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In the preceding paper [10], we have proved that a left Noetherian M-ring
is a so called “general ZPI-ring” in the commutative case. Also we know
that in an M-ring the multiplication of prime ideals is commutative [8]. In
the present paper we define general ZPI-rings in section 1 and we study general
properties of them, and as an important example of such rings we can give a
left Noetherian semi-prime Asano left order. In section 2 we research the
condition for a left Noetherian general ZPI-ring to be an M-ring, using mini-
mal prime divisors of an ideal. The notation “<’’ means a proper inclusion as
the preceding papers [8], [9], [10].

1. M-i'ings and general ZPI-rings

DEeFINITION. If the multiplication of any two prime ideals of a ring R is
commutative, and any ideal of R can be written as a produkt of powers of prime
(considering R as a prime ideal) ideals of R, then we call R a general ZPI-ring.
Therefore the multiplication of ideals is commutative.

In the commutative case a general ZPI-ring is necessarily Noetherian no
matter whether the ring has an identity or not. But in our case the general
ZPI-ring is not necessarily Noetherian as the example in [9] shows.

Proposition 1. Let R be a left Noetherian general ZPI-ring, let P be any
prime ideal of R, and let q be maximal in the set of prime ideals such that q<<P.
Then for any ideal a with q<<a<<P, there is an ideal b such that a=P b=DbP.

Proof. Let a=p,---p,<P, since R is a general ZPI-ring. 'Then p; S P for
some p,‘. Since q<agp,, q<p,§P, SO p’«:P. Therefore a____Ppl.“pi—l pi-}-l"'
p,=b P, where b=p;---p;_; Piyy-+-p,.

As in the commutative case we have

Proposition 2. Let R be be a left Noetherian general ZPI-ring, and let P
be a maximal ideal of R. Then there are no ideals between P and P? (including
the case that P=P?), more generally for any positive integer n, the only ideals
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between P and P" are P, P --- P" (including the case that P'=P'*' for someiz',
1<i<n).

ReEMARK. Let R be as above. If every proper ideal a of R can be written
as a product of minimal prime divisors of a, then for any proper prime ideal
p of R and for any positive integer 7, the only ideals between p and p” are P,
pz’ ..‘) p”'

Proposition 3. Let R be a left Noetherian general ZPI-ring, and let min-
®={py,--,p,} be the set of minimal prime ideals of R. Then for any subset
{pip e, bi,} of min-®, p; N -+~ NP;,==p; --P;,. Especially for the prime radical N,
of R, Ny=p, N -+ NP, =+,

Proof. Since R is a general ZPI-ring, p,N--NP;=P,--P, for some
prime ideals P,,:--,P, of R. Then for any p; 1<j<i7 we have P;=0 (mod
p;) for some P;, and so P;=p;, therefore p,N - Np,=p;-+-P; P;y;:--P,. Now
PN NP 2P, 2P+, PipyeoPy=p, N -+ NP;, hence PN - NP;=p P,

Lemma 4. Let R be a left Noetherian semi-prime general ZPI-ring, and let
min-® = {p,, -+, p,} be the set of minimal prime ideals of R. Then for any 1<i<r
and any positive integers my, -+, m; py1---pTi=£0.

Theorem 1. Let R be a left Noetherian semi-prime general ZPI-ring, and
let min-® = {p,,--+,p,} be the set of minimal prime ideals of R. If a proper ideal
a of R has the form a=p1---pts P{r---Pi: where p,Emin-® for i=1,---,s and
P;&min-® for j=1,---,t, then P{l---P{,téR, i.e. essential as a left R-module, and
the set {p,,---,0.} is uniquely determined by a.

Proof. Let P be a prime ideal of R. By proposition 2.11 [5] and Lemma
4, P is not essential as a left R-module if and only if Pemin-®. Hence
P{1--P/:CR as a left R-module. Let a=p%i---p% O,-Q, where p,,€min-@
for 1<j<k, Q;&min-® for 1<i<w be another form of a. Assume that
two set JKl: {pl, A ps}, m2= {p,‘l, cety p,‘h} are diStinCt. If DTZ1>J]Z2, then

0=a Peyr P, =Pt P¥ P9, 010, and Q;---Q, contains some regular
element, hence 0=p7i---p7* p,,-++p, contradicting Lemma 4. Next we consider

the case that JI{, I, and also I, EI1,. We denote the product of minimal
prime ideals belonging to the set 1T, by [J17;], for example. Then 0=:a [min-
® —JN,] since a=pit---pés P{1..-Pf:. On the other hand, min-®—I1;min-
® —JN, and a=p31---p7* Q;-+-0,, hence 0Fa [min-F —IN;] which is a contradic-
tion. So we have J,=J1C,.

As a result of Theorem 1 we have

Proposition 5. Let R be as above, and let min-®={p,, ---,p,}. Then
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(PTre--p%i, PFLAL---DTi) is a regular® ideal of R, where p,,--,p; are distinct minimal
prime ideal of R, 1<i<j<r and a,,--,a; are any positive integers.

Proposition 6. Let R be a left Noetherian general ZPI-ring, and let P be
a maximal ideal of R such that P'>P*! for any positive integer i. Then ’E] P" is
a prime ideal of R.

o

Proof. Set (] P"=a. Let A, B be ideals of R such that AB=0

fn=1

(mod a) 4%0 and B=£0 (mod a). Therefore there is a maximal >0 such
that AC P! and so A<EP*'. Similarly there is a maximal j>0 such that BS
P/ and so B&LP/*', where P°=R. Then P*'<(4, P*")C P, therefore (4,
P*)=P by Proposition 2, and similarly (B, P/*))=P/. Hence P'*/=(4,
Pi+l) (B, P Pt thus Piti=Pi*i*! contradicting the assumptions.

ReEMARK. Let R be as above. Let p be any proper prime ideal such
that for any positive integer 7 p'>p'*’. If every proper ideal of R can be

written as a product of minimal prime divisors, then [] p” is a prime ideal of
n=1

R.

Theorem 2. Let R be a Noetherian (left and right) prime ring with an
identity. If R satisfies the following

1) R is a general ZPI-ring ;

2) every non-zero proper prime ideal of R is maximal,;

3) every ideal of R is projective both as a left and as a right R-module,
the R is an M-ring.

Proof. We shall prove the existence of an ideal C with A=BC=CB
for ideals 4, B such that O<A<B<R. Let A=Pf1---Pta<<B=0{1---Qfp where
Py, -+ ,Py, Oy, ++,Qp are prime ideals of R and ¢, >0 for k=1, -, a, f; >0 for j=
1,-:+, B, so for every O, there is some P, with P,=0Q, for k=1,---,8. Hence
A=Qf1-+-QpsP 1+ Pia< B=Qf1---04s. Now by Proposition 2.2 [3], each maxi-
mal ideal of R is either idempotent or invertible. Let Q,,++,0; be the set of
idempotent maximal ideals in the set of maximal ideals Q,,-:+,Q;,*+,0p (in-
cluding the case that {Qy,-+,Q;} is empty). Then A=Q,--Q; Q}i:---Qge P
Pia<B=0y---Q; Qfi11---Ofs, where Q;,,, -+, Qp are invertible ideals of R. If
e;:1<fj+ for example, multiplying (Q71)s+: on each side, we have Q,---Q; Q%2
Qg PP Pia< Q-+ Q; Qi1 +1.-Qfs=0 (mod Q;,,), which is a contradic-
tion. Therefore €;4,> fii1,+*,€6>fp. Thus A=B Q™ /i+1... Q™ /g Pp1ree.
Pis, hence R is an M-ring.

1) We call an R-ideal a regular ideal.
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RemaARk. If R is a Noetherian semi-prime ring with an identity, then we
may replace the condition 2) by the following:
2"). the proper prime ideals of R are either comaximal minimal prime ideals or
’ maximal prime ideals of R.
The theorem is valid also in this case, because R=R,D---PR;P---P R, where
R;=R|[p; for every ¢ and {p,, -, p,} =min-®, so every R; is a Noetherian
general ZPI-ring satisfying the condition 2).

Theorem 3. Let R be a left Noetherian semi-prime Asano left order. Then
R is a general ZPI-ring and also an M-ring, and the proper prime ideals of R are
either comaximal idempotent minimal prime ideals or maximal prime ideals of R.
Every proper ideal a of R has the form a=yp,---p; Pf1--- Py where p,cmin-® for
1<k<i and P,,---,P,, are maximal prime ideals of R which are regular.

Proof. Let Q=0,P:-PQ:B---BO, be the left quotient ring of R which
is semisimple Artinian, where Q,,-:+,0, are simple Artinian rings. Now we
can deduce that R=R,P---PR;P:--PR, where R; is a left Noetherian»Asano
left order of Q, for 1<i<n. Each proper prime ideal of R has either the form
P;=RP - PR,_\ PR\, -+ PR, or the form P,=R D - PR;,_,PP;D
R, - BR, where b, is a maximal prime ideal of R; for 1<i<n. Every
proper ideal a of R has the form a=a,® - @a;D --- Pa, where q; is an ideal
of R; for 1<i<n. In order to make the proof concise we assume that q;=:---
=q;_,=0 (including the case that {a,,---,a;_,} is empty) and a;:pz;il)l---p‘(’ga)va, .,
an:pml"'p:ﬁ\x Then a=p,--+b;_, P:ill..-P:;d...P;)fl...P:nAA where Pij=Ri@...@
R;_®P);PP; 1D+ DR,, thus R is a general ZPI-ring. Then it is easy to see
that R is an M-ring.

By Proposition 6 we have

Corollary 4. Let R be a left Noetherian semi-prime Asano left order and

let P be a regular prime ideal of R, then ﬁ P"=p is a minimal prime ideal of R.
n=1

2. Minimal prime divisors of ideals

Let a be a proper ideal of R. A minimal prime divisor of a is a prime ideal
p with a =P such that there are no prime ideals ' with aZp'<<p. We denote
the set of minimal prime divisors of a by min-®s. The set min-® of minimal
prime ideals of R is min-®;. As a consequence of Theorem ‘3 [10] and Pro-

position 1 [8], we have

Proposition 7. Let R be a left Noetherian general ZPI-ring. Moreover if
R is an M-ring, then
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(*){ 1) For any prime ideal , q with p<q, p=>p q=q P.
ii) Let a be any proper ideal of R, and let min-® = {p,,---,p,}. Then a=
pla.--plr for some positive integers fi, -, f,.

ReEMARK. Let R be a left Noetherian general ZPI-ring. Then 1) of the
above condition (*) is equivalent to the following:
i"y For any prime ideal b and any ideal b properly containing p, p=>b p=
pb.

Next we consider the converse of this apparent proposition.

Proposition 8. Let R be a left Noetherian general ZPI-ring which satisfies
the condition (*) in Proposition 7 and let a be a proper ideal of R. Then for
any minimal prime divisor P of a, either P'=p'*! for some positive integer i-or
else there is some positive integer j such that p’2a.

Proof. We assume that for any positive integer 7 p'>pi*! and we shall
show that p/a for some positive integer j. If p'>p*! for any positive integer

¢ and moreover p*2Da for any positive integer k, then a< (] p"=n<p where n
n=1

is a prime ideal by the remark of Proposition 6, a contradiction.

Proposition 9. Let R be a left Noetherian general ZPI-ring which satisfies
the condition (*), let a be a proper ideal of R, and let min-®o={p,, ---, p,}.
Then for any i= j and any positive integer e;, e;, (D5, p5i) is an idempotent ideal of R.

Proof. First we prove that pii(pi, Pj/)=>p%, and similarly psi(psi, pi)=
péi. Since péi%0 (mod pi), pii<<(v%, pii)=Pf1..-P{s where P,, -++, P are minimal
prime divisors of (P, p3). Now we know that p,=0 (mod P,) for every P,,
1<k<s. If p;=P, for some P,, then (p§, pii)=Pl1---Plrs1p/aPfrs1... Pls=0
(mod p;), hence p;=0(mod p;), a contradiction. Therefore p,<<P, for 1<k<s,
hence P5i(p%, pii)=psiP{1-Ple=pii. Then (b%, pi)’=(Pii(ps, P%), Pei(ps, Pii))
=(b, pji).

Lemma. Under the same assumptions as above, for any i = j and any positive
integer e;, e;, Pii N\ Pji="pii pji.

Proof. First we prove that pii N pji=(pi N p}5) (Pii, p}). For some positive
integer p a*C P N pii=Pfi--P{=0 (mod p;), where P,, -+, P, are minimal prime
divisors of péNpé. Therefore a&P,=0 (mod ;) for some P;, so P,=p;.
Similarly for some P,, aS P,=0 (mod p;), so P,=Y;, and p§i N pii=pl1p/zPls...
Pls. Let (p%, pi)=0, O, where Qy, -+, O; are minimal prime divisors of
(p%, p%). For every Oy, p;=0 (mod Q,) and ;=0 (mod Q,), hence p,<0Q, and
p; <O, for every Q,, 1<k<t. From the above arguments (pfi N pj) (P, Pjs)=
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pf1pfePhs--- Pl Q)+ Q,=pl1pfePfs--- Pls=pii N p% by the condition (¥). Hence
PN P5i=(Pi NP3 (b5, P31 =((p% N P3P, (P N P55 S (P57 Pii, PiiPG)=Diipsi.

The other inclusion is obvious, so P& N pii=pi pi.
Now by the induction we have

Theorem 5. Let R be a left Noetherian general ZPI-ring which satisfies the
condition (*), let a be a proper ideal of R, and let min-®ao={p,,--+,9,}. Then for
any subset {p,,-+,9,} of min-®a and for any positive integers e;,i=1, .-+ k, pirN ---
N pgr=pit---pis.

Theorem 6. Let R be a left Noetherian general ZPI-ring which satisfies the
condition (*), let a be a proper ideal of R, and let a=pi1--p;r where min-Co= {p,, -+,
p,} and x;>0 for 1<i<r. Let {p,,--:,0,} be the subset of min-®a every p; of
which has a maximal index «; such that Y3i2a and so pi+122a, and assume that
Sor Puyyy o+, P, there are no maximal 3; among indices 3; such that p%i 2D a (including
the case that one of the sets {1, Rk}, {k-+1,--,r} is empty). Then a has the form
a=pli.--pRepiasi--blr. where B; is any positive integer such that x;<B;<a; for
1<i<k and y; is any positive integer with x,;<7y; for k<j<r..

Proof. By Theorem 5 a=piiN---Npir2phin--- NPt --- NPJr, since
2, <B;<a; for 1<i<k and x;<y; for k<j<r. Conversely aCp? for 1<i<k
since B;<a;, and also acp;trN -+ NPy for any y;>x;, k<j<r; hence ac
phin - NpENPEeN - NPy, Thus a=phn- APENPELN - NPYr = phro..
phapli+i...pr by Theorem 5.

k+1

The following definition of primary ideal is defined in [2]. Let a be an
ideal of R. If for ideals 4, B A B=0 (mod a) implies 4=0 (mod a) or B*=0
(mod a) for some positive integer p, then a is called r-primary. And a l-primary
ideal is defined similarly. A4 1- and 7-primary ideal is called a primary ideal.

Theorem 7. Let R be as above. Then for every proper prime ideal p of
R Y° is a primary ideal for any positive integer e.

Proof. Let AB=0 (mod p°) for ideals 4, B. We may assume that
A<a and BEa where we set p°=a. We set anew 4,=(4, a), B,=(B, a).
Then 4, B;=0 (mod p°); and A=0 (mod »°) if and only if 4,=0 (mod p°),
etc.. Therefore it is sufficient to prove that for ideals 4>a, and B>a, if
AB=0 (mod p°), then 4=0 (mod ‘) or B"=0 (mod »°) for some positive
integer n. Hence we prove that for ideals 4, B such that a<<4, a<B, if 4 B=0
(mod p°) and for any positive integer m B"=0 (mod p°), then 4=0 (mod »°).
Let min-®,={P,,---,P,}, and let 4=P% Pjz---P} for some positive integers
8y, 6, Since A B=0 (mod p°), however B30 (mod p), hence 4=0 (mod
p). Therefore a<A<P,=0 (mod p) for some P;, hence P,=p since P is a
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minimal prime divisor of a;so A=p’1Pz---P}, i.e. P is a minimal prime divisor
of A. Let min-®y={q,,---,q,}. Since a=p*<B=ql1---qi+ for some positive
integers vy, ++,;, P<<q; for every g; and since p is a factor of 4 AB=A by the
condition (*), i.e. A=0 (mod »°).

Theorem 8. Let R be a left Noetherian general ZPI-ring which satisfies
the condition (*). Then R is an M-ring.

Proof. Let 0<<A<B<R be ideals of R, let min-®,={P,,-:-,P,}, min-
®z=1{0,, -+, Os}, and let A=P%1--- P32, B=0%---O% where G, -+, G are positive
integers and as for @, ***, &, by Theorem 6 we can choose them as large as possible.
Then for every Q;, there is some P; such that P,cQ;. If P;<Q, for every
0.,+++,0,, then A=A B=B 4, so there is nothing to prove. If there are some
Q; such that P;=Q;, we may assume for convenience sake that P;=Q; for
1<i<m and for every Q; (m<j<b) there are some P, with P,<<Q,. Further-
more, as to Py, -+, P, let P,,-++,P,; be minimal prime divisors of A which have
maximal indices such that P24 for 1< j<s, and let P,,,, -, P,, be those which
do not have such indices as above. On prime ideals P;, 1< j<s, ACPji. and
A<BC Q8i=P%, so ACP?, hence B;<a; for 1<j<s by Theorem 6. On
prime ideals P,,,, -+, P,, we may assume that 8;<a; for s<<¢<m, by Theorem 6.
Therefore A= P':l—sl e P;’”_ﬁ’"Plﬂl ves Png:yiJiL.. Pl— P‘i‘l'ﬂh..P:M‘ﬂ»nPgl ves Pﬁ"’
(Q%ms1---Ofr)Pomsre.- Pie=B C, say. Hence R is an M-ring.

m+1

We summarize

Theorem 9. Let R be a left Noetherian general ZPI-ring. Then R is an
M-ring if, and only if,
1) For any prime ideals 9, q of R such that p<<q, p=) q, and

2) Any proper ideal a of R can be written as a product of powers of minimal
prime divisors of a.
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