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A Phenomenological Theory of Viscosities of LiquidsJr

Hiroshi KIHARA*, Tkuo OKAMOTO** and Takamichi IIDA***

Abstract

When melting point is approached from higher temperature, certain melts show an increase of viscosity considerably
greater than the usual exponential temperature (for example, monatomic liquid metals). A model exists in which this

Sfeature is attributed to cluster formation.

In this paper, at first we have introduced the outline of the phenomenological theory of the viscosity of monatomic

liquid metals by S. Takeuchi- and T. lida.
liguids with large temperature dependence.

By extending this theory, we have drived an expression for the viscosity of
Namely, this is the generalization of already obtained theory, based on

Einstein model and momentum transfer taking place at every extreme displacement.
Cluster shapes (spherical particles or non-spherical particles) and the temperature dependence of the average mass of
clusters in a melt can be estimated semi-quantitatively by this expression.

1. Introduction

The strength of welds depends on the diffusion of
the reacting species in the molten pool and the transfer
of the species across the molten pool-base metal inter-
face, so the viscosity and the surface tension of the
melts are of considerably importance. From this point
of view, as the basic research for the welding phe-
nomena, we have studied theoretically and experi-
mentally on viscosities, being sensitive to the structure
of liquids.

Andrade” and Eyring” have developed a theory of
rate processes based on a cell model of the liquid
state and drived an expression for the viscus flow of
monatomic liquids. However, the activation energy
playing an important role in their theory is experi-
mentally evaluated while its phyical meaning is unclear.
On the other hand, making use of extensions of non-
equibbrium statistical mechamics, Born and Green
and Kirkwood and coworkers * have presented a
molecular theory of viscosity in liquids. It should be
noted that the equations are as a function of the inter-
molecular potential and the equilibrium radial distri-
bution function g (r). However, at the present time, it
is not possible to calculate the velocity correlation
function by a rigorous method because of the lack in
nonequilibrium statistical mechanics. The intermole-
cular potential also is not accurately known. Con-
sequently, the agreement between calculated values
and experimental values are not necessarily satisfacto-
ry. Furthermore the mathematical treatments of the
equations are very complicated.

Then, aside from the phenomenological treatment
based on the theories and experiments of liquids,

S. Takeuchi and T. lida” have drived an expression for
the viscosity of monatomic liquid metals, on the as-
sumptions that all equivaleht harmonic oscillators,
namely all atoms, have the same frequency (Finstein
model) and momentum transfer takes place at every
extreme displacement of each atom, by contacting with
the atoms in neighboring layers.

Slags, molten salts and alloys show an increase of
viscosity considerably greater than monatomic liguid
metals, when melting point is approached from higher
temperature. A model exists in which this feature is
attributed to cluster formation. However, Cluster
shapes and the temperature dependence of clustering
can not be estimated quantitatively.

The present paper will introduce a treatment of
the viscosity of monatomic liguids by S. Takeuchi and
T. lida and, based on their theory, will present anat-
tempt to place cluster formation on a quantitative basis.

2. A phenomenological treatment of viscosity of
liquids with large temperature dependence.

For transport coefficients (the coefficients of vis-

cosity, diffusion and thermal conductivity) the cal-
culation proceeds via a detailed molecular dynamics
method. Such a calculation may be accomplished in
one of two; either the equations of motion for each
atom may be written down and solved continously on
a large computer, or a model for the liquid may be as-
sumed and the dynamical consequences of the model
worked out. But the transport coefficients are inte-
grals over all time. These integrals can not be ex-
pressed in a simple way in terms of the pair potential
and pair distribution functions. For example, the Born
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and Green method involving the partially integrated
Liouville equation does not lead to wusefull result
because of the lack of irreversibility in the Liouville
equation.

Consequently, we consider that progress in under-
standing the transport coefficients depends upon phe-
nomenological analysis.

2. 1 A phenomenological theory of viscosity
of pure liquid metals by S. Takeuchi and
T. Iida.

This method to viscosity calculations is based on
models of the dynamical behaviour and the mechanism
of the viscosity of liquid metals. Let us consider on
the basis of experimental results as follows ; both solid
and liquid metals on either side of melting point have
values similar to heat capacities for the harmonic oscil-
lator, and have values similar to dispersion curves ac-
cording to inelastic scattering of neutrons by phonons.
Consequently, a solid-like model is possible at a high
density liquid. In the case of Einstein model, that is,
all atoms vibrate as independent harmonic oscillators,
correct results are obtained in the high density. Of
course, one of the basic phenomenon occuring in a
liquid, namely, the allowed motion of a single atom
must be concerned. Diffusion rate of ~10~ cmZsec
are characteristic of liquid state. As compared to dif-
fusion in the solid state, this represents a rapid motion,
but on a gaseous picture it is slow. In order to dis-
cuss this phenomenon, it will be assumed that the
motion of atoms is a cyclic process. Namely, we as-
sume that an atom remains at a given site for a time.
During this time it may vibrate about a centre of equi-
librium position. After the elape of time, it is assumed
that the atom moves freely and rapidly. At this stage,
we will introduce a concept being proportional to the
probability of an atom remaining at a given site, or the
lifetime at a given site.

Assuming that the phenomena of viscosity of
liquid metals is based on momentum transfer to make
the mass velocity uniform. Supposing that the mo-
mentum transfer takes place at every extreme displace-
ment, that is, temporary unions of atoms take place
instead of collision with neighbours by vibrational
atomic motion. In this way, the momentum is trans-
ported in the presence of the velocity gradient. We
assume that the momentum transfer by free trans-
lational motion can be neglected.

Now, we begin by discussing the motion in a
liquid in which the mass velocity varies from point to
point. At the particular point considered, let us
choose our axes so ‘that the mass-velocity is parallel
to the axis of x, while the surfaces of equal velocity
are parallel to the plane of Xy, thus in the neighbou-
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thood of the point the mass-velocity is a function of z
only. We suppose that the average value of the mo-
mentum of any single atom increases as z increases,
that the planes z=constant are horizontal and that z
increases as we move upwards. Consider the mo-
mentum transport for an atom which crosses the plane
z=z,, having a relative atom-velocity. If the atom (i)
in its equilibium position, at the point away distance |
from the plane z =z, vibrates with Einstein oscillator
of a frequency v inclined at an angle g to the axis z,
and contacts with atoms in neighbouring planes which
are at a distance r away, the momentum transfer per
unit time is

2vme(dv/dz)r cosé

M

where m, is the atomic mass, dv/dz the velocity gradi-
ent.

Since all directions of this atom-vibration may be
regarded as equally probable, the probability of oscil-
lating between g and § +d 8 is proportionaltosin d 4.

i.e
2rrsinéf-r dé — sinddd

2% 3 2

4

where, 6 <cos I/r

The number of atoms between z=1 and z=1+dl
planes per unit area is p,dl, wher o, is the average
number of atoms per unit volume (number density).
The number of atoms per unit solid angle at a distance
between r and r +dr from the atom (i) is

4nr?pog(r)dr

=r?pog(r)dr.
4

(3)
On the other hand we must consider that the probability
of the atom vibrating about a site, that is, the lifetime
of the atom at each site; B,(T) (T is the thermalequili-
brium temperature). Then, the total momentum trans-
fer per unit time per unit area, namely, the viscus
force per unit area becomes,

20P, (F s
ff vP,(F)moer cos iz

XpodlSil’l 6dé - Lo zg(r)dr

dz fi'sg(r)f

0
' 4
d
e j;g(r)r r

where, a is the upper of the first peak in g (r). A few
comments will be made on P, (D. When an atom
gets kinetic energy equivalent to boiling point or more,
we suppose that the atom can move freely from the
vibrating state at a site to the translational motion.
We assume that the probability of a thermal fluctuation

dp

dt

cos? L

dlf si;wcosﬁdﬁ
0

=2VP0(=1=)m0002

4
=—3—- vPo (F)mo o f )
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occuting is given as a Gaussian function, i. €

Po(?)=1—f/;§exp[— )2}d<%—1)(5)

T=Tb

3
8

< Ts
——1
T

where, T, is the boiling point ( K).

From the eq. (4) and Newton’s law for uniform viscus

fluid ;
: dv

=7—

dz
finally, we obtain

(6

fag(r)r"dr

0

4
1= o vPo(F)mops’

3 @

Making an approximation with the radial distribution
function at thermal equilibrium, the integration of g (r):

J

is a fairly good approximation, where, o is the average
distance between the centers of atoms. Furthermore,
using a relationship p,~1/,3 viscosity (7) is approxi-
mated by ;

a

g(r)r*dr = 2—g(tf)zr"’

5 (8)

13 Mo Vv

75 g(a)P(T)

®

To calculate the equations (7) and (8), if the frequency
vis not known, we use Lindemann’s formula® to first
approximation. The formura is

T
MVF¥

where v is the fundamental frequency, T, is the
melting-point, M the atomic weight, V the volume of
a gram-atom at temperature T, and the value of con-
stant C is 2.8 x10”. By substituting the experimental
values of viscosity, g (r), atomic mass (m), number
density () and P, () into the equation (7), we can ob-
tain the accurate value of the frequency (v). Using
the temperature variation of g (r) obtained experi-
mentally, and supposing that the temperature depend-
ence of the frequency can be neglected, the agreement
between calculations and experiments for pure liquid
metals is surprisingly satisfactory. For example, the
calculated and observed values of lead and bismuth
are shown in Table 1.

The obtained values of the frequency as before are
1.5 x10" for lead and 1.0 x10" for murcury.

On the other hand, the calculated values of the
frequency from Lindemanns formular are 1.8 x10% and
1.2 x10"”for lead and murcury, respectivery. Calcu-
lating from the structure factor, the frequency is 1.2
%10 for lead”. Their agreement is reasonable.

(35)

2.2 Thermodynamic and Kkinetic treatments of the
viscosity of liquids with lalge temperature de-
pendence.

Let us develope the phenomenological consider-
ation of the viscosity of liquids with large temperature
dependence, based on S. Takeuchi and T.lida expres-
sion. Now, we will introduce an assumption as follows:

The strength of the interaction setween molecules
(atoms) is a function of the distance between molecules
(atoms) only. Namely, we assume that Einstein model
holds if molecules exist at a distance more than a cer-
tain distance away, and if molecules exist within a cer-
tain distance, they form cluster by the strong
tion.

Consequently, if clusters exist in a liquid, in com-
parrison with mono-molecular liquids we must add
more the viscus flow-energy needed to separate the
molecules a certain deistanceto Einstein model sepa-
ration. Denoting the energy by 41, the kinetic energy
needed to move a molecule from the vibrational state
in a given site to the free translational motion must be
(Tb + 51')

Then, in order to obtain g, let us calculate
thermodynamically the quantity of heat needed to ex-
pand a liquid unit volume at constant temperature.
Where, we denote the quantity of heat by Q (cal/mol),
the internal energy by U (cal/mol), the pressure by P
(dyn/cm®), the temperature by T (°K), the molar
volume by V (cm’/mol) and the molar heat capacity
by C (cal/mol. deg).

The mathematical formulation of the first low of
thermodynamics for a hydrostatic system is

interac-

0Q=du—+Pdv (10)

U is a function of any two of P, V and T. Choosing
T and V, we have

) aT <a_u> av
v + ov /T

By eq. (10) and (11), the first law becomes

u
oT

du=< (1)

6Q=(21T‘>v dT+[<2—$>T +P| av (12)
or, the molar heat capacity
=g -GGyl o

This equation is true for any process involving any
temperature change dT and any volume change dV.

From the definition of the specific heat at constant
volume, dV =0
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cu=(au (14)

oT

M

On substituting eq. (14) into eq. (13), we have

dv

EEE

dT

c=cu+{(au

.oV (1)

On the other hand, the heat capacity, at constant
volume, becomes from the eq. (15) as follows,

(5%).+#) (57)
Co=Co+ | v | 57 )s (16)
Then, at constant volume, we have,
o
(3=) =< =av a7
2T dT
where, @ is the volume expansivity.
Therefore, we get
8V ) Cp_Cv
—_— P=—— (18)
( oT /v * aV

At constant temperature (dT=0) we get from the eq.
(12).

0Q
dV

Consequently, on combining equations (18) and (19),

we obtain

du

oV >T+P

(19

Q.
v

Cp—Cy»
aV

(20)

In this equation, & Q/dv is the quantity of heat needed
to expand unit volume for any substances at constant
temperature. Then, the quantity of heat required to
separate the distance between molecules away to the
distance in which Einstein model holds, becomes

fV’cp——cv
aV

A%

Q dv

(21

where, V' is the volume in which Einstein model holds.

On substituting eq. (17) into eq. (21), we obtain

Tr=no

fdv/dT v = f (Cp—Cy)
(22)

This is the equation transformed from the integration
over volume into the integration over temperature.
Where, T;-;, is the temperature in which Einstein
model hold, then, V=V’ Thatis, transforming the
quantity of heat energy into the unit in temperature
and denoting the energy by ., we get

v,

Cpr—C»

Q:f_”_idv
v aV

Tn=no

6r=Kk.Q=k - f (Cp—C,)dT (23)

(36)
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where, k is 0.504 ( K'mol/cal) because 1 eV =1.16
x10* (K) =2.305 x10* (cal/mol).

Although the heat capacity at constant volume C
is easily not measured, a simple thermodynamic re-
lation connects C, and CS)

a?MT
Beo

Cp—Co» (24)

where, a is the volume expansivity

8V>

:l(_
Ty

oT/’p

A is the compressibility at constant temperature

(57 ):

v
M the molecular weight, and © density (g/cm?).
Consequently, the values (C,—C,) can be calcu-
lated from the equation (24).
Therefore, in the liquid forming clusters, the pro-
bability of a molecule vibrating at a given site, i. € the
lifetime of a molecule at each site becomes

SEINY O c Y R Yo LI

T
Tsz
x ¢ (Totér -—1)

T

On the other hand, we have assumed previously that
clusters are formed if the intermolecular distance is
within a certain distance. In this case, the average
mass of particles in the liquid becomes larger than the
mass of molecule. Denoting the average mass of the
particles by m, the expression for the viscosity of
liquids with large temperature dependence becomes
approximately as follows,

4
n=—vP(F)mpd f
3 0

This expression is the generalization of the already ob-
tained theory by S. Takeuchi and T. lida. If viscosi-
ties are measured we can calculate the average mass
of the particles (m) from this equation. The § or
P (T) is considered to be a parameter meaning the
strength of the interaction between molecules.

Consequently, cluster shapes (sphericul particles
or non-spherical particles) -and the temperature de-
pendence of the average mass of clusters can be esti-
mated by this equation. The comparison of the calcu-
lated results with experimental results are summarized
in Table 1—2.

v

F=—v\z7

(25)

a

g(r)r*dr (26)

3. Summary

As the basic reseach for the welding phenomena,
we have studied on the viscosities of melts.
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Table 1. Comparison of experimental values of viscosity for lead and
bismuth with values calculated on eq. (26).

Temperature P(T) bisumuth 7-cal. 77 exp.
C) (K) (g/cm®  (.p) (.p)
1000 1273 0.672 9.19 0.8 0.8
700 973 0.728 9.56 1.0 1.0
500 773 0.810 9.79 1.1 1.1
400 673 0.868 9.91 1.3 1.3
300 573 0.930 10.03 1.4 1.5
271 544 0.946 10.07* 1.5 1.6*

lead

1000 1273 0.695 9.84 1.1 1.1
700 973 0.773 10.21 1.4 1.4
500 773 0.868 10.46 1.8 1.8
400 673 0.922 - 10.59 2.2 2.2
327 600 0.956 10.68* 2.5 2.6*

*Extrapolated values.

Table 2. The values of 7-and m/m. for benzen, carbon tetrachioride and methanol.

Temperature P, (F) 1 P(F) 7, 7 exp 7 exp m
) (’K) (’K) (cP) (cP) 7, m,
benzen

78 351 0.655 0 0.655 0.323 0.323* 1.00 1.0
60 333 0.655 81 0.666 0.347 0.388 1.12 1.1
40 313 0.656 178 0.711 0.378 0.487 1.29 1.1
20 293 0.660 261 0.779 0.411 0.640 1.56 1.2
5.5 279 0.663 324 0.838 0.439 0.810* 1.85 1.3

carbon tetrachloride

7 350 0.655 0 0.655 0.495 0.495* 1.00 1.0
50 323 0.655 129 0.683 0.556 0.648 1.17 1.1
20 293 0.659 273 0.784 0.624 0.954 1.53 1.3

0 273 0.665 368 0.872 0.695 1.32 1.91 1.5
-22 251 0.674 473 0.951 0.800 2.08* 2.59 1.8

methanol

60 333 0.655 0 0.655 0.345 0.345* 1.00 1.0
50 323 0.655 18 0.655 0.355 0.388 1.09 1.1
20 293 0.657 71 0.673 0.404 0.577 1.43 1.4

0 273 0.660 106 0.698 0.437 0.787 1.80 1.7
—20 253 0.667 142 0.742 0.485 1.11 2.29 2.1
~27.5 246 0.670 155 0.761 0.494 1.31* 2.66 2.3

*Extrapolated values

In the present paper, at the start we have intro-
duced the outline of a phenomenological theory of
viscosity of monatomic liquid metals by S.Takeuchi
and T. Iida, based on Einstein model and momentum
transfer taking place at every extreme displacement by
contacting with neighbours.

By extending this theory, we have drived thermo-
dynamically an expression for the viscosity of liquids
with large temperature dependence, which is attributed
to cluster formation.

Cluster shapes and the temperature dependence
of clustering, that is, the temperature dependence of

(37
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the average mass of the clusters can be estimated
semi-quantitatively by this expression.

Acknowledgment

Several helpful discussions with Mr. S. Uchida are
gratefully acknowledged.

References

1) E. N. da. C. Andrade; “A Theory of the Viscosity of Liquids”
Phil. Mag. 17 (1934) 497 (part I) 698 (part II).

2) H. Eyring; “Viscosity, Plasticity, and Diffusion as Examples of
Absolute Reaction Rates”. 4 (1936) 283.

S. Glasstone, K. J. Laidler and H. Eyring; “The Theory of Rate
Processes”. Chapter IX. McGraw-Hill, N. Y. (1941).

3) M. Born and H. S. Green; “A general kinetic thory of liquids, III.
Dynamical properties.” Proc. Roy. Soc. A 190 (1947) 455; ibid
“A general kinetic theory of liquids. I. The molecular distribution
functions”. A 188 (1946) 10.

(33)

Vol. 1, No. 1 1972

4) -J. G. Kirkwood: “The Statistical Mechanical Theory of Transport
Processes. I. General Theory”. J. Chem. Phys. 14 (1946) 180.
J. G. Kirkwood, F. P. Buff and M. S. Green; “The Statistical
Mechanical Theory of Transport Processes. Ill. The Coefficients of
Shear and Bulk Viscosijty of Liquids”. J. Chem. Phys. 17 (1949) 988.

5) T. Iida; “The Physics of Liquid Metals”. Chokoon Kenkyu, 8—2
(1971) 1. (In Japanese).
S. Takeuchi and M. Misawa; “An Approach to Viscosity Calcula-
tions of Liquid Metals”. Bussei Kenkyu, 16 (1971) 654 (In Japanese).

6) F. A. Lindemann; “Uber die Berechnung molekularer Eigenfrequ-
enzen”. Phys. Z. 11 (1910) 609.
See. M. Born; “Thermodynamics of Crystals and Melting”. J.
Chem Phys. 7 (1939) 591.

7) P. A. Egelstaff; “An Introduction to the Liquid States”. 107. Aca-
demic Press, London (1967).

8) See, for example, M.W. Zemansky and H. C. Van Ness; “Basic
Engineering Thermodynamics”. McGraw-Hill B. C. (1966).



