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Introduction

The present paper is concerned with the formal power series solution of
the stationary axially symmetric vacuum (SAV) Einstein equations. By using
a formal Riemann-Hilbert problem we shall present an explicit formula repre-
senting the formal solution in terms of a certain oo X co matrix £. The space
V, of all formal solutions corresponding to the SAV space-times which has the
formal Ernst potentials will be determined exactly. The asymptotically flat
SAYV space-times constitute a subset of V.

A four-dimensional manifold M with a Lorentz metric g is said to be sta-
tionary axially symmetric if the metric g is time-independent and invariant
under the rotation around an axis. Let R;; be the Ricci tensor of the metric
g- In addition to being stationary axially symmetric, if the Einstein equations
R;;=0 hold on M, then the space (M, g) is called a SAV space-itme. In case
(M, g) is a SAV space-time, by an appropriate choice of the local coordinates
(2, p, #', x*) the Einstein equations are reduced to the differential equation for
a 2X2 matrix function % of the variables, 2 and p (cf. Belinskii-Zakharov [1])

(1) 05(p0ph-h~")+0,(p0h-h"") = 0

where 8,=9/0, and 9,=8/0,. Further the geometrical restrictions are imposed
on A&: the matrix /% is symmetric and det(#)=—p?. We shall consider the formal
power series solution h&g/{(2, R[[2, p]]) whose twist potentials are also elements
of ¢/(2, R[[z, p]]) (cf. Section 1). The asymptotically flat SAV space-times are
included in this category (cf. Introduction of Hauser-Ernst [6]).

Recently, much progress has been made on the inverse scattering approach
to equation (1), see Hauser-Ernst [5], [6], Belinskii-Zakharov [1] and Maison
[7]. See also Cosgrove [2] for the relationship between these works. In these

* The author was partially supported by Grant-in-Aid for Scientific Research, Ministry of
Education
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approaches the various Lax pairs for equation (1) are proposed to describe the
symmetry group of the space of the solutions (Hauser-Ernst), the soliton solu-
tions (Belinskii-Zakharov) and the integrability (Maison). Our present method
is based on the fact that the action of the symmetry group for the solutions of
the SAV Einstein equations is transitive. In particular, any solution is gener-
ated from the solution corresponding to Minkowski space (cf. Geroch [4],
Hauser-Ernst [6]). In the present paper we use the Lax pair introduced in
Belinskii-Zakharov [1]. However our normalization of the W-potential is dif-
ferent from that of Belinskii-Zakharov and has the following properties;
(1) The Y-potential of Minkowksi space has a simple expression; see below.
(if) The solution of our formal Riemann-Hilbert problem is described by a certain
oo X oo matrix E.
By using these properties we can get an explicit formula representing the solu-
tion.
Our study of the SAV Einstein equations is as follows. By setting U=
pdh-h~ and V'=pd,h-h~! we have the first order differential equations

(2) 0, U8,V =0, p(0,U—8,V)+V+[U, V]=0.

If h(z, p) is a member of V,, then we have U(z, p), V(z, p)E#2, R[[2, p]]) (cf.
Subsection 2.1). Conversely let us suppose that U(z, p), V(2, p) €742, R[[z, p]])
is a solution of equation (2). If there exists a formal power series solution
h(z, p) of
(3) poh=U-h, pdh="V-h
satisfying the conditions 4=/ and det (k)= —p? then one has A(z, p)E V.

The Lax equation for (2) introduced in Belinskii-Zakharov [1] is expressed

as the integrability conditions of the overdetermined system of linear differential
equations

(4) DY¥(z p, w)'= Uz, p)¥(z, psw), D;¥(z, p, w) = V(z, p)¥(, p, w)

where D,=w0,+ p8,+2wd,, D,=pd,—w0d, and w is a real parameter independent
of 2 and p. In this paper we require the solution W(z, p, ), which is called the
W-potential, to be of the form W(z, p, w)= -0 Yi(3, p)w7*, ¥i(3, p) €
#(2, R[[z, p]]) with ¥(0, 0, w)=1, ¥y(2, p)=1. These requirements make a di-
erence between our present work and Belinskii-Zakharov [1].

In our approach it suffices to find ¥(2, p, w) which has the property:

(P) DY¥(z,p, w):[¥(2, p, w)]' and D,¥(2, p, w)-[¥(2, p, w)]™" are independent
of the variable w.

In the case of Minkowski space, which is the trivial example of the SAV space-
time, we have
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vO(z, p, w) = exp(
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where exp ((p°/2w)d,) denotes the infinite order differential operator exp ((p*/2w)a,)
= 30 ((p*/2w)0,)*/k!. We shall show that if for some invertible element
ut)E4(2, R[[t]]), ¥(2, p, w)-exp((p*/2w)d,) {u(w—22) - [¥O(z, 0, w)] '} contains
no negative power of w (Riemann-Hilbert problem), then W¥(z, p, w) has the
property (P) (Lemma). For any invertible element u(t) of ¢/(2, R[[#]]) the
existence and uniqueness of W(z, p, w) shall be proved. Further an explicit
formula representing the oo X co matrix & associated with the W-potential is
given (Theorem 1), where £ is an matrix AE=(&,))icz,j<0 £i;E# (2, R[[z, p]])
with the condition AE=EC, &,;=3,,1 for i, j<<O where A=(5;,,,;1); jez and

C— [(8i+1,i1)i<—1,1’<0

(—_ime :l (cf. Takasaki [9]) .

Therefore one may expect that the conditions for the formal solutions %(2, p)

of equation (3) satisfying %h=h and det(h)=—p* to exists are expressed in

terms of #(f). In fact we shall prove that these conditions are det(u(f))=1 and

u,,(t)="1%u,(t) (Theorem 2). Further any £-matrix associated with a member of
V, is obtained by the formula given in Theorem 2 (Theorem 3).

Recently Nakamura [8] proposed a linearization of the SAV Einstein equa-
tions under certain Ansatz. The differential operators which describe the p
developmen of the solution appeared in [8] and in this paper are essentially
the same. But the relation between these two approaches remains unclear at
the present time.

The present paper is organized as follows. The main results (Lemma and
Theorem 1, 2, 3) are stated in Section 1. In Section 2 we study the initial
value problem of the SAV Einstein equations in formal category, Lemma is
proved in Section 3. A proof of Theorem 2 is given in Section 4. We prove
Theorem 2, 3 in Section 5.

The author would like to express his hearty thanks to Professor N. Ikeda
and Professor S. Tanaka for their encouragement and is heartily grateful to the
referee for his valuable comments on the present work.

1. Preliminaries and statement of results

Suppose given a SAV space-time. Taking an appropriate local coordi-
nates system (2, p, &', x*), we can write its metric in the form g=¢*"(dz*+dp?)+
Ss=1,2 Papdx”dx® where the metric coefficients T and 4, are scalar functions of
only two variables, 2 and p. Indeed, the matrix A=(h,;) is symmetric, i.e.,
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(1.1) th=h.

By using the freedom of the remaining choice of 2 and p we can impose on
the matrix % the following supplementary condition:

(1.2) det(h,,) = —p* .

In this coordinates system (Weyl’s canonical coordinates system) the essential
part of the Einstein equations is

(1.3) 84(p0sh-h™)-+0,(p0,k-h™) = 0.

The function T' is determined by the rest of the Einstein equatioms
20,T'=—p 14 (4p) ' Tr(U*—V?), 20,T'=(2p) ' Tr(UV) where U=p0d,h-h~" and

V=p0,h-h.
By virtue of the condition (1.2) and the identity for any 2X2 amtrix g
(1.4) g6g = det(g)e
1
with 8=[ 1 0], equation (1.3) is rewritten in the form 8,(p 'h&0,h)+

0,(p~'h€d,h)=0. Hence there exists uniquely up to additive constants a 2X2
matrix function J(2, p) such that

(1.5) 9,] = pthed,h, 8,] = —p~ h€d k.

We call this J(2, p) the twist potential of A(z2, p).

We let denote V, the set of formal power series solutions k(z, p) €
#4(2, R[[z, p]]) whose twist potentials are also elements of ¢/(2, R[[z, p]]). In
this paper we consider the formal power series solutions 4(z, p)E V.

For any member of V,, U(z, p) and V(z, p) are elements of ¢/(2, R[[z, p]])
(cf. section 2) and satisfy the first order differential equations

0,U+08,V =0, p(d,U—8,V)+V+[U, V]=0,
(1.6)
U(z, p), V(z, p)Es42, R[[z, pl]) -

Equation (1.6) is expressed as the compatibility conditions of the overdetermined
system of differential equations

(1.7) D¥(z, p, w) = U(z, p)¥(2, p, w), D¥(z, p, w) = V(2, p)¥(2, p, W)

where D=0, p0d,+2w0,,, D,—pd,—wd, and w is a real parameter independent
of 2 and p. In these equations we require ¥(2, p, w) to be a formal power
series of the form



STATIONARY AXISYMMETRIC EINSTEIN EQUATIONS 53

W(2, p, ©) = X0 ¥i(z, p)wo~*, ¥(0,0,w)=1,
(1.8)
Wi(z, p)EA2, R[[2, p]l), ¥z, p)=1.

If h(z, p) is a member of V,, a formal power series solution W¥(z, p, w) of
equation (1.7) with the condition (1.8) surely exists uniquely, which we call the
W-potential of #.  Conversely if we can find {¥(z, p, @), U(2, p), V(2, p)} subject
to (1.7) and (1.8), then {U(z, p), V(2, p)} is a solution of equation (1.6). Fur-
thermore if there exists 4(z, p)E¢/(2, R[[2, p]]) with (1.1) and (1.2) such that

(1.9) poh=U-k, pdh="V-k,

then A(z, p) is a member of V.
In the following we shall give an explicit formula representing the large
class of solutions of equation (1.6) by using the linear differential equation (1.7)
and shall show that any member of ¥, is recovered by the equation (1.9) by taking
appropriate U and V' which are constructed through our formula.
Let us suppose a formal power sreies of the form (1.8) has the property

(P) D,¥(z, p,w)-[¥(2, p, w)]™" and D,¥ (2, p, w)-[¥(2, p, w)]™* are independent
of the parameter w.
Then we may easily see that D, ¥(2, p, w)-¥[(2, p, w)]"'=10,%,(z, p),
D,¥(z, p, w):[¥(2, p, w)] '=—0,%,(2, p). Therefore U=0,¥ (2, p) and V=
—0,%,(2, p) satisfy equation (1.6).
We first show the next Lemma, which is concerned with a solution of a
formal version of a Riemann-Hilbert problem.

Lemma. Let u(t) be an invertible element of ¢/(2, R[[]]) and ¥(z, p, w)
be a formal power series of the form (1.8). If X,(2, p, w) can be defined by
122
£o) uw—25) | ©
w
0 1

X.(2, p, w) = ¥(2, p, w) exp (

NI

and contains no negative power of w, then ¥(2, p, w) has the property (P).

ReMARK 1.1.  The operator exp((p?/2w)0,) denotes the infinite order diffe-
rential operator defined by exp ((p*/2w)d,) =X37-0 ((p*/2w))0,)*/k!.

2z
1—==0
Remark 1.2. The matrix w appeared in Lemma is a value of
0 1
[FO(=, p, w)]™! at the axis p=0 where ¥®(z, p, w) is the W-potential of
Minkowski space-time. More precisely
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w
WO(z, p, w) = exp((p*/2w)0,)| ¥ 2%
0 1

By using the notion of the £-matrix we shall construct ¥ (z, p, w) with
property (P) for a given invertible element u(f)#/(2, R[[t]]). Recal that the &-
matrix is an co X co matrix £=(&;;);ez,j<0 £:;E#(2, R[[, p]]) with the condition

(3,-+1,,-1),-<-1,,-<0J
(Eoj)ico ]
The relation &, ;=—W¥_; j<<0 gives us the one to one correspondence between
W and &. Let ¥O(z, p, w) be the W-potential of Minkowski space-time. We
shall define an oo X co matrix E=(E;,);ez, j<0 Y
1

2
Eii(z’ P) = 2;-0 m'(%az)m Wi-i—{-m(z) ’

AE=EC, E,-,=8,,1 for i, j<0 Where A=(8i+l,}'l)i,jEZ and Czl:

(1.10)
Wi(z) = im0 %-u("‘)(—Zz)-\Pﬁ,?)j,i(z, 0, kez

where u‘"‘)z(‘%) u, [¥O(z, p, w)]7' =m0 T*(2, p)w™* and we set
YP*(2, p)=0 for m<<0. Since ¥ *(z, 0)=0 for m>2, W(2) can be defined
for any ke Z. We shall show the following:

Theorem 1. Let u(t) be an invertible element of #/(2, R[[t]]) and E(z, p)
be the oo X oo matrix defined by (1.10). Then one has
(1) The oo X oo matrix E_\(2, p)=(Ei;(2, p)):,j<o 15 tnvertible and the product
£z, p)=E(3, p)- (Er(3, p))™ is well defined.
(2) The formal power series Y(2, p, w)=1+47-1 (—E&o,—4(2, p))w~* is the unique
one which satisfies the assumption in Lemma with respect to u(t)E4{(2, R[[2, p]]).
Therefore ¥ (2, p, w) has the property (P).
(3) Denote 3,%,(2, p) and —0,%,(2, p) by Ulu](2, p) and V[u](2, p), respectively.
Then {U[u](z, p), V[u](2, p) is a solution of equation (1.6)

ReMark 1.3. The statement (3) of Theorem 1 is immediately derived
from the fact (2) as before.

Let Ulu] and V'[u] be the ones given in Theorem 1. If we choose a special
family of u(t), then equation

(1.9 p0,h = Ulu]-h, pd,h= V[u]-k

has a solution k[u]leg/(2, R[[z, p]]) satisfying the conditions (1.1) and (1.2).
In this case the above A[u] is a member of V.  In more detail we shall show
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that:

Theorem 2. If det(u(t))=1 and u,(t)==t"u,(t), then there exists a solution
h[u] of equation (1.9') satisfying the condition (1.1) and (1.2). Hence h[u] is a
solution of the stationary axially symmetric vacuum Einstein equations.

Equation (1.3) has the gauge transformation group which corresponds to
the choice of Weyl’s canonical coordinates system. By a special choice of
gauge and the condition (1.2) we may assume that at the axis p=0 (cf. sub-
section 2.1)

(i) Az 0)= [g —j?(z):" 9,h(z, 0) = O for some f(2) R[[2]]
(1.11)

i w0 =] Z ] 6w 0)= 0and x(0) = 0

(1) (2, 0) = [X(z) 0:|) »¥,(2, 0) = 0 and X(0) =

for some X(z)E R[[2]].

Under the assumption (i) and (ii) a solution % of equatoin (1.3) is uniquely
determined by f(2) and X(2) (cf. subsection 2.1). We shall prove that:

Theorem 3. Suppose h(z, p) be a soldtion of equation (1.1) (1.2) and (1.3)
satisfying (i) and (i1). Let u(t) be the element of #/(2, R[[t]]) such that

det((t) = 1, uy(t) = Puy(f),

_L 11()
0 (8) - (_1%) , () = x—(—”;li .

Then h(z, p)=h[u](z, p).

ReMARK 1.4. For any A(z, p) € V, satisfying (i) and (ii) of (1.11), the func-
tion I'(2, p) is an element of #/(2, R[[z, p]]).

2. Gauge conditions

2.1. The H-potential. Following Hauser-Ernst [6] we shall introduce
the H-potential and give the equivalent form of equation (1.3), which is called
Hauser-Ernst equations. The well-known Ernst equation is deduced as the
integrability condition of the Hausre-Ernst equations. The important fact is
that all components of the H-potential are uniquely determined by a solution
of the Ernst equation (cf. [3]) up to the gauge transformations. In this Sub-
section we shall choose an appropriate gauge which is useful for our discussion.

Let A(z, p) be a member of V; and J(2, p) be the twist potential of A(z, p).
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Define a 2 2 complex matrix function H(z, p)=(H,4(2, p)), which is called the
H-potential, by H=—h-+i], i=+/—1. Then equation (1.3) is equivalent to
(2.1) —ipd,H = h€d,H, ipd,H = h&o H .

This equivalence is easily verified by using the identity (1.4) and equation (1.5).
Since the matrix 4 is symmetric, we have H—'H=i(J—'])=—2ai& with some
real scalar function (2, p). With the aid of equation (1.5) and A&h=—p* we
get 0,06=0 and 9,06=—¢. Hence we may assume that

(2.2) H—H = 2iz¢ .

We define £€:=H,,, f:=Re&=—h,, and X:=],,. The equations derived
from equations (1.2), (2.1) and (2.2) are as follows (see Hauser-Ernst [6]):

0p(f ) = pfP0.X,  0(f hy,) = pfT20:X,
05 = f~(2p0,1,—hy,9,X)

0, Ju=1r _I(Zhlz_zpaphlz"—kuazx) ’

0 S = —f _I(Pa:f +1,0:X)

0, /12 = f(p0pf—1;0.X) ,

by =fp*—(h)} s Ja=J1—22.

By a direct calculation we have the Ernst equation for &
24) F(pOIE+B,E+pB2E) = pA(B,LY+(B.L) -

as the integrability condition for equation (2.3). It is easily shown that all
components of H are uniquely determined by £ up to the following gauge
transformations

(2.3)

(2.5) H—H+iB, z — z+é_(31,—3,1)
and
(2.6) H—'SHS, z-(detS)z, p—(detS)p

where B=(B,;) is any real 2X2 constant matrix and S is an element of
GL(2, R) (Also see Hauser-Ernst [6]). Equation (2.1) with the conditions (1.2)
and (2.2) are invariant under the transformations (2.5) and (2.6). These trans-
formations are derived from the following facts. The twist potential J is not
uniquely defined by equation (1.5). It remains arbitrary up to transformation
J—J+B. Also if the ignorable variables x* of Weyl’s canonical coordinates
are subject to transformation (x', %) — (x!, #%)'S ~?, then we have £ — 'ShS.

We can use the transformations (2.5) and (2.6) to make H(0, 0)=

0 0
[O &, O):l’ Im £(0, 0)=0. Then by using equation (2.3) and (2.4) we can
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prove that on the axis p=0 the H-potential H has the form (cf. [6])

2.7) H(z, 0) = |:——2iz - 0)], Im&(0, 0) =0,

(2.8) (8,H)(z, 0) = 0.

The next proposition is concerned with the initial value problem at the
axis p=0.

Proposition 2.1. Let f(2), X(2) = R[[2]] and f(2) be invertible. Then there
exists a unique solution £(2, p)EC([2, pl] of the Ernst equation (2.4) such that
E(=, 0)=f(2)+iX(2).

Proof. In terms of f(z, p)=Re &(z, p) and X(z, p)=Im(2, p), the Ernst
equation is written as

f(p02f+0,f4-p0: ) =p (8, f)*+(8.1*)—(8,X)*—(8.X)’} ,
f(p6§X—|—6,,X+p65X) = 2p{0,f0,X+0,f0,X}.

Substituting f(2, p)=221i-0 fi(2)p* and X(2, p)=>1%-0 Xi(2)p*, we have fi(2)f,()
=0, fy(2)X,(2)=0 and for any m=0

(29) 72 B fura-i(R)(2)
= 30 R(mA-2—R) { fr12-s(R)fu(R) — X s2- 1(2)X(2)}
+ 200 {0, fnr1-4(2)0, [s(R) —fm-4(2) 07 f1(2) — 0, X -4(2)0.X4(2)} ,
@210) S Bfpa 88 = S B2 By (5(3)
+ 32020 10 fn-4(2)0.X4(2) —~fu-4()07Xi(2) -

Since f(2) is invertible, we can find niductively all f,(2) and X,(2) from equa-
tions (2.9) and (2.10). q.e.d.

Combining our gauge condition and Proposition 2.1, we have that:

Proposition 2.2. The H-potential is uniquely determined in our gauge by the
conditions on the axis p=0

H(z, 0) = [ 0 (8,H)(z, 0)=0, Im&(O,0)=0.

—2iz &(z, 0)] ’

2.2. The W-potential. In this subsection we shall prove that for any
h(z, p)e V, there exists uniquely the W-potential of A(z, p). We give the con-
ditions for the formal power series W(z, p, @) with property (P) to have the
solution k(2, p)E4#(2, R[[2, p]]) of equation (1.9) satisfying the conditions (1.1)
and (1.2).
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For any h(z, p) = V,, substituting the expression (2, p, )= 3370 ¥(2, p)w~*
into equation (1.7), we find infinite number of conservation laws
8, sn(a: p)Hp0, Wilz, p)—2kT,(z, p) = Ulz, p)T,(3, p),
(211)  pd,Wi(2, p)—0,¥ini(2, p) = V(z, p)¥(2, p),
v,(0,00=0
for k>1. The relation for k=0 is
(2.12) Uls, p) = 8,5, p), V(& p) = —0,%,(=, p).

The potential ¥,(z, p) and the twist potential J(z, p) are essentially same.
Recall that J(z, p) is defined as a solution of differential equations 9,J=
—p th€d,h and 0,J=p 'h€d,h. By using the identity h&h=—p’€, we have
8,' J€=p0,h-h~' and 9,'J€=—p0,h-h~'. Hence in our gauge conditions we get
(2.13) (=, p) = (=, pe.-

The coefficients W(2, p) of w™* of W(=2, p, w) for k>2 is uniquely determi-
ned by equation (2.11).
Substituting (2.12) into the second of equation (1.6), we have

(2.14) p(0:¥,+-8;¥,)—0,¥,—[3,¥, 3°¥,]=0.
The gauge conditions for the potential ¥,(z, p) are

22 0

—X(z, 0) 0]’ 0,%,(2,0)=0, ¥,0,0=0.

(2.15) ¥z 0)= [

Hence the condition (1.2) is equivalent to
(2.16) Tr(¥,(2, p)) =22.

The condition for W (2, p) corresponding to the condition (1.1) is rather
complicated. To find this we need the next proposition.

Proposition 2.3. There exists a unique solution of equation (2.16) such that
on the axis p=0
2z

¥,(3, 0) = [
Wa()
(61%\1’11)(2‘" O) = —(aﬁ\Ifzz)(z, O) = ?1(2) ’ (a: \Plz)(z) 0) - \I’%z(z)
for any ¥, (2), W3,(2) and ¥i,(2)E R[[2]] where we denote

Viu(®s p) Wiz, P):I
\Irzl(z’ P) ‘Pzz(z’ P) .

0
O:I , 0,¥(2,00=0,

w0 =|
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Proof. A proof is given in Appendix A and B. q.e.d.
By using equation (2.3) and (2.4) we can calculate (32 J,) (2, 0) and (8; J;,) (2, 0):

(05 J)(2, 0) = —[f(2)] 0. /(2), (8:Ju)(2, 0) = —3[f(z)]*(93X(=))

where we denote f(2)=f(2, 0) and X(2)=X(2, 0). In terms of Wz, p), it
follows that

(2.17) (05¥,)(2, 0) = —[f(2)]70./(2),
(2.18) (0:,,)(2, 0) = —3[f(2)](8:X(2)) -

Conversely, given X(2), f(2)ER[[2]] such that X(0)=0, f(0)3=0 for any
W,(2, p) subject to (2.15), (2.17) and (2.18), we can find a symmetric matrix
function k(2, p) which satisfies equation (1.9) with the condition (1.2) as follows.
Find the solution of the Enrst equation such that £(z, 0)=f(2)+:X(2) and define
the mettic coefficients A,, by equation (2.3) and the initial conditions (2.7):
indeed, A(z, p) is symmetric. 'Then the uniqueness of W¥,(z, p) implies that
0,¥,=p0,h-h™' and 8, ¥,=—p0,h-h7".

In our fixed gauge conditions the above discussion proves that:

Proposition 2.4. Let h(z, p)EV, and ¥ \(2, p) be the coefficient of w™" of the
W-potential of h. If h(z, p) and ¥,(2, p) satisfy (i) and (ii) of (1.11), then ¥ (2, p)
satisfies (2.17) and (2.18). Conversely, for given X(2), f(2)ER[[2]] such that
X(C)=0 and f(0)=0, let ¥ (=2, p) be the solution of equation (2.14) with (2.15),
(2.17) and (2.18). Then there exists uniquely an h(z, p)=4/(2, R[[2]]) satisfying
0,¥,=pd,h-h7!, 8,¥,=—p0,h-h~' and *h=h, det(h)=—p.

3. Proof of Lemma

Before we prove Lemma, we give some properties of the W-potential for
Minkowski space-time. The metric of Minkowski space-time takes the form
in cylindrical coordinates

ds* = —(dtY+pX(d0)-+(d=)+(dp)*

o’ 0 2 0 .
In our gauge we have A= 0 1l U= 0 0 and V=0. Its W-potential
wO(2, p, w) is

\I’(O)(z’ P w) = [(1—2z/-w_Pz/wz)_l OJ

0 1

By using the infinite order differential operator, we can have an expression of
1— 2z/w—p?lw*
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Hence we obtain

_ 1 2 1—22/w 0
WO (2, p, w)] = (__-__P 8,) .
[20(, p, o] = exp( L+ 2 Y
Proof of Lemma. By virtue of the commutator relation

[0es exp ((0/20)d,)] = (p/w) exp ((p*/2)0,)3,
and
(84> exp ((p*/2)0,)] = —(p*/2%) exp ((p*[22)3,)3, ,
we find that
DX ,(z, p, w) = D,¥(z, p, w):[¥(2, p, w)]7"- X,(2, p, w)
(2, p, w)-exp (% : ;f;i a,)(wa,+2wa,,,) {u(w0—22) - [Tz, 0, w)]"}
= D\¥(z, p, w)-[¥(2, p, w)]7'- X(2, p, w)
— (3, p, w) exp ((p*/20)0,) {u(w—22) - [¥O(z, 0, w)] ™" UO(z, 0)}.
Since U®(z, 0)=08,%,(2, 0) is the constant matrix, we have
D, X,(3, p, w)[X(2, p, @)] '+ X (2, p, w)- UO(2, 0)-[X.(2, p, )]
= D\¥(z, p, w)-[¥(z, p, w)]*.
Similarly we obtain
D, X (2, p, w):[X.(x, p, w)]™' = D,¥(z, p, w)-[¥(z, p, w)] ™"

Since X, (0, 0, w)=u(w) and «(¢t) is invertible in ¢{2, R[[¢]]), the inverse matrix
(X.(2, p, w))™* contains no negative power of w. Hence the left hand sides of
the above relations contain no negative power of w. Therefore the right hand
sides are independent of the variable w. qg.e.d.

4. Proof of Theorem 1

The second statement of Theorem 2 is easily proved by using the first state-
ment as follows. 'The property (P) is equivalent to (®_;);c,+ E=0 where we set

¥_,=0 for j<<0. By the assumption ¥,=1 we have (¥_;);<o* E(-y=—(Ey;) ;<o
Hence (¥_;);<, is unique and is expressed as
(4.1) (Z-j)i<o = —(Boj)i<o* (Bim)) ™"«

Proof of the first statement is composed of the next two steps. In each
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step we shall prove the invertibility of Z_)(2, 0) and E(.(2, p), respectively.
The 1st step. Recall that the W-potential of Minkowski space-time is

1—2zjw—ptfe?) 0
wO(2, p, w)—_—[( z/wop ) J. Since WP*(z, 0)=0 for k>2, it

follows that W,(2) can be defined and have the form
0 k< —2
(4.2) Wi(2) = |uO(—22)T{V*(2, 0) k=—1
uO(—22) [k +utD(—22)¥V*(2, 0)/(k+1)! k>0

where as given in the previous section

—22 O:I .

4.3) WO (2, 0)=[ " o

From the definition, E_)(2, 0) has the expression

E(2, 0) = ({u®(—22)+u®(—22)¥{"*(2, 0)} 5;;)+K
= I+K
where K is an oo X oo matrix (K;;);«. Easily we can see that K;;=0 for

J—i<—2, K;=0and ord(K;;)>1 for j—i=—1. Here for any f €4/(2, R[[2]])
we say ord (f)=>#n when f has the form f=2"g for some g=¢{(2, R[[2]]).

Lemma 4.1. Let (K");; be the (i, j) component of K*. Then

(1) (K™i;=0, j—i<—n—1
(2) ord(K");;=>n—m, j—t=—n+2m, —n+2mi1
m=20,1,..,n—1,
Proof. We prove these by induction on n. For n=1, the statement is

trivial. Assume (1) and (2) are true for #n. Then (K**);;=33,cz Ki)(K");-
By the assumption we see that

(K ”+l)ij = 3:5-1 ip(K”)M' :
Hence K**! can be defined and the first statement immediately follows. Fur-
ther, since K;;=0, we have
(K15 = Koo K")io1, 305201 Kip(K")y; -

In the case of j—i=—(n+1)+2m for m=0, 1, -+, n, j—p<j—(+1)=—n+
2(m—1) and so ord(K"),;=>n-+1—m for m=0. Therefore by using ord(K;;_,)
=1 and ord(K**')>n—m for m==n, we obtain
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ord(K**);;>n+41—m for j—i = —(n+1)+2m,
m=1,2,-,m.

If m=0, then n-+j=i—1. Hence (K**");;=K, ;_(K"):-,,; and ord (K**)>n-+1.
Similarly we can prove the second statement in the case of m=n. q.e.d.

Now we can define the inverse of E(_)(2, 0) by Neumann power series,
namely,

(B2, 0)™' = Dpo (—IK) I,

From Lemma 4.1, ord(K");;>[(n+i—j)/2], hence the above Neumann power
series is well defined in R[[2]].

The 2nd szep. By using the next Lemma E_)(2, p) can be expressed as
E)(2, p) = (Ex(2, 0))-(1+H)
where H=377_, (E¢y(2, 0))7*[(8,/2) W,_;, 1(2)]0*/k!.
Lemma 4.2. For any me N the product
Bz, 0)71+07 W;_ism(2)
is well defined.
Proof. Since we have an expression
Bz 0))' =30 K™, ord(K") 2[(n+i—j)/2]
for some matrix K, we obtain
(Er(@ 0)71+07 Wy iym(2) = Sieo K"+07W,_i1n(2)
Here
K" 07 W,_iim(®) = 2720 (K™)ip 07 Wi pim(2) -
Hence for large n, we have

ord(K"07(W;-14m))i; = [(n+i—j—m—1)[2].
q.e.d.

From the proof of Lemma 4.2, we can easily show that H has the form

H(3, p) = Shars,pms Ho ) 01d(Hy 2 L=
(4.4) 2

(Hp,a(2));j =0 for j—i<—n—m—2.

To see that H? is well defined, it is sufficient to prove that we can define
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-0 H,, ,(2)-H,, ,(2). By virtue of the second of (4.4) we first have
(Hml.ﬂl(z) .Hmz.nz(z))ij = Elz;{i Hml,nl(z))ik' (Hmz.nz(z))kf

Sb(

where a=i—n—m,—1 and b=j+n,+m,+1. The first of (4.4) asserts that
ord (Hy, o () > | AEE= B ] [k |

heiem—1 — o
ord(Hmmz(z))HZIi"z—i— ]2 m, }2[11 m+i ]2 m,—m, ]

for a<k<b, k<<0. Therefore it follows that

(+3) Ord(H’"l-”l(z).Hmz,ﬂz(z))iiz[nl+;_ml]’ [nz_nl-H_jZ_ 2.

Suppose that ord(f,,,,(2)+H,, ,(2));;<r. Then by using (4.5) we can easily
show that

n <2r—i+m+2, n,<4r—2i+2m+m,+5.

Hence the infinite sum 337 _, H,, , (2)-H,, ,,(2) can be defined.

In the following we prove that the product H?-(E_(z, 0))~* can be defined.
It is sufficient to prove that we can define the product {33;-0H,,,,,.(2) * Hpp. 0, (2)} *
(BE-)(2, 0))"%.  From (4.5) we have

ord( {Hml,n(z) 'Hmz.nz(z)} ik° (E(_)(Z, 0))1—:-11)

>[nl+ i—ml] [nz—nl+i—k—ml—m2~21|
- 2 ’ 2

for any k<<0. Also suppose that
ord (Hiy 0, (2)  Hy, (2D} a2+ (Biox(2, 0))/) <7 .

Then we can see that 7, <2r—i+m,+2, n,<4r—2i+2m,+m,+5 and k> —4r+
2i—2m;—m,—6. Thus the product 337 .0 {H,, , (2)*H,, .(2)} - (B (2, 0)™)
is well defined.

Similarly we can prove that H" and H"-(E)(2, 0))™! is well defined.
Therefore we a can define (E_)(2, p))~* by

Ex((z p) ™ = Zieo (—H)" (Bcx(=, O)

where we use the fact ord, (H")>n.
Finally we prove the well-definedness of the product E(z, p)-E((-)(2, p)) "
The matrix E(=2, p) has an expression
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E — s L () e
z:(z, P) = 3l=0 7nT (—2—) 07 ._4(,,,)(2, 0)

where (B (2, 0)=(E;-m, (2 0))icz,j< By using the fact (4.2) we have
(Ewm(2,0);,;=0  for j—it+m<—2.

Hence the product E(z, p)+(E(-)(2, p))~* can be defined.

5. Proofs of Theorems 2 and 3

In Section 3 and 4 we proved that for any invertible u(t)Eg4/(2, R[[t]]),
there exists uniquely ¥(2, p, w) such that

(5.1) X,(2, p, w) = W(z, p, w) exp %E% a,) {u(w0—22) - [¥O(z, 0, w)] "}

contains no negative power of w. Suppose that u#(f) is an element of
942, R[[#]]) satisfying the assumption of Theorem 2. Let ¥,(=2, p) be the solu-
tion of equation (2.14) determined by the initial conditions (cf. Proposition 2.3)

2z 0
0= o)
5.2 (O3 ,)(x, 0) = —(@3¥)(x, 0) = AN 0,13
@3 )z, 0) = —3LA@] 04

where f(z)=1 [u(—22) and X(2)= — 2= 1, (—22)/u;,,(—22). From Proposition 2.4,
¥,(2, p) is the coefficient of w™! of the W-potential W(z, p, w) associated with
some A(z, p)EV,. In the following we shall show tht that ¥,(z, p) satisfies the
same initial conditions (5.2). Then by using Proposition 2.3 we have ¥(z, p, w)
=W(z, p, w). Thus Theorem 2 and Theorem 3 are proved at the same time.
We first show that:

(0, ¥)(=, 00=0,

Lemma 5.1. One has ¥(z, 0, w)=¥(z, 0, w).

Proof. Set p=0 in (5.1). Then ¥(z, 0, w) is the unique one such that
X,(2, 0, w) has no negative power of w. The uniqueness is easily verified by
using the fact that =(_)(2, 0) defined in the previous section is invertible.
Therefore it is sufficient to show tht that X,(z, 0, w)=W¥(z, 0, w)-u(w—22)-
[PO(2, 0, w)]™* has no negative power of w. Recall that the W-potential
¥(z, p, w) is a solution of the pair of differential equations

(w,+p0,+2wd,)¥ (2, p, w) = (8,%,(2, p))¥(=, p, )
(5.3)
(p0,—wd,) ¥(2, p, w) = —(8,%(2, p))¥ (2, p, w).
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Hence we easily obtain

w
\i'( 0, w) w—22
2, 0, w) = R
X(2) 4
w—22
Thus we have
w
Uy (w—22) U, (w—22)
w—22

(XD)a(z, 0, w)  (Xi)ul2, 0, w)
where

Rtz 0, ) = — XD 29 +(1- 2 Y —25),

(R ale, 0, ) = — "(22) 0 —28) (0 25)

«v can be

Here we note tht that for any veg/(2, R[[2]]) the product
w—22

defined because

5
=1 2F-0 <%) . By the assumption u,,(0)=0, all com-
w—22 w w

ponents except (X ), (2, 0, w) have no negative power of w. 'The (2,1) compo-
nent is

(X4)a2, 0, )
= —X(2) 2~ o2 uu( 22)wt ™ —2z S04 ugk>( 22)wk 4 uy (w—27) .

Hence —X(2)u,,(—22)—2zu,(—22), which is the coefficient of w™?, equals zero.
q.e.d.

In the next step we shall prove that (8,%)(2, 0, w)=0. Because
0, X1(2, p, w) = 0,¥(2, p, w)+ E- {u(w—22)-[¥O(2, 0, w)]"'}
+Pw(z, p, w)-0,E- {u(w—22)-[¥O(z, 0, w)] 7}
w

26,) ,

0,X.4(2, 0, w) = 8, (2, 0, w)-u(w—22)-[TO(=, 0, )] .

where

E = exp(

8 |

1
2

we obtain

Therefore also by using the invertibility of =_(z, 0) we have 9,%(z, 0, w)=0.
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Here we will prove
(03 Wy)(3, 0) = —(8; ¥ar)(3, 0) = [f(=)] 0. f(3) -

Proof. Operate 9, to the second of equation (5.3) and set p=0, then
(5.4) w0, ¥(z, 0, w) = 0,¥(z, 0, w)+[0;¥,(z, 0)]-¥(2, 0, w).
Similarly in the second step we have

95 X.(2, 0, w) = 8;¥(2, 0, w)-u(w—22) - [¥O(2, 0, w)]™*
+‘I’—(§;M-a, {u(w—22)[ L0z, 0, w)]"}.

In Lemma 5.1 we proved that W(z, 0, 0)=W(z, w, 0). Therefore if 92X, (z, 0, w)
has no negative power of w, then we have 92¥(z, 0, w)=02¥(z, 0, w). By
equations (2.3) and (2.4) one can show that 32¥,(z, 0) has the form

R —F() 0
5.5 0:W(z, 0) =
(5.5) » ¥y(3, 0) [ G(z) F(z)]

where
F(z) = —[f(2)]70.f(2), G(z) = 02%(2)/2—[ f(2)] 0. /(2)8,%(2) -
Substituting (5.5) into (5.4) we have
20 wF(2) 0
(5.6) wdi¥(z, 0, w) = [(w—ZZ)’ w—2z
wdl¥, (z, 0, w) F(z)

where 092¥,(z, 0, w)= %{ 2"(2) —8.8(2) +wG(z)— x(z)F(z)} By virtue
wW— LR
of (5.6) we have

DX Ju®, 0, w) = — 2 ut(w—29)— " ey (w—23),
83X (e, 0, ) = a,{w_lzz-uu(w—za} ~ G . (w—29),
O (e, 0, ©) = — L.-0.2() (0 —29) + CE)-y (029

+2>2_<5>.u93(w~2z)+—-(1—2—3)F(z)u21<w—22>
w w0 w
— L AP (029~ 2 (0 —29)

_2. (1 —%)wn(w—zz)
w
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Rz, 0, 0) = — Lo [ XDy w29)}— CE) .y (w—25)

_X@FE) 22+ FE) 0 20)— 2 ufdw—22) .
w(w—232) w w

By using the conditions u,(—22)f(2)=1, %(2)= —23u, (—22)/u,;(—2%) and
u,,(0)=0, one can show that 8%(X,),(2, 0, ») and 8%X.),(2, 0, w) have no
negative power of w and the coefficients of w™2 and »™! in 6§(X'+)zl(z, 0, w)
vanishes. Finally the coefficient of @~ in 8%(X.,),(2, 0, w) is

2 — m(—2
1 (—22) {tborthy—vyythp0} P(—22)
which vanishes by virtue of det(u(f))=1. q.e.d.
Further assume u,(#)=1#u,,(¢). Finally we will show that
(03%)(=, 0) = —3[ f(=)]*024(z) -
By Appendix A and the previous results, (9;%,) (2, 0) takes the form

H I
o 0= |
for some H, I, K€ R[[2]]. Similarly as before we have

wdtW(z, 0, w) = 38,02¥(z, 0, w)+(04%,(z, 0))¥(z, 0, w)
+3( 82W,(z, 0))02¥(z, 0, w),
04(X.)(2, 0, w) = (8:¥(2, 0, w))-u(w—2z) - [¥O(z, 0, w)]*

+%8§‘1’(z, 0, w)d, {u(w—22)-[TO(z, 0, w)]™}
+§_Z-\If(z, 0, )07 {u(w—22)-[TO(z, 0, )]} .

Since the coefficient of %! in the (1,2) component of 8;X.(z, 0, w) vanishes,
we get

I(z) = _3"11(—23)35{—3(1—21)—(-2;;22—)}+6F(z)uu(—Zz)6, {—-“lz(_z:}"i)}

— By (—22) {Z[F(z)]z-—%(f((izij)z)} {2

On the other hand
—3[F(2)]70%%,(2) = — 31y (—22)02 {—2z2u,(—22)}
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6P (=) (—22)0, {— 2su,(—22)}

—3uu<—2z){2[F<z)]=—i“u%K_:zi—§)}- (=22, (—22)} .

Hence when u,,(t)=1* u,(t) we have
I(2) = (95 %1)(z, 0) = —3[f(2)]*02%(2) -

Therefore ¥,(2, p) and ¥,(z, p) satisfy the same initial conditions and hence
\if(z, p, w)=Y(2, p, w).

Appendix A
Let W¥,(2, p) be a solution of equation (2.14) such that
v 0)=| = 0} (0,%,)(=, 0) = 0
2, = ’ 2, =
1 g o)) @FIE0)

and (05%,,)(2, 0)+(82¥,,)(=, 0)=0. Then
V(2 p)+¥u(z, p) = 22.

Proof. Taking the trace of equation (2.14), we have
(2.14) p0Y(2, p)+p0:7(2, p)—08,7(2, p) =0

where we denote (2, p)=¥,,(2, p)+¥.(2, p). Since ¥(z, 0)=2z2, 3,7(z, 0)=0
and 8y(2, p)=0, we can express (2, p) as ¥(2, p)=22+r-0 V:(2)p**%. Substi-
tuting this expression into (2.14)" we have ,(2)=1,(2)=0 and (k4 1)(k+3) 74(2)
+027,-2(2)=0 for k>2. Hence it follows that v,(2)=0 for all ke N. g.e.d.

Appendix B

The proof of Proposition 2.3. By virtue of Appendix A, equation (2.14)
is equivalent to

(B-l) pﬁi‘l’zz—{-paf,‘lfﬂ—3,,‘1’22—{—8,,\1’216,‘1’12—6,‘1’213,,‘1’12 =0,
(B.2) P63T12+Pazwlz—3apw12+2(az\P126z\y22_azwlzapwﬂ) =0,
(B.3) pag‘I’m-i—p@z‘I’n—F8,,‘1’21—{—2(39‘1'226,‘1’21—8,\1’226,‘1’2,) =0.

Under the assumptions in Proposition 2.3 the components ¥,,, ¥, and ¥,, take
the form

Wz(2, p) = 2o “Wi(2)p*?,

1
(k+1)!
1

Gy TR

(2, p) = -0
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Yau(2, p) = ¥y (2)+ 200 —— (k-l—l)' <Whi(2)p"t2.

Substituting these into (B.1), (B.2) and (B.3) we have for any &, m, n=0
k

(B.4) m"l’gz(.?)—f“ 2 <02 WEA(2 )—(k+—1)' 8,V () Why(3)
2 B i YA 02HE)
—m-aymz)-%(z)} ~0,

B3 :1)!\1ff2(z)+7:!_.93~1/§;2(z)

1
(m+-1)(n+4-2)!

W (s) Wh(z)| = 0,

+2 Sutaere] WD(3)-0,¥1(2)

L,
(m+2)\(n+ 1)1

k 2 1 2 -2
(B.6) (kil)' wh(z )+(k+1)l Vh(e)-0, ¥+ B1T(2)

+2 Sraetee |

1
C (m+2)l(nt+1)!

1
(m+D)nt2)!

0.¥5() (@) | = 0,

WEi(2)+0,%%(2)

where we set W¥;(2)=0 for k<0.
Since W,(2), W3, and W}, are given as the initial data, equations (B.4), (B.5) and
(B.6) uniquely determine the solutions of equation (2.14). q.e.d.
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