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The extension of topological groups ')
By Hirosi Nacao

1. For given two topological groups % and 2, an abstract group
& which contains a normal subgroup R’ such that %’ and &/N’ are alge-
braically isomorphic with M and 2 respectively will be called an alge-
braic extension of N by UA; while a topological group & containing
a normal subgroup M’ such that %’ and &/N’ are topologically isomor-
phic (that is, algebraically isomorphic and also homeomorphic) with
and U respectively will be called a fopological extension of N by A.
The problem of algebraic extensions was first, formulated and solved by
O. Schreier,?) and afterwards in another way by K. Shoda.?)

The fundamental theorem of O. Schreier is as follows :

Theorem 1. Let N and A be two abstract groups, and Ag the
group formed by all automorphisms of W. If a mapping ¢ —Ta from
A into Asy and o mapping (¢, b) — Cq,, from A x A into N satisfy the
following conditions: ‘

e) ToTy(A)=Cos T (A)C;'  (Aeh)

) CosCotye=To(Co, ) Case
then an algebraic extension & of N by A may be determined as
follows : & is the set of symbols AS,, where A and a run through N
and U respectively, and the group operation is defined by (AS,) - (BS,) =
AT,(B)C4pSu. Conversely every algebraic extension of N by A may
be obtained in such a way. '

In this paper, provided every togological group satisfies the first
axiom of countability, we shall introduce into an algebraic extension &
a topology with regard to which ® is a topoloical extension. Moreover,

1) The writer is grateful to Prof. K. Shoda, who gave an impulse to the present paper.

2) 0. Schreier: Uber die Erweiterung von Gruppen, Monatschefte fir Math. u. Physik,
34 (1926) 321-346.

3) K. Shoda, Uber die Schreiersche Erweiterungstheorie. Proc. Acad, Tekyo (1943)
518-519.
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a group,of extensions will be defined for abelian groups, and researched
in connexion with their character groups.

2. Henceforth, we shall assume that every topological group appear-
ing in this section satisfies the first axiom of countability.

Theorem 2. Let 0t and A be two topological groups, and & a topo-
logical extension of N by A. Then we can find o system of represen-
latives © = {S,} of & mod N which satisfies the following conditions :

If we denole Cu =S, S, Sa} and T,(A)=S3'AS,, then,

eg)' Coo=Cpo=FK, Cy,~1=FE, where e and E are the identities
of A and & (or W) respectively.

e,) The mapping {a, b) — C,,, is continuous af (e, e).

e) The mapping b — D, , = Cy , Co, o—1 s continuous at e for each

e) For any element A of N and itls neighborhood {abbreviated
“nbd ) Uy (A) in N there exist, a ndd of the identity Vo (abbreviated
“e —nbd ") of AW and a nbd UR(A) of A, such that for any asVy,
T, (Uy' (4)) C Uy (A). (,

e;) A sequence {A;S,} of elemenils from & converges to FE if
and only if {A;} and {a;} converge to E and e respectively .

Proof. Let f be the natural homomorphic mapping from & onto A .
We can find a complete system == {W,} of e-nbd of &,

S=W, DOW, D...OW, D>...

such that W-'=W, and if m +=n f(W,) =+ f(W,). Let ©={S.} be a
system of representatives such that if ¢ 2 f(W,)—(W,,,), then S, eW,—W,,,
and S;'=S8s', S,=F . Then for any acf{(W,), S,cW,. It can be
shown as follows that this satisfies the conditions e;)—e-).

e;) Since S, = E, C,y= Cy,==E, and since S,-1 = Sa ', Co, o~ =K.

e;) For any e-nbd Usy of M, there exists W, such that W, \N <
Ugy;. Suppose that W, W, and f (W, f(W,). Then a,bef (W)
implies Co,, ¢ Uy ; since Co,p == 8,8, Sa T W, \N W, \N Ugy.
Hence (a,b) — C,,, is continuous at (e, €).

e;) For any nhd Uy (A) of A in 9, there exists a nbd W (4) of 4
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in ® satisfying W (A)\R C Uy (4). Let W, and W’'(A) be a e-nbd
and a nbd of 4 such that W, W’ (A)W;'T W(4). Put Uyp/(A)=NN
W'(A) and Vy=f(W,). ThenaeVy implies T, (Usy' (4)) Un(4).
e, Let Vs be the set of representatives corresponding to elements
of Vs(g) and -=* the system of subsets of @ written in the forms Uy Vis(y),
where U and Vg are e-nbd of’ 9t and U respectively. First of all we
show that for any W, from =. there exists a subset W* from S*
satisfying W*( W, , and conversely. For any W,, there exists W, such
that W, W,. Set Up=W, \R and Vy =7 (W,). Then, since Uy
C W, and Vs C W, WH=Usy Vsigy C W,. Conversely, let W*-—=
UsVs(yp) be an arbitrary subset from =*. There exists W, such that W, N\
N Uy and f(W,) Vs . Suppose that W,W ' W,, and W, ==

) Y @) 3 _ . @ 77 B
“%W%) Uy S. where UER is an e-nbd of . Since UR =UL S, 57

CWaWINRCW. N\ R Uy, we get W, C W*. Now, it is almost
evident that a sequence {4,S,} converges to E if and only if for any
W* there exists an integ‘er 1o such that 1> implies A4, Sa, ¢ W, that is,
{A} and {e,} converges to E and e respectively.

es) " For any a, Uy, and Vs(y), there exist W, and W,, such that
SaWnSe C Wy We==Usy Vsiqy. If bef(W,), then S.S,S. — D,.,
Saa-te W*. That is, D,,, ¢ Uy. Hence b—D,,, is continuous at e, q.e.d.

Theorem 3. Let {C,,} and {T,} satisfy the conditions e,)— e,).
Then the algebraic extension ® defined by them becomes a topological
extenston when we introduce o topology into & in such a way that
{A4.8,,} converges to E if and only if {A} and {a;} converge to E
and e respectively. 7

Proof. Let & = {S,} be a system of representatives of & mod N
such that S, A S,' = T,(4) and C, ,=S.5,Sw and Z* the sysem of
subsets with forms Us; Vsg) where Us; and Vi are e-nbd of 3 and A

respectively. Then it may be easily shown that =* satisfies the following
conditions :

ay N\ Wr—=E.
W*e S%

b} For any two subsets W,*, W,* from X*, there exists another
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subset W;* from I* satisfying Wyt W N\ Wy*-,

¢) For any subset W,*, there exists another subset W,* from 3*
satisfying W Wi—' C W *

d) For any subset W * from Z* and any element G from &, there
exists a subset W,y* from Z* such that G Wy G- C W *.

If we define a topologv of & by =% that is, {G,} convergesto G if
and only if for any W*eS¥%, there exists n, such that »> n, implies
G, G e W* then & becomes a topological group, and furthermore a
topological extension of 9 by 2. In this case, evidently {4, S,,} converges
to £ if and only if A; and a; converge to F and e respectively.
Accordingly our assertion has been proved.

Combining Theorem 2 and Theorem 3, we have

Theorem 4. For two given topological groups N and N satisfying
the first axiom of countability, every extension of N by A salisfying
the same axiom may be determined in the sense of Theorem 3 by
1C o5} and {T,} which satisfy the conidtions e,) — es).

3. For an algebraic extension ® of 9% by 2, there may exist many
different tppologies with regard to which & becomes a topological exten-
sion. But such a topology is determined by some system of representa-
tives of & mod N, and concerning the relation between the topologies
wrich are given by the systems & == {S,} and &* = {S,/*}, we get

Theorem 5. Two topologies( given by © and S* coincide with each
othevj if and only if a— A, = S*8," is continuous at e.

Proof. Set Z=={W = Uy Vs(gp} and Z* = {W* == Uy Vsrgp}.

1) Suoppose that for any W from I there exists W* from =* satis-
fying W* < W. We shall verify that a — A,-—S,*S,  is continuous
at ¢ under this supposition. :

Let Uy be an arbitrary e-nbd of N. For W =UyVsyy, there
exists W' ==Usp' V'siy) such that W' W'-* C W, and for such W’ there
exists W* == Uy V"sxy) satisfying W* W’'. Then since S, and S.*
are contained in W', ¢ Vi’ implies A,==S,*S, ¢ Usy;. That is, ¢ —

" A, is continuous at e.
2) Suppose that @ — A,—= S,%S,' is continuous at e, Let W =
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U Vs(gp) be an arbitrary subset from =, and Usp' an e-nbd safissfying
Us* C Ust . . Then there exist an e-nbd Vy’ of A such that V' C Ve and
if aeVy' then Aa -—:.S;* S, e Us'. Since ac¢ Vo' implies S,*¢ Uy’ S,,
W = Usy/Vsxqp C Uy* Vsiqy C W. On the other hand, if 0 > A, = Sq*
S.' is continuous at e then ¢ — A4, =8, S¥ is also continuous at e,
therefore for any W : S* there exists W ¢ 3 such that W < W*. Hence
from our supposition that ¢ — A4, is continuous at e, we can conclude
that & and &* ‘give the same topology to &, q.ed.

In this proof, it is remarkable that if one of the topologies . of '®
introduced by © and &* is weaker than the other, then from 1)a — A4, '
is continuous at e , and hence from 2) the.two-topologies are the same.
This fact may be formulated as follows :

Theorem 6. Suppose tkat’@i is algebraically isomorphic to &', and
also by this isomorphic mapping f from & onto &', & is continuozec{y
mapped -onto &'. Suppose further that by the mapping f, a closed
normal subgroup N and the facter group &/N is homeomorphic with
(N and S'/f (N) respectively. Then & is homeomorphic with &'.

4. Let © be an extension of 9* by 2, and f the natural homp-
morphic mapping from & onto 2 with the kernel 9t. Let further ¢ be
an isomorphic mapping from % onto 9t*. Then (&, f, ¢) will be called
a type of extension of 9t* by ¥, and we shall define that two types
(S, f,pland (@, 1/, ') are the same if and only if there exists a topo-
logically isomorphic mapping » from & onto &’ such that = (N) =N’
(where & and N’ are the kernels of f and f’ respectively), for any G
from & f/(z(G))=7(G), and for any A from N o' (z(A))=¢p(4).

Given a type (&, f, @) of extension of N* by 2, and let & = {S,}
be a system of representatives defining the topology of &, and set’
Cay =9 (SuSsSw), Ta* (A%) =  (Sa 0~ (A¥) 8. )(A* e %), Then the
system {C,%, T.*} satisfies the conditions e,)— ¢;). Conversely any
system {C’Zf,,} satisfying e,)— esi determines a type of extension. But
two different systems may determine thé same type, and about this we
have easily the following theorem :

Theorem 7. {C, »s T.% and {D,,ff,, R*} determine the same type
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if and only if there exists o mapping ¢ — A" from A into I* salis-
fying the ‘following conditions :

1) a— AS* is continuous at e.
2) R (A% = AF T (A%) AX1,

3) Duly=—= AT (A7) Cuy Auy .

Now let 9t* and A be commutative and locally compact groups satis-
fying the second axiom of countability. Every extension of 9 by 2 is
also locally compact and satisfies the second axiom of countability. Here-
after, we shall restrict ourselves to commutative extensions.

Let (&, 7, @) and (&', ', ') be two types of extensions of N* by
A. In @ x & the set of all elements G G’ satisfying f(G)=—= f'(G") forms
a closed subgroup ©, and the set of all elements N N/~* of M x N’ such
that @ (V)= ¢’ (N’) forms also a closed subgroup M. Set H¥ == &)/‘Jﬁ:
Then by the mapping ¢*: MN - @) and f*: MR G G —f(G)=
(G, MR/M and H/IMN are isomorphic to N* and A respectively.

Hence (9%, f*, »*) is a type of extension of 3* by A. Moreover if
S, f, p)and (&, f', ') are determined by {CJZ} and {Da,i{}} respectively,
then (D%, 7*, »*) is determined by (C. DY, Tt will be easily seen
that by the definition of product (9*, ¥, @*)=(S, f, @) (&, 7/, (p');
the set of all different types forms an abstract group. It will be called
the group of extensions of 9¢* by 2, and denoted by & (9t*, A).

5. Let (&, f, @) be a type of commutative extension of 9t* by A,
where 3t* and A are both commutative and locally compact topological
groups satisfying the second axiom of countability. We shall denote a
character group by X({ ). X(®) may be regarded as an extension of
X0 by X (). Let N be the kernel of f and & the subgroup of X (&)
corresponding to N. Let further & —={S,} be a system of represen-
tatives of & mod 9. Then, for any a from &, p{(a): ¢ —>S,*is a
character of A, and ¢ is a topologically isomorphic mapping from &
onto X(®). On the other hand, for any « from X (&), fla): N*—{(p (N })*
is a character of 9, and 7 is an open homomorphic mapping from X(($)
onto X (N*) whose kernel is ®. Accordingly, (X(®), 7, o) is a type of
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extension of X sy by X 20).

Theorem 8. The mapping (&, f, ) > X (), 7, @) is an ismorphic
mapping of & (N* Ay onto ¢ (X (A), X (N¥)). -

Proof. Obviously, it gives a one to one correspondence between them.

We shall describe the group opesations of character groups by addi-
tions. Let (&, f, o) and (&', f/, ') be two types of extensions of N*
by %A, N and N’ the kernels of f and f/, and ®, P’ the subgroups of
X (@) and X(@’) correspoding to ¢ and N’ respectively. Let further
9 and $ be the subgroups of X (& x &) corresponding to the subgroups
9 and M of ® x ©’ defined in section 4. In order that an element
a + a' from X (®) + X (@) (=X (& x @) is contained in Iy it is nece-
ssary and sufficient that f(G)= f'(G) implies G* = — G/ | that is, ae
D, a’'ed’ and p(a)= — @' (a’). Hence I¢ consists of all elements
a — a' satisfying ae®, a’« @', and ¢ (a)= — p'(a’). On the other
hand, « + a' is contained in § if and only if @ (N)=¢'(N’) implies
N*—=N r«' and hence © consists of all elements « + a' satisfying
fla)=F"(a). Accordingly, the type corresponding to (&, f, @) o

@, 1, @) is (X(®), F, @) o X(®), 7, /). q.e.d.

(Received October 15, 1948)






