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The	 nonlinear	 susceptibility	 in	 the	 terahertz	 region	 is	
expected	 to	 have	 a	 non‐negligible	 imaginary	 part	
originating	 from	 the	 momentum‐dependent	 scattering	
time	of	free	carriers,	but	it	has	been	scarcely	reported.	By	
utilizing	 an	 intense	 4‐THz	 beam	 from	 a	 terahertz	 free	
electron	 laser,	 we	 investigated	 the	 azimuth	 angle	
dependence	of	the	third	harmonic	generation	(THG)	from	
semiconductors.	The	observed	angular	anisotropy	of	THG	
revealed	 the	 contribution	 of	 the	 imaginary	 part	 of	 the	
nonlinear	susceptibility	originating	from	the	momentum‐
scattering	 time	 relation	 in	 addition	 to	 its	 real	 part	
originating	 from	 the	 band	 nonparabolicity.	 The	 results	
provide	a	deeper	understanding	of	nonlinear	optics	in	the	
terahertz	region.	

 

In recent years, the study of physics phenomena in the terahertz 
(THz) frequency range has experienced immense development, 
both in fundamental researches and practical application [1–15]. 
Specifically, the research of harmonic generation (HG) in terahertz 
(THz) and far-infrared (FIR) region has picked up its pace recently 
with the advent of strong THz excitation source, such as 
femtosecond (fs) laser-based sources and free electron laser (FEL) 
[16–19]. The merits of FEL include strong pulse energy (tens of mJ), 
short pulse duration, narrow bandwidth, tunable wavelength, and 
high coherence. Since the advent of such strong THz sources, the 
study of HG in FIR-THz has made significant progresses with high 
nonlinear susceptibility 𝜒 and harmonic conversion efficiency [20–
25].  

The HG in the THz region is mainly ascribed to the nonlinear 
response of free carriers to the electric field [20–25]. The 
predominant and frequently discussed cause of this nonlinear 
response is the nonparabolicity  of the conduction band [26], which 
makes the effective mass of carriers m* in a crystal dependent on 
their momentum	p. On the other hand, the scattering time τ of 
carriers also depends on the momentum p, and this can also be the 
origin of the nonlinear response [27–29]. Interestingly, while the 
value of the nonlinear susceptibility originating from 

nonparabolicity, 𝜒୒୔, tends to be real, the one originating from the 
momentum-dependent scattering time, 𝜒ୗେ, tends to be nearly pure 
imaginary [29]. Note that the imaginary part of the nonlinear 
susceptibility is zero when the nonlinear medium is lossless [30], 
which is often a good approximation for HG in transparent 
nonlinear optical crystals utilized in the visible range. However, 
since the HG in the THz region mainly stems from free carriers, it is 
inevitably affected by the energy loss due to the carrier scattering. 
In addition, due to the intense THz field employed as a fundamental 
of HG, the scattering events and the resulting energy loss will be 
further increased by nonperturbative processes such as impact 
ionization, tunneling ionization and phonon emission [31]. 
Therefore, the effect of the carrier scattering and the resulting 
imaginary part of the nonlinear susceptibility is in general not 
negligible in THz HG. 

The imaginary part or complex phase of the nonlinear 
susceptibility cannot be obtained just by measuring the third 
harmonic generation (THG) intensity at one configuration. 
However, the complex phase is reflected in the dependence of HG 
efficiency on the polarization states of pumping field with respect to 
the crystal orientation. Using this effect, the complex phase 
difference as well as the magnitude ratio between the susceptibility 
tensor components has been evaluated for the THG in the visible 
and near-infrared region [32,33]. While the real part of the third-
order susceptibility has been widely studied across various 
frequency regions, research on the imaginary part has been limited 
to the visible and near-infrared regions (frequency above 150 THz 
[32–34]), driven by the availability of intense light sources and vast 
practical applications [34,35]. There have been no reports in the 
THz or FIR region on the THG susceptibility including its complex 
phase or imaginary part, in spite of its importance in this frequency 
range. 

In this paper, we investigated the THG of 4 THz output from FEL 
in semiconductors to evaluate the complex phase difference 
between the susceptibility tensor components. The dependence of 
THG intensity on azimuthal angle 𝜙  between the crystal axis and 
FEL output polarization was analyzed for indium arsenide (InAs), 
indium antimonide (InSb), and silicon (Si) samples. We found that 
the complex phase difference is far from zero for all the samples, 



showing that the susceptibility contains non-negligible imaginary 
part. Our results revealed the importance of momentum-
dependent scattering time in addition to the nonparabolicity for 
THG in the THz and FIR region.  

 

 

Fig. 1.  Setup of the experiment. FS: fused silica; M: mirror; PM: parabolic 
mirror; WG: wire grid; F: CsBr filter; D: detector. Inset: orientation of the 
electric vectors of pump and THG beam, viewing along the direction normal 
to the sample surface. 𝐸ఠ : electric field of the pumping beam. 𝐸ଷఠ,∥ and 
𝐸ଷఠ,ୄ: orthogonal components of the THG electric field with the polarization 
parallel and perpendicular to that of the pumping beam, respectively. 

Fig. 1 shows the experiment setup. The FEL at the Research 
Laboratory for Quantum Beam Science, SANKEN (Institute of 
Scientific and Industrial Research), Osaka University [19,36,37] was 
used to excite the samples. The FEL emits 5 macro pulses per 
second, each contains ~110 micro pulses spacing 37 ns from each 
other. The output frequency was tuned to 4 THz (wavelength 75 
µm). Intrinsic harmonics at 8 and 12 THz contained in the output 
[38] are filtered out by a 0.5 mm thick fused silica (FS) plate. Two 
wire-grid polarizers WG1 and WG2 were used to control the 
pumping beam intensity and polarization. The direction of the WG2 
was fixed so that the pump beam polarization became horizontal. 
The FEL beam was focused onto the sample surface, on which the 
spot size diameter and the macropulse energy density were 1.4 mm 
and ~0.1 J/cm2, respectively. The samples were held on a 
motorized stage and rotated around the axis normal to their cut 
surface to change the angle 𝜙  (the azimuthal angle) between the 
crystal (010) axis and the polarization of the pumping beam (Inset 
of Fig. 1). And then, by switching the direction of the wire-grid 
polarizer WG3, we selectively measured the intensity of the two 
orthogonal components of the THG electric field with the 
polarization parallel (𝐸ଷఠ,∥) and perpendicular (𝐸ଷఠ,ୄ) to that of the 
pumping beam 𝐸ఠ (see the inset of Fig. 1). A DLaTGS (JASCO Corp.) 
detector was used to measure the signal intensity. A 20 mm long 
CsBr crystal (F) was set before the detector to reject the residual 4-
THz pumping beam. The measurement setup was purged by dried 
air to suppress the water vapor absorption. The measurements 
were performed at room temperature.  We have confirmed that the 
second harmonic was not generated as discussed in our previous 
work [25] because of the absence of broken inversion symmetry 
necessary for the even-order harmonics [39]. 

The properties of the samples investigated in this work are 
summarized in Table 1. The InAs and InSb were n-type 
semiconductor while Si was boron-doped and p-type 
semiconductor. All the samples had a (100) surface. The carrier 
density, mobility, and the scattering rate were evaluated from the 

results of the THz time domain spectroscopy [13,25]. According to 
previous research [28,29], the nonlinear susceptibility originating 
from the nonparabolicity (i.e. 𝜒୒୔ሻ can be regarded as a pure real 
number, while the one originating from the momentum-dependent 
scattering time (i.e. 𝜒ୗେሻ  can be regarded as a pure imaginary 
number as long as the condition ሺ3𝜔𝜏ሻିଵ ≪ 1 holds, i.e. when the 
scattering rate (inverse of the scattering time, 1/τ) is much lower 
than the generated frequency 3𝜔, which is 2π×12 THz in our case. 
This holds true for all the samples we investigated in this study. 

Table	1.	Characteristics	of	the	samples	used	in	this	study	at	
room	temperature.	

Sample Surface Thickness 
(μm) 

Carrier 
density 
(cm-3) 

Mobility 
(cm2V-1s-1) 

Scattering 
rate 

1/τ(THz) 
InAs (100) 470 1.4×1016 1.8×104 4.2 
InSb (100) 430 1.2×1016 6.2×104 2.0 

Si (100) 523 8.6×1014 8.6×102 5.5 

 

For (100)-cut samples with a cubic symmetry studied in the present 
work, the intensity dependence of the THG electric field component 

𝐼|| ∝ ห𝐸ଷఠ,||ห
ଶ

 and 𝐼 ∝ ห𝐸ଷఠ,ୄห
ଶ

 on the azimuth angle 𝜙  can be 
expressed by only 2 independent elements of the susceptibility tensor 
𝜒௫௫௫௫ and 𝜒௫௫௬௬ (abbreviated as 𝜒ଵ and 𝜒ଶ, respectively) [30,40]: 

𝐼∥ ∝ 𝐼ఠଷ  ሾሺ|𝐴|ଶ ൅ |𝐵|ଶ 2⁄ ሻ ൅ 2Reሺ𝐴𝐵∗ሻ cos 4𝜙 

൅ሺ|𝐵|ଶ 2⁄ ሻ 𝑐𝑜𝑠 8𝜙ሿ	
(1) 

𝐼 ∝ 𝐼ఠଷ |𝐵|ଶሺ1 െ cos 8𝜙ሻ, (2) 

where 𝐴 ൌ 3ሺ𝜒ଵ ൅ 𝜒ଶሻ , 𝐵 ൌ 𝜒ଵ െ 3𝜒ଶ , and 𝐼ఠ is the intensity of 
the fundamental. By measuring the dependence of THG intensity 
𝐼 and 𝐼∥ 	on 𝜙 , one can extract the ratio between the two 
susceptibility tensor elements 𝜒R including its phase 𝜃R defined as: 

𝜒R ൌ |𝜒R|𝑒௜ఏR ൌ 𝜒ଶ 𝜒ଵ⁄ ൌ
𝐴 െ 3𝐵

3𝐴 ൅ 3𝐵
. (3) 

The ratio 𝜒R  is related with the normalized anisotropy 𝜎 
appearing in [32,40] by 𝜎 ൌ 𝐵/𝜒ଵ ൌ 1 െ 3𝜒R.  Note that there is an 
uncertainty about the sign of 𝜃ோ  [33], and the value we obtained and 
show here is the magnitude of 𝜃ோ . 

Fig. 2 shows the azimuth angle dependence of the THG intensity 
generated from the InAs(100) sample. The 𝐼∥  [Fig. 2(a)] was 
modulated mainly with angular cycle 90° , corresponding to the 
cos 4𝜙  term in Eq. (1). However, the dips around 45° and 135° 
were much flatter than the peak around 90°, and had a small local 
maximum around each center. This deviation from the cos 4𝜙-like 
shape is considered to reflect the cos 8𝜙  term in Eq.(1). The 𝐼ୄ 
[Fig. 2(b)] had an oscillation with angular cycle 45° in agreement 
with the cos 8𝜙 term in Eq.(2). To evaluate the value of 𝜒R, we fit 
these results by using Eqs. (1) and (2) as shown by solid curves in 
Fig. 2. From the fit, the absolute value and complex phase of 𝜒R was 
estimated to be |𝜒ୖ|  ൌ 0.38 േ 0.02  and 𝜃ୖ ൌ 85° േ 3° , 
respectively. Note that the obtained complex phase 𝜃ୖ  is far from 
zero and thus the imaginary part of the 𝜒ୖ is considerably large. 
This result means that at least one of the nonlinear susceptibility 
tensor components 𝜒ଵ and 𝜒ଶ has a complex value. 



 

Fig. 2. Intensities of the THG component from the (100)-cut InAs polarized 
parallel (a) and perpendicular (b) to the polarization of the fundamental. 
Markers: measured intensities. Solid curves: fit results using Eqs. (1) and (2). 
Dashed curves:  the same but 𝜃ୖ is fixed to zero. 

To confirm the importance of the complex phase, we also show 
by the dashed curves in Fig. 2(a) the fit with 𝜃ୖ  fixed to zero and 
|𝜒ୖ|  found to be 0.18 േ 0.01 . It does not reproduce the 
characteristic of 𝐼∥  that the dips around 45°  and 135° are wider 
than the peak around 90°. Allowing the complex value of 𝜒ଵ and 𝜒ଶ 
makes it possible to make the coefficient 2Reሺ𝐴𝐵∗ሻ of the cos 4𝜙 
term in Eq. (1) small while keeping the constant term and cos 8𝜙 
term large, which much improves the fit to the experimental result. 
Therefore, the observed vertically asymmetric dependence of 𝐼∥ on 
the azimuth angle in Fig. 2(a) shows the considerable effect of the 
imaginary part in the nonlinear susceptibility. 

 

 

Fig. 3. Intensities of the THG component from the (100)-cut InSb, polarized 
parallel (a) and perpendicular (b) to the polarization of the fundamental. 
Markers: measured intensities. Solid curves: fit results using Eqs. (1) and (2)  

 Figs 3(a) and (b) show the azimuth angle dependence of 𝐼∥ and 
𝐼ୄ  for the InSb (100) sample, respectively. The maximum of the 
THG intensity 𝐼∥ for this InSb is around twice as high as that for the 
InAs shown in Fig 2(a). Since the thickness and carrier density are 
similar between the two samples (Table 1), the higher THG 
efficiency of the InSb than the InAs is considered to mainly come 
from its larger nonparabolicity: InSb has smaller band gap and 
effective mass (0.175 eV [41] and 0.015 𝑚଴ [42]) than InAs (0.36 eV 
[43] and 0.023𝑚଴ [44]), which provides the larger 𝜒୒୔ than that of 
InAs [25,28]. The intensity of the THG from InSb again showed 

remarkable azimuth angle dependence with vertical asymmetry. 
Note that the band of InSb is almost spherical (except for high 
doping case [45]), which means 𝜒ଶ,NP ൌ 1 3⁄ 𝜒ଵ,NP  [29]. Then if 
only the nonparabolicity contributed to THG, the nonlinear 
susceptibility would satisfy 𝜒ୖ ൌ 1 3⁄  [29] and thus 𝜎 ൌ 0  and 
𝐵 ൌ 0, according to Eq. (3). As a result, 𝐼∥ would show no azimuth 
angle dependence and 𝐼ୄ would vanish, according to Eqs. (1) and 
(2). Conversely, the observed clear azimuth angle dependence 
indicates the non-negligible contribution of the susceptibility𝜒ୗେ 
originating from momentum-dependent scattering time to the THG 
process, because 𝜒ଶ,SC ൌ 1 2⁄ 𝜒ଵ,SC  [29]. We fit the experimental 
data by using Eqs. (1) and (2) and the fit curves are shown by the 
solid curves in Fig. 3. From this fit, the absolute value and complex 
phase of 𝜒R  was estimated to be |𝜒ୖ| ൌ 0.38 േ 0.02  and 𝜃ୖ ൌ
58° േ 4° , respectively. The complex phase 𝜃ୖ  for the InSb is 
smaller than that of the InAs. Though it is difficult to quantitatively 
explain this difference in 𝜃ୖ, its possible origin is inferred as follows: 
as described above, InSb has a larger 𝜒୒୔  than InAs due to its 
greater nonparabolicity. On the other hand, the scattering rate 1/τ 
of the InSb sample is ~2 times lower than in the InAs (Table 1), 
which will result in smaller 𝜒SC [28]. Therefore, the contribution of 
the imaginary 𝜒SC  to the total nonlinear susceptibility is less 
prominent for the InSb than the InAs, which can lead to a smaller 
complex phase 𝜃ୖ.  

 

Fig. 4. Intensities of the THG component from the (100)-cut Si, polarized 
parallel (a) and perpendicular (b) to the polarization of the fundamental. 
Markers: measured intensities. Solid curves: fit results using Eqs. (1) and (2).  

Both the InSb and InAs samples we discussed so far are n-type 
semiconductors. As an example of a p-type semiconductor, we 
measured a boron-doped Si sample and the results are shown in 
Fig. 4. The maximum of the THG intensity [Fig. 4(a)] is about 1/6 of 
the THG from InAs [Fig. 2(a)]. This low THG efficiency can be 
attributed to a small 𝜒NP, which is due to lower free carrier density 
(Table 1) combined with the smaller nonparabolicity expected 
from the larger band gap (1.1 eV [46]) and heavy effective masses 
( 0.16𝑚଴  for light hole and 0.49𝑚଴  for heavy hole [47]). The 
azimuth angle dependence of 𝐼∥  [Fig. 4(a)] again has dips around 
45°  and 135°  flatter than the peak around 90° , albeit no local 
maxima. We fit the experimental data by using Eqs. (1) and (2), and 
the fit curves are shown by the solid curves in Fig. 4. From this fit, 
the absolute value and complex phase of 𝜒R  was estimated to be 
|𝜒ୖ| ൌ 0.29 േ 0.02  and 𝜃ୖ ൌ 53° േ 7° , respectively. The 
complex phase 𝜃ୖ  was again far from zero, which indicates the 



existence of the imaginary part in the THG susceptibility. Note that 
the azimuth angle dependence in THG intensity is readily expected 
for Si because its energy band is nonspherical [48], which inherently 
invalidates the relation 𝜒ଶ,NP ൌ 1 3⁄ 𝜒ଵ,NP  [29] and causes 𝜎 ് 0. 
However, the existence of the imaginary part in 𝜒ୖ  cannot be 
explained solely by the band nonparabolicity but suggests a non-
negligible contribution of 𝜒SC due to a high scattering rate (Table 1). 

The results shown above reveal that the nonlinear susceptibility 
of the THz-THG generally contains non-negligible imaginary part, 
which is ascribed to the momentum-dependent scattering time 𝜏 of 
carriers. The dependence of 𝜏 or scattering rate 1/𝜏 on the carrier 
momentum 𝑝 is known for various carrier scattering mechanisms 
such as acoustic phonon, polar optical phonon and ionized impurity 
scattering [28,49,50]. In addition to this dependence commonly 
observed under weak electric field, nonlinear phenomena caused 
by the intense pumping field, such as impact ionization and phonon 
emission [51,52] would increase the phonon and electron/hole 
densities and impose additional dependence of 1/𝜏 on 𝑝. For now, 
the major origin of the momentum-dependent scattering time 
suggested from our measurement is yet to be elucidated. Though 
studies on THG from semiconductors in THz region are limited 
compared to those in shorter wavelength region, we hope that our 
study stimulates further investigations on THz-THG to facilitate the 
unveiling of its mechanism in more detail.  

In summary, we reported	the azimuthal angle dependence of the 
THG from InAs, InSb, and Si in the THz region for the first time. The 
strongest THG signal is from InSb and can be ascribed to its larger 
band-nonparabolicity, which contributes to the real part of the 
nonlinear susceptibility, compared to those of InAs and Si. However, 
the extracted anisotropy ratios 𝜒R ൌ 𝜒ଶ/𝜒ଵ  were found to be 
complex values, the reason of which is proposed to be the non-
negligible contribution of momentum-dependence of scattering 
time to the imaginary part of the nonlinear susceptibility, in addition 
to the band-nonparabolicity. This study paves the way for better 
understanding of the nonlinear optical phenomena in 
semiconductors in the THz region.   
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