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Delay Bound of Inference-Based Decentralized Diagnosis
in Discrete Event Systems

Shigemasa Takai and Ratnesh Kumar

Abstract— We previously introduced an inference-based de-
centralized diagnosis framework for discrete event systems,
where inferencing over the ambiguities of the self and the
others is used to issue local decisions, and a global decision
is taken to be the one with the least ambiguity level. In this
setting, we introduced the notion ofN -inference diagnosability
to characterize the detection of any failure within a bounded
delay, using at mostN -levels of inferencing, and subsuming
both disjunctive and conjunctive ways of decision fusions. In
this paper, we compute the delay bound within which the
occurrence of any failure can be detected for anN -inference
diagnosable system. Computing the delay bound is important
to execute mitigation actions in a timely manner, and is a figure
of merit of a diagnosis scheme.

I. I NTRODUCTION

There exists a long history of research on fault diagnosis
of discrete event systems (DESs) (see for example [4], [10]).
For large complex, physically distributed systems, the task
of fault detection may need to be performed by a set of
local diagnosers that rely on their own subsets of accessible
sensors to observe the system behaviors. There are many
prior papers dealing with decentralized diagnosis, including
[1–3], [7]. A decentralized diagnosis scheme was introduced
in [3], where a fault is detectable if and only if it can be
detected by one of the local diagnosers within a uniformly
bounded delay, and the notion of codiagnosability was intro-
duced to capture this property. This scheme, where at least
one diagnoser issues the failure decision, is “disjunctive” in
nature, and it turns out that a dual “conjunctive” scheme, as
proposed later in [7], also exists where a fault is detected
when none of the diagnosers issue a nonfailure decision.
These two dual schemes are incomparable in general [7].

A later development in decentralized diagnosis of DESs
is the introduction of the framework for inferencing in
decentralized decision-making. In this setting, each diagnoser
uses not only its own knowledge of the system behaviors,
but also the inference about the possible knowledge of other
diagnosers to arrive at its own local decision. A “winning”
local decision (namely, the one needing the least level
of inferencing) is used to issue a global decision. While
the initial work on inference-based decentralized diagnosis
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considered a single-level of such inferencing [7], a general-
ized framework to allow arbitrary-levels of inferencing was
proposed in [2] for the disjunctive scheme. Recently, we have
introduced a framework for inference-based decentralized di-
agnosis that not only supports multi-levels of inferencing, but
also supports both the disjunctive and conjunctive schemes
of decision-making [6].

For a diagnosable system, the delay bound is defined as
the minimum number of steps within which the detection
of any failure is guaranteed. Knowing the delay bound is
important to execute mitigation actions in a timely manner,
and is a figure of merit of a diagnosis scheme. Algorithms
for computing the delay bound are reported in the literature
for various schemes: disjunctive [3], conjunctive [8], and
conditional disjunctive [9]. The contribution of this paper is
to provide the computation of the delay bound of diagnosis
in the inference-based framework of [6], generalizing the
existing schemes. It is expected that the delay bound will be
smaller compared to the existing decidable schemes, all of
which are subsumed by our framework.

II. N OTATION AND PRELIMINARIES

An automaton is a five-tupleG = (Q, Σ, δ, q0, Qm), where
Q is the set of states,Σ is the finite set of events,δ : Q×Σ →
Q is the partial transition function,q0 ∈ Q is the initial state,
andQm ⊆ Q is the set of marked states. LetΣ∗ be the set of
all finite traces of elements ofΣ, including the empty trace
ε. The functionδ can be generalized toδ : Q × Σ∗ → Q
in the usual manner. The generated language ofG, denoted
by L(G), is defined asL(G) = {s ∈ Σ∗ | δ(q0, s)!}, where
δ(q0, s)! denotes thatδ(q0, s) is defined.

Let K ⊆ Σ∗ be a language. The set of all prefixes of
traces inK is denoted bypr(K). If K = pr(K), then K
is said to be (prefix-)closed. A closed languageK is said to
be deadlock-freeif for any s ∈ K, {s}Σ∩K 6= ∅. For each
traces ∈ Σ∗, |s| denotes its length. For anym ∈ N, where
N denotes the set of all nonnegative integers, letΣ≥m :=
{s ∈ Σ∗ | |s| ≥ m} andΣ≤m := {s ∈ Σ∗ | |s| ≤ m}.

Let I = {1, 2, . . . , n} denote the index set of local
diagnosers that perform the task of diagnosis. We assume
that the limited sensing capabilities of theith local diagnoser
Di (i ∈ I) can be represented by the local observation mask,
Mi : Σ → ∆i ∪{ε}, where∆i is the set of locally observed
symbols. The local observation maskMi is extended to
Mi : Σ∗ → ∆∗

i in the usual manner. For any languages
L ⊆ Σ∗ and L′ ⊆ ∆∗

i , Mi(L) ⊆ ∆∗
i and M−1

i (L′) ⊆ Σ∗

are defined asMi(L) = {Mi(s) ∈ ∆∗
i | s ∈ L} and

M−1
i (L′) = {s ∈ Σ∗ | Mi(s) ∈ L′}, respectively.



Let L 6= ∅ be a closed language that represents the
generated language of a plant (system to be diagnosed)
modeled as an automatonG, and K ⊆ L be a nonempty
closed language that represents a nonfailure specification.
Traces inL − K are considered as failure traces and the
task of diagnosis is to determine the execution of any trace
in L − K within an additional bounded number of system
executions. Without loss of generality, the plant languageL
can be taken to be deadlock-free [2].

In what follows, we let G = (Q, Σ, δ, q0, Q) be
the finite plant model withL(G) = L and GK =
(QK , Σ, δK , qK,0, QK) be a finite generator of the nonfailure
specification language, i.e.,L(GK) = K. We augment
the generatorGK by adding a dump stated /∈ QK .
Formally, the augmented generator is defined asG̃K =
(Q̃K , Σ, δ̃K , qK,0, Q̃K), where Q̃K = QK ∪ {d}, and the
state transition functioñδK : Q̃K × Σ → Q̃K is defined as

δ̃K(q̃K , σ) =

{
δK(q̃K , σ), if q̃K ∈ QK ∧ δK(q̃K , σ)!
d, otherwise.

Then we haveL(G̃K) = Σ∗. The refinement of the plant
with respect to the specification is obtained by taking the syn-
chronous product:G ‖ G̃K = (Q×Q̃K, Σ, ξ, (q0, qK,0), Q×
Q̃K). Then we haveL(G‖G̃K) = L(G) ∩ L(G̃K) = L ∩
Σ∗ = L. For eachs ∈ L, s ∈ L − K if and only if G||G̃K

reaches a state whose second element is the dump stated by
the execution ofs.

III. I NFERENCE-BASED DIAGNOSIS FRAMEWORK

A. Existence Condition ofN -Inferring Diagnosers

Let C = {0, 1, φ} be the set of diagnosis decisions,
where “0” represents a nonfailure decision, “1” represents
a failure decision, and “φ” represents an unsure decision.
Each inference-based local diagnoserDi is defined as a
map Di : Mi(L) → C × N [2], where for eachs ∈ L,
Di(Mi(s)) = (ci(Mi(s)), ni(Mi(s))). Hereci(Mi(s)) ∈ C
denotes the diagnosis decision ofDi following an obser-
vation Mi(s) ∈ Mi(L), and ni(Mi(s)) ∈ N denotes the
ambiguity level of the diagnosis decision ofDi. Let n(s)
be the minimum ambiguity level of local decisions [2], i.e.,
n(s) := mini∈I ni(Mi(s)).

The decentralized diagnoser{Di}i∈I that consists of local
diagnosersDi (i ∈ I) issues global diagnosis decisions.
Formally, {Di}i∈I is defined as a map{Di}i∈I : L → C.
For eachs ∈ L, the diagnosis decision{Di}i∈I(s) is given
as follows [2]:

{Di}i∈I(s) =







1, if ∀i ∈ I : ni(Mi(s)) = n(s)
⇒ ci(Mi(s)) = 1

0, if ∀i ∈ I : ni(Mi(s)) = n(s)
⇒ ci(Mi(s)) = 0

φ, otherwise.

The global diagnosis decision is taken to be the same as
a local diagnosis decision possessing the minimum level of
ambiguity.

Let N ∈ N be a given nonnegative integer. A decentralized
diagnoser{Di}i∈I : L → C is said to beN -inferring [6] if
the following two conditions hold:

1) Either

∀s ∈ L − K : {Di}i∈I(s) = 1 ⇒ n(s) ≤ N, (1)

or

∀s ∈ K : {Di}i∈I(s) 6= 1 ⇒ n(s) ≤ N. (2)

2) There existsm ∈ N such that

∀s ∈ (L ∩ (L − K)Σ≥m) ∪ K :

n(s) ≤ N ⇒ {Di}i∈I(s) 6= φ. (3)

Given a plant languageL, a nonfailure specification
languageK ⊆ L, and a nonnegative integerm ∈ N,
we inductively define a monotonically decreasing sequence
{(Fk(m),Hk(m))}k≥0 of language pairs as follows [6]:

• Base step:

F0(m) := L ∩ (L − K)Σ≥m, H0(m) := K.

• Induction step:

Fk+1(m) := Fk(m) ∩

(
⋂

i∈I

M−1
i Mi(Hk(m))

)

,

Hk+1(m) := Hk(m) ∩

(
⋂

i∈I

M−1
i Mi(Fk(m))

)

.

Then we have the following definition ofN -inference
diagnosability.

Definition 1: [6] The pair(L, K) of languages is said to
be N -inference diagnosableif there existsm ∈ N such that
FN+1(m) = ∅ or HN+1(m) = ∅.

The following theorem shows thatN -inference diagnos-
ability is a necessary and sufficient condition for the ex-
istence of anN -inferring decentralized diagnoser with no
missed and incorrect detections.

Theorem 1: [6] There exists anN -inferring decentralized
diagnoser{Di}i∈I : L → C that satisfies

∃m ∈ N, ∀s ∈ L ∩ (L − K)Σ≥m : {Di}i∈I(s) = 1, (4)

∀s ∈ K : {Di}i∈I(s) 6= 1 (5)

if and only if the pair(L, K) of languages isN -inference
diagnosable.

Assume that the pair(L, K) of languages isN -inference
diagnosable so that there existsm ∈ N such thatFN+1(m) =
∅ or HN+1(m) = ∅. Then a local diagnoser can compute its
diagnosis decision and associate a level of ambiguity with it
as follows. LetFN+1(m) = ∅ or HN+1(m) = ∅ for some
m ∈ N. For eachs ∈ L, theith local diagnoserDi computes

nf
i (Mi(s)) := min{k ∈ N | Mi(s) /∈ Mi(Hk(m))},(6)

nh
i (Mi(s)) := min{k ∈ N | Mi(s) /∈ Mi(Fk(m))}.(7)

For a local diagnoserDi : Mi(L) → C × N, its diag-
nosis decision and ambiguity level following an observation



Mi(s) ∈ Mi(L), i.e., Di(Mi(s)) = (ci(Mi(s)), ni(Mi(s))),
is determined as follows [2]:

ci(Mi(s)) =







1, if nf
i (Mi(s)) < nh

i (Mi(s))

0, if nh
i (Mi(s)) < nf

i (Mi(s))

φ, if nf
i (Mi(s)) = nh

i (Mi(s)),

(8)

ni(Mi(s)) = min{nf
i (Mi(s)), n

h
i (Mi(s))}. (9)

It was shown in [6] that the decentralized diagnoser
{Di}i∈I : L → C for which the local diagnosers are given
by (6)–(9) isN -inferring and satisfies

∀s ∈ L ∩ (L − K)Σ≥m : {Di}i∈I(s) = 1 (10)

and (5). I.e., any failure can be detected by the decentralized
diagnoser{Di}i∈I : L → C within m steps.

B. TestingN -Inference Diagnosability

Here we present our construction of testing automata
reported in [5] that were used for checkingN -inference
diagnosability. The same automata, with additional counting,
introduced in the next section, will be used for the delay
bound computation.

Violation of N -inference diagnosability of(L, K) requires
that for anym ∈ N, FN+1(m) 6= ∅ andHN+1(m) 6= ∅. For
simplicity of presentation, we consider the case of two local
diagnosers, i.e.,I = {1, 2}. The results continue to hold for
an arbitrary number of local diagnosers. As shown in the
following proposition, the nonemptiness ofFN+1(m) and
HN+1(m) can be characterized as the existence of certain
(2N + 3) traces inL.

Proposition 1: [5, Proposition 1] Consider the pair
(L, K) of languages and anym ∈ N.

1) FN+1(m) 6= ∅ if and only if there exist(2N+3) traces
s0, s10, s11, . . . , s1N , s20, s21, . . . , s2N ∈ L such that

• s0 ∈ F0(m),
• ∀i ∈ I, ∀i′ ∈ {0, 1, . . . , N}:

sii′ ∈

{
H0(m), if i′ is an even number
F0(m), if i′ is an odd number,

• ∀i ∈ I : Mi(s0) = Mi(si0),
• ∀i′ ∈ {0, 1, . . . , N − 1}:







M2(s1i′ ) = M2(s1(i′+1)),
if i′ is an even number

M1(s1i′ ) = M1(s1(i′+1)),
if i′ is an odd number,

• ∀i′ ∈ {0, 1, . . . , N − 1}:






M1(s2i′ ) = M1(s2(i′+1)),
if i′ is an even number

M2(s2i′ ) = M2(s2(i′+1)),
if i′ is an odd number.

2) HN+1(m) 6= ∅ if and only if there exist (2N+3) traces
s0, s10, s11, . . . , s1N , s20, s21, . . . , s2N ∈ L such that

• s0 ∈ H0(m),

• ∀i ∈ I, ∀i′ ∈ {0, 1, . . . , N}:

sii′ ∈

{
F0(m), if i′ is an even number
H0(m), if i′ is an odd number,

• ∀i ∈ I : Mi(s0) = Mi(si0),
• ∀i′ ∈ {0, 1, . . . , N − 1}:







M2(s1i′ ) = M2(s1(i′+1)),
if i′ is an even number

M1(s1i′ ) = M1(s1(i′+1)),
if i′ is an odd number,

• ∀i′ ∈ {0, 1, . . . , N − 1}:






M1(s2i′ ) = M1(s2(i′+1)),
if i′ is an even number

M2(s2i′ ) = M2(s2(i′+1)),
if i′ is an odd number.

Employing Proposition 1, we first provide a construc-
tion to test the nonemptiness ofFN+1 for any m ∈ N.
We define, respectively, the index setIN of (2N + 3)
tracess0, s10, s11, . . . , s1N , s20, s21, . . . , s2N ∈ L of Propo-
sition 1 andIFN of among those that are failure traces
s0, s11, s13, . . . , s1l, s21, s23, . . . , s2l ∈ L − K, where

l =

{
N − 1, if N is an even number
N, if N is an odd number,

as follows:

IN = {0, 10, 11, . . . , 1N, 20, 21, . . . , 2N},

IFN = {0, 11, 13, . . . , 1l, 21, 23, . . . , 2l}.

Using the notation for these two index sets, we build a gen-
erator of all tracess0, s10, s11, . . . , s1N , s20, s21, . . . , s2N ∈
L that satisfy the last three of the five conditions of
the first part of Proposition 1. We defineTFN =
(RFN , ΣFN , αFN , rFN,0, RFN,m) as follows [5]:

• The state setRFN is defined asRFN = (Q × Q̃K) ×
Q10×Q11×· · ·×Q1N ×Q20×Q21×· · ·×Q2N , where

Qii′ =

{
QK , if i′ is an even number
Q × Q̃K , if i′ is an odd number

for any i ∈ I and anyi′ ∈ {0, 1, . . . , N}.
• The initial staterFN,0 ∈ RFN is given as

rFN,0 = ((q0, qK,0), q10,0, q11,0, . . . , q1N,0,

q20,0, q21,0, . . . , q2N,0),

where

qii′,0 =

{
qK,0, if i′ is an even number
(q0, qK,0), if i′ is an odd number

for any i ∈ I and anyi′ ∈ {0, 1, . . . , N}.
• The setRFN,m of marked states is defined asRFN,m =

{rFN ∈ RFN | ∀iFN ∈ IFN : rFN (iFN ) ∈ Q × {d}},
where, for each

rFN = ((q, qK), q10, q11, . . . , q1N , q20, q21, . . . , q2N )

in RFN , we let rFN (0) = (q, qK) and rFN (ii′) = qii′

for eachi ∈ I and eachi′ ∈ {0, 1, . . . , N}.



• The event setΣFN is defined as

ΣFN = (Σ ∪ {ε}) × (Σ ∪ {ε}) × · · · × (Σ ∪ {ε})
︸ ︷︷ ︸

(2N + 3) times

−{(ε, ε, . . . , ε)}.

• For eachrFN = ((q, qK), q10, . . . , q1N , q20, . . . , q2N )
and each σFN = (σ, σ10, . . . , σ1N , σ20, . . . , σ2N ),
αFN (rFN , σFN )! if the following five conditions are
satisfied:

– σ 6= ε ⇒ ξ((q, qK), σ)!,
– ∀i ∈ I, ∀i′ ∈ {0, 1, . . . , N} : σii′ 6= ε ⇒

{
δK(qii′ , σii′ )!, if i′ is an even number
ξ(qii′ , σii′ )!, if i′ is an odd number,

– ∀i ∈ I : Mi(σ) = Mi(σi0),
– ∀i′ ∈ {0, 1, . . . , N − 1}:







M2(σ1i′ ) = M2(σ1(i′+1)),
if i′ is an even number

M1(σ1i′ ) = M1(σ1(i′+1)),
if i′ is an odd number,

– ∀i′ ∈ {0, 1, . . . , N − 1}:






M1(σ2i′ ) = M1(σ2(i′+1)),
if i′ is an even number

M2(σ2i′ ) = M2(σ2(i′+1)),
if i′ is an odd number.

If αFN (rFN , σFN )!, then

αFN (rFN , σFN )

= ((q′, q′K), q′10, q
′
11, . . . , q

′
1N , q′20, q

′
21, . . . , q

′
2N ),

where

(q′, q′K) =

{
ξ((q, qK), σ), if σ 6= ε
(q, qK), otherwise

q′ii′ =







δK(qii′ , σii′ ),
if σii′ 6= ε ∧ [i′ is an even number]

ξ(qii′ , σii′ ),
if σii′ 6= ε ∧ [i′ is an odd number]

qii′ ,
otherwise.

For anyσFN = (σ, σ10, σ11, . . . , σ1N , σ20, σ21, . . . , σ2N )
in ΣFN , we let σFN (0) = σ andσFN (ii′) = σii′ for each
i ∈ I and eachi′ ∈ {0, 1, . . . , N}.

To accept traces satisfying all five of the conditions in
the first part of Proposition 1 for somem ∈ N, we build a
nondeterministic acyclic automaton over the set of maximal
strongly connected components (max-SCCs) ofTFN [5]:
TFN = (VFN , ΣFN , βFN , VFN,0, VFN,m), where

• The state set VFN is defined as VFN =
{VFN,0, VFN,1, . . . , VFN,|VF N |−1}, where, for any
k ∈ {0, 1, . . . , |VFN | − 1}, VFN,k is a max-SCC
of TFN . Without loss of generality, we assume that
rFN,0 ∈ VFN,0.

• The setVFN,m of marked states is defined asVFN,m =
{VFN,k ∈ VFN | VFN,k ∩ RFN,m 6= ∅}.

• The nondeterministic state transition functionβFN :
VFN × ΣFN → 2VF N is defined as

βFN (VFN,k, σFN )

= {VFN,k′ ∈ VFN | k 6= k′

∧[∃rFN ∈ VFN,k, ∃r′FN ∈ VFN,k′ :

αFN (rFN , σFN ) = r′FN ]}

for eachVFN,k ∈ VFN and eachσFN ∈ ΣFN .
A labeling function JFN : VFN → 2IF N is defined as

JFN (VFN,k)

= {iFN ∈ IFN | [∃rFN ∈ VFN,k :

rFN (iFN ) ∈ Q × {d}]

∧[∃rFN , r′FN ∈ VFN,k, ∃σFN ∈ ΣFN :

αFN (rFN , σFN ) = r′FN ∧ σFN (iFN ) 6= ε]}

for eachVFN,k ∈ VFN . Then, by the construction,iFN ∈
JFN (VFN,k) means thatsiF N

can be extended to an arbi-
trarily long failure trace in a max-SCCVFN,k. Therefore, we
can test whetherFN+1(m) 6= ∅ for any m ∈ N as shown in
the following proposition.

Proposition 2: [5, Proposition 3] Consider the pair
(L, K) of regular languages. Then,FN+1(m) 6= ∅ for
any m ∈ N if and only if there exists a pathVFN,0 =

VFN,k0

σ
(k0)

F N−−−→ VFN,k1

σ
(k1)

F N−−−→ · · ·
σ

(kh−1)

F N−−−−−→ VFN,kh
∈ VFN,m

in the acyclic automatonTFN such that
⋃

k∈{k0,k1,...,kh}

JFN (VFN,k) = IFN . (11)

Dually to check the nonemptiness ofHN+1(m) for any
m ∈ N, we constructTHN andTHN dual toTFN andTFN ,
respectively. Among the(2N + 3) traces of the second part
of Proposition 1,s10, s12, . . . , s1l, s20, s22, . . . , s2l ∈ L−K
are failure traces, where

l =

{
N, if N is an even number
N − 1, if N is an odd number,

and their index set is denoted by

IHN = {10, 12, . . . , 1l, 20, 22, . . . , 2l}.

Employing this index set, we define a generator of all
(2N + 3) traces satisfying the last three of the five con-
ditions of the second part of Proposition 1,THN =
(RHN , ΣHN , αHN , rHN,0, RHN,m), as follows [5]:

• The state setRHN is defined asRHN = QK × Q10 ×
Q11 × · · · × Q1N × Q20 × Q21 × · · · × Q2N , where

Qii′ =

{

Q × Q̃K , if i′ is an even number
QK , if i′ is an odd number

for any i ∈ I and anyi′ ∈ {0, 1, . . . , N}.
• The initial staterHN,0 ∈ RHN is given asrHN,0 =

(qK,0, q10,0, q11,0, . . . , q1N,0, q20,0, q21,0, . . . , q2N,0),
where

qii′,0 =

{
(q0, qK,0), if i′ is an even number
qK,0, if i′ is an odd number



for any i ∈ I and anyi′ ∈ {0, 1, . . . , N}.
• The setRHN,m of marked states is defined asRHN,m =

{rHN ∈ RHN | ∀iHN ∈ IHN : rHN (iHN ) ∈ Q ×
{d}}, where, for eachrHN ∈ RHN , rHN (iN ) (iN ∈
IN ) are defined in the same way asrFN (iN ), where
rFN ∈ RFN .

• The event setΣHN is defined asΣHN = ΣFN .
• For each rHN = (qK , q10, . . . , q1N , q20, . . . , q2N )

and eachσHN = (σ, σ10, . . . , σ1N , σ20, . . . , σ2N ),
αHN (rHN , σHN )! if the following five conditions are
satisfied:

– σ 6= ε ⇒ δK(qK , σ)!,
– ∀i ∈ I, ∀i′ ∈ {0, 1, . . . , N} : σii′ 6= ε ⇒

{
ξ(qii′ , σii′ )!, if i′ is an even number
δK(qii′ , σii′ )!, if i′ is an odd number,

– ∀i ∈ I : Mi(σ) = Mi(σi0),
– ∀i′ ∈ {0, 1, . . . , N − 1}:







M2(σ1i′ ) = M2(σ1(i′+1)),
if i′ is an even number

M1(σ1i′ ) = M1(σ1(i′+1)),
if i′ is an odd number,

– ∀i′ ∈ {0, 1, . . . , N − 1}:






M1(σ2i′ ) = M1(σ2(i′+1)),
if i′ is an even number

M2(σ2i′ ) = M2(σ2(i′+1)),
if i′ is an odd number.

If αHN (rHN , σHN )!, then

αHN (rHN , σHN )

= (q′K , q′10, q
′
11, . . . , q

′
1N , q′20, q

′
21, . . . , q

′
2N ),

where

q′K =

{
δK(qK , σ), if σ 6= ε
qK , otherwise

and

q′ii′ =







ξ(qii′ , σii′ ),
if σii′ 6= ε ∧ [i′ is an even number]

δK(qii′ , σii′ ),
if σii′ 6= ε ∧ [i′ is an odd number]

qii′ ,
otherwise.

For eachσHN ∈ ΣHN , σHN (iN ) (iN ∈ IN ) is defined in
the same way asσFN (iN ), whereσFN ∈ ΣFN .

Using THN , we construct a nondeterministic acyclic au-
tomaton THN = (VHN , ΣHN , βHN , VHN,0, VHN,m) over
the set of max-SCCs ofTHN as follows [5]:

• The state set VHN is defined as VHN =
{VHN,0, VHN,1, . . . , VHN,|VHN |−1}, where, for any
k ∈ {0, 1, . . . , |VHN | − 1}, VHN,k is a max-SCC
of THN . Without loss of generality, we assume that
rHN,0 ∈ VHN,0.

• The setVHN,m of marked states is defined asVHN,m =
{VHN,k ∈ VHN | VHN,k ∩ RHN,m 6= ∅}.

• The nondeterministic state transition functionβHN :
VHN × ΣHN → 2VHN is defined as

βHN (VHN,k, σHN )

= {VHN,k′ ∈ VHN | k 6= k′

∧[∃rHN ∈ VHN,k, ∃r′HN ∈ VHN,k′ :

αHN (rHN , σHN ) = r′HN ]}

for eachVHN,k ∈ VHN and eachσHN ∈ ΣHN .
A labeling functionJHN : VHN → 2IHN is defined as

JHN (VHN,k)

= {iHN ∈ IHN | [∃rHN ∈ VHN,k :

rHN (iHN ) ∈ Q × {d}]

∧[∃rHN , r′HN ∈ VHN,k, ∃σHN ∈ ΣHN :

αHN (rHN , σHN ) = r′HN ∧ σHN (iHN ) 6= ε]}

for eachVHN,k ∈ VHN .
Similar to Proposition 2, we have the following result.
Proposition 3: [5, Proposition 5] Consider the pair

(L, K) of regular languages. Then,HN+1(m) 6= ∅ for
any m ∈ N if and only if there exists a pathVHN,0 =

VHN,k0

σ
(k0)

HN−−−→ VHN,k1

σ
(k1)

HN−−−→ · · ·
σ

(kh−1)

HN−−−−−→ VHN,kh
∈

VHN,m in the acyclic automatonTHN such that
⋃

k∈{k0,k1,...,kh}

JHN (VHN,k) = IHN . (12)

IV. COMPUTATION OF DELAY BOUND

The delay bound is defined as the minimum number of
steps within which the detection of any failure is guaranteed.
In this section, we show how to compute the delay bound in
the inference-based diagnosis framework. We assume that the
pair (L, K) of languages isN -inference diagnosable. Then
there existsm ∈ N such thatFN+1(m) = ∅ or HN+1(m) =
∅. Let m∗

N be such a minimum integerm, i.e.,

m∗
N = min{m ∈ N | FN+1(m) = ∅ ∨ HN+1(m) = ∅}.

For any m ≥ m∗
N , the decentralized diagnoser{Di}i∈I :

L → C for which the local diagnosers are given by (6)–(9)
can detect any failure withinm steps. Hence,m∗

N can be
considered as the delay bound.

Let NFN and NHN be the sets of delays under which
(L, K) is “N -inference disjunctive and conjunctive diagnos-
able”, respectively, i.e.,NFN = {m ∈ N | FN+1(m) = ∅}
andNHN = {m ∈ N | HN+1(m) = ∅}. Then we can define
the minimum delays for the disjunctive and conjunctive cases
as

m∗
FN =

{
min NFN , if NFN 6= ∅
undefined, otherwise,

m∗
HN =

{
min NHN , if NHN 6= ∅
undefined, otherwise,

respectively, and the overall minimum delay as

m∗
N =







min{m∗
FN , m∗

HN}, if NFN 6= ∅ ∧ NHN 6= ∅
m∗

FN , if NFN 6= ∅ ∧ NHN = ∅
m∗

HN , if NFN = ∅ ∧ NHN 6= ∅.



To computem∗
N , we develop methods for computingm∗

FN

andm∗
HN whenNFN 6= ∅ andNHN 6= ∅, respectively.

Note that m∗
FN is the minimum number of post-fault

events the system must execute for a fault to be diag-
nosed. We use the acyclic automatonTFN for computing
m∗

FN when NFN 6= ∅. Under this condition, we have
FN+1(m

∗
FN ) = ∅. Then from the inverse of Proposi-

tion 2, it holds for any path, in the setPFN of all
paths from the initial state to final states of the form

VFN,0 = VFN,k0

σ
(k0)

F N−−−→ VFN,k1

σ
(k1)

F N−−−→ · · ·
σ

(kh−1)

F N−−−−−→
VFN,kh

∈ VFN,m, that
⋃

k∈{k0,k1,...,kh}
JFN (VFN,k) 6=

IFN . Then for a corresponding indexiFN ∈ IFN −
⋃

k∈{k0,k1,...,kh}
JFN (VFN,k), it holds that only the inter-

max-SCC transitions inTFN (that are also the transitions
of TFN ) witness a post-fault event, whereas the intra-max-
SCC transitions inTFN (max-SCCs ofTFN are states in
TFN ) are simplyε-transitions (otherwise that index would
already be included in

⋃

k∈{k0,k1,...,kh}
JFN (VFN,k) by the

definition ofJFN ). Then for each such index, each transition
along a pathpFN ∈ PFN may contribute to a post-fault
event count depending on whether or not that transition
is a non-ε-transition for that index. Accordingly, for each

path pFN : VFN,0 = VFN,k0

σ
(k0)

F N−−−→ VFN,k1

σ
(k1)

F N−−−→

· · ·
σ

(kh−1)

F N−−−−−→ VFN,kh
∈ VFN,m in PFN and each index

iFN ∈ IFN −
⋃

k∈{k0,k1,...,kh}
JFN (VFN,k), we define an

index-specific post-fault event count of each transition of the
path as follows: For eachj ∈ {1, 2, . . . , h},

wFN,iF N
(VFN,kj−1 , σ

(kj−1)
FN , VFN,kj

)

:=







1, if [σ
(kj−1)
FN (iFN ) 6= ε]

∧[∃rFN ∈ VFN,kj−1 , ∃r′FN ∈ VFN,kj
:

αFN (rFN , σ
(kj−1)
FN ) = r′FN

∧r′FN (iFN ) ∈ Q × {d}]
0, otherwise.

Using the index-specific post-fault event count of transitions,
we define an index-specific post-fault event count for the path
pFN by simply adding the index-specific counts along the
transitions ofpFN :

wFN,iF N
(pFN )

:=

h∑

j=1

wFN,iF N
(VFN,kj−1 , σ

(kj−1)
FN , VFN,kj

).

Next, a minimum among all indices inIFN −
⋃

k∈{k0,k1,...,kh}
JFN (VFN,k) is taken to determine the

post-fault event count across all such indices for the path
pFN :

wFN (pFN )

:= min
iF N∈IF N−∪k∈{k0,...,kh}JF N (VF N,k)

wFN,iF N
(pFN ).

Finally a maximum of the counts along all paths inPFN is
taken to obtain the required delay bound of diagnosis:

wFN :=

{
maxpF N∈PF N

wFN (pFN ), if PFN 6= ∅
0, otherwise.

SincePFN is finite, wFN is effectively computable.
Theorem 2:Assume thatNFN 6= ∅. Then,m∗

FN = wFN .
Dually we can useTHN to computem∗

HN whenNHN 6=
∅. Simply replace the subscript “FN ” by “ HN ” in the
computation ofm∗

FN given earlier (such as in the definitions
of the various post-fault event counts). Then similar to
Theorem 2, we have the following result.

Theorem 3:Assume thatNHN 6= ∅. Then,m∗
HN = wHN .

Remark 1:To compute the delay boundm∗
N using Theo-

rems 2 and 3, we first need to construct the finite automata
TFN and THN . By the definitions ofTFN and THN , the
complexity of constructing those is exponential with respect
to N and n. Next, we construct the acyclic automataTFN

and THN by identifying all max-SCCs ofTFN and THN .
This complexity isO((|RFN | + |RHN |) × |Σ|2N+3). Then,
m∗

N can be obtained by exploring all paths ofTFN andTHN

that end with marked states.

V. CONCLUSION

In [6], we presented a framework for inference-based
decentralized diagnosis, supporting multi-level inferencing
for disjunctive as well as conjunctive decision making, and
introduced the notion ofN -inference diagnosability to char-
acterize the class of diagnosable systems. This paper sup-
plements the work of [6] by providing a method to compute
the delay bound of diagnosis forN -inference diagnosable
systems. It is expected that this delay bound will be smaller
compared to the one achieved under any other framework
subsumed by theN -inference diagnosability (such as dis-
junctive and/or conjunctive diagnosability, with or without
conditional decisions).
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