is a block of Ny (Q) with defect group Q. Moreover,

(B! = (" = p* = B.

Then, we must have (8)Y* = 8. Now, since y € N;(Q), C’ € BI(IN,(Q)|8’) and J¥* = J* = K,
we get (C')* = (C")¥* € BI(Ng(Q)|B'). Also,

(CHH =y = ¢y =c = A.

Therefore, (C’)* = A’, the Harris-Knorr correspondent of A. Finally, in view of Corollary
2.3(a), since x € Ng(Q) and (N,(Q), C’) is a nucleus of B’, we conclude that (Ng(Q),A’) =
(Ny(Q), C")* is a nucleus of B’. The proof of the theorem is now complete. m]

AckNOWLEDGEMENTS. The author would like to thank the referee for his or her valuable
comments and suggestions.

References

[1] L.M. Isaacs: Character Theory of Finite Groups, Academic Press, New York, 1976.

[2] LM. Isaacs: Characters of Solvable Groups, Amer. Math. Soc., Providence, R.I., 2018.

[3] A. Laradji: Brauer characters and the Harris-Knorr correspondence in p-solvable groups, J. Algebra 324
(2010), 749-757.

[4] H. Nagao and Y. Tsushima: Representations of Finite Groups, Academic Press, London, New York, 1989.

[5] G. Navarro: Characters and Blocks of Finite Groups, Cambridge University Press, New York, 1998.

[6] G. Navarro: Vertices for characters of p-solvable groups, Trans. Amer. Math. Soc. 354 (2002), 2759-2773.



310

A. LARADJI

Department of Mathematics
College of Sciences

King Saud University

P.O. Box 2455, Riyadh 11451
Saudi Arabia

e-mail: alaradji @ksu.edu.sa




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.53333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 150
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


