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Analytical Calculation Method of Restraint Stresses and Strains

due to Slit Weld in Rectangular Plates’

Yukio UEDA*, Keiji FUKUDA** and You Chul KInM***

Abstract

There are many metallurgical and dynamical factors which influence initiation of cold cracking at weld joints. However,
when welding conditions are specified, the initiation of cold cracking may be predicted by the stress and strain induced at
a point where the initiation is expected. In this respect, the stress and strain are the important information to prevent

cold cracking from the dynamical point of view.

When a welded joint is simple such as of one dimensional constraint state, the restraint stress of a weld joint can be
estimated with a fairly good accuracy by the conventional concept of restraint intensity. On the other hand, restraint
stresses and strains of two dimensional constraint state are produced by not only shrinkage of weld metal but also thermal

deformation of the plate.
without considering this thermal deformation.

In.this reason, it is difficult to predict them simply from the geometric configuration of a joint

In this paper, thermal elastic-plastic behaviors in a slit type welded joint is idealized and an analytical calculation
method for the stresses and strains is developed. And, it is shown that the restraint stresses and strains in any size of slit

Jjoints can be calculated simply by this merhod.

KEY WORDS:
(Slit Weld)

1. Introduction

When a welded joint is dynamically in one
dimensional constraint state, restraint stresses produced
in the welded metal can be accurately predicted by the
restraint intensity in the welded joint. On the other
hand, it is hard to predict restraint stresses by the
restraint intensity in the two dimensional constraint
state such as of slit weld, circular patch weld, etc. of
which restraint of thermal expansion and contraction
varies along the weld line.

In this relation, the authors have made a series of
researches to clarify the characteristics of restraint
stresses and strains in two dimensional constraint state.
In this paper, an analysis model is set by idealization of
thermal elastic-plastic phenomenon due to slit weld in
a rectangular plate (Fig. 1) which is the basic example
showing two dimensional constraint state. By use of
this model, an analytical calculation method is
proposed to evaluate restraint stresses and strains
produced perpendicular to the weld line of weld metal
including the effects of the change of specimen size
and heat input.

(Restraint Stress) (Restraint Strain) (Analytical Calculation Method) (Inherent Shrinkage)

2. Modelling of Thermal Elastic-Plastic Phenomenon
and Assumption of Analysis

In experiments, mechanism of restraint stresses and
strains produced by first pass welding of the slit in a
finite rectangular plate shown in Fig. 1 is rather
complicated. Therefore, it is clarified by thermal
elastic-plastic analysis in consideration of the effect of
moving heat source®.

To begin with, the weld metal and the base metal are
assumed to be dynamically separated and to expand
and contract independently.
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Fig. 1 Slit weld specimen
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(1) In this case, weld metal contracts freely from
the melting point to room temperature. The process
of its free contraction is divided by the rigidity recovery
temperature 7, into two stages. In the first stage
which is from the melting point to 7T, weld metal

shows no reaction to external force and in the second .

stage which is below T, it starts to show apparent
reaction.

(2) On the other hand, the base metal which is not
so simple as the weld metal shows two dynamical
stages of deforming behavior. Firstly, in the heating
stage, thermal deformation of the base metal behaves
in the direction to close the groove. This is called

the groove closing displacement. In the next stage,
with the lapse of time, heat concentrated in the vicinity

of the groove spreads and the temperature of the base
metal becomes uniform, so that the groove and its
vicinity get cooled and begin to contract to restore its
original form from the deformed one at the first stage.
This is the second stage. '

When the weld metal and the base plate are taken
into separate accounts as stated above, each defor-
mation appear to be simple. However, the real
thermal elastic-plastic phenomenon is very complicated
owing to the dynamical interaction between the weld
metal and the base plate.

In the real phenomenon, the above mentioned each
stage of both the weld metal and the base plate takes
place approximately at a time. In the first stage, the
weld metal is dynamically in the melting state and
does not resist any thermal deformation of the base
plate. As a result, the edges of the slit of the base
plate deform freely to close the groove owing to its
thermal deformation alone. This closing groove
displacement grows approximately maximum along the
slit line when the weld metal reaches 7., at the slit end.
After that, the weld metal and the base plate step into
the second stage at a same time and show their
sequential behaviors in each way.

In the second stage, the weld metal in the slit is
cooled to the rigidity recovery temperature, 7T,, and
acts with the base plate together. The weld metal

contracts itself as to close the groove and at the same

time resists the restoration of the groove. This
produces the reaction of the base plate in the second
stage, that is, the groove cannot recover its original
form from the deformed one. As a result, restraint
stresses and strains are produced in the weld metal
due to its contraction and resistance to restoration of
the groove, that is the reaction of the base plate in the
second stage.

In this kind of dynamical behaviors, when the weld
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metal is cooled to the rigidity recovery temperature,
the summation of the groove closing displacement of
the base plate and the shrinkage of the weld metal due
to its cooling to the rigidity recovery temperature can
be considered to be the inherent shrinkage which is
the source of restraint stresses and strains. According
to the result of thermal elastic-plastic analysis, the
groove closing displacement of the base plate is the
major component of its inherent shrinkage and the
shrinkage of the weld metal is so little that can be
ignored. Henceforth, the groove closing displacement
of the base plate is regarded as the approximate

inherent shrinkage.
In this paper, the above stated phenomena are

idealized and a model is set for analysis as follows.
1) In disregard of the shrinkage of the weld metal,
the groove closing displacement which is the thermal
deformation of the base plate at the rigidity recovery
temperature of the weld metal is set as the inherent
Stresses and strains of the weld metal
produced by the inherent shrinkage are considered to
coincide with restraint stresses and strains produced by
the slit weld in a finite rectangular plate.

2) The effect of moving heat source is also
disregarded. In a relatively thin plate of which plate
thickness (/) is smaller than the critical plate thickness
(h.r), (h<h,,), temperature at the slit is assumed to
be uniform in the thickness direction and the heat
input is regarded as given by an instantaneous plane
heat source. On the other hand, when plate thickness
is larger (h>h,,), the instantaneous linear heat source
is assumed to be along the center line of the plate
thickness. In this case, temperature distribution is
not uniform in the plate thickness direction but it
should be three dimensional one.

3) Thermal deformation is two dimensional in
relatively thinner plates (h<<h.,), but it brings about a
three dimensional problem in thicker plates (h>#h,,).
For this, highly accurate simplification is presented in
Ref. 2). 1In accordance with it, the three dimensional
temperature distribution due to the instantaneous linear
heat source placed along the center line of the plate is
dealt as a two dimensional problem in which temper-
ature at the center of plate thickness is assumed to
uniformly distribute in the plate thickness direction.
4) Inherent shrinkage due to the slit weld which is
regarded as an instantaneous heat source is considered
to be the groove closing displacement at the rigidity
recovery temperature at the center of its plate thickness
in the middle of the slit.

5) It is assumed that the base plate is completely
elastic and the weld metal which shows complete
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elastic-plastic behaviors obeys the Tresca’s yield con-
ditions. Moreover, the breadth of the weld metal is
presumed to be very small in comparison with the
breadth or length of the finite rectangular base plate.
Therefore, if restraint stresses are elastic, extension of
the weld metal is ignored because it is extremely small.
On the contrary, if they reach the yield stress, the weld
metal extends freely because of its complete plasticity

but is restricted in magnitude by deformation of the
base plate.

3. Analytical Calculation Method for Inherent
Shrinkage ,

3.1 Distribution of temperature by instantaneous heat
source -

An infinite plate is placed with an instantaneous
plane heat source of heat input g (cal/mm?) or an
instantaneous linear heat source of ¢ (cal/mm) in the
center of its plate thickness for the slit length of /. If
dependency of the physical constant of the material on
temperature and thermal reflections from the both
surfaces are disregarded, the temperature distribution
at the center of plate thickness in the middle of the
slit at the rigidity recovery temperature, 7, is given
by the following equation.

CTa—T. [ (Y I
T—Ti——-— 3 exp[ lL(7 T;r>:|

oz ! TQ(‘"X)H (1)

5o O 0profs

er

where,
X=2x/I, Y=2y/l, I; length of the slit
(D(L/):ij”e‘“gdu ; error function
V7 do

h..=h[h in the case of h=h,,
h.,=h, in the case of h>h,,

"
co(T,,—T,)
c: specific heat (cal/g. °C), p; density (g/mm?), T,;

rigidity recovery temperature (°C), T;;
temperature (°C)

; critical plate thickness (mm)

initial

On the other hand, a finite rectangular plate which
satisfies such ratios as, A, /I<<(1/2)(B/I), h.JI<(1/2)
(L/I—1), is influenced extremely little by thermal
reflection from the plate boundary. Therefore, it is
considered possible to apply Eq. (1) to finite rectangular
plates which satisfy the above conditions.

3.2 Calculation method of inherent shrinkage

Analysis of inherent shrinkage S; which is the source
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of restraint stresses and strains due to slit weld in a
finite rectangular plate is equivalent to an accurate
evaluation of the thermal deformation of the base
plate at the groove due to the temperature distribution
in Eq. (1), or the groove closing displacement of the
base plate.

The analysis is composed of application of an
analytical solution for an infinite plate and the cor-
recting calculation to make it applicable to a finite
plate. The analytical procedure is shown in Fig. 2-1.
The inherent shrinkage Sz is obtained as a sum of the
groove closing displacement S, for an infinite plate
produced at the rigidity recovery temperature in the
middle of the slit (summation of Fig. 2-1(b) and (c),
which results in (c)) and the additional deformation
4Sr produced by modifying into a finite plate (Fig.
2-1(d) results in (d)). For convenience of such
summation of various solutions as this one, concrete
calculation methods are proposed below.

INFINITE PLATE
(EXACT SOL.)

TFINITE PLATE
L(F.E.M. SOL.)

(d)

T
FINITE PLATE ¢
)

3
% "%

STRESS
- DISLOCATIONS I DISTRIBUTIONS

T : Temperature , [J;Loading condition

Fig. 2-1 Procedure for calculation of inherent shrinkage: St

T FINITE PLATE
FINITE PLATE 1 (ANALYTICAL SOL.)
(d) 3 (e) a (f)
E| e i
S
ﬁE e = =ps o+ IS==]
40g - Ao a
EE }‘ s S -00g + AOg
» |(d") (e") (")
=
2
2 .
5] ——a | =| === | +| >
g =
= aST 5=0 [
3

[J; Loading condition

Fig. 2-2 Procedure for calculation of additional inherent
shrinkage: 4S5t

[Analysis (A)] As in Fig. 2-1(b), temperature distri-
bution of Eq. (I) is imposed in an infinite plate.
Resulting stresses {—c} produced at an arbitrary point
(x, ) can by given by the following equations based on
the theory of two dimensional thermal elasticity®.
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(C0820 01+sin%6 6,)dX’

m]—- N]-—- N|

)

J (sin®d ¢,+cos?0 05)dX”’
J‘ (cos0 sing ¢, —sinf cosf d,)dX’

where,

0y=A{Ea(Tn— T/} [—(1/27) (k. [r)?
{I—exp(—n(r/h,)’}]
0y={E T, — To)l/h;,} [exp(—=(r/h,,)?)
+(1/27) (h,/r)* {1 —exp(—n(r/h;,)*}]
ri=(l2{(X— X"} + Y*}, coso=(X—X")/(2r/l),
siné=Y/(2r/l), X=2x/I, X'=2x'/I, Y=2y/l

a; coefficient of linear expansion (1/°C),
E; Young’s modulus (kg/mm?)

From the above, a stress in y direction —¢ on the
heat source line (—1<tX<{l, Y=0) (corresponds to
the slit line) is obtained. The stress of the opposite
sign, 0", is expressed by the next equation.

w(X)*E AT —T)hy, [ 1—exp{(—=/4) (1 +X)*(/h.,)*}
r / [ 1+X
X 1 —exp{(‘rr/l‘l)_(;(—X)z(l/h;T)z}] 3)

[Analysis (B)] As in Fig. 2-1(c), the closing displace-
ment at the slit, Sy, produced by the temperature
distribution of Eq. (1) in an infinite plate with a slit is
obtained as follows. In an infinite plate without slit
of which thermal stresses are obtained by [Analysis
(A)], a slit on its heat source line is made in order to
make a free boundary. For analysis, the existing
stresses along slit lines, ¢, obtained in [Analysis (A)]
are applied to a stress-free infinite plate with a slit in
the opposite direction. The resulting additional
stresses in the plate are {¢*} and the resulting displace-
ment of the slit lines is S7%.

Here, the conditions for free edges of a slit are
satisfied by superposing the solutions by [Analyses
(A) and (B)], and the infinite plate is subjected to

{—0o}+{o}. Sy and {o°} are given in the following
equations by use of Westergaard’s stress function®.
20 p — XX |

S2X )= e (Y’ el
F0="g[ o (X)log{j x|
— XX’ ,
-l @
(ff: /o ReZI_yImZ}
0% b= j RZ+y1,Z Y o=(XYdX" )
-1 ,
Ty —YR.Z,
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where,

Z =T P/ 1(z— X WZ—T],
Zi=dZ,|dz, z=2x[I+iQy|)=X+iY, i=Vy—1

R, I,; the real and the imaginary parts of complex
function

[Analysis (C)] The resultant stresses {—o} + {¢°} in
an infinite plate with a slit and its displacement at the
slit lines are obtained by superposition of the solutions
by [Analyses (A) and (B)]. In order to apply these
solutions to a finite plate, the boundary conditions
along the perimeters of a finite rectangular plate
x==+L/2, y=4B/2, need to be satisfied.

In other words, the resultant stresses {—o} 4 {o°}
have values of {—o¢,}+{0?} along the lines to be
perimeters, which have to vanish by cutting the plate
at the perimeters. Analytically, the stresses {—oc.}
+ {02} are applied in the opposite direction on the
perimeters of boundary of a finite rectangular plate
with a slit, as shown in Fig. 2-1 (d). Followingly, the
additional displacement 4S; (Fig. 2-1 (d")) occurs at
the slit lines (Fig. 2-2). This solution is superposed
with those by [Analyses (A) and (B)], so that the free
boundary conditions are fully satisfied as in Fig. 2-1
(a) and (a").

As a result, the final displacement along the slit lines
(inherent shrinkage) Sy is attained as,
Sp=S87+45¢ (6)

Although the solution of [Analysis (C)], that is 4Sy,
can be directly calculated by the aid of the finite
element method, an analytical calculation method is
presented in appendix 1 with the purpose of simplifying
calculations of variation of the sizes of test specimens
and heat input.

4. Analytical Calculation Method for Restraint
Stresses and Strains Based on Inherent Shrinkage

As stated in Chapter 2, restraint stresses ¢” due to
the slit weld are calculated as ones produced by
application of inherent shrinkage Sr along the slit
line. In this case, the weld metal is subjected to
elastic, elastic-plastic, or fully plastic stress distribution
depending upon the magnitude of the inherent
shrinkage and the ratios of a rectangular plate. These
stress distributions which can be directly calculated by
the aid of the finite element method will be evaluated
here by the following analytical method.
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4.1 Elastic restraint stresses and strains in the weld
metal

If the plate thickness is thin and the slit line is very
long in comparison to A, the restraint stresses and
strains in the weld metal are elastic. According to
assumption 5), it is only the base plate that deforms
elastically in reaction to the inherent shrinkage.
Therefore, restraint stresses (stresses of the base plate
produced along the slit line), ¢7 (Fig. 3(a)), are given as
elastic stresses produced by application of S, along slit
lines of a rectangular plate (Fig. 3(a’)).
shows the procedure for this analysis.

In the analysis, the components of inherent shrinkage
Sr=S7+4S8; will be given separately along slit line.

Figure 3

T = T
TNFINITE PLATE FINTTE PLATE
FINITE PLATE | “(exacT soL.) | (ANALYTICAL SOL.)
(a) (e) 7 (d)
g
5
2 > .
45 of A(is-l_ dog + 4c?
V2] of=og - Aoy
I IRCRR R eangggangsal _— e — ]
e (@)
g
g
§ ] = . + [e—1
7 =0 1451
2
Sy=ST+457

[ ; Loading condition

Fig. 3 Procedure for calculation of restraint stress: oy

[Analysis (A)] As in Fig. 3(b"), the first component
S’ of Sr is applied along the slit line of an infinite
plate. The resultant stresses o are expressed by
Eq. (3) of [Analysis (A)] in Chapter 3. That is, the
displacement resulted from release of ¢ produced in
an infinite plate due to the temperature distribution of
Eq. (1) by making a slit is S, ([Analysis (B)] in
Chapter 3).

[Analysis (B)] In the state of maintaining S, given
to slit lines, a finite rectangular plate is cut out from an
infinite plate. Consequently, the perimeters of the
rectangular plate becomes a free boundary. Analy-
tically speaking, stresses {0} produced at perimeters
(x=-4L/2, y=-+ B/2) of an infinite plate are applied in
a rectangular plate without slit in the opposite sign
direction, as shown in Fig. 3(c). The resultant stresses
produced along the slit line are —4o?.
of course, S, does not vary.

Restraint stresses (¢ —40%) produced by applying
S 7 along the slit line of a rectangular plate are obtained
by superposing solutions of [Analyses (A) and (B)].
[Analysis (C)] If the second component 4S5y of Sy is
imposed along the slit line (Fig. 3(d’)), the restraint
stresses turn to be (—d4o,+40%) as shown in Fig.

As a matter’
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2-2 (f). The method of this analysis is already shown
in Section 3.2 (Fig. 2-2).

Thus obtained solutions of [Analyses (A), (B)
and (C)] are superposed so that the restraint stresses
or produced along the slit line are as,

0l=0y—4o,

Q)

Each term of the right side are given by Eq. (3) and
Eq. (A3-1), respectively. As for restraint stresses ¢,
in weld metal, with 4, the plate thickness of a base plate,
and 4,, the throat thickness of the weld metal, they are
expressed as,

0w =0(hlhy)=(07—40,)(h/h.,) ®)

In addition, restraint strains e, produced at the same
time in the weld metal are elastic ones ¢, and can be
given by the following equation.

ey =25=0,/E

(€)

Distribution of the restraint strains is the same as that
of the restraint stresses.

4.2 Restraint stresses and strains in the weld metal
with partial plasticity

Based on the analytical result of elastic-plastic
behaviors of a rectangular plate with a slit under the
action of inherent shrinkage Sy by the aid of the finite
element method, elastic-plastic behaviors are idealized
and its analytical calculation method will be developed
in the following.

o (kg/mm?)
oy ; Yield stress of A
weld metal N \,’\
oy ; Restraint stress , At
of weld metal o)
LA
1 7 1
VA I
’ 7 |
fe; z.0
Y P y
W__~Z-
= . r
. (h/hy) og
O 1
2'/2
S
(mm)
Se o
S1 5 Inherent shrinkage
Se 5 Elastic deformation
1

0 xp 2/2

x

Fig. 4 Simplified elastic-plastic analysis of restraint stress
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It is general that when increase elastic restraint
stresses in the weld metal, plastic portion develops
partially from slit ends to the center where stresses are
less. The resulting elastic-plastic stress distribution is
shown in Fig. 4. As is the two dimensional problem,
elastic stress value changes due to any partial plasti-
fication, no matter determined inherent shrinkage Sy
is imposed regardless whether stress distribution is
elastic or elastic-plastic. It is recognized from the
calculated result by the aid of the finite element method
that the form of stress distribution in the remaining
elastic part is approximately the same as one calculated
by Eq. (8) regarding that the slit length / is shortened
to /'. Based on the calculated results, /' is determined
as an first approximation in the followings.

I'=¢l (10)
where,

£=0.0024 ¢,+0.765 (300, <<98)

£=1.0 (0y>98)

0y; yield stress in the weld metal (kg/mm?)

Stress ¢, in the weld metal of this analysis model
equals the yield stress oy at the point of x=dx,
beyond which elastic stresses do not occur. The point
x, at which Eq. (8) makes o,=0y on the assumption
that [—!’ can be given by Eq. (11).

2x,

G :Xp:t—_t\/l—

QE[m){a(T0— T,

'}
oy(hy/h)+ 4o, (1)

As a result, elastic-plastic stress distribution in the
weld metal can be obtained. If elastic-plastic stresses
are accurately obtained as an first approximation,
deformation S, (elastic deformation of the base plate)
produced along the slit line by applying ¢, for throat
thickness along the slit line should coincide with
inherent shrinkage Sy in the elastic portions (|X| <X,).
Therefore, if they do not coincide, /" has to be adjusted
so that S,=S in the elastic portions. The calculation
method of S, is shown in appendix 4.

From the above, if the weld metal is subjected to
partial plastification, its restraint stresses ¢,, and strains
¢, perpendicular to the weld line are as follows.

o'w(XI)Z% i@ﬁ“’L 71*’_‘ |
RIS LI Gl |
I+X, |
EC D= SilLS ) (12
1—X,
— a0 (Bl i) () (XI<X,)
=0y, (X, <X|<1) |
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ep=c%,=0,(X))/E
=264+ e0=0y/E+(S;—S.)/b,,
(X, <[X|<1)

(X< X))
13)

where,
Xi=2x/I', X=2x[l
el,; plastic strains in weld metal, b,,; root gap (mm)

4.3 Generally yielded restraint stresses and strains in
the weld metal

When the weld metal yields completely, restraint

~ stress d,, produced in the weld metal equal yield stress

oy. In this case, S, is given as the displacement
(elastic deformation of the base plate) produced by
imposition of the yield stress on the throat thickness
h, along the slit line. This S, can be calculated by
use of restraint intensity R, (expressed by the highly
accurate approximate equation)® of a finite rectangular

plate by applying uniform loading along the slit line as
follows.

Se=0yhu|/R(X)
=(0v/E) (ho/h) {21/(1 =B} 1= X?
where,
B,=0.6/(L/1)*+0.75/(B/I)!-*
n=>5.8/(B/)?+2.2 (B/I=1.8, L/I=1.5)
The above equation indicates an ellipse. Accordingly,
restraint strains &, of the weld metal produced per-

pendicular to the weld line are given by the following
equation.

eo=e4+ =07/ E+(Sr—S)/by

(14)

(15)

5. Examples

Figure 5 shows inherent shrinkage Sr and elastic
deformation S, of the base plate produced in the
specimen with the same size ratios (B//=1.875, L/
1=2.5) as those of the y-slit weld cracking test specimen
in two cases of the slit length /=80 (ratio of y-slit
weld cracking test specimen) and 240 mm, fixing the
other conditions as plate thickness /=20 mm, throat
thickness 4,=5 mm, root gap b,=4 mm, heat input
0=17,000 J/cm (h,=17.54 mm), rigidity recovery
temperature 7,=700°C, initial temperature 7;=15°C,
linear expansion coefficient a=1.2x 107° 1/°C, specific
heat ¢=0.188 cal/g- °C, density p=7.66 g/cm?, yield
stress of weld metal ¢,=50 kg/mm? and Young’s
modulus E=21,000 kg/mm?. Figure 6 shows restraint
stresses (residual stresses) ¢, of the weld metal per-
pendicular to the weld line and its restraint strains
(residual plastic strains) &?

w*
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S (mm)
T I 1] 1 1 1 ]
2 =80 mm
0.3 | ) e
St
0.2 } i
0.1 | Se 4

St Inherent shrinkage
Se 3 Elastic deformation
1 1 1 ] i

0 1 ]
-0.5 0

0.5 1.0

X
Fig. 5 Distribution of inherent shrinkage: Sr and elastic
deformation: S. along slit

oy (kg/mm?)

50 ow,

Oy 5 Residual stress p
of weld metal W

40 ; Plastic strain 1(%)
| of weld metal
30 — — 3
20 | EVFJ) 42
10 2 =80 mm 41
oy =50 kg/mm?
0 L L ! 1 L 1 1 0
50
40
30
20
B p
10 e eh 41
o 1 1 1 | 1 1 L 0
-1.0 -0.5 0 0.5 1.0
X
Fig. 6 Distribution of residual stress and plastic strain along
slit

6. Conclusions

In this report, slit weld of a finite rectangular plate
is chosen as the example of two dimensional constraint
state and its elastic-plastic phenomenon is modelled
so that an analytical method is presented to calculate
restraint stresses and strains of the weld metal produced
perpendicular to the weld line for arbitrary combi-
nation of specimen ratios and heat input.
results are as follows.

The main
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(1) Restraint stresses and strains- due to slit weld
directly depend upon groove closing displacement
(inherent shrinkage) along the slit line on the occasion
that the weld metal recovers its rigidity. An accurate
analytical method for this inherent shrinkage is shown
by superposing the analytical solution for an infinite
plate and the solution for the effect of a finite plate by

the aid of the finite element method.
(2) Based on the calculation result by the finite

element method, an analytical calculation method for
the effect of a finite plate is shown in appendix 1. As
a result, with determined size ratios of a slit specimen
and under determined welding conditions, inherent
shrinkage can be easily calculated without aid of the
finite element method.

(3) Restraint stresses and strains of the weld metal
can be obtained from the direct elastic-plastic analysis
by applying the above stated inherent shrinkage to the
weld metal. In this case, if the specimen ratios of
B/I>1.8 and L/I=2.0 are fulfiled, without elastic-
plastic analysis, restraint stresses of the weld metal are
classified into three groups such as elastic, elastic-
plastic, and fully plastic, so that restraint stresses and
strains can be analytically calculated by the proposed
method.

Appendix 1 Analytical calculation method for
additional deformation 45y

As is stated in [Analysis (C)] of Section 3.2,
additional deformation 4S; which can be directly
calculated as the finite element solution can be also
analytically calculated as indicated below and its
analytical procedure is shown in Fig. 2-2.

[Analysis (A)] As in Fig. 2-2(e), stresses {—a.} + {0¢}
produced along the perimeters of a finite plate (x= 4L/
2, y=-B/2) are applied to the boundary of a rectan-
gular plate without slit in the opposite direction.
Accordingly, stresses (do,—4c?) are produced along
the slit line in the rectangular plate.

[Analysis (B)] Stresses along the slit line are obtained
in [Analysis (A)]. Displacement resulted from release
of these stresses by making a slit is 45, (Fig. 2-2 (f)).
That is, 457 in [Analysis (C)] of Section 3.2 can be
obtained by superposing the solutions of [Analyses
(A) and (B)] (Fig. 2-2 (d)).

As is predicted from Saint-Venant’s principle,
stresses (4o,—46%) along the slit line which are stated
in [Analysis (A)] distribute uniformly if the plate is
large to a certain degree. According to the result of
calculation, stresses at the slit ends and those at the
middle of the slit are considered to be uniform in the
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ratio of over 0.9 and in order to fulfil this, the specimen

Transactions of JWRI

size ratios have to be B//=1.8 and L//=2.0. Defor- -

mation 4S; produced along the slit line under this
condition can be calculated applying restraint intensity

R, (Eq. (14)) of a finite plate under umform loading

as follows.
4Sr=(d0%— 40 Yh|R,(X)

— 20454 — 40 )WT—X¥/{E(1—8,)} (Al-1)
(B/I=1.8, L[1=2.0)
The above equation indicates an ellipse. Although

40¢ and 4o, can be obtained by the direct finite
element analysis, an analytical calculation method of
4% is shown in appendix 2 and an approximate ex-
pression of 4, formulated by the aid of the minimum
square method for the calculated result of the finite
element method in appendix 3. Consequently, as
40® and 4o, can be easily calculated by Egs. (A2-5)
and (A3-1) respectively, 4S; can be calculated by
Eq. (Al-1) for various size ratios of specimens and
welding conditions.

Appendix 2 Analytical calculation method of 4o*

According to reference 6)*, if stresses {¢7°} produced
in the location of an infinite plate corresponding to
the boundary of a finite plate under uniform loading
P, along the slit line are imposed in the opposite
direction along the boundary of a rectangular plate
without slit under no loading, its reaction stresses
4o produced in the location corresponding to the
slit are given by the following equation.

dor =8, P, (A2-1)

Based on this idea, correction factor 8r to a finite
plate from an infinite plate which is imposed along the
slit line with thermal elastic stresses o2 calculated by
Eq, (3) is formulated, so that the reaction stresses 4g?
produced along the slit line under the effect of a
rectangular plate are expressed as follows.

A69=B,03 (A2-2)

In the above Eq. (A2-2), 6% is the value of thermal

elastic stresses at the center of the slit line for an
infinite plate.

05=0"(X=0)=QE/r) {aTi—T)h;,/1} -
[1—exp{(—n/4)(I/h)F}]
The ratio of correction factors 8, and By, which
appear in Egs. (A2-1) and (A2-2) is investigated by

*) doP was o, in Ref. 6).
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the finite element method. As indicated in Fig. A2-1
by the mark e J, it is almost constant under any value
of B/l and functions of only 4, /l. Therefore, it can
be expressed with. the size ratios of the specimen and
h,,, function of heat input, as follows.

Br(B/L, LI, h,,/l)=8,(B/l, L|l)xa(h,/I) (A2-3)

Integral values of dislocations produced along the
slit line under the above two loading conditions are
denoted by A, and Ar, respectively. Ar/A, is the
function of only 4/l and can be approximately
expressed as follows.

Br|B,=Az]A,=a(h|])

where,

(A2-4)

Arf A= S5AXIRa(T\— T, (1 —exp{(~/4)-

(L] -
—=zl?/2E)

The solid lines in Fig. A2-1 indicate thus estimated
values of $,/8, which coincide well with ones obtained
by the finite element method (85 /8, in the figure shows
the relation of correction factors
displacement along the slit line).

under uniform

B/8p

Bso/B
2.0 r go—@—0—1—0—
BT(Q/hCY.—g 52)/Bp
o0 —0— @ ————@—
o STy =3-81)/8p
se—ol o ——o
1.0
\. Pp/Bp
L/e=2.5
o :F.EM
L I
0 1.8 5 10 15
B/%

Fig. A2-1 Effect of geometrical shape on correction factor: fr

As a result, 46 can be easily obtained by the
following equation for various size ratios of specimens
and heat input without the aid of the finite element
method.

dar=8,xa(h, Jlyx o5
=;3P(E/n/)_[l S=dX
-1
(B/I 1.8, L]I=22.0)

(A2-5)

Appendix 3 Formulation of 4o,

In order to facilitate quantitative evaluation of 4o,
its finite element solution for ratios of B//=1.8 and
L/1=2.0 is formulated by the minimum square method.
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40 /[(E[m){a(T—Ti)h;,/1} 1= 1.25/(L]1)>15
[2<L/1 <0.9675(B/1)-+1]

4o [[E[m){e Tn—To)h,,/I}]=1.36/(B/1)* 7
[L/1=0.9675(B/I)>-+15 |

(A3-1)

Appendix 4 Analytical calculation method for S, in
the partially plastic weld metal

Elastic deformation S, of a finite rectangular plate
due to application of elastic-plastic stresses o, (Eq.
(12)) mentioned in Section 4.2 along the slit line is
analyzed. The procedure for this analysis is shown in
Fig. A4-1. Abbreviating details, only the results of
each procedure are described here.

T T
INFINITE PLATE FINITE PLATE
FINITE PLATE ! “(exact soL. ) (ANALYTICAL SOL.)
(a) (c) (d)
£
2
a
ﬁ;n__; B |- e +| =
£ -6 o}
"o 1
@) Tyt T Ty T T
w
3
IS
= e | = - |4| >
; Se $=0 ASe
S| se=sTease

3 ; Loading condition

Fig. A4-1 Procedure for calculation of elastic deformation: S.

[Analysis (A)] Elastic-plastic stresses ¢, are imposed
along the slit line of an infinite plate with a slit (Fig.
A4-1 (b)). The resultant stresses and displacement
along the slit line are {s?} and S, respectively (Fig.
A4-1 (b’)). S can be analytically calculated by
Eq. (4) substituting (h,/h)o,, (Eq. (12)) for o2.

[Analysis (B)] Stresses {o?} produced along the
boundary of a rectangular plate without slit are applied
in the opposite direction. As a result, stresses — 4g?
are produced along the slit line (Fig. A4-1 (c)).

—4o? can be obtained in the same manner as in

113
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appendix 2 by substituting S.° calculated in [Analysis
(A)] for S7 in Eq. (A2-5).

dor=B(Ejzl)| Srdx (Ad-1)
-1

[Analysis (C)] Stresses 4¢? obtained in [Analysis
(B)] are imposed along the slit line of a rectangular
plate with a slit. As a result, displacement 4S, are
produced along the slit line (Fig. A4-1 (d")). As 4o?
are approximately uniform along the slit line with the
ratios of B/I=1.8 and L/I=1.5, 4S5, can be calculated
as follows.

A4S, =407h/R(X) (BJI=1.8, L/I=1.5) (A4-2)

Consequently, free boundary conditions of a
rectangular plate are fully satisfied by superposing
[Analyses (A), (B) and (C)] and the resultant
elastic deformation S, (Fig. A4-1 (a’)) along the slit
line can be given by the following equation.

S,=S=-+48, (A4-3)
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