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1. Introduction

Fefferman proved in [8] that any biholomorphic mapping between two
smooth bounded strictly pseudoconvex domains D, and D, in C” extends to a
diffeomorphism of D, onto D, Later Fefferman’s theorem was extended by
Bell and Ligocka [7] and Bell [2].

Let D be a smooth bounded pseudoconvex domain in C". Let L*D) be
the space of square-integrable functions on D. We denote by H(D) the space
of square-integrable holomorphic functions on D. The Bergman projection
P is the orthogonal projection from L%D) to H(D). The domain D is said to
satisfy condition R if P maps C=(D) continuously into C=(D). Bell’s result
[2] is as follows:

Let D, and D, be smooth bounded pseudoconvex domains in C". If either D,
or D, satisfies condition R, then any biholomorphic mapping between D, and D,
extends to a diffeomorphism of D, onto D,

It is not known that any biholomorphic mapping between smooth bounded
weakly pseudoconvex domains in C” can be extended to a diffeomorphism onto
the bouundary. Fornaess proved in [9] that any biholomorphic mapping
f: D,— D, between bounded pseudoconvex domains D, and D, in C" with C?*-
boundary extends to a C?-diffeomorphism of D, onto D,, if f has a C?-extension
f: D,—D, In this paper we shall prove the theorem of this type. Let D, and
D, be smooth bounded pseudoconvex domains in C”. Using Bell’s method we
shall prove that any biholomorphic mapping f: D,— D, extends to a C~-diffeo-
morphism of D, onto D,, whenever | f|?is C=.

2. Preliminaries

Let D be a smooth bounded pseudoconvex domiain in C”". We denote by
W*(D) the usual Sobolev space for s>0. A negaitve Sobolev space WD)
is the dual space of W§(D), where W§(D) is the closure of C5(D) in W*(D).
We now consider the dual space W*(D)* of W*(D) for s>0.

Let { , > be the LD) inner product. For any feL*D), {-,f> is a
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continuous complex linear functional on W*(D). We set

AN - =0 I<fs w21
Then we regard L%D) as a subspace of W*(D)* via { , ), and denote it by

L=5(D). The norm of W~5(D) is denoted by ||+||_,. By the same way as in [5],
we obtain the following proposition.

Proposition 1. Let D be a smooth bounded pseudoconvex domain in C”.
Then the norms ||-||_; and |||-|||-, are equivalent on H(D).

We set
l”f“lsz sup I<f) g>l’
g<L~(D)

Nelll-s=1

for feL¥D). If |||f||l,<<oo, then we regard f as an element of the dual space
L~*(D)* of L™*(D) and we write f&L™*(D)*. H°(D) is the subspace of
W*(D) consisting of holomorphic functions. Note that C~(D)= N W*(D) and
(D)= H'(D). e

Bell constructed a bounded linear operator ®°: H*(D)—W§(D) such that
P&'h=h for all he H'(D) (see [1], [2] and [4]). This operator was extended
to a bounded linear operator ®°: W*(D)—-W§(D) with P®'=P ([11]). For
t>0, we denote by L}(D) the weighted Hilbert space of complex valued func-
tions on D with inner product given by

<&k = g@iEe du(z).

The weighted Bergamn projection P, is the orthogonal projection of L(D) onto
H(D) with respect to the inner product  , >;,. By a Kohn’s result [10] it holds
that for a positive integer s there exists a positive number #, such that P, maps
W*(D) into W*(D) continuously, if #>#,. There exists a bounded linear opera-
tor ®f: W*¥(D)—W§(D) such that P,D;=P, (cf. [5]).

3. Holomorphic Functions with duality condition

Throughout this section we assume that D is a smooth bounded pseudo-
convex domain in C”".

Proposition 2. Let s be a positive integer and let f € L¥(D). If feL™*(D)*,
then there exists a positive constant C such that

WA, CIF Ml
for all he W*(D).
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Proof. For any y»&L™%(D) we have
<ty > | <IN «

There exists a positive constant C such that

llhell, < CllRlL ]2l

for all &, p= W*(D).
Then it follows that

WAl = sup [<hap, P>
9 WD)

Helle=1
<sup || ]l kel
<ClIlll- 1Rl -

Hence we have

Aflll, = sup | <hf, 4>
L~+(D)

Ye

iyl -o=1
<CIlIf1IL A, -

Let t>0. For he H(D), we define
Allls,e = sup |<h, gDl.
g€ H(D)

|lgll-s=1

This norm was defined in [2].
Proposition 3. Let feL* D). If feL™*(D)*, then
1P (fe )., < CHIFILIVALL
for all he W¥(D) and all >0, where C is a constant.
Proof. By the definition we have
[1P(hfe! ). = [<Py(Bfe), g 1]

“g“—:=1

=supl<hf,g>|
<sup |[|Af [[l,11llll-s -

Then the conclusion follows from Propositions 1 and 2.
Proposition 4.  Suppose f € H(D) is contained in L™5(D)*. Then f € H'(D).

Proof. By Lemma 3 in [2], it suffices to show that |||f]||, ;<<oo for some
t>0. We prove it according to an idea of Bell [2].
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. - 2. .
First, we expand e™*'*" in a power series
et = ¢, 2"2".

Let R>sup {|z|; 2€D}. Then we have ||z%|,<c,R'*, where ¢, is a con-
stant depending only on the integer o.
For ge H(D) we have

Khaol =1 rgene|
<Sleal 1657, -

Next we obtain

[z, 22g>| = |<2ofet!”, 2%g>, |
= KPt(z‘fe”zIz“): 2|
< NIPL(=2fe" )1l Iz 2l - -

It follows from Proposition 3 that

1P (=fe )1, < Clll £1I1 =, -

And also we have

llz®gll-s = sup [<2*g, @Dl
peCg(D)

llell,=1
<sup||gll-llz*oll,
<GCllgll- =%l .

Since ||2%||,<¢,R!*!, we finally obtain

Hflllee = sup [<f, >l
g€ H(D)
llgll-s=1
<Cy Sleallllf =113
<C N fIlls e | RH
<CJlIfllle=.

Hence the proof finishes.

4. Theorem

Theorem. Let D, and D, be smooth bounded pseudoconvex domains in C",
and let f: D,—D, be a biholomorphic mapping. If |f|* is C=, then f extends to
a diffeomorphism of D, onto D,.
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Proof. First we show that U-hoF &L 5(Dy)* for all s>0 and all he
H=(D,), where F=f~' and U=Det[F"].

Let s>0 and let ke H=(D,). Take a >0 such that P,: W*(D,)—~H*(D,) is
bounded. There exists an integer M such that the operator @~ U-(@oF) is

bounded from W§*¥(D,) to W§(D,) (Lemma 4 in [2].). For & L~*(D,) we
have

[<U <hoF, > | = [<U +hoF, Pyape!'*7),|.
Letting g= P,(\re'!"'*), we obtain

[KU+hoF, g = [<h, u-gofe 11|,

where u=Det[f']. Using a bounded operator ®**¥: W**¥(D))— W§*¥(D,)
with P&**M=P, we get

[ b, 4 gofe175] = [ <M (he™111%), - gof |
SCillhllssarlle-go fll—g—nr -

Now we estimate the norm ||u- go f||_,_). By the definition we have

[lu-gofll-s-e = ¢es(};"[le) |[<u- gof, p>|
lells+ae=1
= sup|{g, U-@oF>|
= sup [<Py(ye'*), U - poFe!*1*,|
= sup [{yr, Py(U - @oFet*?)>|

< sup [|Wlll- [|P(U - oFet*?)]l], .

Since ||+ ll,<I[+Il,, we obtain

lle- g of |- < CAlllWlll - -

Thereofre we get

WU -heF|ll, = sup [<U-koF, 4|
L-5(D

i
<SGyl -

Then it follows from Proposition 4 that U-hoF € H=(D,) for all he H=(D).
Putting A=1 and h=2* we obtain UecH=(D,) and U-F*cH=(D,). Then
F extends smoothly to the boundary (see the proof of Theorem 1 in [6]). Of
course it implies |F [2€C=(D,). Similarly, we obtain that u-HofeL %(D,)*
for all >0 and all HeH=(D,). By the same reason we obtain that f extends
smoothly to the boundary. Since U=1/u, f is a diffeomorphism of D, onto D,
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5. Remarks

By the proof of Theorem we obtain that a biholomorphic mapping f: D,—
D, between smooth bounded pseudoconvex domains D, and D, extends to a
diffeomorphism of D, onto D,, if f has the following property
u-Hof e L™(D,)*

for all s>0 and all H e H=(D,).
The relation between the above property and condition R is as follows.

Proposition 5. Let D, and D, be smooth bounded pseudoconvex domains
in C". Suppose that D, satisfies condition R. Then any proper holomorphic map-
ping f: D\—D, has the property

u-Hof e L™*(D,)*
for all $>0 and all H e H=(D,).

Proof. Let P; be the Bergman projection associated to D;. Bell [3] pro-
ved a transformation formula

Py(u-@of) = u-(Pp)of

for peLXD,). For a given s>0, there exists an integer M such that
P,: WstM(D)— H*(D,) is bounded. We have an integer N depending on s and
M such that the operator gi>u-g@of is bounded from W{(D,) to Wi (D).
There exists a bounded operator ®¥: W¥(D,)>W{(D,) such that P,®¥=P,.
For € L™%(D,) it holds that

|<u-Hof, ¥>| = |<u+ (@ H)eof, Piyr>|
<l (@Y H)of Il 1Pyl 51 «
It is easily seen that
[l (D H)of ||+ n < C\[|H|ly -
By the boundedness of P, we have
”Pl"p”-s—M = sup |<P1"I": ¢|>
€Cg (D)
|¢“:+I=1
= sup [<¥r,, P1p>|

< suplplll-s 1Pyl
< Collllll-s -

Therefore we obtain
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IIIu-Ho ”Is= su u-Ho ) |
flll =, sup  \GwHS, 9>
- =1
<GCyl|H|ly .

This completes the proof.
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