.

) <

The University of Osaka
Institutional Knowledge Archive

Maximally Permissive Supervisors for Nonblocking
Title Similarity Control of Nondeterministic Discrete-
Event Systems

Author(s) |Li, Jinglun; Takai, Shigemasa

IEEE Transactions on Automatic Control. 2022,

Citation |goigy ' 3509-3544

Version Type| AM

URL https://hdl.handle.net/11094/106742

© 2022 IEEE. Personal use of this material is
permitted. Permission from IEEE must be obtained
for all other uses, in any current or future
media, including reprinting/republishing this
rights material for advertising or promotional
purposes, creating new collective works, for
resale or redistribution to servers or lists, or
reuse of any copyrighted component of this work
in other works.

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. X, NO. X, X 20XX

Maximally Permissive Supervisors for
Nonblocking Similarity Control of
Nondeterministic Discrete Event Systems

Jinglun Li and Shigemasa Takai, Member, IEEE

Abstract—This paper investigates a nonblocking similarity con-
trol problem for nondeterministic discrete event systems, which is
a problem of synthesizing a nonblocking supervisor such that the
supervised system is simulated by the given specification. In this
research, the state of the system is not required to be observable,
and the event occurrence is allowed to be partially observed. We
propose an algorithm that computes a nonblocking supervisor
from a possibly blocking one by iteratively removing certain
states. Then, we identify two key properties of input supervisors,
named state-unmergedness and strong maximal permissiveness,
which together guarantee the maximal permissiveness of output
nonblocking supervisors. The algorithm is applied to a supervisor
with these two properties to obtain a maximally permissive
nonblocking supervisor. In addition, we show that a nonblocking
supervisor is generated by the algorithm if and only if there
exists a solution to the nonblocking similarity control problem.

Index Terms—Nondeterministic discrete event system, simi-
larity control, nonblocking supervisor, maximal permissiveness,
partial observation.

I. INTRODUCTION

HE supervisory control problem for discrete event sys-

tems (DESs) arises in the study of automated event-
driven systems [1]. Under the framework of supervisory
control for deterministic DESs formulated by Ramadge and
Wonham [1], a nonblocking supervisor is synthesized for the
given system and the specification to achieve the equivalence
of the marked language of the supervised system and the
specification language. If such a supervisor does not exist, a
nonblocking supervisor is synthesized for the supremal L,,(G)-
closed and controllable sublanguage of the specification lan-
guage [2].

In [3], [4], supervisory control was initially considered un-
der the assumption that only a part of the events in the system
can be observed. It was shown that there exists a nonblocking
supervisor for the given specification that works under partial
observation if and only if the specification language is L, (G)-
closed, controllable, and observable. As observability is not
preserved under union in general, if the specification cannot
be exactly achieved, the optimal nonblocking supervisor that
achieves the supremal subspecification does not necessarily
exist under partial observation. Varieties of works [3]—[8]
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have been done to synthesize a nonblocking supervisor for
partially observed DESs. Especially, a maximally permissive
supervisor was synthesized in [8] in the sense that there does
not exist another supervisor that achieves a strictly larger
subspecification.

Owing to unmodeled dynamics or abstraction, nondeter-
minism of transitions may arise in the system models [9].
Deterministic control for nondeterministic systems was studied
in [10], [11], and [12], where the specification is given as
a process, language, and trajectory, respectively. In [13], a
notion of bisimulation equivalence, which is stronger than
language equivalence, was introduced, and it is widely used for
verification and control of dynamical systems. For the system
and the specification modeled as nondeterministic automata,
a bisimilarity control problem is a problem of synthesizing
a supervisor such that the supervised system is bisimulation
equivalent to the specification. This problem has been studied
in the literature [9], [14]-[19].

If there does not exist a supervisor that achieves bisim-
ulation equivalence of the supervised system and the speci-
fication, a possible approach is to relax the requirement of
enforcing bisimilarity. One may consider a similarity control
problem, which only requires us to synthesize a similarity-
enforcing supervisor so that the supervised system is simulated
by the specification. It is known that the simulation relation
from the supervised system to the specification is stronger
than the inclusion relations of their generated and marked
languages. Similarity control was studied in [20]-[24] without
addressing the nonblocking issue. In [20], a range similarity
control problem was studied, where a supervisor is synthesized
so that the supervised system simulates the lower bound spec-
ification and is simulated by the upper bound specification. In
[21], a maximally permissive similarity-enforcing supervisor
was synthesized under the assumption that the current state of
the system is observable. The similarity control problem that
does not require state observation was studied in [22]-[24].
In particular, maximally permissive supervisors which enforce
similarity are synthesized for fully and partially observed
systems in [23] and [24], respectively.

The nonblocking similarity control problem is a problem
of synthesizing a nonblocking similarity-enforcing supervisor.
Due to nondeterminism, imposing nonblockingness compli-
cates the similarity control problem. To solve the problem, the
assumption that the current state is observable was imposed
in [25], [26], which is restrictive in general.

In this paper, we solve the nonblocking similarity control
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problem without requiring state observation. Besides, (the
event occurrence of) the system is allowed to be partially
observed. We present an algorithm named NBSR, which
computes a nonblocking supervisor from a possibly blocking
one by iteratively removing certain states. We identify a class
of supervisors as the inputs of NBSR, so that its output
supervisors are maximally permissive.

The reminder of this paper is organized as follows. We
introduce preliminary definitions in Section II. In Section III,
we formulate the problem we consider in this paper. In Section
IV, we provide an algorithm named NBSR that computes a
nonblocking similarity-enforcing supervisor and show its va-
lidity. To investigate how to synthesize a maximally permissive
supervisor using NBSR, we review some results of the existing
work and synthesize a supervisor as a candidate for the input of
NBSR in Section V. In section VI, we identify two properties
of an input supervisor, named state-unmergedness and strong
maximal permissiveness, which are the key for synthesizing
a maximally permissive nonblocking supervisor by NBSR.
Then, we derive a necessary and sufficient condition for
the solvability of the nonblocking similarity control problem,
and synthesize a maximally permissive supervisor when it is
solvable. Finally, we conclude the paper in Section VII. Some
important notations of this paper are listed in TABLE I. Their
detailed explanations are given afterwards.

As compared with the authors’ conference paper [27], this
paper (i) contains the proofs of the technical results which
were omitted in [27]; (ii) identifies the two key properties for
synthesizing a maximally permissive supervisor by NBSR; (iii)
extends the results to the case of partial observation; and (iv)
provides a practical example to illustrate the motivation.

II. PRELIMINARIES
A. Nondeterministic Automata

In this paper, DESs are modeled as nondeterministic finite-
state automata. Let A(X) denote the set of all nondeterministic
finite-state automata over the event set ¥. A nondeterministic
finite-state automaton G € A(X) is defined as a 5-tuple G =
(X,X, o0, X0, X, ), where X is the finite set of states, @ : X XX —
2X is the nondeterministic state transition function, Xo C X is
the nonempty set of initial states, and X, C X is the set of
marked states, which represent, for example, the completion of
a task. X* denotes the set of all finite event strings of elements
in X, including the empty string €. The transition function o
can be extended to o : X x £* — 2X inductively as

o 0(x,€) ={x}, and

e VseX'Voel:a(xso)= (] a(,0)
x'ea(x,s)

for any x € X. Moreover, we let
a(X's) = U a(x',s)
xex’

for any X’ C X and any s € £*. The generated and marked
languages of G are defined as L(G) = {s € Z* | a(Xo,s) #
0} and L, (G) = {s € L(G) | a(Xo,s) N Xy # 0}, respectively.
Reach(G) = {x€ X | Is € L(G) : x € a(Xp,s)} denotes the set
of all reachable states of G. G is said to be nonblocking if

Vx € Reach(G),3s € X : at(x,8) N X # 0,

which guarantees that G can reach a marked state from any
reachable state. This condition is stronger than the conven-
tional nonblocking condition L, (G) = L(G) defined for a
deterministic automaton G, where L,,(G) denotes the prefix-
closure of L, (G).

A subautomaton G’ of G with respect to a subset of the
state set X of G is defined as follows.

Definition 1: For an automaton G = (X, X, o, Xo,Xn) € A(X)
and a subset X’ C X such that Xy N X’ # 0, the subautomaton
G € A(X) of G with respect to X' is defined as G =
X'z, o, X}, X)) € A(X), where X =XoNX' and X, = X,, N
X'. The nondeterministic transition function &' : X' x & — 2%’
is given as @'(x,0) = a(x,0)NX’ for each x € X' C X and
each o € X.

A simulation relation is defined as follows.

Definition 2: [9] Let G| = (X1,X, 01,X10,X1m) € A(X) and
Gy = (X2,X, 00, X20,Xom) € A(X). A relation ® C X; x X is
said to be a simulation relation from G; to G if

o Vx10 € X10,3x20 € X2 : (x10,X20) € D,

o V(x1,x2) €®,Vo € X, Vx| € a1 (x1,0),3x, € a2 (x2,0) :

(x},x5) € ®, and

. V(xl,x2) cd:x; €Xip=x € Xope
If there exists a simulation relation from G to G,, G; is said
to be simulated by G,, and we write G| C G».

Remark 1: G being simulated by G, means that the possible
behavior in Gj is also possible in G,. For nondeterministic
finite-state automata G, G, € A(X), we only have

GICGy= L(Gl) - L(Gz) /\Lm(Gl) - Lm(Gz),

and the reverse relation does not hold in general. That is, in
the nondeterministic setting, the simulation relation is stronger
than the inclusion relations of the generated and marked
languages.

B. Nondeterministic Supervisory Control

We model the system and the specification as automata G =
X,X%,0,X0,Xp) € AX) and R = (Q,X,8,00,0m) € A(L),
respectively, which share the same event set X.

A supervisor is also modeled as an automaton S =
(Y,XZ,B,Y,Y) € A(X) whose states are all marked. The system
G supervised by a supervisor S is modeled as their syn-
chronous composition S||G [9], where

S|G= (Y xX,%,E Yy x Xo,Y x X,,) € AZ).

The nondeterministic transition function & : (¥ x X) x ¥ —
VXX of §||G is defined as &((y,x),0) = B(y,0) x a(x, o) for
each (y,x) €Y x X and each o € X.

The event set X is partitioned into the controllable (re-
spectively, observable) event set X, (respectively, ¥,) and
the uncontrollable (respectively, unobservable) event set X,.
(respectively, X,,,). An uncontrollable event cannot be disabled
by a supervisor. A supervisor observes the event occurrence
through the natural projection P : X* — X defined inductively
as

e P(e)=¢, and
if c €%,
if 6 €X,.

P(s)o,

o« VseX*VoeX:P(so)= {P( :
s7
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TABLE I
SOME IMPORTANT NOTATIONS
Notations Meanings
Yo (y) The set of unobservable events defined at state y
Ry(S) The set of runs in S which reach state y
L(r) The set of strings enabled via a run r
S(G,R) The set of similarity-enforcing supervisors for G and R
MPS(G,R) The set of maximally permissive supervisors in S(G,R)
NS(G,R) The set of nonblocking similarity-enforcing supervisors for G and R
MPNS(G,R)  The set of maximally permissive supervisors in N'S(G,R)
NBSR(S,G) The output of Algorithm 1 when it is applied to a supervisor S for G
min W The set of minimal elements of a set WW
MPS (G,R) The set of state-unmerged and Z,. NX,,-compatible supervisors in S(G,R) which are strongly more permissive than any

Y N Eyo-compatible supervisor in S(G,R)

Then, a notion of admissibility is imposed on a supervisor
to guarantee that: (i) the uncontrollable events are always
enabled; and (ii) the supervisor does not react to the occurrence
of any unobservable event.

Definition 3: For the system G = (X,X, &, Xo,Xnm) € A(L), a
supervisor S = (Y,X,,Y,Y) € A(X) is said to be admissible
if, for any (y,x) € Reach(S||G), it satisfies

e Vo €L, :a(x,0)#0= B(y,0)#0 [22], and
o Vo €Ly : B(y,0) #0= B(y,0)={y} [14].

Since the current state of the system is not required to
be observed in this paper, we refer to full event observation
and partial event observation as full observation and partial
observation, respectively. For any state y € Y of a supervisor
S, we let Xy(y) = {0 € Xy | B(y,0) # 0} be the set of
unobservable events enabled at y. The control mechanism of
an admissible supervisor S for the partially observed system
G can be explained as follows. Let (y,x) € Reach(S||G) be
the current state of S||G. An event ¢ € ¥ is enabled by S if
B(y,0) # 0. We suppose that an enabled event ¢ occurs in G
and causes a transition from x to x’' € a(x,0). If 6 € X, S
does not react to o because of the second condition of admis-
sibility, and the resulting state of S||G is (y,x") € Reach(S||G).
If o0 €%,, S observes the occurrence of ¢ and chooses the
next state y' nondeterministically from B(y, o). The resulting
state of S||G is (y/,x') € Reach(S||G). A supervisor S is said
to be nonblocking if S||G is nonblocking.

We also define a class of supervisors, named X,. NX,,-
compatible supervisors, in the following manner.

Definition 4: For the system G = (X,X, a,Xo,Xn) € A(L),
a supervisor S = (Y,X,3,Y),Y) € A() is said to be X, NX,,-
compatible if

VyeY,Vo € Ly NZyo : B(y,0) = {y}.

Note that a supervisor S € A(X) that works under partial
observation has to be admissible, but it need not to be
Yue NXyp-compatible. Namely, for any state y € Y and any
o € X, NX,, if there does not exist (y,x) € Reach(S||G)
such that a(x,0) # 0, then B(y,0) need not to be nonempty.
Moreover, by the definition of admissibility, the following
proposition is trivial.

Proposition 1: For the system G = (X,X, o0, Xp, X;n) € A(X)
and an admissible supervisor S = (¥,Z,,%,Y) € A(X), we

consider a supervisor Scom = (Y, Z, Beom, Y0,Y) € A(X), where

O
B(y,0),

for each y € Y and each o € X. Then, it holds that S||G =
Scom||G and S, is admissible and X, NX,,-compatible.

Proposition 1 shows that any admissible supervisor S can be
turned into an equivalent admissible and X, NX,,-compatible
one S.,, by complementing the transitions of each state y
with self-loop transitions by events in £,. NY,, which are not
originally defined at y.

For any reachable state y € Reach(S) of an admissible
supervisor S € A(X), there exists an observable event string
s € ZXNL(S) such that y € B(Yo,s). Then, there exist states
Y0, Y15+, ¥n € Reach(S) with yo € Yo, y, =y, and yi1 €
B (yi,0;) for each i € {0,1,...,n—1}, where s = 600} ... Cy—1.
For a series of state transitions yg 2, yi a, 2
that finally reaches y, =y, we call %0p...%-10n—1% €
2%w (L,2%©)* a run in S that reaches y, where Yi = Zuo(¥j)
for each j € {0,1,...,n}. We let R,(S) denote the set
of all runs in § which reach y. Note that, when y € Yy,
since y € B(Yp,€), the run I,,(y) € 2% is an element of
Ry(S). A run r = $00...Yu—10,—1% € Ry(S) records not
only the observable event string 00 ...0,—1 € X5 N L(S)
that leads to y but also the control decisions ¥, %,...,% €
2Xw on unobservable events that S made. Here, the set of
event strings that lead to y via r is given as L(rS) =
{5000...5p—10,—15, €L(S) | Vi€ {0,1,...,n} :s;€y'} C L(S),
which is also the set of strings enabled by S when its current
state is reached via r. Note that L(r,S) is uniquely determined
by r. We suppose that r is shared by another supervisor
S’ € A(X), namely, there exists a state y € Reach(S’) such
that r € Ry (S'). Then, it holds that L(r,S) = L(r,S’). Hence,
for the sake of simplicity, we write L(r,S) as L(r) with a slight
abuse of the notation.

Example 1: Let S € A(X) shown in Fig. 1 be a supervisor
for some system G € A(X), where £ = {a,b,u;,uz} and
Yo = {ui,up}. We consider state y3 € Reach(S), which can

if o€ (Zuc mz‘fuo) - ZHO (y)
otherwise

Bcom(yv G) = {

be reached by yo % y; LA y3 O Yo — y» — y3. It follows
that Ry, (S) = {ri,r}, where ri = {u; }a®b{u,ur} and r, =
{u1}a{uz}a{uy,ur}. Then, we have L(r;) = {s;abs| € L(S) |
s1 € {lu}* As) € {ur,u2}*} and L(ry) = {s2ashas; € L(S) |
s2 € {ur}Ash € {un} Ay € {ur,un}*}.
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Fig. 1. Supervisor S.

In a special case where X,, = 0, namely, the sys-
tem is fully observed, a run » = Y%0pY101...Y—10n-1Yn =
0opboy...00,-10 can be characterized by the string
0y0] ...0,—1, and, since 0* = {e}, it holds that L(r) =
{6001 ...04—1}.

III. PROBLEM FORMULATION

We first introduce some necessary terminologies. Given
the (possibly partially observed) system G € A(X) and the
specification R € A(X), if a supervisor S € A(X) satisfies
S|IG C R and is admissible and nonblocking, then it is
said to be a nonblocking similarity-enforcing supervisor. Let
NS(G,R) C A(X) be the set of all nonblocking similarity-
enforcing supervisors for G and R. We evaluate the permis-
siveness of a supervisor with respect to the simulation relation.
Then,

MPNS(G,R)={SeNS(G,R)|VS' e N'S(G,R):S'||GLS||G}

denotes the set of all maximally permissive nonblocking
similarity-enforcing supervisors.

Now, we formulate the problem to be solved in this paper.

Nonblocking similarity control problem : For the partially
observed system G € A(X) and the specification R € A(X), find
a supervisor S € NS(G,R). The nonblocking similarity control
problem is said to be solvable if NS(G,R) # 0, and a super-
visor S € NS(G,R) is a solution to it. In particular, we syn-
thesize a maximally permissive supervisor § € MPNS(G,R)
as a maximal solution.

Remark 2: By the definition of MPNS(G,R), a supervi-
sor S € MPNS(G,R) is maximally permissive in a global
sense. This is achievable since a supervisor is allowed to be
nondeterministic [28]. On the other hand, the order = on
A(X) is a preorder, which is transitive and reflexive, but not
antisymmetric [20]. Hence, for two 1,5, € MPNS(G,R),
we cannot claim that S} =S, or S1]|G = S,||G. Instead, we
have S1||G C S,||G and $2||G C S} ||G, which imply that S; is
as permissive as So (with respect to the simulation relation).
Note that S;||G and S,||G are language equivalent, that is,
L(S1[[G) = L(5:]|G) and Ly(S1|G) = L(S]|G) hold.

For later use, we also introduce the following terminologies.
A supervisor §' € A(X) is said to be a similarity-enforcing
supervisor if S’ is admissible and §'||G C R holds. (Namely,
S’ is possibly blocking.) Let S(G,R) C .A(X) be the set of all
similarity-enforcing supervisors for G and R. Then, it holds
that NS(G,R) C S(G,R). Similarly, the set of all maximally
permissive similarity-enforcing supervisors is given as

MPS(G,R) = {S € S(G,R) | VS' € S(G,R) : §'||G C §||G}.

Station1 |

| Station2

Processing area

Fig. 2. Manufacturing system.

Fig. 4. Specification R.

Here, we provide an example to show the motivation of
enforcing similarity. For the sake of simplicity, we assume
that the system is fully observed.

Example 2: For a robot working in a manufacturing system
shown in Fig. 2, which consists of two stations, two processing
rooms, and three rails, we consider the nondeterministic model
G shown in Fig. 3, where £ =X, = {01,02,a,uj,uz}. There
are two kinds of parts A and B in station 1. Initially, the robot
is in station 1, and moves to processing area through rail 1
after picking a part (event u1), where the picked part cannot
be identified. The transitions xg a, x1 and xp A, Xy denote
that the robot moves to processing area with parts A and B,
respectively. In processing area, the robot performs two kinds
of operations o and o0, in rooms 1 and 2, respectively. After
performing o or o (states x3 and x4), the robot can directly
move to station 2 through rail 2 to unload the processed part
(event a). Then the robot goes back to station 1 via rail 3
(event up). Besides, if o1 is performed on part A (state x3),
the robot can further process the part by 0,. Then it unloads
the processed part in station 2 and moves back to station 1.
The events oy, 03, and a are controlled by opening or closing
the entrances of room 1, room 2, and rail 2, respectively. The
robot can freely travel back and forth in rails 1 and 3, that
is, Z,c = {u1,u2}. G is marked when the robot is in a station
(states xg, xg, and x7).

As the specification, we consider the nondeterministic au-
tomaton R shown in Fig. 4. Suppose that some preparations
are needed for supporting the operation of the robot, but the
preparations for o; and o0, cannot be done simultaneously.
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Fig. 5.

Fig. 6. Determinized specification Rg,;.

. uy l 01,02I a ’

Fig. 7. Deterministic supervisor Sg.

Fig. 8. Supervised system Sy, ||G.

Then, after the occurrence of u, regardless of the kind of
the picked part, the choice between the operations o and 0>
is prohibited. Besides, if part A is processed by both the two
operations o1 and o, then the robot has to stay in station 2
after unloading.

Let us transform the nondeterministic models G and R
into the language equivalent deterministic ones Gy, and R,
shown in Figs. 5 and 6, respectively, and try to solve the
problem using the conventional supervisory control theory for
deterministic systems [2]. We can synthesize a maximally
permissive deterministic supervisor Sy, shown in Fig. 7,
which achieves the supremal L,, (G, )-closed and controllable
sublanguage of L,,(Rg). By applying Sg, to the original
nondeterministic model G, the supervised system Sy.||G is
obtained as shown in Fig. 8. In S, ||G, although the language
inclusion relations L(Sz.||G) € L(R) and Ly (Sger||G) C Lin(R)
are achieved, the requirement “o; and o, are not selectable
after u;” is not met. To satisfy this requirement, a similarity-
enforcing supervisor is needed.

IV. ALGORITHM NBSR

In this section, we introduce an algorithm named NBSR
(nonblocking state removal), which iteratively removes states
of a supervisor that violate the first condition of admissibility
or cause blockingness. The algorithm NBSR computes a non-
blocking supervisor from a possibly blocking one. In the ith
iteration, whether or not the supervisor §' = (Y',X, 8%, Y{,Y")
is nonblocking and satisfies the first condition of admissibility

Algorithm 1 NBSR
Require: G = (X,X, o, X0, X)) € AX),S = (Y,X,B,Y0,Y) €
A(X)

1St = (Y2, B Y, YY) « 5,8V < null,i + 1
2: while SV2 = null do
3 Yyl
4 Compute §|G = (Y' x X,E,&" Yix X0,Y' X X,)
5: for all (y,x) € Reach(S'||G) do
6: if [Jo € X, : a(x,0) #0ABi(y,0)=0]V[s €
T El((y,x),5) NY! x X, = 0] then
7. yitl  yitl _ {y}
8 end if
: end for
10:  if Y =¥’ then
11: SNB ¢ 8
122 else if YT NY{ =0 then
13: SNB « undefined
14: else
15: Compute the subautomaton St =

(YR, B+ YT Y of S with respect to Yi*!
16: i+—i+1
17: end if
18: end while
19: return S8

is verified. The synchronous composition S'||G of ' and G is
constructed in line 4, where, for each (y,x) € Y x X and each
o c€x, &((y,x),0) =Bi(y,0) x a(x,o) is computed. Since
[Y! x X|, |B!(y,0)|, and |a(x,0)| are at most |Y||X|, |Y|, and
|X|, respectively, the computational complexity of constructing
S|G is O(|Y |*|X|*|Z]). In lines 5-9, each reachable state (y,x)
of §'||G is examined to decide whether y should be removed
or not. All the states reachable from (y,x) are explored to
verify if y violates the first condition of admissibility or causes
blockingness. This requires to execute all the transitions from
(y,x) in §||G, whose number is bounded by |X|?|Y |?|Z|. Then,
the computational complexity in lines 5-9 is O(|Y|*|X]*|Z|).
The set of remaining states can be written as

NBS(Y) = {yeY'|Y(y,x) € Reach(S'||G) :
Vo € Zye:t(x,06) # 0 = B'(y,0) # 0] A

[Bs € Z*: EN((p,x),s)NY x X, #0]}, (1)

namely, Y"1 = NBS. (Y?). If Y"*! = Y’, which implies that §'
is nonblocking, then the algorithm outputs the supervisor S'.
If YL £ Y7 and YH! N Y{ = 0, the subautomaton of S with
respect to Y*! cannot be constructed, so the algorithm outputs
“undefined”. In the case where Y*! £ Y7 and Y1 NY] # 0, the
subautomaton S*! of S’ with respect to Y'*! is constructed,
where, for each y' € Y'*! and each ¢’ € X, B*!(y,0’) is
computed. The computational complexity of constructing S'*!
is O(|Y|?|Z|). Although the “bad” states in Y’ — Y/l are
removed from S’ to form S7+!, such a state removal operation
on S’ might eliminate transitions caused by uncontrollable
events, and/or might block some path of S||G that leads
to marked states. Hence, S*! does not necessarily satisfy
the first condition of admissibility or is possibly blocking,
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so the operation should be iteratively performed. Since the
number of states of the supervisor S’ monotonically decreases,
the algorithm NBSR terminates within at most |Y| itera-
tions. Therefore, the complexity of the algorithm NBSR is
oY 41X P[z).

For the sake of notational simplicity, we let NBSR(S,G)
denote the output of the algorithm NBSR when it is applied
to a supervisor S € A(X). Note that NBSR(S,G) is either a
supervisor SV8 € A(X) or “undefined”. By the definition of
NBE.(Y), we have the following lemma.

Lemma 1: For the system G = (X, X, &, X, X)) € A(X), a su-
pervisor S = (Y,X, 8,Y,Y) € A(X) satisfies the first condition
of admissibility and is nonblocking if and only if NBS,(Y) =Y.

Proof: Let & : (Y x X) x £ — 2Y*X be the transition
function of S||G.

(=) By (1), we have NB:,(Y) C Y. To show Y C NB(Y)%,,
for any y € Y, we consider any (y,x) € Reach(S|G). Since S
satisfies the first condition of admissibility, for any o € X,
such that a(x,0) # 0, we have B(y,0) # 0. Besides, there
exists s € £* such that £((y,x),s)NY X X,, # 0 by the non-
blockingness of S. It follows that y € NB(Y).

(<) We consider any (y,x) € Reach(S||G). Since y €Y =
NBE(Y), there exists s € £* such that &((y,x),s) NY x X,, # 0.
It follows that S is nonblocking. Besides, for any ¢ € ¥, such
that o(x,0) # 0, we have (y,0) # 0. Hence, S satisfies the
first condition of admissibility. ]

To show that the algorithm NBSR can be used for solving
the nonblocking similarity control problem, we need the
following proposition.

Proposition 2: [20] For any G;,G,G,,G, € A(X) such
that G; C G, and G} C G, it holds that G,||G| C G,||G5.

Then, we show in the following proposition that a solution
to the nonblocking similarity control problem can be computed
by applying NBSR to an appropriate supervisor.

Proposition 3: For the system G € A(X) and the speci-
fication R € A(X), we consider a supervisor S € A(X) that
satisfies the second condition of admissibility and S||G C R. If
NBSR(S,G) = SVB € A(X), then SV € NS(G,R).

Proof: Since SV is a subautomaton of S, we have
SNB C S. Since the order C on A(X) is reflexive, G C G holds.
It follows from Proposition 2 that S¥3||G C §||G. By S||GER
and the transitivity of C, we have SV?||G C R. By Lemma 1,
SNB = NBSR(S,G) € A(X) satisfies the first condition of
admissibility and is nonblocking. Since S satisfies the second
condition of admissibility, so does S¥® by Definition 1. It
follows that SV2 € NS(G,R). [ ]

We provide the following example to illustrate how the
algorithm NBSR works.

Example 3: For the system G € A(X) and the specification
R € A(X) shown in Figs. 9 (a) and (b), respectively, where £ =
{a,b,c,d,e,u} and ¥, =%, = {u}, we consider a X, NX,,-
compatible supervisor S € A(X) shown in Fig. 10, where at
each state of S, a self-loop by u is defined but omitted for
the sake of simplicity. The reachable part of the supervised
system S||G is given in Fig. 11, from which we can verify
that S satisfies S € S(G,R), but it is blocking.

We apply the algorithm NBSR to S. In the first iteration, we
let S = (Y',2,B,¥},Y!) =S. Since any marked state cannot

Fig. 10. Supervisor S.

Fig. 12. Supervised system S3||G.

be reached from (yg,xs), state ys of S' is removed. Then,
the supervisor S> € A(X) is constructed as the subautomaton
of S' with respect to Y2 =Y! —{ys}. The supervised system
S?||G is obtained by eliminating states (ys,xs) and (ye,X7)
from S||G. Since the unique marked successor state (yg,x7) of
state (y3,x4) is eliminated, the supervisor S is still blocking.
In the second iteration, state y3 of S2 is removed, and the
subautomaton $* € A(X) of 2 with respect to Y3 =¥2 —{y;}
is constructed. The supervised system S3||G is shown in
Fig. 12. In the third iteration, any state of > is not removed,
since no state of S causes blockingness or violates the first
condition of admissibility. Finally, the algorithm outputs the
supervisor S3, which solves the nonblocking similarity control
problem for G and R.

V. SYNTHESIS OF SUPERVISOR WITHOUT IMPOSING
NONBLOCKINGNESS

Proposition 3 has shown conditions on an input supervisor
S € A(X) of the algorithm NBSR, which guarantee that if the
output NBSR(S,G) is S¥8 € A(X), then it is a solution to
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the nonblocking similarity control problem for G € A(X) and
R € A(X). Now we need to synthesize an appropriate candidate
supervisor to which the algorithm NBSR is applied. The
problem of synthesizing a supervisor S € S(G,R) is studied
in [24], where the marking of states is not considered. As
the supervisor computed by the algorithm NBSR is expected
to be maximally permissive, we synthesize an element of
MPS(G,R) as the input of NBSR. For this purpose, we
modify the results of [24] by taking marked states into account.

First, we present a necessary and sufficient condition for
S(G,R) # 0. We extend the notion of X, -similarity of [21]
by taking the presence of the marked state sets of G and R
into account:

Definition 5: For the system G = (X,X, 0, Xo,Xin) € A(X)
and the specification R = (Q,X,8,00,0n) € A(X), a relation
$ C X x Q is said to be a X, .-simulation relation from G to
R if

o Vxo € Xo,390 € Qo : (x07q0) c P,

o Y(x,q9) € D,Vo €Xy,Vx € 0at(x,0),3¢ € 6(q,0):

(x',q') € ®, and

e V(x,q) €D:xEXy = g€ Q.

If there exists a X, .-simulation relation from G to R, G is said
to be X, .-simulated by R.

The first and second conditions of a ¥,,.-simulation relation
mean that all the sequences of transitions by uncontrollable
events from initial states of G are allowed by R. The third
condition corresponds to that of a simulation relation. For
any pair (x,q) of a X,.-simulation relation, ¢ should be
marked if x is marked. The following proposition that extends
Proposition 1 of [24] shows that X,.-similarity is a necessary
and sufficient condition for S(G,R) # 0.

Proposition 4: For the system G = (X, X, a,Xo, X)) € A(X)
and the specification R = (Q,X, 68, Qo,0n) € AX), S(G,R) #
0 if and only if G is X, .-simulated by R.

Proof: (<) Let S, = (Y,,Z, Bu,Yu0,Ys) € A(X) be such
that ¥, = Y,0 = {0} and

{yo}, if o€ Zuc
0, otherwise

13(y0,0){

for each o € X. Since S, only has a single state yp at
which self-loop transitions caused by uncontrollable events are
defined, it is admissible. Since G is X, -simulated by R, there
exists a X,.-simulation relation ®, C X x Q from G to R. We
show that the relation ¥, C (¥, x X) x Q defined as

lPu = {((y()vx)vq) € (YM XX) X Q | ()C,q) € (I)M}

is a simulation relation from S,||G to R.

o We consider any (yo,xo) € Y,0 X Xo. Since @, is a ;-
simulation relation from G to R, there exists gg € Qg such
that (xo,qo) € ®@,. It follows that ((yo,x0),q0) € ..

« For any ((yo,x),q) € ¥, and any o € X, we consider any
(vo,X') € E4((y0,%),0), where &, : (Y, x X) x & — 21uxX jg
the transition function of S, ||G. We have (x,q) € ®,, yo €
Bu(y0,0) and X' € a(x,0). It follows from B,(yp,0) # 0
that ¢ € ¥,.. Since ®,, is a X, .-simulation relation from
G to R, there exists ¢’ € 8(¢,0) such that (x',q') € ®y.
It follows that ((yo,x'),q") € ¥,,.

« For any ((y0,x),q) € ¥, such that (yp,x) € ¥, X X,, since
(x,q) € ®, and @, is a ¥,-simulation relation from G to
R, we have g € Q.
Hence, we have S, € S(G,R) # 0.

(=) Let S=(Y,X,B,Yy.Y) € A(X) be any supervisor such
that S € S(G,R) # 0. Since S||G C R, there exists a simulation
relation ¥ C (Y x X) x Q from §||G to R. We show that the
relation @ C X x Q defined as

P = {(x,g9)eXxQ|Iyer:

((»x),9) € ¥A(y,x) € Reach(S||G)}

is a X, .-simulation relation from G to R.

e« We consider any xg € Xo. For any yg € ¥y, we have
(v0,x0) € Yo x Xo C Reach(S||G). Since W is a simulation
relation from S||G to R, there exists go € Qp such that
((y0,x0),q0) € . It follows that (xg,q¢) € P.

e For any (x,q) € ® and any o € ¥,., we consider any
X' € ox,0). Since (x,q) € P, there exists y € ¥ such that
((»,x),q) € ¥ and (y,x) € Reach(S||G). As S is admissi-
ble, it follows from x” € ot(x,0) # 0 that (y, ) # 0. For
any y € B(y,0), it holds that (y/,x') € B(y,0) X at(x,0) =
&((y,x),0) C Reach(S||G), where & : (Y x X) x & — 2V*X
is the transition function of S||G. Moreover, since ¥
is a simulation relation from S||G to R, there exists
g € 8(q,0) such that ((y/,x'),q') € ¥. It follows that
(x',q') € ®.

o For any (x,q) € ® such that x € X,,, there exists y € Y
such that ((y,x),q) € ¥. Since ¥ is a simulation relation
from S||G to R, we have g € Q.

Hence, G is X, -simulated by R. ]

Y.c-similarity is a reasonable condition. When it is not satis-

fied, the specification R is violated, even if all the controllable
events are disabled.

To verify whether or not G is X, .-simulated by R, we define
a function F : 2X*Q — 2X%Q »4

FW) = {(xq) €W |[x€Xn=q€Qu] Vo E Ly,

Va' € a(x,0),3¢ € 8(¢q,0): (X',q") e W]}, (2)

where W € 2X*€ is an arbitrary relation over X x Q. F is
obtained by imposing the additional condition

x€Xn=9€0n

on the function F : 2X*€ — 2X%Q defined in [21]. It can be
verified that F is monotone, namely,

YW,W CXxQ:WCW = FW)CEW).

Since (2¥*€,C) is a complete lattice and F is monotone, it
follows from Tarski’s fixpoint theorem [29] that there exists
the unique maximal fixpoint W' of F. As the state sets X and
Q of G and R, respectively, are finite, the unique maximal
fixpoint W1 € 2X*€ of F is computed by

W= [F(XxQ) 3)

i>0

after at most |X||Q| iterations, where FO(X x Q) =X x Q and
Fi(X x Q) = F(F"='(X x Q)) for each i > 0.
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The following proposition is obtained by straightforwardly
extending Lemma 2 and Theorem 2 of [21], which indicates
that whether or not G is X, -simulated by R can be checked
by W'

Proposition 5: Let the system and the specification be given
as G=(X,X,0,X0,Xn) € AX) and R = (Q,%,8,00,0m) €
A(X), respectively. For the function F : 2X*Q — 2XxQ defined
by (2), the following statements hold.

e For any ® C X x Q, ® is a ¥, -simulation relation from
G to R if and only if ® = F(®) and

Vxo € Xo,3q0 € Qo : (x0,40) € P.

o Gis X-simulated by R if and only if the unique maximal
fixpoint W of the function F satisfies

Vxo € Xo,3q0 € Qo : (x0,90) € w'. 4)

Since NS(G,R) C S(G,R), by Proposition 4, ¥,,.-similarity
is a necessary condition for NS(G,R) # 0. That is, if G is not
Y,c-simulated by R, then the nonblocking similarity control
problem is not solvable. Hereafter, we assume that G is X,.-
simulated by R, so that we have S(G,R) # 0. Besides, w?
satisfies (4) and it is a X,.-simulation relation from G to R.

The synthesis result of [24] can be directly applied to
synthesize a maximally permissive similarity-enforcing su-
pervisor in MPS(G,R). We define the set of admissible
control patterns on unobservable events as Iy, = {y € 2%« |
YueNZyp Cy}. For any W C X x Q, we let mx (W) ={x € X |
Jg € Q: (x,q) € W}. Besides, for any W C W minWCw
denotes the set of minimal elements of W, that is,

minW={WeW |IW eW: W CWAW' #W}.

A state of the supervisor to be synthesized is represented as
a 3-tuple y = (W, %o, W5 ) € W' T, x 2%, whose elements
can be informally explained as follows:

o le € 2" is used to estimate the current state of G at
the moment an observable event occurs. In each element
(x,q) of le , x is a candidate for the current state of G,
and g is a state of R, which is related to x by W7 such
that transitions from x should be simulated by those from
q.

e Y0 €'y is the set of unobservable events to be enabled at
v, which contains all the uncontrollable and unobservable
events.

« Some enabled unobservable events in ¥}, may occur in G
before the next occurrence of an observable event. Wy €
2% is used to estimate states that are reachable from
those in 7y (W;') by enabled unobservable events. Similar
to Wi, Wy consists of pairs of states x and g that are
related by WT.

To compute W; from W;’ and 75, a function U : PALAINS RPN
1
22W is defined as

W eV |W W AN (x,q) W,
Vo € y,V¥' € a(x,0),34 € 8(q,0):
() W'}

U(W’ Y) =

for each W € 2WT and each y € T',,. Each element W’/ of
U(W,7) is a certain invariant set that includes W. For any pair
(x,q) € W', if there is a transition from x to x’ € a(x,o) by
an unobservable event o € ¥, then a corresponding transition
from ¢ to ¢’ € 6(q,0) such that (x',¢’) € W must be defined,
namely, all transitions from x by o are allowed by the speci-
fication R. Hence, the nonemptiness of U (W, ) indicates that,
for the estimated states in 7y (W), ¥ is a “safe” control pattern
on unobservable events. For each ¥’ € a(x,0), ¢’ € 6(q,0)
such that (x',¢’) € W’ is not unique in general. It is sufficient
for W' to include one such pair (x',¢’). In addition, state pairs
that cannot be reached from any pair in W are irrelevant. These
are the reasons that we only consider minimal elements of
UW,7y).

Using W' obtained by (3), we can synthesize a nondeter-
ministic supervisor

SwT = (YWTvz'?BWTvYWTOaYWT) € A(Z) (5)
as follows [24]:
o The state set Y+ C 2WT X Ty X ZWT is defined as
Ypr = {W 2, W3) €2¥ xTyp x 2V |
W #£OAW; € minU (W}, %),)}-
« The initial state set is defined as

Yyro = AW %9, W5°) € Yy | W] = [ Xo| A
[Vxo € Xo,3q0 € Qo : (x0,90) € Wj°]}.

« The nondeterministic transition function By : Y+ x £ —
2"wt is defined as

{(W]y 771507W2y ) S YWT |
W) € minN(W;,0)},

_ if c€Xyr(y)
ﬁWT (y7 6) = 1 WT
{y}7 lf (oS ’}’L)to
0, otherwise

for each y = (W', %10, W5 ) € ¥+ and each o € £, where
7

N: 2" xT, = 22" is defined as

(W' €2V |V(x,q) € W, ¥ € a(x,0),

3¢ €8(q,0): (x',q) eW'}

NW,o) =

for each W & 2W' and each o cX,, and

ZWT(y) = {G €, ‘ (X(ﬂx(W%),G) # DN [V(X,q) € Wzyv
vx' € a(x,0),3¢ € 8(¢,0): (x',q) e WTT}.

Note that, by (4), there exists at least one candidate Wy €

%" for the first element of an initial state of Sy+. That is,
W() 75@, |W()| = ‘X0|, and

Vxo € Xo,3q0 € Qo : (x0,90) € Wo

hold. Since W' is a Yuc-simulation relation from G to R, we
have U (Wp, X, NL,,) # 0. Then, there exists a minimal ele-
ment W) € minU (Wp, X, NZy0) such that (Wp, Eye NZy0, W) €
Yyro # 0. If S(G,R) # 0, which implies that Yy, # 0, then
Syt can be synthesized.

For any y = (W}, %0,W;) € Y1, the set Zy(y) is deter-
mined by W5. X1 (y) is the set of observable events such that
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all transitions from 7y (W,) by these observable events are
allowed by the specification R.

It is shown in the proof of Theorem 24 of [24] that Sy,+ is
a maximally permissive similarity-enforcing supervisor.

Proposition 6: Let the system G € A(X) and the spec-
ification R € A(X) be such that G is X,.-simulated by R.
Then, the supervisor Sy+ € A(X) defined by (5) satisfies
Sy+ € MPS(G,R).

Example 4: Recall the system G € A(X) and the specifica-
tion R € A(X) shown in Figs. 9 (a) and (b), respectively. Let
X and Q be the state sets of G and R, respectively. The unique
maximal fixpoint W' of the function F : 2X*€ — 2X*C defined
by (2) is obtained as

FOXxQ)=Xx0;
FI(X X Q) :FO(X X Q) - {XZ} X {quqlaq37q47q5aqﬁ}_
{xlax2ax3ax57x7} X {QOaCI4}
=FX(X xQ)=w".

With the above procedure, we synthesize Sy+ € A(X) defined
by (5), whose reachable part is shown in Fig. 13, where

¥o = ({(x0,90) },{u},{(x0,40)})

1= ({(x1,q1), (x2,92) }5 {u}, {(x1,91), (x2,92), (x4,94) })s
(x17q2)7 (x27q2)}7{u}ﬂ{(xlaq2)7(x2742)v (X4,Q4)})s
(x3,93)}, {u}, {(x3,43)}),

(¥3,93), (xa,q3) } {u}, {(x3,93), (x4,93) }),

(x7,96) },{u}, {(x7,96) })s

(X3;615)a (x57q5)}7{u}a{(x3aq5)7(x57q5)})’
(%6,96), (x7,96) }, {u}, {(x6,96), (¥7,96) })

and the self-loop by u is omitted at each state. The supervised
system Sy1||G is shown in Fig. 14. We can verify that
Syt correctly estimates the current state of G by my(W;")
(i=0,1,...,8). Besides, we have Sy1||G T R and Sy is
admissible. The maximal permissiveness of Sy,+ is guaranteed
by Proposition 6. However, since (§7,xs) is an unmarked
deadlock state of Sy,1||G, Sy,+ is blocking.

1=
J2=(
)’32(
¥4 =(
Vs = (
V6 = (
¥7=(

{
{
{
{
{
{

VI. SYNTHESIS OF MAXIMALLY PERMISSIVE
NONBLOCKING SUPERVISOR

In this section, we show that the supervisor Sy defined
by (5) can be used as an input of the algorithm NBSR for
synthesizing a maximally permissive nonblocking supervisor
in MPNS(G,R). For any S € NS(G,R) C S(G,R), since
Syt € MPS(G,R) as shown in Proposition 6, we have S||G C
Sw1l|G. Then, our objective is to prove that S||G C S}2|G
still holds for the output supervisor NBSR(Sy1,G) = SHE.
However, it is not straightforward.

VS € MPS(G,R) : NBSR(S,G) € A(L) =
NBSR(S,G) € MPN'S(G,R)

does not hold, which means that, even if an input S of NBSR
is a maximally permissive similarity-enforcing supervisor, the
output supervisor NBSR(S, G) is not necessarily a maximally
permissive nonblocking one. This can be verified in the
following example.

Example 5: We apply the algorithm NBSR to the supervisor
Syt € A(X) shown in Fig. 13, which is synthesized for the

Fig. 13. Supervisor Sy,+.

Fig. 14. Supervised system Sy [|G.

Fig. 15. Supervised system SI\V"/?HG.

system G € A(X) and the specification R € A(X) shown in
Figs. 9 (a) and (b), respectively. The output supervisor SIV\lI/lT? €
A(X) is obtained after three iterations, where the states j; and
¥4 are removed in the first and second iterations, respectively.
The supervised system SYE(|G is shown in Fig. 15, from which
we can verify that S} € NS(G,R).

By comparing the supervised systems Sy+||G and S||G
shown in Figs. 11 and 14, respectively, it holds that S||G C
Swtl|G and Sy+||G C S||G, which mean that S € A(X) shown
in Fig. 10 is as permissive as Sy+. By Proposition 6 and
the transitivity of the simulation relation, we have S,Sy+ €
MPS(G,R). However, after applying NBSR, the event string
ab is disabled by S* as shown in Fig. 12, while it is possible
in SQ{,?HG. Since §3||G C S]V\ﬁHG holds but S%?HG is not
simulated by $3||G, S = NBSR(S,G) is not an element of
MPNS(G,R).

In S, state y3 can be reached via runs {u}a{u}b{u} and
{u}a{u}d{u}, by which the strings in {u}*{a}{u}*{b}{u}*
and {u}*{a}{u}*{d}{u}" are enabled, respectively. However,
for the system G, the occurrences of ab and ad lead to two
different situations: (i) x3 is the unique possible state when ab
occurs; and (ii) both x3 and x4 are possible states when ad
occurs. This means that state y3 of S is in charge of these two
different situations. As shown in Example 3, state ys3 is re-
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moved in the second iteration of the algorithm NBSR. Hence,
the supervisor S* = NBSR(S,G) disables the event strings in
{uy{af{u}{b}{u}* and {u}*{a}{u}*{d}{u}*. On the other
hand, in Sy+, two different states 3 and 4 deal with the
situations (i) and (ii), respectively. As a result, the event strings
in {u}*{a}{u}*{b}{u}* are enabled by S}% = NBSR(Sy1,G).

Example 5 suggests that an input of the algorithm NBSR
should be carefully chosen from MPS(G,R). Now, we show
that Sy;+ is a proper input of NBSR for computing a maximally
permissive nonblocking supervisor. In order to do so, we
identify two properties, which guarantee the maximal permis-
siveness of the output SV

The first property is characterized in the following defini-
tion.

Definition 6: For the system G = (X,X, o, Xo,Xin) € A(X)
and a supervisor § = (Y,%,3,Y,Y) € A(X) that satisfies
the second condition of admissibility, S is said to be state-
unmerged (with respect to G) if

Vy € Reach(S),Vri,r € Ry(S):
U axo,s9)= |J alXo,s).

s€L(ry) s€L(rp)

Each state of a state-unmerged supervisor only handles one
situation of the system. The supervisor S € A(X) shown in
Fig. 10 is not state-unmerged, so that the string ab is disabled
by the state removal procedure, although we can verify in
Fig. 15 that enabling the strings in {u}*{a}{u}*{b}{u}* does
not cause blockingness.

Note that, for any state-unmerged
(Y,Z,B,Y,Y) € A(X), we have

supervisor § =

Vy € Reach(S) : C(y)

U U Ot(Xo,S)

reRy(S) \seL(r)
= U a.s), (6)
s'eL(r’)

where C(y) = {x € X | (y,x) € Reach(S||G)} is the set of states
of G which are in the charge of y, and ¥/ is an arbitrary run
in Ry(S).

To identify the second property, we consider the following
example.

Example 6: We consider the system G = (X,X, a, Xo,Xp) €
A(X) with2=X, =%, ={0},02,03,04} shown in Fig. 16 (a)
and the specification R which only requires that the event
0, is disabled. Two supervisors S| = (¥1,X, B1,Y10,Y1),52 =
(Y2,%, B2, Y20,Y2) € A(X) for G are given in Figs. 16 (b) and
(c), respectively. The supervised systems S;||G and S||G are
shown in Figs. 17 (a) and (b), respectively. We can verify that
S1,8, € MPS(G,R). However, there does not exist a state of
S> that enables both o3 and o4 after the occurrence of oj.
This results in blockingness of Sz||G, as shown in Fig. 17 (b).
When the algorithm NBSR is applied to S, states y;; and
y2 are removed from S,. Although S, is state-unmerged, the
resulting supervisor is not an element of MPNS(G,R).

Example 6 suggests that a stronger version of a simulation
relation is needed to evaluate the permissiveness of a supervi-
sor when nonblockingness is required.

Fig. 17. Supervised systems (a) S1]|G and (b) Sz||G.

Definition 7: For the system G = (X,X, o, Xo,X;n) € A(X)
and two supervisor S| = (¥1,%,B,Y10,Y1) € AX) and S, =
(Y2,X,B2,Y20,Y2) € A(X) that satisfy the second condition of
admissibility, S, is said to be strongly more permissive than
S1 (with respect to G) if there exists a simulation relation
Y C (Y] xX) X (Y2 xX) from S} ||G to S, ||G such that, for any
((yl,xl),(yg,)@)) € ¥, it holds that

o X| =X2,

o Ry (S1)NRy,(S2) # 0, and

o Vx EX,VS/ S L(S1HG) : [(ywc) S él(YIO XX(),S/) A\

(y2,%) € &2(Ya0 x Xo,5")] = ((y1,%), (32,%)) € Y,
where & : (V) x X) x X — 2% and & : (Y, x X) x & — 212xX
are the transition functions of S;||G and S, ||G, respectively. We
call such a simulation relation ¥ a strong simulation relation
from S} ||G to $,||G.

Suppose that there exists a strong simulation relation ¥
from S ||G to S, ||G. For any ((y1,x), (y2,x")) € ¥, the second
condition of a strong simulation relation requires that there
exists a common run r € Ry, (1) N'Ry, (S2) that leads to y; and
y2 in S; and Sj, respectively. The third condition is imposed
on y; and y; in ((y1,x), (y2,x’)) € . For any x € X, if (y;,x)
and (y2,x) can be reached by a common string s’ € L(S1||G) as
(y1,x) € & (Y10 X Xo,5") and (y2,x) € & (Y20 X Xo,5'), respec-
tively, then ((y1,x), (y2,x)) has to be an element of ¥. Since
¥ is a simulation relation from S;||G to S2||G, for any o € £
with a(x,0) # 0, if o is enabled at y; by S, then it is also
enabled at y, by 5.

Remark 3: We can verify that, in Example 6, although
S1]|G C 8, ||G holds, there does not exist a strong simulation
relation from S1||G to Sz||G. For example, a relation

@ = {((vi0,%0); (¥20,%0)), ((y11,x1), (y21,%1)),

((11,22), (v22,%2)), (V12,43 (¥23,%3) ) }
is a simulation relation from S1]|G to S,||G, where each

element satisfies the first and second conditions in Definition 7.
For the pair ((y11,x1),(y21,%1)) € P, the state x, € X, and
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the Stl‘il‘lg O] € L(SlHG), we have (y11,x2) S é] (YIO ><X07(71)
and (y21,x%2) € & (Ya0 X Xo,01), where & : (¥} x X) x £ —
22X and & 1 (Yo x X) x £ — 22>X are the transition func-
tions of Si||G and S,||G, respectively. However, the pair
((y11,x2), (y21,x2)) is not an element of ®. Hence, the third
condition in Definition 7 is not satisfied. Although all the
elements of the relation

& =2U{((y11,%2), 21,%2)), ((11,x1), (22,%1)) }

meet the three conditions in Definition 7, for the pair
((r11,%2), (y21,%2)) € ® and the event o4 € £, we have
(r12,x3) € &E1((11,x2),04) and &((y21,%2),04) = 0, which
mean that the second condition of a simulation relation is not
satisfied. Hence, ® is no longer a simulation relation from
S1]|G to $1|G.

On the other hand, since the reverse relation

O ={((y2,%).(y1,%)) € (V2 xX) x (Y1 xX)[((y1,%), (v2,x)) €D}

is a strong simulation relation from S;||G to Si||G, S; is
strongly more permissive than S,.

The following proposition shows that, for any two supervi-
sors S; and S> which satisfy the second condition of admis-
sibility, if S, is state-unmerged and strongly more permissive
than S, then these two properties are preserved under each
iteration of the algorithm NBSR.

Proposition 7: For the system G = (X,X, &, Xo,Xn) € A(X),
we consider two supervisors S| = (¥1,%,B1,Y10,71) € A(X)
and S = (V2,X, B, Y20,Y2) € A(X) which satisfy the sec-
ond condition of admissibility. We assume that S is state-
unmerged and strongly more permissive than S;. If Yo N
NBél (Y1) # 0, then the following two statements hold:

1) YaoNNB2(Y2) # 0, and
2) the subautomaton S, € A(X) of S, with respect to
NB‘Z;2 (Y,) is state-unmerged and strongly more permis-
sive than the subautomaton S} € A(Z) of S with respect
to NB! (17).
The proof of Proposition 7 is given in the Appendix A.
Recall the supervisor Syt defined by (5), which always
enables all the uncontrollable and unobservable events. Since
a strong simulation relation requires that the two supervisors
being compared share the same run, hereafter, we only con-
sider admissible and ¥,,. N¥,,-compatible supervisors without
loss of generality. Note that it was shown in Proposition 1
that any admissible supervisor can be transformed into an
equlvalent admissible and X,. N X,,-compatible one. We let
MPS(G R) C MPS(G,R) be the set of all state-unmerged,
admissible, and X,. NX,,-compatible supervisors which are
strongly more permissive than any X, NZX,,-compatible su-
pervisor in S(G,R) (namely, strongly maximally permissive).
By Proposition 7, we can show that if the nonblocking simi-
larity control problem is solvable, a maximally permissive non-
blocking similarity-enforcing supervisor can be computed by
applying the algorithm NBSR to a supervisor in MPS(G,R).
Theorem 1: We consider the system G € A(X) and the
specification R € AX). If NS(G,R) # 0, then, for any
S=(¥,%,B,%.7) € MPS(G,R), it holds that NBSR(S,G) €
MPNS(G,R).

Proof: We first show NBSR(S G) € A(X). When the
algorithm NBSR is applied to S, it terminates after n < \Y|
iterations. For each i € {1,2,...,n}, we let §' be the result
of the ith iteration. We consider any S = (Y,X,B.,%,Y) €
NS(G,R) C S(G,R). By Proposition 1, there exists an equiv-
alent admissible and X,. NX,,-compatible supervisor S =
(Y, X,B",Y},Y') € A(X) such that S||G = §'||G. It follows that
"€ NS(G,R) C S(G,R). Since §' satisfies the first condition
of admissibility and is nonblocking, we have NB%.(Y') =Y’
by Lemma 1. It follows that YJNNBS,(Y') =YjNY' # 0, and
S’ itself is the subautomaton of S’ with respect to NB%(Y').
Since §" and § satisfy the second condition of admissibility,
and § is state-unmerged and strongly more permissive than S/,
by Proposition 7, §' € A(Z) holds, and S' is state-unmerged
and strongly more permissive than S'. By repeating the same
argument, we can conclude that, for each i € {1,2,...,n}, Sie
A(X) holds, and ' is state-unmerged and strongly more per-
missive than §’. Hence, NBSR(§ G) =S$" € A(Z) holds. In ad-
dition, we have §||G = S'||G C §||G for each i € {1,2,...,n}.
Since § € MPS(G R) C MPS(G,R) C S(G,R), it follows
from Proposition 3 that NBSR(§7 G) e NS(G,R). Hence, we
have NBSR(S,G) € MPN'S(G,R). |

The following proposition, whose proof is given in Ap-
pendix B, show that Sy,+ is an element of MPS (G,R).

Proposition 8: For the system G € A(X) and the specifica-
tion R € A(X) such that G is Lyc-simulated by R, Sy € A(X)
defined by (5) satisfies Syt € M'PS(G R).

Note that, since Sy € MPS (G,R) can be synthesized if
G is X,.-simulated by R, by Propositions 4 and 8, we have

S(G,R) # 0 < MPS(G,R) # 0. %

By Theorem 1, Proposition 8, and the fact that N'S (G,R) C
S(G,R), NBSR(Sy+,G) is a maximal solution to the non-
blocking similarity control problem when it is solvable.

Corollary 1: We consider the system G € A(X) and the spec-
ification R € A(X). If NS(G,R) # 0, then G is Z,.-simulated
by R, and it holds that NBSR(Sy+,G) = S/ € MPNS(G,R)
for the supervisor Sy+ € A(X) defined by (5)

Finally, we show that the solvability of the nonblocking
similarity control problem can be checked by applying the
algorithm NBSR to Sy 1.

Theorem 2: For the system G € A(X) and the specification
Re A(X), NS(G, R) # 0 if and only if G is X,c-simulated by
R, and there exists $ € MPS(G R) such that NBSR(S,G) €
A(Z).

Proof: (<) We consider alis'\é MPS (G,R) such that
NBSR(S,G) € A(X). Since § € MPS(G,R) C S(G,R), § sat-
isfies the second condition of admissibility and $||G C R holds.
By Proposition 3, we have NBSR(S,G) € N'S(G,R) # 0.

(=) Since 0 # NS(G,R) C S8(G,R), by Proposition 4,
G is/Zu\c—simulated by R. Moreover, by (7), there exists
S € MPS(G,R) # 0. Then, by Theorem 1, NBSR(S,G) €
MPNS(G,R) C A(Z). [ |

Proposition 9: For the system G € A(X) and the specifica-
tion R € A(X) such that G is X,.-simulated by R, the following
two statements are equivalent:
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1) There exists S € MPS(G,R) such that NBSR(S,G) €
A(X). -

2) For any §' € MPS(G,R), NBSR(S',G) € A(Z).

Proof: Since G is Zm-51mulated by R, it follows from
Proposition 4 and (7) that MPS(G R) # 0. Tt is suffi-
cient to show 1) = 2). For any S/E\/\/lPS(G,R) such that
NBSR(S,G) € A(X), since S € MPS(G,R) C S(G,R), it
follows from Proposition 3 that NBSR(S,G) € NS(G,R).
Then, for any supervisor ' € MPS(G,R), by Theorem 1,
it holds that NBSR(S',G) € A(X). [

By Theorem 2 and Propositions 8 and 9, we have the
following corollary.

Corollary 2: For the system G € A(X) and the specification
Re A(X), NS(G,R) # 0 if and only if G is X,.-simulated by
R, and NBSR(Sy,1,G) = SIV\:/B € A(Z) holds for the supervisor
Syt € A(X) defined by (5).

By Corollary 2, whether or not the nonblocking similarity
control problem is solvable can be verified using Sy+. If
G is Z,-simulated by R and NBSR(Sy,G) = SV € A(X)
holds, then we have N'S(G,R) # 0, and Corollary 1 guar-
antees the maximal permissiveness of the output supervi-
sor SNB, otherwise, it holds that N'S(G,R) = 0. Since the
number |Yi| of states of Sy is at most 22XIICI+ENZuwl
the computational complexity of computing NBSR(Sy,+,G)

O(|Z||x|328IXl12I+4[%NZwl)  When the system is fully ob-
served, namely, X, = 0, Y+ is reduced to

Yyr ={(W,0,w) € 2" x {0} x 2" |w 20},

whose number is bounded by 2XI1Ql In this
NBSR(Sy1,G) can be computed in O(|Z||x|324X11€l),

Example 7: Let us recall Example 2. The system G in Fig. 3
is X,.-simulated by the specification R shown in Fig. 4. For
G and R, we synthesize the supervisor Sy,+ defined by (5). Its
reachable part is shown in Fig. 18, where

case,

yo = {(x0,90)} 1 ={(x1,q1), (x2,q1)},
V2 ={(x1,q1), (x2,92)},  $3 ={(x1,42), (x2,91) }
Va={(x1,92), (x2,92)},  J5 = {(x3,43), (x4,93)},
Y6 = {(x4,94)}, ¥7 = {(x5,95)}.

¥8 = {(x6,96)}

and the first and second elements of each state are omitted for
the sake of notational simplicity. Since Syt is blocking, we
apply the algorithm NBSR. After two iterations, NBSR outputs
the supervisor SN? shown in Fig. 19. Then, by Corollary 2,
the nonblocking similarity control problem is solvable. The
supervised system SYF[|G is shown in Fig. 20. It can be
verified that S%ﬁHG C R holds, and S% is admissible and
nonblocking. We can conﬁrm that the requirement “o; and o;
are not selectable after u,” is satisfied by SN B In addition, the

maximal permissiveness of SV2 Wi 1S guaranteed by Corollary 1.

VII. CONCLUSION

In this paper, we considered the nonblocking similarity
control problem for the system and the specification modeled
as nondeterministic automata subject to partial observation.
We proposed an algorithm, named NBSR, for constructing a

Fig. 19. Supervisor Sl‘;]/?

Fig. 20. Supervised system S HG

nonblocking supervisor from a blocking one. It was shown
that state-unmergedness and strong maximal permissiveness
are the key properties for synthesizing a maximally permissive
nonblocking supervisor. We synthesized a supervisor with
these two properties, which is blocking in general, as a
candidate to which the algorithm NBSR is applied. Using the
synthesized supervisor and NBSR, we showed how to check
the solvability of the nonblocking similarity control problem
and computed a maximal solution when it is solvable.

APPENDIX

A. Proof of Proposition 7

To prove Proposition 7, we need the following results.

Lemma 2: For the system G = (X,X,a,Xp,X,) € A(L),
we consider two supervisors S| = (¥1,X, B1,Y10,71) € A(X)
and S; = (12,%, B2,Y20,Y2) € A(X) which satisfy the second
condition of admissibility. If S, is state-unmerged and ¥ C
(Y1 x X) x (Y2 x X) is a strong simulation relation from S;||G
to S»||G, then it holds that

Y((y1,%), (v2,%)) €W : y1 € NBI (Y1) = y2 € NB2(Y2).

Proof: Let & : (Y1 x X) x X2 — 27X and & : (Y2 x X) x
¥ — 2%2%X denote the transition functions of S;||G and S, |G,
respectively. For any ((y1,x), (y2,x)) € ¥ with y; € NBf;1 (1),
we consider any (y2,x') € Reach(S,]|G). Since S, is state-
unmerged, it follows from (6) that x' € Ue () @(Xo,s) for
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any run r € R,,(S2). By the second condition of a strong
simulation relation, there exists a run # such that ¥ €
Ry, (S1) Ry, (S2) # 0. Then, we have ¥’ € Uyer(v) &(Xo, ).
Hence, there exists an event string s’ € L(r’) such that
X € a(Xo,s"), y1 € B1(Y10,5"), and y, € B2(Ya0,s"). It follows
that 5" € L(Sl||G), (y1,x’) S ﬁl (Ylo,sl) X OC(X(),S/) = 51(Y10 X
Xo,s") C Reach(81]|G), and (y2,x") € Ba(Ya0,s") x a(Xp,s') =
& (Yoo X Xo,s'). By the third condition of a strong simu-
lation relation, we have ((y;,x),(y2,x')) € ¥. Since y; €
NB‘Zl (Y1) and (y1,x') € Reach(S1||G), there exists s” € *
such that & ((y1,x),s")NY) X X, # 0, that is, there exists
(¥}:xm) € Y1 x X, such that (y},x,) € & ((y1,%'),s”). Since
(1,4, (y2,X')) € ¥ and ¥ is a simulation relation from
S1]|G to S»||G, by repeatedly applying the second condition
of Definition 2, there exists (y5,xn) € &((y2,x"),5”) such that
(O, xm), 0%, xm)) € . Since x,, € Xy, we have (y),xn) €
& ((y2,X'),s")NYa x X,y # 0. Besides, since y| € NB‘Zl (1), for
any 0 € X, such that a(x’, 0) # 0, we have fB(y;,0) #0. It
follows that & ((y1,x’),0) # 0. Since ¥ is a strong simulation
relation from S ||G to S2||G, we have & ((y2,x’), 0) # 0, which
implies B2(y2,0) # 0. Thus, we have y; € NB‘E;Z(YZ). [ |

Lemma 2 just says, for two supervisors S and Sy such that
S, is state-unmerged with respect to G and ((yi,x),(y2,x))
is an element of a strong simulation relation ¥ from S |G
to S»||G, if y; is not eliminated after an iteration of NBSR,
neither is y;.

Now, we can prove Proposition 7. We write §| =
(Y{,Z,B{,Y{y.Y{), where Y/ :NBél (Y1). Besides, we let & :
(Y x X) x X — 2">X and & : (Y x X) x £ — 2"2°X denote
the transition functions of S;||G and S;||G, respectively. Since
S, is strongly more permissive than Si, there exists a strong
simulation relation ¥ C (¥} x X) x (Y, x X) from S$1||G to
5|G.

We first show that Yag N NB2(Y2) # 0. Since Yip N
NB%1 (Y1) # 0, there exists yjo € Yy ﬂNBf;‘ (Y1). For any xq €
X, we have (y10,%0) € Y10 X Xo. Since ¥ is a strong simulation
relation from S1||G to S2||G, there exists (y20,X0) € Y20 X Xo
such that ((y10,%0), (y20,%0)) € P. Since yjo € NBE;1 (Y1), by
Lemma 2, we have yyy € NB%2 (Y2). It follows that yyo €
Y20 ﬁNBf;1 (Y2) #0. Letting ¥, = NB‘é2 (Y»), we write the subau-
tomaton S5 of S, with respect to ¥, as S5 = (Y5,Z,B5,Y5,Y5).

We next show that S} is strongly more permissive than S.
We prove that the relation W' C (Y] x X) x (¥, x X) given as

= {((1,%), (2,%)) € | Ry, (81) Ry, (S5) # 0}

is a simulation relation from S/ ||G to S5||G, where & : (Y] x

X)X E— 21X and & : (Y x X) x £ — 272X are the transition
functions of S/ ||G and S} ||G, respectively.

« We consider any (y19,X0) € ¥{, x Xo C Y19 x Xo. Since ¥ is

a strong simulation relation from S;||G to S||G, there ex-

ists (yzo,Xo) € Y509 X Xp such that ((ylo,xo), (y207)C0)) ev.

Since yi0 € Y{, = Y10 ﬂNBf;‘ (11) C NB%1 (Y1), by Lemma

2, we have yy € NBZZ(YQ) =Y,. It follows that yy) €

Y20 NY, =Y;,. In addition, by the second condition of a

strong simulation relation, we have Ry, (S1) NR,,,(S2) #

0, which implies X,,(y10) = Zuo(y20). Since yio € ¥},

and yyo € Y5, we have L, (y10) = Zuo(y20) € Ry (S1) N
Ry (85) # 0. Then, we have ((y}g,xp), 0ho: X)) € .

« For any ((y1,x), (y2,x)) € ¥ C¥ and any o € £, we con-
sider any (y},x') € &{((y1,x),0) € & ((y1,x),0). Since
WY is a strong simulation relation from Si||G to S,||G,
there exists (y5,x') € &((v2,x),0) = Ba(32,0) x a(x,0)
such that ((y},x'), (y5,x')) € . Since y| € ¥/ :NBé] (1),
by Lemma 2, we have y, € NB‘ZQ(YQ) =7Y,. It follows
that y, € Ba(y2,0)NY; = Bj(y2,0), which further im-
plies (5,x) € B3(y2,0) x a(x,0) = &((y2,x),0). By
the definition of ¥, we have R, (S]) NR,,(S5) # 0. In
the case where ¢ € £,,, we have y| =y; and y) = y,.
It follows that R, (8)) ﬂRyzz(S’z) # 0, which further
implies ((y},x'),(y5,%')) € ¥'. In the case where o €
X,, we consider any run r € Ry, (S]) NR,,(S5) # 0.
Since ((y},x'),(¥5,x’)) € ¥, by the second condition of
a strong simulation relation, we have X,,(y}) = Zuo(5)-
Then, it follows that r6X,,(y}) = roZ,,(y5) € R)./I (81N
Ry, (8%5) # 0, which implies ((y],x'), (y5,x')) € ¥’

o For any ((y1,x),(y2,x)) € ¥, if (y1,x) € Y{ x X,,, then
(y2,X) €Yy X X

Thus, ¥’ is a simulation relation from S}||G to $5||G.

In addition, we show that ¥’ is a strong simulation re-
lation from S}||G to S5||G. By the definition of ¥, any
((91,%),(P2,%)) € ¥ C ¥ satisfies the first and second con-
ditions of a strong simulation relation. To prove that it sat-
isfies the third condition, we consider any £ € X and any
§€ L(S}]|G) CL(S1|G) such that (§;,£) € &[(Y], x Xo,§) and
(92,%) € &(Yyy x Xo,5). We have (§1,%) € &/ (Y, x Xo,5) C
& (Y10 X Xo,$) and ()727)2/) S gzl(Yz/o x Xop,$) C éz(Yzo x Xo,5).
Since W is a strong simulation relation from S;||G to S, ||G, we
have (($1,%),($2,%)) € P. It follows that (($1,%),(P2,%)) €
W', Thus, ¥ is a strong simulation relation from S}[|G to
S5||G, namely, S, is strongly more permissive than .

We finally show that S} is state-unmerged. For any j €
Reach(S}), we consider any ri,r; € Ry(S5). By the definition
of a subautomaton, we have y € Reach(S}) C Reach(S,) and
ri,r2 € Ry(S2). Since S is state-unmerged, we have

U a9 = |J aXo,s).

s€L(ry) s€L(rp)

Hence, S is state-unmerged.

B. Proof of Proposition 8

By proposition 6, the supervisor S+ € A(X) defined by
(5) satisfies S+ € MPS(G,R) C S(G,R). By the definition
of Sy, Syt is Xy NXyp-compatible. We need to show that
Syt 1s state-unmerged and strongly more permissive than any
X, NX,,-compatible supervisor S € S(G,R).

We first prove that Sy+ is state-unmerged. We show that

(i) ¥y € Xyig: mx(W3°) = |J a(Xo,s), and

Yo*
€%

(i) Vy,y' € Reach(Sy1),Vo €L, :
Y €Byi(30)=m(W; )= |J almx(Wy),os).

/
Yk
S€%0
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where yo = (W%, %9, W,°), y =
W 2o, W3).

For this purpose, we need the following lemma.

Lemma 3: For the system G = (X,X,®,Xo,X,) € A(X)
and the specification R = (Q,X,8,0Q0,0) € A(X) such that
G is X,.-simulated by R, we consider the supervisor Sy =
(Yt Z, Byt s Yipro: Yt ) € A(Z) defined by (5). For any y =
(W %0, W3)) € Yyt it holds that

U a(mWy),s) =

Vi
S€Yuo

(W %0, W5), and y =

mx (W5).

Proof: Since Wy € minU (W], %,) is a minimal element
of U(W], %) we have

U Uea

(x,q)EW SEY)U

W, C (x,5) x 8(q,s),

which implies 7y (Wy) C Uycpe a(mx(W)),s). To prove
Usep: @(mx(WY),s) € mx(W5), for any (x,q) € W]’ and any
5 € Yao, we let n = |s| and consider any ¥’ € a(x,s). Since
Ws € minU (W}, %io) CU(W;, o), it follows from the defini-
tion of U that (x,q) € W' CWj. In the case where n =0, we
have s = € and {x} = a(x,€), that is, ¥’ = x. Since (x,q) € W3,
we have x’ € 7y (W;). In the case where n > 0, we write s as
s = 010, --- 0,. Then, there exist x1,x,--+,x, € X such that
x1 € a(x,01), x; € a(x;_1,0;) for i=2,3,--- n, and x, = x'.
Since (x,q) € Wy CU (W], %), by the definition of U, there
exist 1,42, ,qn € Q such that ¢; € 8(¢q,01), ¢i € 8(qi—1,0:)
for i =2,3,---,n, and (x;,q;) € W, for i =1,2,---,n. That
is, there exists g, € 8(g,s) such that (x,,q,) = (x',qn) €W;.
Namely, we have x' € my (W3). [ ]

To prove (i), we consider any yo = (W;°, 79, W;°) € Y1,

It follows from the definition of ¥y, that mx (W;°) = X,. By
Lemma 3, we have
”X(WQVO) = U a(”X(leo)’s) = U a(XO’S)'

SEYL‘B* s€ 14.2*

To prove (ii), we consider any y = (W], %0, W),y =
(W . %0,W; ) € Reach(Sy,+) and any ¢ € X, such that y’ €
By (y,0). By the definition of By,; and N, we have 1ty (W] ) =
a(my (W5 ),0), which implies together with Lemma 3 that

ww))= |

/
V' ok
S€Yuo

a(mx(W5),0s).

The state-unmergedness of Sy+ follows from the lemma
below, which also indicates that Sy+ correctly estimates the
current state of G by the third element of its state.

Lemma 4: For the system G = (X,X,®,Xo,Xy) € A(X)
and the specification R = (Q,X,8,0Q0,0) € A(X) such that
G is X.-simulated by R, we consider the supervisor Sy =
(Yt Z, Byt s Yipro: Yt ) € A(E) defined by (5). For any y =
(W, %20, W5 ) € Reach(Sy,+) and any r € Ry(Sy+), it holds that

(W)= | a(Xo,s).
s€L(r)

Proof: Any r € Ry(Sy1) can be written as r =y or r =
Y00 - - - Yu—10u—1%,- First, we consider the case where r = Y.

It follows that y € Y10, %0 = Yao» and L(r) = Yo, which imply
together with (i) that mx (W5 ) = Uyer () (Xo7 s).

Next, we consider the case where r =100 Yn—10n—1%-
There exist yo,y1,...,Yn € Reach(Sy+) with yo € Yyyrg, Yo =,
and y;y1 € B(y;,0;) for each i € {0,1,...,n— 1}, where o; €
Lo, yi= (Wi, %, W5"), and ¥ = %, for each i € {0,1,...,n}.
By (i), we have mx(W,°) = Useyor @(Xo,s). For each i€
{0,1,...,n — 1}, since yir1 € By1(yi,0:), it follows from
(ii) that mx (W) = U, i a(my (W37, 0;s). Since L(r) =
{5000 - .- Sp—105—15, € L(Sy1) | Vi€ {0,1,...,n} 5, € Yy }, we
have 7y (Wy) = mix (W;") = User(r) #(Xo0,5)- [ |

It follows from Lemma 4 that

Yy € Reach(Sy+),Vri,r € Ry(Syt)

U ao.s)= |J aXos)=ax(Wy),
seL(ry) s€L(r2)

namely, Sy,+ is state-unmerged.

We next prove that Sy,+ is strongly more permissive than
any X, NX,,-compatible supervisor in S(G,R).

We need the following lemma which can be proved in the
same way as Theorem 1 of [22] by taking marked states into
consideration.

Lemma 5: For the system G = (X,X,0,Xo,Xn) € A(X)
and the specification R = (Q,Z,é,Qo,Qm) € AX), if S =
(Y,%,B,Yp,Y) € A(X) satisfies the first condition of admis-
sibility and S||G C R holds, then, for any simulation relation
Y C (Y xX)xQ from S||G to R, a relation ® C X x Q defined
by

P = {(x,9)eXxQ|IyeY:((yhx),q9) e¥A

(,x) € Reach(S||G)} ®)

is a X,.-simulation relation from G to R.

In addition, we have the following lemma.

Lemma 6: For the system G = (X,X,0,X0,Xn) € A(X)
and the specification R = (Q,X,0,00,0m) € A(X) such that
G is X,.-simulated by R, we consider any supervisor S =
(Y,X,B8,Y,Y) € S(G,R) and any simulation relation ¥ C
(Y xX) x Q from S||G to R. For any y € Y, if a relation
@, C X x Q defined by

q)}' = {(x79) €X X Q | ((y?x)aQ) ce¥A
(%) € Reach(S||G)} ©)

is nonempty, then, for any nonempty subset W C &, it holds
that @, € U(W,X,,(y)) # 0.

Proof: We consider any y € Y such that &, C X x Q
defined by (9) is nonempty. It holds that &, C & for the
relation ® C X x Q defined by (8), which is a ¥,.-simulation
relation from G to R by Proposition 5. Then, for the unique
maximal fixpoint W of the function F : 2X*€ — 2X*€ defined
by (2), we have &, C d C WT. For any W C @, with W # 0,
it holds that W € 2%'. To show that D, € UW,Zu0(y)),
we consider any (x,q) € ®,, any o € £,,(y), and any x’ €
o(x,0). By the definition of ®,, we have ((y,x),q) € ¥
and (y,x) € Reach(S||G). Since ¢ € £,,(y) C X, it follows
from the admissibility of S that B(y,0) = {y}, which im-
plies (y,x') € B(y,0) x a(x,0) = £((y,x),0) C Reach(S||G).
Since W is a simulation relation from S||G to R, there exists
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q € 8(g,0) such that (y,x'),q") € ¥, which implies together
with (y,x’) € Reach(S||G) that (x',q’) € ®,. It follows from
W C @, that &y, € U(W,X,0(y)) # 0. [ |

Now we can prove the strong maximal permissiveness
of Syt. We consider any X, N X,,-compatible supervisor
S=(Y,%,B,Y,Y) € S(G,R). There exists a simulation relation
Y C (Y xX) x Q from S||G to R. Then, by Proposition 5, the
relation @ C X x Q defined by (8) is a X, -simulation relation
from G to R. For the unique maximal fixpoint W' of the
function F : 2X*2 — 2X*Q defined by (2), we have ® C W',
It follows that

V(x,q) €XxQ:[FyeY:((yx).q) € YA

(y,x) € Reach(S||G)] = (x,q) e @ C W',

We let &: (Y x X) xZ — 2% and &t : (Ve x X) xZ —
21X denote the nondeterministic transition functions of

S||G and Syt ||G, respectively. We prove that a relation & C
(Y xX) x (Y x X) defined as

® = {((n%),F:x0) € (¥ xX) x (Y1 xX)|
Ry(S) N R5(Sy) #OA¥(%,G) € WS :
((3:%),9) € ¥ (y,%) € Reach(S[|G)] A
[Fs € L(S||G) : (y,x) € E(Yo X Xo,5) A
(5:x) € &1 (10 % Xo, )]}
is a strong simulation relation from S||G to Sy+||G, where
y= (Wl}v%zo’w;)
o We consider any (yo,xo) € Yy x Xp. To prove that
there exists J) = ~W1 ,y}m, yo € Yy1o such that

((v0,%0), (Jo,%0)) € P, we first prove that there exists
W7 € 2" such that

(10)

W] = |Xo| A [¥xt € Xo, 30 € Qo (), gp) €W®]  (11)
and

V(. qh) € Wi° : ((y0,%0), ) € PA

(vo,x) € Reach(S||G).

For any x;, € Xo, we have (yo,x() € Yo x Xo C Reach(S||G).
Since W is a simulation relation from S||G to R, there ex-
ists g, € Qo such that ((yo,x(),qp) € ¥. By (10), we have
(x(,qh) € P CWT. Then, there exists Wyo €2% C 2V that
satisfies (11) and (12). Since X # 0 and |Wy°| = , we
have W} 0 2£ 0. For the relation Py, C X x Q defined by (9),
we have Wy 0 C Dy, #0. Let 1up = Zuo(Y) € Lo Tt fol-
lows from Lemma 6 that ®,, €U (Wf 0, L,S) Then, there
exists W;° € minU (W}, %3) C 2" such that W3° C .
Letting $o = (W;°, %9, W,°), we have Ji € ¥;+. By (11),
it holds that Jo € Y1, It follows from X,,(5o) = %fg =
Luo(¥0) that o (o) = Zuo(F0) € Ryo (S) MRy, (Syy1)- Be-
sides, we have € € L(S||G), (yo,x0) € &(¥y x Xo,€), and
(Fo,x0) € Yyyig X Xo = &yt (V1o X Xo,€). Moreover, by
W,° C &y, we have

¥(%0,4o) € W3 : ((v0,%0),do) € PA
(yo,%0) € Reach(S||G).

(12)

It follows that ((yo,x0), (F0,%0)) € ®.

 For any ((y,x),(F,x)) € ® and any o € £, we consider
/

any (y,x') € é((y, x),0). It follows that y' € B(y,0) # 0
and ¥ € a(x,0) # 0. Since ((y,x),(§,x)) € P, there
exists s € L(S||G) such that (y,x) € £(¥p X Xo,s) and
(F,x) € éwr (Yo % Xo,5) C Reach(Sy+||G). It follows that
y € B(Yo,s), 7 € Byr(Yyrg,8), and x € a(Xo,s). Then,
there exists r € Ry(Sy1) such that s € L(r). We write
5= (W, %0,W;). By Lemma 4, we have x € mx(W;),
which further 1mphes

¥ € a(x,0) C a(mx(W,)),0) #0. (13)

We consider the case where ¢ € ¥,. To prove that there
exists (V/,x) € Ey1 ((7,x),0) such that ((,x'), (¥,x')) €
®, we first show ¢ € Iy (F). For any (%,§) € W;, we
consider any ¥ € a(%,0). By the definition of &, we have
((»,%),G) € ¥ and (y,%) € Reach(S||G). Then, it holds that
(v, %) € B(y,0) x a(f,0) = &((1.%),0) C Reach(S||G).
Since W is a simulation relation from S||G to R, there
exists ¢ € 6(§,0) such that ((y/,¥),§") € . It follows
from (10) that (&,§') € ® C W'. By (13), we have o €
X1 (7). Moreover, there exists a minimal element W; €
2% C2"" of N(WJ,5), that is, W; € minN(WJ, o) such
that

Y(%,g) €W, V¥ € a(%,0),37 €8(g,0): (¥,7) eWr,

and

V(&,q) e W : ((/,%),q) € PA

(Y/,&') € Reach(S||G). (19

By (13), Wi # @ holds. For the relation P, CXxQ
defined by (9), it follows from (14) that W; C @y, #*
0. Let Yo = Xu(y)) € Tyo. By Lemma 6, we have
@y € U(W1,%uw0)- Then, there exists Wy € minU (W1, Y)
such that W, C ®y. Letting j = (W1, Yuo, Wa), we have
¥ € Yyr. Since Wi € minN(W;,0), by the defini-
tion of By, we have § € By1(5,0). Then, it holds
that (¥/,x') € By (7, 0) x a(x,0) = &y ((7,x),0). Since
(/,x') € &((y,x),0), we have so € L(S||G), (V,X) €
& (Yo x Xo,50), and (¥,x') € &y (Y1 X Xo,50). Besides,
by the definition of &, there exists r € Ry(S) MRy (SWT).
It follows from ., (Y') = Yo = Zuo(7) that rGZm,( =
rGZm)( ") € Ry (S) N Ry (Sy+) # 0. Moreover, by W, C
Dy, it holds that

V(E".q") € Wa: ((,5),4") € ¥A
(', &) € Reach(S||G).

It follows that ((y',x'), (¥/,x)) € ®.

We next consider the case where ¢ € X, It follows from
B(y,0) # 0 that 6 € Z,s(y). Since Ry(S) N"Ry(Sy+) # 0,
we have X,,(y) = Zy0(F) = %o, which implies o € 7.
By the definition of B+, we have {j} = By+(5,0),
which further implies (7,x') € By+(5,0) x o(x,0) =
Ewr((9,x),0). Since S is admissible, we have {y} =
B(y,o0), that is, y = y'. Hence, we have so € L(S||G),
(yax,) € é(YO XXOaSG)’ and (ivxl) € éWT(?WTO XXOaSG)'
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« For any ((y,x), (

Since ((,x), (F,x)) € D, we have Ry(S) NRy(Sy+) # 0
and

Y(%,4) € W) : ((5,%),q) € YA (3,%) € Reach(S||G).
T

), (5.X)) € D.

It follows that ((y,x
y,x)) € D, if (y,x) €Y x X, then (¥,x) €

YWT X Xm.

Thus, @ is a simulation relation from S||G to Syt ||G. By the
definition of ®, any ((y,x),(¥,x)) € ® satisfies the first and
second conditions of a strong simulation relation. To prove
the third condition, we consider any £ € X and any § € L(S||G)
such that (y,%) € &(Yo x Xo,§) and (§,%) € Eyr (Yo X Xo, 8).
Since ((y,x), (7,x)) € P, we have R, (S) NR5(Sy+) # 0 and

Y(%,g) €W, : ((5,5),g) € YA (3, %) € Reach(S||G).

It follows that ((y,£),(7,%)) € ®. Hence, ® is a strong simu-
lation relation from S||G to Sy+||G.
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