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ON P-EXCHANGE RINGS
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There is a problem concerning the exchange property: which ring R satisfies
the condition that every projective right R-module satisfies the exchange prop-
erty. A ring R with the above condition is said to be a right P-exchange ring.
P-exchange rings have been studied in [2], [3], [4], [6], [7], [11], [12], and re-
cently in [9]. Among others, it is shown in [9] that semi-regular rings with
right T-nilpotent Jacobson radical are right P-exchange rings, and the converse
holds for commutative rings but not in general. It is still open to determine
the structure of P-exchange rings. Our main object of this paper is to show
that a ring is a right P-exchange ring if and only if all Pierce stalks R, are right
P-exchange rings.

1. Preliminaries

Throughout this paper, all rings R considered are associative and all R-
modules are unitary. For an R-module M, J(M) denotes the Jacobson radical
of M. For a ring R, B(R) represents the Boolean ring consisting of all central
idempotents of R and, as usual, Spec(B(R)) denotes the spectrum of all prime
(=maximal) ideals of B(R). For a right R-module M and an element a in M
and x in Spec (B(R)) we put M,=M|Mx and a,=a-+Mx(€M,). M, is called
the Pierce stalk of M for x ([8]). Note that M,=MQ@; R, and R, is flat as an
R-module, hence for a submodule N of M, N,CM,. For ein B(R), note that
e,=1, if and only if ee B(R)—x. Let A and B be right R-modules and x in
Spec(B(R)). Then there exists a canonical homomorphism o from Homg (4, B)
to Homg (4., B,). We denote f*=o(f) for f in Homg(4, B). We note that
if A is projective, then ¢ is an epimorphism.

We will use later the following well known facts [8]:

a) Let M and N be finitely generated right R-modules with M < N. If
x&Spec(B(R)) and M,=N, then Me=Ne for suitable ¢ in B(R)—x.

b) For right R-modules M and N with M 2N, if N,=M, for all x in
Spec(B(R)), then M=N.

¢) A ring R is a commutative reguler ring if and only if all stalks R, are
fields, and similarly, a ring R is a strongly reguler ring if and only if all R, are
division rings.
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For an R-module M and a cardinal a, oM denotes the direct sum of a-
copies of M.

2. P-exchange ring

An R-module M is said to satisfy (or have) the exchange property if, for
any direct sums

X = Z‘,GIBX,, =M®pY
of R-modules, there exist suitable submodules X< X, such that
X=M EB;KBX; .

Whenever this property hold for any finite set 7, M is said to satisfy the finite
exchange property. Recently, B. Zimmerman and W. Zimmerman pointed out
an important fact that, in the definition above, we can assume that each X, is
isomorphic to M. A ring R is said to be an exchang ring (or a suitable ring) if
R satisfies the exchange property as a right, or equivalently left, R-module.

DEFINITION (cf. ([9]). A ring R is a right P-exchange ring (resp. PF-exchange
ring) if every projective right R-module satisfies the exchange (resp. finite ex-
change) property.

For the study of P-exchange (and PF-exchange) rings, we need the following
conditions (/V;) and (IV,) for projective right R-modules P:

(N,) For any finite sum P:i: A;, there exist submodules A¥ S A such that
P=31@At. i

'ENz) For any sum P=3 a, R, there exist suitable submodules a¥R< a,R such
that P=3@a¥R. !

The following is due to Nicholson ([6]).

Proposition 1. a) The following are equivalent for a ring R:
1) R is right PF-exchange.
2) J(R) is right T-nilpotent (equivalently, J(R,R) is small in R,R) and R|J(R)
is right PF-exchange.
3) (V) holds for any projective right R-module P.
b) If R is right PF-exchange, then so is every factor ring of R.

Similar results on P-exchange ring also hold:

Proposition 2 (Stock [9]). a) The following are equivalent for a ring R:
1) R is right P-exchange.

2)  J(R) is right T-nilpotent and R|]J(R) is right P-exchange.

3) (V) holds for any projective right R-module P.
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b) If R is right P-exchange, then so is every factor ring of R.

Lemma 1. If R,R satisfies the condition (N,) for any countable set I, then
so does every free (hence every projective) right R-module.

Proof. Let F=31PR, be a free right R-module with R,—~R. Consider a
A
sum F=3>)gq,R. For subsets /S A and JCT, put F(I)=¥€5R, and A(J)=
r
>l a,R. First we take a finite subset J;CA. Starting from I, we can proceed
J

to take J,CT', ,CA, J,CT', I,CA, - such that

1) each I; and J; are finite sets,

2) IlgIzg"',]l—gjzg

3) FL)SA(WSFIL)SA(J)S -
Putting Al_ U I; and I‘,—— U ],, we see that

9 IAI<R, [TyI<R,

5) F(A)=A(T)).
Next, we take a finite subset K, CA—A. And again starting from K, we take
subsets L,CT'—T,, K,CA—A,, K;©&A—A,, +- such that

1) each K; and L; are finite sets,

2) K cK,c-.-, L,cL,c-,

3) F(A)DF(K) S AT)+A(L)SF(A)DF(K) S AT+ A(L) S -+
Putting Az— UK and 1‘2—— U L,, we see that

4 A<y, IToI <y

5) F(A)BF(A)=A(T)+A(T).
Proceeding this argument transfinite-inductively, we can get a well ordered set
Q and subfamilies {A,}o<2* and {T',} o 2" such that

a) for each a€Q, [A,] <R, and |T,| <R,

b) for each aeﬂ,fgg BF(Ap) zﬂg A(Tg),

) F=3X OF(A)= 2 AT.).

For each aeﬂ let 4Jr,: F_ZGBF(A,)»F(A,) be the projection. By b) we see
that

F(Aa) = Yu(A(Tw)) -
and

F=30F(A) = X ¥a(A(TY)) -
Since F(A,)= "gu DR;= )\EZI‘N V(@ R) =, (A(T,)), we can take ay Ea,R for all
MET, such that

3 OV = 3 R,
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Since yr,(axR) is projective, we can take afEa, R such that the restriction map
VYry | aXR is an isomorphism for each AET, and a=Q. Then we see that

r=3 (3 edn)
as desired.

Lemma 2. If Ry R satisfies the exchange property, then R,R satisfies the
condition (IN,).

Proof. Let F =.;i®m,-R be a free right R-module R=m;R by r—m;r.
Consider a sum F= i a;R, and let r: i‘, @ m;R— i a;R be the canonical
i=1 i=1 i=1
epimorphism from Lemma 1. Since F=3] ;R is projective, Ker y<DF; say
i=1

F=B®Ker+r. Let n: F=B®Ker4— B be the projection and put b;==(m;)
for all 7. Then +r(b;)=a; for all i. By assumption, there exist a decomposition
m;R=n,RPt;R for each 7 such that

(_i b;R)PKer

= (;2 @n; R)DKer +r.

F

I

Since 7z(n;R) <b;R and 2@ n(n,-R)zi} b;R, we have that i} Gawp-n(n,-R)——-i a;R
and Yrz(n;R) Sa;R for each 2. 'Thus F satisfies the condition (IV,).

Theorem 1. The following conditions are equivalent for a given ring R:
1) R is a right P-exchange ring.

2) Every projective right R-module satisfies the condition (IN,).

3) RoR has the exchange property.

4) R,R satisfies the condition (N,).

Proof. The implications 1)=>3) and 2)=>4) are trivial. 1)« 2) is Propo-
sition 2. The implication 4)=>2) is Lemma 1 and 3)=>4) is Lemma 2.

3. Commutative P-exchange ring

In this section, we study the rings whose Pierce stalks are local right perfect
rings. Such rings are right P-exchange rings and for commutative rings the
converse also holds (Theorem 2 and Corollary 1)

Lemma 3. If R is a ring such that all R, are local right perfect rings, then
so is every factor ring of R.

Proof. Let I be an ideal of R, and put R=R/I. Let y be in Spec(B(R))
and put x={ecB(R)|e+I<y}. Then x&Spec(B(R)) and there is a ring
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epimorphism from R, to R,, as a result, R, is also a local right perfect ring.

Propositton 3. Let R be a ring whose Pierce stalks are local right perfect
rings. Then

1) J(R) is right T-nilpotent,

2) J(E) coincides with the set of all nilpotent elements of R.

Proof. 1) Let {a;|i=1, 2, -} be a subset of J(R) and let x&Spec(B(R)).
Since J(R).S J(R,), {(a:).li=1, 2,--} S J(R,). Hence there exists n such that
(@) 5(@y-1)s*+ (@),=0. So there exists a neighborhood N(x) of x such that
(ay8y-, -+ ay),=0, for all 2 in N(x). Hence by the partition property of
Spec(B(R)), we can have neighborhoods NV, :--, N} and ny, +:+,n, such that
Spec(B(R))=N, U --- UN, and (a,;a,;_,***@),=O, for all x in N; for i=1, .-, k.
Hence if we put m=max{n;}, then (a,a,-, a,),=0, for all x in Spec(B(R)),
hence a,a,,_,*++a;=0.

2) By 1) J(R)is nil. For x in Spec(B(R)), we denote by M(x) the unique
maximal (right) ideal of R containing Rx. Then we see that {M(x)|x &
Spec(B(R))} is just the family of all maximal right ideals of R. For, if M is a
maximal right ideal of R, then {e€B(R)|eeM}<Spec(B(R)). As a result,
we have J(R)= N {M(x)|x<Spec(B(R))}. Now, let a be a nilpotent element
of R. Since M(x)/Rx=](R,), we see that ac M (x). (Note that R, is local).
Hence a€ N {M(x)|x<=Spec(B(R))}=J(R). Accordingly J(R) coincides with
the set of all nilpotent elements of R.

Lemma 4. Let R be a ring such that J(R)=O and all stalks R, are local
right perfect rings. Then R is a strongly regular ring.

Proof. We may show that all stalks are division rings. Let x&Spec(B(R)).
Let a be in R such that a,€ J(R,). Then there exists zn such that (a,)"=(a})
=0, so0 a"e=O0 for a suitable e in B(R)—«. Since (ae)"=a"e=0, Proposition
4 shows that ae< J(R)=0, so a,=0,. Thus J(R,)=0. Since R, is a right
perfect ring, it follows that R, is a division ring.

NoraTioN. For a ring R, we denote by I(R) the set of all idempotents of
R. Of course B(R)SI(R).

Lemma 5. For a ring R, the following are equivalent :
1) I(R)=B(R).
2) I(R,)=A{l,, O,} for all x in Spec(B(R)).

Proof. 1)=2): Let a=R such that a,I(R,) (where x&Spec(B(R)).
Since (a*),=a,, a’e=ae for some e in B(R)—x. Then aecI(R)=B(R), we see
that a,(=(ae),) is either 1, or O,. 2)=>1): Let a=I(R) and xESpec(B(R)).
Then a,=1, or a,=0, since a,€I(R,). Here using the partition property of
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Spec(B(R)), we can take a suitable e in B(R) such that ae=e and a(1—e)=0,
whence a=e&€B(R). Thus I(R)=B(R).

We are now ready to show the following.

Theorem 2. The following conditions are equivalent for a given ring R:

1) R is a right P-exchange ring and I(R)=B(R).

2) R/J(R) is a strongly regular ring, J(R) is right T-nilpotent and I(R)=
B(R).

3) Al stalks are local right perfect rings.

Proof. 1)=>3): By Proposition 2 (b) and Lemmas 3 and 5, each R, is a
P-exchange ring with I(R,)=B(R,), whence R, is a right perfect ring by [11,
Theorem 8]. The implication 2)=>1) follows from Proposition 2. The impli-
cation 3)=>2) follows from Proposition 3 and Lemmas 3 and 4.

Corollary 1. The following conditions are equivalent for a commutative ring
R.

1) R is P-exchange ring.

2%)  R|J(R) is a regular ring and J(R) is T-nilpotent.

3) All stalks are lodal perfect rings.

ReEMARK 3. The equivalence of 1) and 2) in Theorem 2 above is shown in
[9]. It should be noted that an exchange ring with T-nilpotent Jacobson radical

need not be a P-exchange ring, becouse there exist a non-regular commutative
exchange ring R with J(R)=0 ([5]).

4. Main Theorem

As we see later, or by [9] the equivalence of 1) and 2) in Corollary 1 does
not hold in general. However we show that 1) and 3) are equivalent, that is,
the following holds:

Theorem 3. A ring R is a right P-exchange ring if and only if all Pierce
stalks R, are P-exchange rings.

Lemma 6. Let P be a projective right R-module and let x& Spec(B(R)).
1) If Ais a finitely generated submodule with A, {@DP,, then AePDP for a suitable
ein B(R)—x. 2) If P is finitely generated and A, and A, are finitely generated
submodules of P with P,=(A,),D(4,),, then Pe=A,e@ Aye for a suitable e in
B(R)—x.

Proof. As 1) follows from 2), we may only show 2). Let r; be the

* Prof. Y. Kurata imformed the authers that commutative rings R which satisfy the condition
2) in Corollary 2 are studied in [1].
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inclusion mapping: 4;—P for i=1, 2. Since P is projective, there exist
m: P— A4, and #,: P— A4, such that (z;)* is the projection: P,= (4,),D(4,).
for i=1, 2. Noting that P, 4, and A4, are finitely generated, we can take a
suitable e in B(R)—x such that

(I—=(rm+7my))(Pe) = 0, (rimi—(im:))(Pe) = 0,
(rimiT;m;)(Pe)=0 for 7=j.

Then it follows that Pe=A,e® A,e.

Lemma 7. Let P be a projective right R-module with a sum P=337., a; R,
and let x< Spec(B(R)). If P,=37..D(a;R),, then there exists {e;}v.; SB(R)—x
such that 337, a;e;R=33t.1Da;e;R{DP for all n.

Proof. Since (¢,R),{PP,, there exists ¢, B(R)—x such that a,e, RCPP
by Lemma 6. Since (q,RDa,R),{DP,, there exists e;&B(R)—x such that
a,e5RPa,et RCPP. Put e,—ees. Then we see that

ae,R+a,e,R = a,e, RPa,e,R{PP.

By similar argument, we can take {e;} 7.1 S B(R)—« such that e,e,.,=e,4, for
n=1, 2, -« and

a,e,R++-+a,e,R = a,e RP - Pa,e, R{PP
for n=1, 2, ---.

Lemma 8. Let P be a finitely generated projective right R-module such that
all stalks P, have the exchange property. Then P has the exchange property.

Proof. Since P is finitely generated, we may show that P satisfies the con-
dition (N,) (Proposition 1). So, let P=A+ B, where A and B are finitely
generated submodules. Let x& Spec(B(R)). Since P, satisfies (/V,), we can take
finitely generated submodules A*C 4 and B*C B such that P, = (4%), ® (B),.
Then, by Lemma 6, Pe=A"¢e@B’e for a suitable e in B(R)—x. Using the
partition property of Spec(B(R)), we can take orthogonal idempotents e, -+, e,
in B(R) and finitely generated submodules A%, -+, A" of A and B+, B*
of B such that

P = A*1e, B 1e,P--DPA*"e,DB™e, .
Hence putting A*=A4%1¢,P:--PA*re, and B¥*=B"1¢,P---PB*re,, we have that
P=A*®B*..

Proof of Theorem 3. If R is a right P-exchange ring, then all R, are right
P-exchange rings by Proposition 2. Conversely, assume that all R, are right
P-exchange rings. We may show that R,R satisfies the condition (/V;). Let
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F=337.1®R,; be a free right R-module with R;=R for all {, so F=R8,R. We
put F(s)=R,® - BR, for s=1, 2, ---. Now, consider a sum F=37., a;R.
For any x in Spec(B(R)), as F, satisfies (IV,), we can take by Lemma 7 {bjc
a;R|i=1, 2, --)} such that F,=337.:P(biR), and

F®>biR+-++biR = biRD--- Db R

for all .
Let x=Spec(B(R)) and take any s5;>>1. Then there exists n(x) such that

nCx)
Fis).C 5 @0iR),
and so there exists e(x) in B(R)—x such that
n(x)
F(s))e(x) < Zl} @bie(x)R{PF

Using the partition property, we have x, -+, x, in Spec(B(R)), orthogonal
idempotents {e(x,), -+, e(x,)} SB(R) and m, such that 1=337_, e(x;) and

ngg@wqmmgm@g@wqumw
Put bj=33}., biie(x;) for i=1, -, m;. Then bj=a; R and
F(s) S SIBbIR{DF .

Put G,=3371:®b}R. Then G,SF(s,) for a suitable s,>s;. By the same argu-
ment as above, we can take m, and b} a;R for i=1, -+, m, such that

F(sz)gﬁ@bm :

Put G,=X372,@®biR. Then G,CF(sy) for some s;>>5,>s5;. Continuing this
argument, we can take §;<<§,<<s3<<--» and G,=371,PbIR, G,=72,Pb*R, ---
such that b¥€aq; R for all 7, k, each G is a direct summand of F and

F(s) S G, CF(s;) G, S F(s5) S -+ .

Since Uf.1 G;S Ur-1 F(s;), we see F=3)7.1 G;. Since G,_, has the exchange
property by Lemma 8, there exists {c;€b}R|i=1, -+, m,} such that

G, = G,_l@é@c?R.
In particular, put ¢j=bj for i=1, --+, m;. 'Then we see that
F=S@dRODBIRG B IRD .
We put
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A, — geac;;k for B=1,2, .

Then A;Ca;R for all { and F=337.,A4;. This completes the proof.

Corollary 2. If R is a ring such that all Pierce stalks are right perfect rings,
then R is a right P-exchange ring.

By making use of the corollary, we shall give a right P-exchange ring.

ExampLE. Let P be an indecomposable right perfect ring and Q an inde-
composable right perfect subring of P with the same identity. Consider the
rings Wzl;[ P, and V=]] Q,, where Q,~Q and P,=P for all al. Then

I

the ring W is an extension ring of ¥ and becomes a right V-module. Put
R=§}€BP¢+1Q, where 1 is the identity of W. Then R is a ring such

that B(R):;@B(P,)*’—i— 1B(Q). We can easily see that Spec(B(R))= {xo} U
{x,|a I}, where xozg}@B(P,) and Xy = _}(%)EBB(P,;)—I—]B(Q). Further we see
that R, =Q and R,,=P for all e=I. Hence Corollary 3 says that R is a right
P-exchange ring. In paticular, if we take (g ;:) and (g 5) as P and Q,

respectively, where F' is a division ring, then R is a non-singular, right P-
exchange ring with J(R)=0.
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