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Abstract
The paper investigates the asymptotic of almost surely extreme values of discrete random
variables. The answers are given to some questions that remained open. Applications to the
geometric distribution and the Poisson distribution are presented. The example of the birth and
death process is also studied.

1. Introduction and main results

Let us consider the sequence &, &1, &, ... of independent identically distributed random
variables (i.i.d.r.v.). And let

& = max &
1<i<n

Random variable &, has been quite thoroughly investigated (see [6]-[9], [13]). It should
be noted that the absolute majority of works only the case of weak convergence of the
distribution &, was studied.

We are mostly interested in the asymptotic behavior of the extreme values of &, almost
surely (a.s.). Moreover, only a discrete case will be studied. It is assumed that r.v. & has a
distribution (i, p;), i > 0, so, further we assume that

PE=i)=p>0, Y pi=1

i=0
This topic has been discussed in a number of works ([1]-[3], [12], [15]-[17]) (the fact that the
asymptotics of extreme values of r.v. in continuous and discrete cases can differ significantly
has long been known, see, for example, [3]).

To formulate the following result, we introduce some necessary notation.

For r.v. ¢ with distribution (i, p;), i > 0, put:

Rn)=-nPE>n) = —1n(zp,~],

r(n) = R(n) — R(n —1).

Let us define the following functions for sufficiently large ¢ > 0:
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Lo =1, Ln(t)=1InLy(t), meN.

It was noticed quite a while ago that asymptotic behavior of &, in discrete case is closely
related to sequence

1
(D) a(n) = max kZO:ZpiZ—.
i>k n
Further for the sequence (r(n)) we define its extension to the function r : (0,0) — R by
setting r(x) = r([x]), ([x] - the least integer > x).
Let

Rm=£www

The function R is a piecewise linear extension of the sequence R(n).
Given a function H : R — R we denote by H~! its generalized inverse defined by

H 'y =inf{xeR:Hx) >y}, yekR.

Put

an(®) = D LD, an() = R (@n(®),
i=1

d(t) = R™(Li(0) — Ly(1)).

We will also assume that the following condition is satisfied:
Vx>0

2) r(tx)

1m
—00 r(l‘)

=x’, p>-1

Note that for the geometric distribution and the Poisson distribution, the condition (2) is
fulfilled atp = 0.

As it turned out, the asymptotic behavior of &, depends significantly on the parameter p.
Therefore, it seems appropriate to consider three cases:

A) 0<p<oo;
B) -1<p<0;
C) p=0.

First we present some well-known results of cases A), B), C).

Theorem 1 (Case A, [15], [16]). Let (&x)ren be a sequence of independent copies of a
discrete random variable & with distribution (i, p;),i > 0, a(n) defined by equality (1) and
the condition (2) is fulfilled when 0 < p < oo.

Then

3) P (lim supE, — a(n)) = 1) =1,

n—o00

1,

@) P (lim inf @, - a(n)) = 1)
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and
P&, =an) io)=1,
(’1.0.” - abbreviation “infinitely often”).

It should be noted that in articles [15], [16] the equalities close to (3) and (4) were ob-
tained in a more general situation.

Theorem 2 (Case B, [1]). Let (&)ren be a sequence of independent copies of a discrete
random variable & with distribution (i, p;),i > 0, m > 1 some fixed integer and the condition
(2) is fulfilled when —1 < p < Q.

Then
. rai(m)(&, —an(m) .\ _
) P(hfiiilp Loa() 1) b
©6) P(lim inf Ly(n)yr(a,(m)(&, — d(n)) _ ) _ 1L
n—eo 2L5(n)

In fact, Theorem 2 is not clearly formulated in [1], but it simply follows from it. Indeed,
if the function r(x) satisfies condition (2), then it is regularly varying at +co with index p,
r € RV,. Then also R € RV,.1, R™' € RV 41y ([4], Proposition 1.5.8, Theorem 1.5.12) and
V(R_l) € RVp/(p+1).

Therefore r(a; (1)) = r(R™'(Inf)) = (In£y?/*Pg(In ), where function g(r) slowly varying
to infinity. From the last equality and Theorem 2 of article [1], we immediately obtain
equalities (5), (6).

Theorem 3 (Case C, [1]). Let (&) be a sequence of independent copies of a discrete
random variable & with distribution (i, p;),i > 0, m > 1 some fixed integer and the condition
(2) is fulfilled when p = O.

® If
- ram)
Lyi1(n)

-

then the equality (5) holds.
(ii) If
L)
Ls(n) ' '
then the equality (6) holds.

As it is seen from the results above, for cases A and B we have a complete picture of the
asymptotic behavior of the r.v. &,. In the boundary case C the situation is more complicated.
Although the case of the Poisson distribution was analyzed in articles [15], [16], a number
of related problems remain open. For example, under the condition

Lmram)
L3(n) '

in article [1] the following relation was established:

() n— oo

’
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) P (ngglf(gn —d(n)) = K) -1,

where « € [-1,0]. Here by x we denote nonrandom constant.
Unfortunately, the constant x was not found even in the important case of geometric distri-
bution.

The same applies to the value of «; in equality

P(hm SuP(En — ap(n)) = Kl) =1,

under the condition
r(ay(n))

— 0
Lm+1 (l’l)

In this article, we will try to find answers to these questions.
The main results of the work are the following theorems.

(10)

>

Theorem 4. Let (¢,),en be a sequence of independent copies of a discrete random vari-
able & with distribution (i, p;),i > 0, the function r(x) is monotonic and satisfies conditions
(8) and (2) whenp = 0.

@) If
1
(11) Z R =
then
(12) P(lirrlr_l)g}f(é,, — ld(n))) = —1) =1.

(i1) If the series ., ﬁ converges, then

P (lim inf(&, — ld(n)]) = O) =1,
n—oo
where | x] - the greatest integer < X.

Theorem 5. Let (¢,),en be a sequence of independent copies of a discrete random vari-
able & with distribution (i, p;),i > 0, m > 1 some fixed integer. Let condition (2) be satisfied
for p = 0 and condition (10). Then

(1) If m = 1 and r(n) monotonically increases, then equality of (3) of Theorem 1 holds.

(i) If m > 2 and series

1
(13) Z R(n)Li(R(n)) ... Ly-2(R(n))

n>1

converges, then

n— oo

(14) P(lim sup(éy — Lan(n)]) = 0) =1

(iii) If m > 2 and the series (13) diverges, then

P(lim sup(&, — lan(n))) = 1) =1.

n—oo
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In the next two sections, the proofs of Theorems 4 and 5 are going to be given. And at
the end of the article, the examples of applications of the results obtained to the geometric
distribution and the Poisson distribution are considered. In addition, birth and death process
with linear growth and immigration will be considered.

2. Proof of Theorem 4

Let us start with (i). Since r.v. &, takes integer values, then in order to prove (12) it suffices
to show that

(15) P&, <ldmn)] -1 io)=1,

(16) P, <ldn)] -1 io0.)=0.
But from the relation (9) we obtain
Pdim inf(¢, — ld(m]) = &) = 1,
where k € {-1,0, 1}, and equality (16) is also fulfilled. Hence it is clear that it remains to
prove the equality (15).

Here we use an important result of the article [12], which we formulate in the form of a
lemma.

Lemma 1 ([12]). Let (&,),n > 1 be a sequence of independent copies of a random vari-
able &. Further, let (u,),n > 1 be a nondecreasing sequence of real numbers such that

P& >u,) >0 and nP(E > u,) > oo, n— oo,
Then the probability
P(E,, <u, i.o.)
equals zero or one according to whether the series

D PE > u)exp (—nP(E > u,))

n=1
converges or diverges.
We also have the following implications:

o iflim, o P(¢ > u,) = >0, thenP (&, <u, i0.)=0;
o ifliminf, o nP(E > u,) < oo, then P (&, <u, io0.)=1.

If in Lemma 1 we choose u, = [d(n)] — 1, then it is obvious when n — o
P> [dm)]-1) =0,
and
nP(§ > [d(m)] = 1) = nP(£ = |d(n)]) = nexp(-=R(d(n))) = La(n) — co.

Thus, according to Lemma 1, the equality (15) is true if and only if the series
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S= ZP(f > |d(n)] — 1) exp (-nP(£ > [d(n)] - 1))
n=1

diverges.
Let us rewrite the series S as follows
(17) §= ) P& = [dm)])exp (~nP(E = [dm)]) = )" aiSi,
n=1 k>0
where

a =PE=h), Si= ) exp(-na).
Ld(n)]=k

Next, we find a lower bound for S;. Put
ne=min(n >3 :dn)>k) = min(n>3:Li(n)— L3(n) > R(k))

(18) =m%g&i%zmwm)

Since exp(—tay) is a decreasing function, then

1 —1

(19) S = Z exp(—nay) > fmm exp(—tay)dt

n=ny Mk

1
= o exp(—nra)(1 — exp(—ax (g1 — ny))).

In the next step, we find an approximate formula for the integer n;. For this, we introduce
the function ¢(x) = x/L,(x). In interval [e?, co) the function ¢(x) is continuous and increases
monotonically. And therefore, for x € [(€*)/1In2, oo) there exists its inverse ¢~!(x). Let us
set it by formula

(20) ¢~ (x) = xLy(X)(1 + ¢(x)).
Then we have

xLr(x)(1 + ()

(L) —
¥= 00 Lo(x) +In (1 + 2O
or
1 L3(x) + In(1 + ¢(x))
W”‘Z@m@+ Lix) )

From the last equality, elementary considerations deduce the following asymptotic relation:
Y(x) >0 when x — oo.

This implies the following approximation for the function (x):

L)1 + (1))
1) v = oL

Adding together the equalities (18), (20), (21), we get
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Ly(R(k)( + 0(1))) 40
R(K)L, (R(k)) ’

(22) e =[¢7 (exp(R(k)] = exp(R(K))L (R(k)) (1 +

where 0 < 6 < 1.
Since r(k) > 0, then

Ly(R(k))( + 0(1)))
R(k)L1 (R(k))

ar(nier — ng) = ag exp(R(k))Li(R(k)) (GXP(V (k+1)-1-

Ly(R(k) A + 0(1)))
RKLi(R(K) )

> Li(R(k)) (r(k +1) -

Next, we show that under the conditions of Theorem 4

(23) Li(R(k)) r(k) —» o0 when k — oo,
Thus, from the last inequalities and (23), we obtain

(24) p(Mgy1 — ny) — oo,

Before proceeding further, let us make sure that the asymptotic relation (23) is correct. It is
clear that it is enough to consider the case when the function r(x) is decreasing.

Let us first remind that the function r(x) is slowly varying at infinity. Therefore, according
to Karamat’s theorem (see[4], Proposition 1.5.8, Theorem 1.5.12 ) when x — oo

(25) R(x) = xr(x)(1 + o(1)), R '(x) = x#(x),

where 7(x) also is slowly varying.
In addition Ve > O for sufficiently large x

X <r(x)<xf

(see [7], chapter 8).
From the above estimates it follows that:

r(x)L1(R(x)) = r(x)(In x + In r(x) + o(1)) > r(x)((1 — €) In x + o(1)).
And therefore (23) it is true if
(26) r(x)Inx — oo, x — oo.

Let us write the condition (8) as follows: ~ when x — oo

Ly(0r(a1(x)) _ Ly(x)r(R™'(Inx)) _ Ly(x)r(In x#(In x))

L3(x) Ls(x) Ls(x)
Since r(x) is decreasing, then taking into account (25) we have for sufficiently large x and
O<e<l:

27

1
1 = —R(R™' (%)) = P()r(xP(0))(1 + o(1)) < Fx)r(x'"8)(1 + o(1)).
X
As a consequence of the last estimate, we obtain for some C > 0, Vx > xq:
Fx)>C>0.

Therefore, for sufficiently large x:
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r(In x7(In x)) < r(CIn x).

Hence and the relation (27) we obtain: fory =Inx — o
Li(yr(y) Ly(x)r(Clnx) _ Ly(x)r(In x#(In x))
~ > — 0
Ly(y) Ls(x) Ls(x)
This means that (26) is fulfilled, so the asymptotic relations (23), (24) are true.

Now we can evaluate the series S from below. In accordance with (19) and (24) when
k — oo

Sp > i exp(—axng)(1 + o(1)).
Qy
And further (see (17),(22))
S = ) exp(-an)(l +0(1)
k=0
Z exp(—ay exp(R(k)) L1 (R(k))(1 + xx) — ax0)(1 + o(1))

k>0

1+ o(l)
(28) = > exp(-ai),
;g (R(k)) T+

where
_ Ly(R(k))(1 + o(1))

0<0<1, Rk =kr()(1 +o(1)), R(k)Ly(R(k))

But when k — oo
In(R(k))** = yx(Ink + Inr(k) + o(1)) — 0,
accordingly
(R(k)y¥s — 1.

From the last relation (28) and condition (11) it immediately follows that the series S di-
verges, and therefore equalities (15) and (12) are true.

(ii) is proven according to a similar scheme. We can establish that the convergence of the
series ., ﬁ implies the equality

(29) P( <ldm]-1 io)=0,
but
(30) P(Z, <ldm)] io.)=1.

As we already know from Lemma 1, the equality (29) is equivalent to the convergence of
the series S from (17).

Further, instead of the lower estimate of the value of Sy, the following upper estimate is
used

Mg =1 M1 —1 exp(a
Sk = Z exp(—nay) Sf exp(—tay)dt = play) exp(—ma)(1 — exp(—ax(ne+1 — ny))).

n=ny, nk—l a’k



ON THE ASYMPTOTICS OF EXTREME VALUES 335

Since the condition (11) was not used when proving the asymptotic ralation (24), then

5 < %(:"‘) exp(—axm)(1 + o(1).

Here and formula (22) for series S we can give the following upper bound
(31) S < e Z exp(—axn)(1 + o(1))
k>0

e Z exp(—ay exp(R(k) L1 (R(k))(1 + xi) — arf)(1 + o(1))
k>0

1+ o0(1)
¢ 2. Ry

k>0

IA

where y; > 0 is defined above.

From the estimates given above in (i) and (31), we conclude that the convergence of the
series S follows from the convergence of the series ), ﬁ.

It remains to prove equality (30). Again, we will use Lemma 1, according to which the
equality (30) is true if

(32) liminf nP (¢ > [d(n)]) < .
Let us choose a subsequence () given by formula (22) and for which |d(n;)] = k. Put
gk) = P (& > ld(np)) = mP(E =2k + 1),

and suppose that g(k) — co when k — oo,
Then (see ralations (22), (28))

g(k) = (exp(R(k))L1(R(k))(1 + xi) + 6) exp(=R(k + 1))
= exp(=r(k + D)Li(R(K))(1 + xi) + o(D).

In these equalities, let us move on to logarithms
Ing(k) = —r(k + 1) + Ly(R(k)) + o(1) = oo, k — oco.
Finally, using formula (25), we get
r(k + 1) = Ly(k) — Ing(k) + o(1).
Thus with sufficiently large &
r(k+1) < Ly(k).

But the last inequality and relation (25) contradict the convergence of series },-; ﬁ.
Therefore, the condition (32) and the equality (30) are fulfilled. ]

3. Proof of Theorem 5

Let us start with (i). According to Teorem 1 of article [15] the equalities

(33) P&, =an)+1 io.)=1,

(34) P@E, > a(n)+1 io0)=0,
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are true if

(35) > exp(-r(n) < .

n>1

It is not difficult to see that equality (3) is a simple consequence of (33), (34). Therefore, it
is enough to establish the implication: (10) = (35).
Let us choose arbitrary C > 1. Then under condition (10) for sufficiently large x

Hai(x)) = r(R™'(Li(x))) = CLy(x),
or wheny = L;(x)

HR™'(y)) > CLi(y),
and then if R"'(y) = z

r(2) = CLi(R()).
Here we use formula (25) again
(36) r(z) > CLi(zr(z)(1 + o(1))) = C(L1(2) + L1(r(2)) + o(1)) > CL(2).

It is obvious that the last inequalities ensure the convergence of the series (35). It should
also be noted that |a;(n)] = a(n).

Next, we proceed to the proof of (ii). We obtain the relation (14) as a corollary of the
following equalities:

(37 P&, 2 lan(m)] i0)=1,

(38) PE, > la,(m]+1 io0.)=0.
Their proof is based on the following lemma.

Lemma 2 (Corollary 4.3.1 in [8]). Let (&x),k > 1 be a sequence of independent copies
of a random variable & with cumulative distribution function F and let (u,),n > 1 be a
nondecreasing sequence of real numbers. Then the probability

P&, >u, io.)

equals zero or one according to whether the series

(o]

D (= Fw)

n=1

converges or diverges.

Let us start with equality (37). In Lemma 2, put u,, = |a,,(n)]. And we get

[e+]

S=> (1=Fw) = ) exp(~RlanmD) = " exp(~R(an(n))

n=1 n=1 n=1

[Se] [ee]

1
D exp=an(m) = ) nLi(n) - Ly ()

n=1 n=1
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According to Lemma 2, (37) follows from this.

The proof of equality (38) will also be based on Lemma 2, but we choose u,, = |a,,(n)]+1.
We will write the series S as following
(39) §=) (I=Fu) =) exp(~R(lan(m)] + 1)) = > exp(-Rtk+ 1) > 1,

n=1 n=1 k>0 nely

where I} = {n : |a,(n)] =k} .

We will show that the convergence of the series (13) implies the convergence of the series
(39). Let us consider the set I; in more detail

I k< ann) <k+1)={n: Rk < anin) < Rk + 1))

{n : exp(R(k)) < @(n) < exp(R(k + 1))},

where  ¢(x) = xLi(x)...L,_1(x) is a continuous and monotonically increasing function
for sufficiently large x.

Here it becomes clear that in order to estimate the value }’,;, 1 we need to find an ap-
proximate formula for the inverse function ¢~'(x). Just as in case of equalities (25), for
sufficiently large x we have ¢~ !(x) = xL(x), where function L(x) is slowly varying at infinity
which we write as

# 1
Mo = Li(x)...Ly1(x)(1+g(x))
It appears,
(40) g(x) >0 when x— .
Indeed
(41) r = o () = @) L (7 ()

Li(x) ... L1 (01 + g(x))
In addition for k > 1, y = ¢~ !(x) and x — oo
Li(¢™' (x)) __ Ly Li—1(L1(y))
Li(x) Li(e(y)) L1 (Li(y) + ... + L1 (y)

The last asymptotic relations together with equality (41) give (40).
So

x _ x(1+o(1)
@ Lyt A+ 90 L@ Lyt ()

-1 _
¢ (X)) = L

Put

exp(R(k))

. _
i = 1o @XP RO = R oL RO - LnaRU)1 + glexpRE)) T

where 0 < 0 < 1. Moreover

and
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M _ (=r(k + 1) R(k)L\(R(K)) .. . L2 (R(k))
Njt1 P Rk+ DLi(R(k+1))...Ly2R(k+ 1))
Sinceati=0,1,...,m—2and k — oo
Li(R(k + 1))
—_— H 5
Li(R(k))
and in accordance with condition (10) r(k) — oo, then
T —o(1) when k— co.
Nt 1

The last ratio allow us to estimate the series S from (39):

D exp(-R(k + 1) -1 =" exp(~R(k + D)y (1 - )

k>0 nely k>0 k1
1+o(1)
Rk + DLi(R(k +1))...L,2(R(k + 1))

(42) S

k>0

Thus, the convergence of the series S is equivalent to the convergence of the last series in
(42).

To obtain equality (38), it remains to apply Lemma 2.

(iii). If m > 2 and the series (13) diverges, then series S also diverges from (42). There-
fore, by Lemma 2

P, > la ()] +1 io0)=1.
To complete the proof, it remains to establish the equality
(43) P¢, > la,(m)] +2 io0.)=0.
First, we note that under condition (10) for an arbitrary C > 1 and for sufficiently large x
(44) r(x) > CL,(x).
Indeed for sufficiently large x
r(ai(x) = (R (L1(x))) = CLys1 (x).

Next, we should simply repeat the considerations given in the proof of inequalities (36).
It is clear that the proof of equality (43) will be based on Lemma 2. We choose u, =
la(n)| + 2. Then the series S will look like

[ee]

45)  S=) (1= Fu) =) exp(~R(lan(m)] +2)) = > exp(~R(k + 2))(ne1 = mo).

n=1 n=1 k=0
In addition, as stated in the (ii)
3 exp(R(k + 1))(1 + o(1))
Rk + DL{(R(k+1))...L,2(R(k+ 1))
From here and estimates (44) and (45) we have

§ = Z exp(—r(k + 2))(1 + o(1))
B Rk + DLi(R(k+1))...Ly—2(R(k+ 1))

Ni1 — N

k>0
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- (1+0(1))
~ &R+ DLiR(Kk+ 1)) ... LRk + 1)(Lin-1 (k + 1)°
If we add here the equality
R(x) = xr(x)(1 + o(1))
(see (25)), then we come to the conclusion: series S converges. According to Lemma 2, this
means that equality (43) is true. m|

4. Examples

Let us consider some examples of application of the Theorems given above.

ExampLE 1. (Geometric distribution) .

LetO0<g <1,
PE=i)=p=q(l-¢qf, i=0.
Then
PEzi)=(-q' =exp(-y). y=Ini—,
that is

1
Rm)=yn, rim)=vy, ann)= ;am(n)-

It is obvious that condition (2) is fulfilled for the example when p = 0 and condition (7).
Hence according to Theorem 3

P(limsup Yen = an) _ 1) - 1.
n—oo Lm+l(n)

In addition, it is easy to verify that conditions (8), (11) of Theorem 4 are also true and
d(n) = (Li(n) — L3(n))/y. And therefore by Theorem 4 we have

P min - L0 )

n—oo

ExampLE 2. (Poisson distribution).
Let
. Al .
P¢é=i)=p; = _—'exp(—/l), i>0, A1>0.
i!
It is known [15], [16] that the following asymptotic relations are true for the Poisson distri-
bution with parameter A4 > 0:

(46) R(n):(n+%)lnn—n(ln/l+ 1)—/l+%ln27r+0(1),

47) r(n) =Inn+ 0Q1),
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(48) ar(n) = Inn (1+L3(n)+1n/l+1+0(1))'

Lr(n) Lr(n)
It is not difficult to check that for m > 2 the condition (10) of Theorem 5 is fulfilled. Indeed,
from (47) and (48) we get:
r(ai(n)) _ Ly(n) — L3(n) + O(1)
= — 09,
Lm+1 (n) Lm+1 (I’l)
It is also easy to check that for m > 2 the condition (8) of Theorem 4 is true. As agreed
(46)

n — oo,

1 1
2 R Eam) ™ 2 2wy

n>1 nx1

then for m > 3 the series (13) converges.
Therefore, according to (ii) of Theorem 5 for m > 3

(49) lim sup(&, — la,(n)]) =0 as.

n—oo

Case m = 2 is also simple

1 1
2, R(m) 2, nLyn)

n>1 n>1

Therefore, the series (13) diverges. According to (iii) of Theorem 5 we have

limsup(é, — lax(n)]) =1 as.

n—00

Next, we apply Theorem 4. As mentioned above, we make sure that condition (11) of
Theorem 4 is true. Then

(50) linlinf(é,, —ldn)])) =-1 as.

Remark 1. Previously, the asymptotic behavior of extreme values &, a.s. for the case
of Poisson distribution have been studied in articles [15], [16]. The formulation of the
corresponding results, for example in [15], is somewhat different from the above equalities
(49)-(50). Of course, the statements obtained in [15] regarding the Poisson distribution are
close to equalities (49)- (50). But the direct proof of their equivalence does not seem simpler
than the proof of the equalities (49)-(50) themselves.

ExampLE 3. (Birth and death processes).
Let X(¢) be the birth and death process with parameters

D Ap=An+a, p,=un, A>0,u>0,a>0, n=0,1,2,...

(see [11, chapter 7, §6]).

Such process is called a process with linear growth and immigration. If state n describes
the size of the population at a certain moment in time, then the probability of transition
to state n + 1 in a short period of time ¢ is equal to (An + a)d + 0(d), and the probability
of transition n — n — 1 is given by und + o(5). Coefficient a can be interpreted as the
infinitesimal intensity of population growth due to immigration.
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Assume that the following condition is fulfilled

A
(52) p=—<1.
7
It is not difficult to verify that under condition (52) X(¢) will be a regenerative process of a
special type with moments of regeneration Sy = 0, 51,S5,,..., here Sy is the first moment
of entering state O after the k — ¢4 exit from it. Moreover
1 1
MT = ETk == —,
Aopo  apo
co -1 k 2
PO:[ZHk] L G=1, 6= k=1,
k=0 i=1 Hi

where Ty = Sy — Si—1 is the duration of k-th regeneration cycle [10]. We are interested in
asymptotic behavior a.s. of extreme values of the population:

X() = sup X(s), t>0.

0<s<t

Let
g(n) = P(X(Ty) > n) = exp(—-R(n)).
It is known that

1/p-1
q(n) = /pc—op"n““(l +o(1)),

where
! 1
Co = lim n%/* 1- ,
0= m” EI( 1+ i/l/a)
(see [14]).
This implies that
1 1p—1
(53) R = —Ing(n) = nln > = Elnn—C +o1), ¢ ==L
p A Co
and
1
(54) R(1) = R(n— 1) = r(n) = In = + o(1).
o

The law of the iterated logarithm for the lim sup and a law of the triple logarithm for the
liminf was established for the process X(¢) in [14]. Here we strengthen this statement as
follows.

Let X(7) be the birth and death process for parameters 4, u,, that are given by equalities
(51) and are fulfilled by conditions (52).

Then

X()Inl - a,(1) = 4Ly(1)
(55) P|lim sup L =

11=1,
=00 L1 (2)
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.. S At N
(56) P(h?_l)glf (X(t) - {L (M_T)J) = 1) =1,
where

L*(t) = Li(t) — Ly(t) + % (Lz(f) -L (é)) + Cy +o(1),

C, is given by the equality (53), My and py are defined above.
To obtain equality (55), we use Theorem 23 and (i) of Corollary 2 from [2]. Thus, in the
conditions of example 3, we have

. r(al(t))()_((t) - am(MLT))
57 P|lim sup L0 =1|=1
t—00 m+1

Considering equalities (54), (57), it remains to find a simple asymptotic formula for the
function a,,().

The function R(x) is a piecewise linear extension of the sequence (R(n)). By construction,
it is absolutely continuous and increasing. Therefore

(38) R(an(1)) = RIR™ (a(1)) = (D).

In addition, the function R(x) in the whole points is given by equation (53). Then, choosing
¥ = a,(1) — Llan()], we get

R(an(1))

R(Lan(D)) + R (Tan()]) ~ Rilan ()
R(la,(H)]) +9 (ln% + 0(1))

(39)

1

an@®In = = L Inla, )] - Cy + o(1).
p A

Hence and (58) the following relation follows:

Inan(t) = Lo(t) — Ly (%) +o(1).

Next, we substitute this expression for In a,,(¢) into equation (59). Putting the last equalities
together, we get

-1
an(t) = (ln l) (a,,,(z) + 4 (Lz(t) - L (1)) +Ci + 0(1)) .
p a P

This equality and (57) complete the proof of (55).
Let us turn to relation (56). Denote by Y, the extreme value of the process X(t) for n
regeneration cycles:

Yn = X(T] +...T),).
It is clear from equality (53) that condition (11) of Theorem 4 is satisfied. Therefore
(60) P(lim inf(¥, — [d(n)]) = —1) =1,
n—oo

d(n) = R\ (L(n) - L3(n)).
Let N(¢) denote the counting process for the sequence (7 + ...+ T,)
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Nt)y=max(n=>0:T,+...+T,<t), t=>0.

It is clear that when 7 changes from O to co, the process N(f) runs through all natural
numbers a.s. And therefore, we can substitute the process N(¢) instead of n into equality
(60). We get

1) P(lim inf(¥y — LAN@)]) = —1) -1,
>0
The next step, we use the well-known result of the renewal theory [5]:

. N 1
Iim — =

= — a.s.
1o My ’

that is by t — oo
t
InN(t) = In M_T +o(l) a.s.

From the last equality we get

RUA(N() = Li(N() - Ly(N(0) = L, (MLT) L (MLT) +o(1),

Next, we apply the asymptotic equalities (53), (54) once again. Just as in the case of the
an(t) function, simple calculations give

AN (D) — L*(MLT)‘ = o(1), ‘d(N(z) - L (MLT)‘ = o(1),

where the function L*(¢) is defined in equality (56).
Note that equality (61) remains true even when the process N(¢) is replaced by N(f) + 1.
The relation (56) follows from this, because

Yne < X0 < Yner-

RemARK 2. The result close to equality (55) is given in Corollary 3 of [2]. Unfortunately,
it contains one inaccuracy (when proving it, the authors confused the functions «,,(¢) and
L,,(t), defined above).

The same remark also applies to Corollary 4 from [2] (it should be replaced by L,,(?) to

an(1)).
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