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0. Introduction

In the theory of unitary representations of Lie groups, it seems important
to realize the representation spaces geometrically (cf. [9] (b)). We shall work
on this problem for some types of real semi-simple Lie groups in this paper.

In §1, we shall give a method to construct Hilbert spaces for 3-cohomology
spaces associated with a hermitian vector bundle over a hermitian manifold.
This will be applied to the hermitian vector bundles constructed from the groups
in §3. In §4 we shall discuss the problem when the spaces do not vanish.
Theorem 4.3 is our main result in this paper, which is a non-vanishing theorem
for a certain type of representation spaces. This can be considered as a first
step to attack the Langlands’ conjecture given in [10].

1. Generalities

Let M be a hermitian manifold of dimension #, and E a holomorphic vector
bundle over M. We denote by C?%E) the space of all C~-differentiable E-
valued forms of type (p,q) on M, and by C?%(E) the subspace of C??(E) composed
of forms with compact supports. 'The hermitian structure of M defines the real
operator * on forms on M as usual, and we extend this operator * complex linearly
to C??(E). Then x maps C?E) to C* %" #(E) (cf. [1] 1.4 a) B) p. 86).

Now suppose that a hermitian metric is given on each fibre of E which
depends differentiably on the base space M (cf. [1] 1.2 a)). The hermitian
metric of M and the hermitian metric of the bundle E give a conjugate-linear
isomorphism

4 : CPI(E)— COH(EX)

where E* is the complex dual bundle of E (cf. [1] 1.4 1) B)).
Now we define a pre-Hilbert metric on C%?'%(E) by

(@, ¢) = SMqﬂ N
for @, ¢ in CY(E).
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The usual d"-operator maps C?'?(E) into C?****(E). We define
8" : C»Y(E)— C*»*""Y(E) by
8”¢) — —#—l*d”*# .
Then, we have
(@"p, §) = (@, 8"¢)
for pC2Y(E), = C2*(E). Let L3%(E) be the completion of C%%E) with
respect to the inner product ( , ). We denote by 9, the restriction of d” to

C?%(E) and by &, the restriction of 3" to C2%(E). Define
9= ()* and &= (0,)*

where ( )* denotes the adjoint operator of ( ) with respect to the inner product
(5 ). Then 9 (resp. &) is a closed, densely defined operator of L5 %(E) into
Lg% Y(E) (resp. L3 (E)). Let D5’ (resp. D3%) be the domain of the operator
9 (resp. ¥) in LgY(E). We put

Z%(E) = {peD5";0p = 0},

Z3(E) = {peD3*; dp = 0} .
Since 0 and & are closed operators, Z5°(E) and Zy%(E) are closed in L3(E).
Let BY°(E) and By%(E) be the closure of 9(D5°"") and #(D3 "), respectively.
We define, finally, the square-integrable 9-cohomology spaces attached to the
hermitian vector bundle E by

Hy(E) = Z3"(E) © B}'(E)
where © denotes the orthogonal complement of B{‘(E). It is easy to see that
HyYE)=Z§"NZ3".

Since Z§'(E) and Z2%(E) are closed in L&%(E), H}%(E) has canonically the
structure of a Hilbert space.
Now we have the following orthogonal decomposition theorem.

Theorem 1.1. L3%(E)=H%*%E) @ B5(E) ® ByY(E).

For a proof, see [8] (1.1.5), p. 92.

And we have the following Serre’s duality theorem for these cohomology
spaces.

Theorem 1.2. H3Y(E)=Hj5"""%(E*) (isomorphic as Hilbert spaces).
In order to prove this theorem, we have only to notice that the following
diagram is commutative.

Cf,""(E) _f#_) C?—pm—a(E*)
5|]3, )] 9,

Exft
C,g,q—l(E) R C:ﬁ—p.n—q-i—l(E*)
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where E=(—1)?*7,

2. A consequence of completeness of the hermitian metric on M
Put

NZYE) = {peC”YE); d"p = 0}

NGAE) = {peC™Y(E); 8"p = 0} .

Proposition 2.1. If the hermitian metric on M is complete, then we have
NZHE)NLyY(E)C Z5(E)
NRMEYNLyY(E)CZyY(E).

In order to prove the proposition, we need some results due to Andreotti-

Vesentini.

We assume that the hermitian metric on M is complete. We take a C-
differentiable function x on R satisfying

1) 0<u<lonR

2) w(@®)=1 for t£1

3)  w(t)=0 for t>2.
We fix a point 0 in M, and for each point p in M, we denote by d(p) the distance
from o to p in M, and set

wy(p) = wd(p)/k)  for k=1,2,3, .
We simply write || instead of \/x(p A%#p)-

Lemma 2.1. (Andreotti-Vesentini) Under the above notations, there exists a
positive number ¢, depending only on u, such that

1) |d'wenp] < %Iqﬂ,

2) ldwpre] < ol

for all p= C™Y(E).

For a proof, see [1] 2.6 (13) and (14), p. 91.

Since the function wj, has a compact support, we remark that w,pe D5 N
D3 for every o = C™%(E) and that

d"(wp) = 0(w,p)
8" (wap) = H(wep) -
Now we come to the proof of Proposition 2.1. Let @ be in Np# N L3 By the
above remarks
O(wip) = d"(wip)
= d"w P+ wd'p
= d”wk/\<p '
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Hence, by Lemma 2.1, we have
|8(p)| < ool -

Putting @, =w,p, we know that 3@, converges strongly to 0. On the other hand,

@, converges strongly to @ by the choice of w,. Since 9 is a closed operator,

we see that @ is in D§® and 9p=0. This shows p=Z5*(E). In the same way,

we have NZY(E)N LyY(E)C Z%(E). 'This completes the proof of Proposition 2.1.
Now we need also the following result due to Andreotti-Vesentini.

Lemma 2.2. (Andreotti-Vesentini) Let the metric on M be complete. If
pELyY(EYNC?U(E) is such that [p=0, then @& NZ(E)NNZYE) where
D:dI’8II+SIIdI'-

For a proof, see [1] Proposition 7, p. 93.

From Proposition 2.1 and Lemma 2.2 we have the following proposition.

Proposition 2.2. Let the metric on M be complete. If p =Ly %(E)N C*(E)
is such that [Jp=0, then p =€ Hy*(E).

3. Definition of H}(E,)

Let G be a connected semisimple Lie group which has a faithful represen-
tation and K a maximal compact subgroup of G. We put M=G|/K. In this
paper we shall be concerned with the case where M=G/K is a bounded symmetric
domain. We denote by g the Lie algebra of left invariant vector fields on G,
and by ? the subalgebra of g corresponding to the subgroup K. Let g€ be the
complexification of g. We put

p={Yeg; BX,Y)=0 forall X&t}
where B denotes the Killing form of the Lie algebra g. Then we have

We denote by = the canonical projection mapping of G onto M=G|/K. Put
n(e)=p, where e is the identity element of G. We may identify p with the
tangent vector space T, of M at the point p, by the mapping ¥ —dz,Y (Y €p).
Let T¢ be the complexification of the tangent space T, (pM). For any subset
m of g we denote by m€ the complex subspace of g spanned by m. We
denote by T, (resp. T;) the set of all holomorphic (resp. anti-holomorphic)
tangent vectors in 75. Put

p.={Yep% dr,Y . €T,},
p, ={Yep® dr, Y T,}.

Then since we assumed that the complex structure on M is G-invariant, we have
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dr,Y,ET ey (resp. dn, Y, €T ,) if YEpP_ (resp. YEp,). Moreover, it is
well known (see [6]) that

[P+, p]=(0), [P, p_1=1(0).

[, p.Jch., [ plcy .

We put g,=f++/—1p. Then g, is a compact real form of g¢. We denote

by # the multiple of —1 of the conjugation of g€ with respect to g,. We define
the inner product ( , )in g€ by

(X, Y)= B(X, Y*) (X, Yeg°).

(2,1)

Now we know that ¥ contains a Cartan subalgebra ) of g. Let 3" be the
system of all non-zero roots of g€ with respect to the Cartan subalgebra €. It
is easy to see that for each a3 we can choose an eigenvector X, of the root
a such that (X,, X,)=1. Then we have X,=a,X _, for some a,C where —
denotes the conjugation of g€ with respect to g. Since [§€, £€]C ¥ and [§C, p€]
C S, it is clear that either X, or X,E9¢ (¢ €)). A root a3 is called
compact or non-compact according to X,f¢ or X,ep°. Since Hh°CiC, it
follows from (2,1) that there exists a subset P,C Y] such that p+=a§) CX,.

Moreover, it is obvious that we can introduce a linear order on 37 such that the
set P of all positive roots contains P,. Since p,=p_ and X,=a,X_, (@€)),

we see that p_= > CX_,. Since G is assumed to have a faithful representa-
aEp,

tion, there exists a complex form G€ of G, that is, a complex Lie group with the
Lie algebra g© which has G as a real analytic subgroup corresponding to gCgC.
We denote by K€ (resp. P,, P_) the complex analytic subgroup of G€ corre-
sponding to € (resp. p,, p_). Put U=KCP,. Then U is a complex analytic
group of G€ with the Lie algebra f4p, and P, is a normal subgroup of U.
Consider the complex homogeneous space G¢/U. Then we know (see [3]) that
the G-orbit of U is open in G€/U and can be identified with M=G/K, for UNG
=K. Moreover, we can show that the identification is compatible with both
complex structures of G¢/U and G/Kj i.e. the above complex structure of G/K
coincides with the one as the open submanifold of G€/U.

For a linear form A on §¢, we shall denote by H, the element of §° such
that B(H,, H)=\(H) for all HY®; the inner product (A, ) of two linear
forms X\, p means the value (H,, H,). Let § denote the set of all integral
2(, @) are

o

’

forms on §°, i.e. § is the set of all linear forms A on )¢ such that
integers for all a€>). We put

F =MEF; A+p, )0 forall ac},
T = rEF; M p, a)>0 forallacP,
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where pz—;—Ea and P, is the set of all compact positive roots. For any
x>0

AEF; we denote by 7, the irreducible unitary representation of K with the
highest weight A on the representation space ¥,. Then one knows that 7, is
uniquely extended to a holomorphic representation of K€. Since P is normal
in U, we can extend 7, uniquely to a holomorphic representation of U such that
7a(g)=1 for all g&P,. In the following, we denote by the same notation 7,
this extended representation. Let 7% denote the contragradient representation
to 7, on the dual space V¥ of ,. G€ is the principal fibre bundle over the
base space GC/U with the structure group U. Let Ej denote the associated
holomorphic vector bundle with the holomorphic representation r%. We denote
by E, the portion of E, over the open submanifold G/K; i.e. E, is the induced
bundle by the injection mapping of G/K into G¢/U. Since we started from
the unitary representation of K, we have the canonical reduction of the structure
group of the vector bundle E, to the unitary subgroup 7%5(K). So we have the
canonical hermitian metrics on the fibers of E,. Making use of the linear iso-
morphism of p onto T, induced by the projection mapping 7, we can introduce
an inner product ( , )in T, by

(dr Xy dmY) = (X, Y) X, Yep.

Then it is easy to see that the inner products thus introduced on the tangent
space T, (p=M) are invariant by the actions by G and that it defines the
Kihler metric on M=G/K. Thus we have constructed a hermitian vector bundle
Eon M for each A€F,. Finally we denote by HZ%(E,) the square-integrable
d-cohomology spaces attached to E ,.

4. Main theorem

In this section we shall discuss ‘“‘the non-vanishing theorem” of the coho-
mology spaces H3Y(E,) defined in the previous section. Fix a AEF,, once
for all. Define 7,, V,, 7% as in Section 3. Let C°(G, V) denote the set of all
V%-valued functions on G. For any f€C*G, V%) and vV ,, we denote by
fo(x) (x&G) the value of f(x) at . Then x—f,(x) (v&G) defines a complex
valued function on G. We put

C(G, VY ={feC(G, VY ; f,€C(G); .

Fix an orthonormal base (v,, -+, v,) of V, where r=dimV,. Let (¢F, -+, v¥)
be its dual base of V'*%. In the following we shall use the notation defined in
Section 3 without further comment. Let P, be the set of all compact roots
with respect to the linear order that is introduced in Section 3. Fix an ortho-
normal base (H, ---, H,) of )¢ where I=dimc§=rank G. Let P,={a,, -, a,,}
and P,={a,, .y, ***, A,p1s}. To simplify the notation, we put henceforth
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=X¢’- (Z=1, ooy m+k),
i =H; (l:?ﬂ—,—k—f—l’ ...,m+k+l)’
— 2’;‘:..“1 (z=m—|—k—|—l—|—1’ e, n) .

Then we have

e, (=1, -+, m)
e f° (f=m+1, -, n—m)

) epe (i=mA-kt1, oo, mtkD)
e p_ (t=n—m+1, -+, n).

Now we define an injection mapping

v CH(H,) —> A%_Q C(G) @V
by putting

n(p)=_ 20 AL Q=i -, 21)y; Q0T

1<, $<i < 1=
We denote by Ad? (resp. ad?) the representation of K (resp. £€) in A’p_ induced
by the adjoint action of K (resp. £€) in ¢°. We define a representation R of G
on C~ (G) by
(R@f)(x) = flxg)  (»€G)

for each geG. We denote by R| K the restriction of R to K. Let ¢?=Ad‘®
R| K denote the representation obtained by the tensor product of Ad? and R| K.
We put

CG)p=AP_QRC~(G)RQV*

CYG)y = AM_QC7(G)QV% and

LY(G)y = AP_QL(G)QV% .
Define

CY(G)} = {usC/(G),; (' QT%)(k)u = u for all ke K},

CY{G)s = {usCYG),; (' Q7%)k)u = u for all ke K} and

$G) = {ueLyG),; (' Q¥)(k)u = u for all ke K} .

Then it is easy to see that 7 maps C*?(E ) isomorphically onto C?(G)%. More-

over, we see that the mapping 7 induces the isometry of L3?(E,) onto L§(G)}.
There we define the metric in L§(G), by

W)= _ 5 2 fuias @i @) de

1< <m j=1
r

where U = N 2 FN N, R iyig, i ROUT
<...<,‘q m j=1
DI A POl
'q m j=1
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For any X =g we define v(X) by
WX)f =Xf  (feC(G)
where

N =[Lrgexntx)]  (2€6).

t=0

Then X—v(X) (X g) is a representation of g on C~(G). This representation
v is complex linearly extended to a representation of g€ on C=(G). Let 6 denote
the representation of g¢ in Ag® induced by the adjoint representation of gC.
We put

0,(2) = 0(2) @ 14+1 QR v(z) (2€6°) .
Then 0, is a representation of g on Ag ® C=(G).

Theorem 4.1. Under the above defined notations, we have

A0p) = 3 {420, N—1@R' @ n(p)  (pC(E,)

where R"zﬁ‘_, v(2F)v(2).
A proof of this theorem will be given in the next section.

Let 7 be the right regular representation of G on L,(G); i.e.

(@) =flx) (*€6)
for any g G and fe L,(G).

Owing to the profound result of Harish-Chandra ([5] (c), Theorem 16), for
any L€', we can find a closed subspace 9, of L,(G) invariant by r such that
the restriction 7z, of 7 to 9, is irreducible and X,(Q)=(A+2p, \) where X,
is the infinitesimal character of the irreducible unitary representation 7, and Q
denotes the Casimir operator of g.

Now we consider the irreducible unitary representation =, of G on 9,
defined above. We denote by z,|K the restriction of =, to the subgroup K.
Put

df =AdQn,\lK.

Then we have the following ‘‘non-vanishing theorem” for Hy'%(E ).

Theorem 4.2. Let AEF,. If o contains the irreducible representation of
K with the highest weight A, then Hy*(E )= (0).

Proof. Let £, denote the character of the representation 7,. Define a
projection operator e, by

en—=17 SK“A(_k) o (k) dk
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where dk denotes the normalized Haar-measure of K. We assume that ¢% con-
tains the irreducible representation of K with the highest weight A.
Then we have

e(ANP-@ D) %(0) .

For each A €} we define a projection operator e,(z,) by

am) =1 | EFAE) .

Then it is clear that there exists a finite numbers of element, A, -+, A, of &}
such that e,(A’P_QD,)CAWD_Q Zsl eny(my) Dy It follows from the result of
Harish-Chandra (see [5] (b) Lemm'; 33, p. 108) that

ea(AP-® D,)CAP_Q C(G).
It is easy to see that

R f=X\Q)f = (A+2p, A)f

for all feC=(G)ND,.
It follows from Theorem 4.1 that

(v 'u=0 forall uc(es(AP-Q9D,)QV¥)

where (eA(A'P-Q D) ® VE)'=(ex(AP-Q D) QVE) N C/(G)S .
We notice that 27 (e,(A’P_-Q D,) QVEY CC*(E ) NLYY(E,). It follows from
Proposition 2.2 that

7" eA(AP_-Q D) QVEYCHYYE,) .

Since (ex(AP_-Q D,) @ V%) =+ (0), we see that HyY(E ,)=(0).
This proves the theorem.
We put

O,={a€P,; (A+p, a)>0}.
And we denote by g, the number of elements of the set Q,. Let
¢A == /\'YEQAX—'Y .

Proposition 4.1. @, is a weight vector belonging to the weight which is one
of the lowest weight with respect to the representation ad?s of ¥°.

Proof. Since ¢, p.]CPp,, for any a =P, and B P, we have a+B<P,, if
a+B is a root. On the other hand, for any y=Q, and a =P, we have

(A+p, v+a) = (A+p, v)+(A+p, a)>0.
This shows that



104 K. Okamorto anD H. Ozek1

{vy+a;vE0, aEPCO,.
It follows immediately that
ad’sN(X _,)®, =0 forall acP,.
This proves the proposition.

Theorem 4.3. Let A=R,. If =,|K contains the irreducible representation
of K with the highest weight A+ > o, then H3n(E ,)=(0).
L=\

Proof. Assume that z,|K contains the irreducible representation of K
with the highest weight A+ >3 @. Put ;= >3 a. Then we have e, (7,)9
wEQA

weQA
=#(0). On the other hand, we know from Proposition 4.1 that —2X, is the

lowest weight of the representation ad?s. Then it is clear that we can choose
an irreducible component of A“ap_@ V% with the lowest weight — A—X, which
is the contragredient representation to the irreducible representation with the
highest weight A+X,. It follows immediately that

(A"AD_Qep ay(m2)® V)N LiNG)=*(0) .

This means that A?sp_Q®e, . (7,) contains an irreducible component with the
highest weight A. Therefore, from Theorem 4.2 we have H?s(E,)=(0).
This completes the proof of the theorem.

ReMARK. G=SU(m, 1) (for the notation, see [6] p. 340) satisfies all the
conditions in §3. It is not difficult to verify that the assumption in Theorem
4.3 is always satisfied for SU(m, 1), using a result of Gel'fand-Graev [4]. We
conjecture that it holds in general.

5. Proof of Theorem 4.1

In this section we shall give a proof of Theorem 4.1. We just follow the
Kostant’s method given in [9] (a). We shall use the notations given in Section
3 and 4 without further comment.

First we shall summarize some notions and the known results about the
cohomology theory of Lie algebras.

For any X =g° we denote by £(X) the operator of the exterior multiplication
by X and by #(X) the operator on Ag® defined as usual by the formula

g n
(X)X A AXg) =D (—1YBX, X)X, A AX; A AX,
j=1
for X,, ---, Xq=g° Then it is easy to check that
(X)* =¢&(X*) forall Xeg¢

where #(X)* denotes the adjoint operator of #(X) with respect to the inner
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product in g€ defined in the previous section.
Now we define the inner product ( , )in Ag°QC:(G) by
wu)=3 2| foiole)ficiale)de

=0 1§ < --<ig<h

where u=é 2 A A%, fnie and

\ 7=0 1<) <. <ig<n

w=3 3 %A A2%,Qfl., Let X—>X (X<g°) denote the conjuga-

70 1< << i<
tion of g° with respect to g. Consider the representation » of g¢ on C*(G)
defined in the previous section. For any X &g® we define the “formal adjoint”
operator »(X)* of »(X) by

y(X)* = —p(X).
Then we have
(X)f s f2) = (fu v(X)* ) (XEg°)
for all f,, f,&C7(G) where the inner product ( , ) is that of L,(G). We
define operators d, and d, on Ag°@ C=(G) by the formulas
d, = 3} &(z)®(=,)

dy = 3 6(=1@(z)
We put

d,=d,—d,= E(=HRv(z;) .

j=m+1

And define the “formal adjoint” operators d¥, df and d¥ by the formulas
(=) @v(=)*
i(2;)Qv(z;)* and

df

I

I
Ms

df =

i(2,)Qu(2;)* .

I
3

Il
.Ms ;

di

Fi +1

Then it is easy to see that
(dou, u') = (u, d¥u’)  (s=1,2,3)
for all u, u' e ANg°RQRC(G).
We notice that the operators * and — commute. For any X &g we define

o(X) = —X*.

Then it is easy to see that ¢ is an involutive automorphism of g¢. Obviously
we have

»(X)*¥ = v(eX*) forall Xegt.
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Now we shall prove some lemmas which will be used in the sequel.

Lemma 5.1. For any 3 g we have
[1®u(z), d¥] = El i(a[2¥, 2])Qu(z:) .

Proof. Since di"::‘; 1(2;)Quv(az¥), we have
[1@u(3), df] = 2 i(s) @[3, o5]) -

n
We notice that >} 2,Q2F=g°QqC is invariant under the adjoint representation
i=1

of g on g°®g°, i.e.

3

{[z 2]Q2F+2Q[z ¥} =0

Il
-

for any z=g°. By operating 1®c on both sides, we have

Z 2;Q[2, o2¥] = 2 [2:, 02]Qoz¥F

=1

after replacing z by o2. Since oz;=%; or —z; (=1, --+, n), it follows that
[1®u(z), d¥] = g i([2;, 02])Qv(oz¥)
= Z}l i(o[2;, 2])Qu(=¥).
This proves the lemma.

Lemma 5.2. For any ucs Ap_ we have

m 0 ) C
$1e(etitels sdu={ ., | ; e

Proof. Since both sides of the equation are obviously derivations of degree
0, it suffices to verify the equality for up_. First assume that z&p®. Then
for any usp_ we have [z, cu]<¥C. Since (p€, £€)=(0), it follows that

g 8(2?) i(ofz z])u= gB(d[z, 2], u)zi“

= —'ZZ_‘{ (=¥, [2, ou]) =¥

=0.

We now assume that z¥¢. In the same way we can show that

g &=N)i(olz, 2])u=0(z)u.

for all usyp_.
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Lemma 5.3. For any z€¢° we have
| dF(E(=*)R1)+(E(=*)Q1)d¥ = 1Qu(:)* .
Proof. For any 2&g€ we have
({(:)®1)d,+4d,(i(x)®1)
= 23 (i(=) &(=¥)+&(=F)i(2)) @ (3;) -

On the other hand, one has the following equality;

i(x)€(y)+€()i(x) = B(x, y) = (%, y*)
for any x, yeqg®€. It follows that
((x)®1)d,+d,(i(z)®1)
= 31 (= %)®(=)
= '1_®v(z) .
Taking the adjoint operator of both sides, we obtain the equality in Lemma 5.3.

Lemma 5.4. For any us A\p_ we have

(33 61 0()+35 0=, #F))u=0.
For a proof, see [11] Lemma 4.1.

Lemma 5.5. For any us \p_QC~(G) we have dfu=0.
Proof. By the definition of d, we have

df = 2 i(z)@v(z)* .

j=m+1

We notice that 2; (f=m-1, -+, n) is orthogonal to p,. For any y=p_ we have
y*ep.. Hence, i(2;)y=(2;, y*)=0 ({=m+1, ---,n). This proves the lemma.

Proposition 5.1. For any uc \p_QC*(G) we have
(dyd¥+d¥dy)u = % {Rp+20(H,)—20,(H,,)—1QR"} u

where Ryv denotes the Casimir operator of the restriction of 6, to ¢ and
Proof. First we notice that d; and d¥ both map Ap_®QC=(G) into itself.

This is an immediate consequence of the definition of d,, and d¥. It follows
from Lemma 5.5 that
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for all ue A3_QC=(G).
Making use of Lemma 5.1~5.3 we have

(dod¥+-d¥dy)u = é’j (E=HR1) [1Qu(=,), dF]u
+33 (@HEENB)+EENB ) (18(z:)u
= ST () ilola, 7))@z,

==

= ’§+10(z:")®v(z,) u
+31 1@ u()u
We consider the first term. Owing to the choice of the base (2, -+, 2,), we ha.ve
(A) 230 0=H@u(=) = 3 0.(51)0.(z)
— 3% 6101
— 31 1@u(st)u(=)

— Rv—RIQ1—1QR},

where Ry (resp. R;, R}) denotes the Casimir operator of the restriction of 6,
(resp. 6, v) to €.
Now we consider the second term.

2 2:; 1Quw(z;)*v(2;)
= 2 ,—i 1Qu(x¥)v(z;)
— _z 1Qu(2¥)v(2;)+

+231@u([z, 2F).
= —1QR'+1QRH2Qu(H,)—2Qu(H,,) .
It follows from (A) and Lemma 5.4 that
2(dodf+d¥dy)u = (Rv—1QR®20,(H,)—20,(H,,))u .

S

m

1@v(¥)v(=)

i=m+1

This completes the proof of the proposition.
Now we come to the proof of Theorem 4.1. First we observe that the
diagram
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CO(E,) — A%_QCG)QV*
d"“a" d2®1”d§"®1
CO’q+1(EA)__77_> /\q+1p_®cw(G)® VX

is commutative. It follows from Proposition 5.1 that
7(0g) = — (Re+20(H)—~26,(H,,)~ 1@ R} B 1n(y) -

We know that nC"Y(E \)=C%G)".
Consider the the projection operator €% defined by

& =7 SKmaq-(k) dk .
Then it is easy to see that
CUGRCeA(ADP-QCHG)RVE .
Therefore, since 7(p)= CYG)3, we have
RpQ1n(p) = (A+2p;, A)n(p) -

Since H,,_,,, is contained in the center of € (see [9] (a) Lemma 5.5), 0y(Hp_s0;)
reduces to a scalar operator on e{(AD_QC=(G)). To determine the scalar it
suffices to compute 6,(H,,_,,,) on a highest weight vector u, €e4(AD_QC~(G)).
Clearly we have

6»(H29—29k)uA = (A) ZP—Zpk) Uy .
Hence
(ev(Hzp—zpk)®1)77(¢) = (A> ZP_ZPI:)’?(¢) .
It follows that

7(09) = +{(A+26, A)~1@R}@1n(p) .

This completes the proof of Theorem 4.1.

Osaka UNIVERSITY
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