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In this thesis, we investigate the validity of the minisuperspace in the
context of quantum cosmology in 2 dimensions and 4 dimensions.

The aim of quantum cosmology is to describe the quantum initial states
of the universe where the quantum gravitational effects is important. The
quantum states of the universe is; described by the wave function of the uni-
verse which can be defined individually by canonical quantization or by path
integral quantization. In the canonical quantization of general rélativity, the
four—diménsional diffeomorphisms impose two constrains on the wave func-
tion; the Wheeler-DeWitt equatioh and the momentum constraints. The
quantum states of the universe can be determined by solving these con-
straint equations in principle. These equations, however, are second order
hyperbolic functional differential equations and are quite difficult to obtain
the general solution. Therefore people have solved these equations in the
minisuperspace approximation and/or the WKB approximation.

In 4 dimensions, it is assumed that the minisuperspace approximation
is meaningful in the region where the WKB approximation is valid. In
order to investigate this conjecture, we consider the system of the Einstein
gravity coupled to a scalar field, and show numerically that the Friedmann
minisuperspace approximation is valid only after the universe grows bigger
than the Planck scale. This result indicates that the validity region for
the minisuperspace approximation coincides with the one for the WKB
approximation.

On the other hand, the 2-dimensional gravity is fascinating. The Ein-
stein action is, however, trivial in 2 dimensions, and therefore we must

consider the Liouville action which originates from the conformal anomaly



of the path integral measure. In 2 dimensions, it is assumed that the min-
isuperspace is exact. In order to investigate this proposal, we consider the
Liouville field and conformal matter fields. We concentrate on the case of
annulus topology, and obtain the transition amplitude consisting only of the
zero modes of the fields when we take the ¢ = 1 conformal matter field and
impose the Neumann boundary condition on the system. This result indi-
cates that, in the our model, the minisuperspace represents the superspace

exactly in 2 dimensions.
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I. INTRODUCTION

The aim of this thesis is to investigate how minisuperspace exists in superspace in the
context of quantum cosmology.

What is meant by quantum cosmology? It is the theory which completely explains the
presently observed state of the universe by the initial conditions in cosmology. The Big
Bang model explains some of the features of the observed universe. There are, however,
a number of problems which are not explained; the flatness, absence of horizons and the
origin of the density fluctuations required to produce galaxies. The inflationary universe
scenario, which started from the appearance of Guth’s paper [1] and was constructed by
quantized matter fields on a classically fixed gravitational background, has provided some
possible explanation to the horizon and the flatness problems. Moreover, the desired
density fluctuation spectrum is obtained by assuming that the matter fields start out
- in some particular quantum state. Recently, the anisotropy of the cosmic background
radiation has béen found by COBE [2]. It strongly supports the inflationary scenario as
well as the Big Bang model. In the inflationary scenario, however, there is no way to
incorporate the effects coming from initial states. It is impossible to treat them in the
framework of the inflationary universe scenario.

Therefore, the most significant aim of quantum cosmology now may be determination
of the initial states of the universe. In order to investigate this problem, it is necessary to
go back beyond the inflationary period to the stage near the Planck scale where quantum
gravitational effects can not be ignored. The initial states of the universe may be deter-
mined through the quantization of the gravitational fields as well as the matter fields. In
order to describe the quantum states of the universe, we use the wave function or the

transition amplitude of the universe;



Ulhi;, O], (1.1)

which can be defined individually by canonical quantization or by path integral quan-
tization. Here h;j(x) is the 3-metric and @(x) is the matter field configuration on a
3-hypersurface. Historically, the early works in quantum cosmology by the canonical
quantization were established by DéWitt [3], by Misner [4] and by Wheeler [5] in 1960’s.
In 1980’s, the modérn approaches including the path integral quantization were estab-
lished by Hartle and Hawking [6] [7] [8], by Vilenkin [9] and by Linde [10]. These authors
proposed possible boundary conditions or initial conditions on the wave function of the
universe.

The explicit evaluation of the wave function, however, has not been established in the
full quantum gravitational field theory. The proposals in the above works have been stated
in a general form. The concrete calculations are all evaluated in some approximation; the
minisuperspace approximation and/or the WKB approximation. This is unavoidable,
because we have not yet obtained the complete gravitational theory beyond the Einstein
gravity. One can straightforwardly quantize the classical Einstein theory in the similar way
to the quantization of the ordinary matter or gauge fields. The present quantum gravity
has a number of defects; the most difficult problem may be its nonrenormalizability.
We notice that the defects are caused by the incompleteness of the present quantum
gravitational theory, and hence we should regard it as an effective theory for the complete
quantum gravitational theory.

From this view point, we assume that our present quantum gravitational theory (cos-
mology) is meaningful only in the region where the WKB approximation works, and
that the validity region of the minisuperspace approximation may coincide with that of
the WKB approximation. Briefly speaking, the minisuperspace approximation reduces

the field theory to the quantum mechanics by assuming some symmetries; homogeneity,



isotropy, etc. In this approximation, we can easily treat the quantum gravitational sys-
tem. In other words, we assume that the calculations obtained in the minisuperspace are
meaningful in a region where the WKB approximation is valid.

In this thesis, we investigate explicitly thié proposal in 4 and 2 dimensions by following
our discussions in Ref. [11] and Ref. [12]. In 4 dimensions, we consider the system of the
Einstein gravity and a scalar field, and show numerically that the Friedmann minisuper-
space approximation is valid only when the universe is bigger than the Planck scale. This
result indicates that the validity region for the minisuperspace approximation coincides
with the one for the WKB approximation. On the other hand, the Einstein action is triv-
ial in 2 dimensions, although 2-dimensional gravity is a fascinating object in studying the
nature of quantum gravity. Therefore we must consider the Liouville action which origi-
nates from the anomaly of the path integral measure. In 2 dimensions, we consider the
Liouville field and conformal matter fields. We concentrate on the case of annulus topol-
ogy, and obtain the transition amplitude consisting of the zero modes of the fields when
we take the ¢ = 1 conformal matter field and impose the Neumann boundary condition
on the system. This result indicates that the minisuperspace represents the superspace
exactly in 2 dimensions.

We should remark the differen(,;e between the gravitational theory in 4 dimensions
and the one in 2 dimensions*. First of all, the classical theory exists in 4 dimensions (see
§I1.A), while it does not exist in 2 dimensions (see §IV). In other words, the 4 dimensional
quantum gravity (cosmology) starts from the classical theory and always has its classical

limit. On the other hand, the 2 dimensional quantum gravity starts as the quantum

*Here we consider the Liouville field theory.



theory from beginning and does not have the classical limit!. Therefore, there are two
quantization procedures in 4 dimensions; the canonical quantization and the path integral
quantization (see §II.B and §II.C). On the contrary, there is no procedure but the path
integral quantization in 2 dimensions, because there are no classical theories. Secondly,
the dynamical degrees of freedom for the gravitational field are different. The number of
independent components is 2 in 4 dimensions, 0 in 3 dimensions (3-dimensional gravity
is out of the scope in this thesis) and —1 in 2 dimensions. The number of elements of
the symmetric metric is ten in 4 dimensions, and there are four primary constraints and
four secondary constkraints related with the 4-dimensional diffeomorphisms. Therefore the
number of independent dynamical degrees of freedom is 2 in 4 dimensions, and the same
calculations hold in 3 dimensions. In 2 dimensions, however, the situation is different and
this fact is related to the lack of the canonical structure (see §IV).

This thesis is organized as follows. In §II, we will briefly review the general formulation
of 4-dimensional quantum cosmology (see for example [13]). We will see the canonical
structure of the classical Einstein gravity coupled with some matter field, then we will
quantize the system by the canonical quantization and by the path integral quantization.
In addition, we will discuss equivalence between the wave function of the universe by
the canonical quantization and the one defined by the path integral quantization; In this
section, we will introduce superspace and minisuperspace where the classical and quantum
theory are set up.

In §III, we will show our work that the validity region for the minisuperspace approx-

imation coincides with the one for the WKB approximation in 4 dimensions. We will

tWhen we take account of the dilaton field for instance, the classical theory exists. Thus the

classical limit exists.



introduce the Friedmann minisuperspace model and the perturbed Friedmann minisuper-
space model by following the work of Halliwell and Hawking [14]. Then we will make the
numerical analysis of the stability of the Friedmann minisuperspace by following our work
[11].

In §1V, we will briefly review the general formulation of 2-dimensional quantum gravity
(see for example [15]), and will rewrite it along the ADM decomposition used in the 4-
dimensional quantum cosmology [12] [16]. |

In §V, we will concentrate on the case of annulus topology and will obtain the transition
amplitude consisting only of the zero modes of the fields. The result crucially depends on
the case that we take the ¢ = 1 conformal matter field and impose the Neumann boundary
condition on the system [12].

Finally, we will conclude this thesis in §VI.



II. THE GENERAL FORMULATION OF 4-DIMENSIONAL QUANTUM

COSMOLOGY

In this section, we will review the generél formalism of 4-dimensional quantum cos-
mology in the Lorentzian signature. There are two methods to quantize general relativity.
The one is the canonical quantization and the other is the path integral quantization (see
for example [13]).

In the canonical quantization, time plays a special role, while the idea of relativity
is to unify time and space. We consider a 3-hypersurface embedded in a 4-manifold on
which the 4-metricis g,,. The embedding is described by the ADM (1+3) decomposition

of the 4-metric,

ds? = —N2dt? + hyj (N'dt + dz') (Nidt + dz?)

=—(N?- N,‘Ni dt® + 2Nid$idt + hi'diltid.’ltj. 2.1
¥)

Here N and N* are the lapse and shift functions, respectively, which become Lagrange
multipliers related to a 4-diffeomorphism in the Einstein theory, and h;; is the 3-metric
on the 3-hypersurface. In 4 dimensions, we use the notation that the 4-index g runs from
0 to 3, and the spatial index ¢ runs from 1 to 3.

On the other hand, the path integral quantizatioh is a very powerful procedure when
we impose a boundary condition on the 4-manifold [6]. However we must also consider
the 3—hypersurface in order to obtain the quantum states of the universe. Therefore the
ADM (1+3) decomposition is important even in the path integral quantization.

By following the ADM (143) decomposition, we will see the canonical structure of
general relativity with some matter field in §II.A. In §I1.B and §I1.C, we will review the
canonical quantization and the path integral quantization respectively. After seeing these

two quantizations, we will discuss the equivalence between them formally in §II.D and
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explicitly in §IL.E. In §IL.E, we will introduce minisuperspace.

A. Classical theory -canonical structure-
We consider a system of the Einstein gravity and a scalar field. The action is the
standard Einstein-Hilbert action coupled to a matter field,
S = Sgrauity + Sma.tter) (22)
where
m2
Sranity = 1e- { [ dlay=g(R-2m)+2 [ LavhK] 2.3
g ty 167!' M T g( ) + oM x\/__ ( )
and
Lofoa § o 252
S’matter = —5 /d .'l){g au(I)a,,(I) +m d }. (24)

Here m,, is the Planck mass; mf, = 1/G, and K is the trace part of the extrinsic curvature

K;; giVen by

1 Oh;;
Kz’j = -27\,- {-— 8tj + 2D(5Nj)} . (2.5)

The extrinsic curvature describes a way of embedding the 3-hypersurface into the 4-
manifold, and D; is the covariant derivative in the 3-hypersurface. By using the (1+3)

variables, the action takes the form
m2 3
= — 3 L 12 4 3 p
Sgramty = 167 /M dtd IB\/}_&N {I{”KJ K + R 2A}

= / L gravity

Smatter = /Lmatter- (26)

The boundary term in the gravitational action (2.3) is needed for obtaining the gravita-
tional form above. The canonical conjugate momenta to h;; and ® are respectively given

by

11



i aL it \/i; 2 ..
3 gravily 7] %]
T 2 (K - hK) (2.7)
and
_ aLmat‘ter 1 3 a¢
Mg = ot = N Vi (@ N (2.8)

We can derive the Hamiltonian form of the action
S = / dtd {hijm'i + S — NHo — N'H;}, (2.9)
where

Hy = 167rm‘2G,-jk17r'ij7r

\/]_l 7Tq>
t5 (5

H = —2Dj7rij + hijﬂ'(}ajq). (2.10)

o Do ‘/_(<3)R 2A)

+ h90;00;® + m?®?),

Here Giju is the DeWitt metric given by
Giju = %h-I/Z (Rixhjt + hahje = hijhi) . (2.11)
The lapse N and shift N¢ play the role of Lagrange multipliers as stated before. Thus the
solution obeys the Hamiltonian constraint
Hy=0 (2.12)
and the momentum constraints
H =0. (2.13)

These constraints are equivalent, respectively, to the time-time and time-space compo-
nents of the classical Einstein equations. The constraints play a central role in the canon-
ical quantization, as we shall see in the next subsection. The arena where the classical dy-
namics holds is called superspace; the space of all 3-metrics and matter field configurations
(hi;{x), ¥(x)) on a 3-hypersurface. The superspace has a finite number of coordinates

(hij(x), ¥(x)) at every point x on the 3-hypersurface and is infinite dimensional.

12



B. Canonical quantization

We follow Dirac’s prescription of quantization for the constrained system. The mo-

menta (2.7) and (2.8) are replaced by the differential operators

and
ra(z) = —i:ﬁ%—). | (2.15)

The Wheeler-DeWitt equation and the momentum constraints are the quantum versions

of the Hamiltonian constraint (2.12) and the momentum constraints (2.13) as follows

HoUlhi;, ®] =0 ©(2.16)
and
H'U[h;, ®] = 0. (2.17)

Here the momenta in Hy and H' are replaced by the differential operators;

. § ¢ m2vh
= =203, _r Gp_
Ho = —16mm}* Gz — = (PR -20)
vh 1 82 y P
=200 _ gl (2.18)
T iy T s '

The Wheeler-DeWitt equation is related to a reparametrization invariance of the theory
and the momentum constraints represent that the wave function of the universe is in-
variant under 3-dimensional diffeomorphisms. In order to show this, let us restrict our

attention to the case of no matter field and consider only the closed universe. We consider

13



the effect of shifting the argument of the wave function by an infinitesimal diffeomorphism

in the 3-hypersurface; z* — z* — ¢*. From this transformation, we obtain
Ulhij + D€yl = Ulhi] + / 4 Diliy5— (2.19)
ij
and therefore the change in U is given by

5‘1’[]1”] = -—'/d327§jDi (-Jéhg—)

= —% / Lot (1 = 0. (2.20)

Here we use the momentum constraints (2.17). Consequently the arguments of the wave
function should be the invariant quantity under the 3-diffeomorphisms.

The Wheeler-DeWitt equation is a second order hyperbolic functional differential equa-
tion which describes the dynamical evolution of the wave function in the superspace. In
general, there are many solutions for the Wheeler-DeWitt equation, and we need boundary
conditions to pick up a solution. It is more convenient for imposing boundary conditions

to take the path integral quantization [6], as will be discussed in the next subsection.

C. Path integral quantization

In the path integral quantization, the wave function is described as a transition am-

plitude

Dgw] i Slg0
TR & K. . d" = [ [ D iS[guv.®] .
[hij» @7 i @] /’uol(Gauge)[ Je ’ (2.21)

where (h};, ®”) and (hi;, ®’) represent induced values at the boundaries 3-hypersurface.
Alternatively, in many cases, we take Euclidean path integral for convenience (see for

example [6] [17] [18] [19]), and its formulation is briefly given in Appendix A.

When the 4-manifold has topology R x %, the path integral is defined as

14



U[hs;, @5 By, @ = / [DN*|[Dhi;|[DRISIN* ~ x*] Ay &lo07] (2.22)

ijr

with the gauge fixing condition N* — x* = 0 and the associated Faddeev-Popov determi-
nant. Note that the path integral measure [Dg,,] is firstly defined as [DN*][Dh;;] in the
form of equation (2.22). The Jacobian is not considered. This path integral formulation
is very powerful to impose the no-boundary boundary condition to a 4-manifold in the
Euclidean framework [6]. Although the boundary condition can be formally stated in
general cases, we must also follow the ADM (1 + 3) decomposition in order to obtain the

transition amplitude of the universe.

D. Formal equivalence in superspace

In order to show formally the equivalence between the wave function by the canonical
quantization and that by the path integral quantization, the boundary conditions for the
path integral given in §II.C plays a central role. We set that the lapse and shift (N, N D)
are unrestricted at the boundaries, and the 3-metric and mater field (A;;(x), ¥(x)) match
- the arguments of the transition amplitude. In other words, the transition amplitude is
a functional of the induced values of the 3-metric and matter field at the boundaries 3-
"), (h!

hypersurface (h?, @) only and the arguments do not contain the lapse or the

2]7 1]7

shift functions (N*). Therefore we can show the equivalence as follows

4 /A YN n_ é [Dglw] iS[guv,®)
0= 5N“\Ij[h”’q) b, @] = SNu / vol(Gauge) [D2le

_ [_1Dgw] = iS[gpu,®]
_/vol(Gauge) (Do) N,;,S[guu, dle

=il / [Dg,“, D@]eis[g“"’q’]
vol (Gauge)

= iH,U[hL, ®"; Y, ®]. (2.23)

t7°?
Consequently we obtain the Wheeler-DeWitt equation and the momentum constraints;

15



H,U[RY, ®"; bl ®'] = 0. (2.24)

159 179

E. Explicit equivalence in minisuperspace

In the previous subsection, we have shown equivalence between the wave function
of the universe by the canonical quantization and the one defined by the path integral
quantization formally. The key point is that the arguments of the transition amplitude
are only the induced values at the boundaries 3-hypersurface of the 4-manifold. We will
show the equivalence more explicitly in the minisuperspace model. -

The superspace is infinite dimensional. It is, therefore, difficult to deal with a wave
funcfion and a transition amplitude in practice. In other words, we cannot solve the
Wheeler-DeWitt equation and the momentum constraints easily without any approxima-
tion, because they are second order functional differential equations. In order to make this
technical problem tractable, we often reduce the degrees of freedom of the superspace to a
finite number by assuming some symmetries. This reduced finite dimensional superspace
is called the minisuperspace. The va,lidity of the minisuperspace will be discussed in §III.

In minisuperspace, we restrict the metric and matter field to be homogeneous as
follows. The lapse function is taken to be homogeneous; N = N(t), and the shift functions
are set to be zero; N' = 0. The 3-metric h;; are restricted to be homogeneous, and
therefore they are described by a finite number of functions of ¢; ¢*(¢) (a =1, 2,---,n).

For example, the Robertson-Walker metric is given by
hijdz'ds’ = az(t)deB), (2.25)

where dﬂf3) is the metric on the 3-sphere and a(?) is a scale factor of the universe. In this

case, we take ¢%(¢) = a(t). We can also take an anisotropic metric for example
hijdzide’ = a®(t)da? + b2 (t)dy? + *(t)dz?, (2.26)

16



which is known as the Bianchi Type Imodel. In this case, we take ¢*(¢) = (a(t), b(2), c(?)).

In general, we obtain the Hamiltonian form of the action
tll
S = / dt {pag® — NH} (2.27)
tl
and the lapse function N is a Lagrange multiplier enforcing the Hamiltonian constraint

H(para®) = 51 paps + U(a). (2:29)

Here fop is the reduced version of the DeWitt metric (2.11), and we also include. the
matter field into ¢* in the same way as the 3-metrics. The same setting for the path
integral is imposed such that p, and N are free at the end points and that ¢* are fixed -

and satisfy the boundary conditions;
W) =a" W)= q" (229)

The Hamiltonian constraint indicates the presence of a reparametrization invariance under

the transformations

3eq® = e(t){¢*, H}, bepa = {pa,H},

§.N = (1), | (2.30)

where €(t) is an arbitrary parameter. Under these transformations, the action changes by

an amount

t”

55 = [e(t) {pag—i - H}] . (2.31)

#

Therefore the action is unchanged if and only if €(¢) satisfies the boundary conditions
e(t') =0 = €(t"). (2.32)

We can write down the path integral in minisuperspaée

17



U(g™";¢*) = / [DN][Dp.][Dg°18[N — x] L &0, (2.33)

where we take the N = y gauge and x is an arbitrary function of (p,, ¢, N). By following
the discussion in Ref. {20], we will obtain the gauge fixing action and the ghost action.

The gauge condition N =  is imposed by using a Lagrange multiplier II(2) as

S, = /tt dini(t) {N(t) — x} - (2.34)

We can write down the ghost action according to the Batalin, Fradkin and Vilkovisky
(BFV) formalism [21]. This formalism is a more systematic fashion. The BRS symmetry
involves the replacement of the parameter €(t) with Ac(t) where A is a constant anti-
commuting parameter and c(t) is an anti-commuting ghost field. Eventually we wish
to generate the BRS transformations using a Poisson bracket, and therefore we must
eliminate the time derivatives from the transformations. We write é = p, and this equation
is imposed on the action by adding a term p(¢ — p), where p and g are anti-commuting
ghost field momenta. In order to make p dynamical, we also add a term ¢p. Therefore

the ghost action is given by

tl

Syn = /t " dt{pe+ 5 — pp} . (2.35)
We obtain the BRS transformations from the transformations (2.30) and from the gauge
fixing action (2.34) and the ghost action (2.35);

0H o« . OH _
Opy = —-Aca—qa, 8¢% = Aca—p—;, dN = Ap,
dII=0, 6c=0, 6p=0,

§e=—All, 6p=—AH, | (2.36)

with the boundary conditions

18



TI(#) = 0 = II(¢"),
ot) = 0= e(t"),

&t =0=c¢e(t"). (2.37)

Here we have taken the x = 0 gauge, because it is guaranteed by the Fradkin-Vilkovisky
theorem [21] that the resulting path integral is independent of a choice of a gauge ﬁxingr
function x (see for the detail discussion in Ref. [20]). Consequently the path integral is

described as
Ui ™) = [[PIDNDADIDADADp IRl 5ol (239)

By taking x = 0, the ghost field decouples from the other field and the ghost field
integration can be performed. We define this integration by splitting the time interval

into n-+ 1. Therefore the ghost field integration is defined as

[DoDdDalDee s = | H a5; f{odpj Hd f_Ildéj

. n _ c- _c- _ . pa—— . _
X exp {“Z [Pj J+16 i _{_CJ,PJ+1_'E Pi -—pj,oj]}

=0

. n no PO ~
= (ie)"*! / 11 de; IT de; exp {—; > (E1 = &) (cje1 — c,-)}
Jj=1 Jj=1 j=0
=", (2.39)

where ¢o = ¢(t') = 0, cpq41 = ¢(t") = 0 and & = &(¢') = 0, E,41 = &1”) = 0. Then we can

also carry out the integrations over II(¢) and N(¢) such that

/ [DI][DN]e'Sor = f‘[ dN; ﬁ dIl; exp {z znj I1; (Njy1 — NJ-)}

i=0 =1 =0

= / ITdN; [16(Njp1 — N;)
j=0 j=1

19



Note that II(¢) plays a role as a coordinate and that N(¢) plays a role as a momentum
from the boundary conditions (2.37). Finally, we obtain the path integral form in the

minisuperspace

Ug™;q™) = [dN (@' - ¢) [[DpaliDee?, (2.41)

where we drop out the suffix 0 in Np. From this expression, we can show explicitly the
equivalence between the wave function by the canonical quantization and the transition
amplitude defined by path integral.

In the minisuperspace, we can obtain the explicit path integral form (2.41) where the
Faddeev-Popov determinant; A,—o = t” — t/, and the functional integral over the lapse
function N reduces to a single ordinary integration over the constant N. The transition

amplitude (2.41) can be viewed as the integration over all times T'= N - (¢ — ¢');

(g™ %) = / dT¥(¢*", T; ¢ ,0) (2.42)

of an ordinary quantum mechanical propagator;

U(¢™,T5%,0) = [[Dpa[Dg")e (2.43)

Here ¢(¢*",T; ¢, 0) satisfies the Schrédinger equations at the initial and final state with
time coordinate T';

H'(q™, T3, 0) = i ¢(q"” T;4%,0),

ﬁl!¢(qall, T; ¢ 0) = iﬁf’/’(qaﬂ’ T; ¢*,0). (2.44)

The Hamiltonian operators are obtained by replacing the momenta in the Hamiltonian

(2.28) by the operators at the end points;

g 0
aﬁ !
f a/ a 'al + (q )7
a .
af
2f aqa//a ,3” + U( ) (2'45)

20



By using these Schrodinger equations, we can easily show that the transition amplitude

(2.41) satisfies the Wheeler-DeWitt equation as follows

~ a
" all, al\ _ S all m, ol
H \I,(q yq ) - /deaT¢(q )Tvq 30)
) o N T
=i [$(¢™", T; ¢, 0)}:,,?

= 0. (2.46)
Likewise,
H'U(g*"; ¢*') = 0. (2.47)

Here Ty and T3 are the end points of the T integration, and we choose them so that the
right-hand side of equation (2.46), (2.47) vanishes. In general, the T is integrated along
a contour in the complex plain in the Euclidean path integral framework [6] [17] [18] [19].
This contour is usually taken to be infinite, with ¥(¢*”, T'; ¢*',0) going to zero at the ends
(Ty, T3), or closed; Ty = Ts.

In the minisuperspace, we can treat the wave function or the transition amplitude of
the universe explicitly, while the validity of the minisuperspace approximation is unclear.
We believe that the classical solutions in the minisuperspace may be solutions to the full
field equations in the superspace, and therefore the classical action in the minisuperspace
will be the action of a solution to the full Einstein equations. In other words, the lowest
order semi-classical approximation to the minisuperspace wave function coincides with the
one of the full theory. Therefore the validity region of the minisuperspace approximation
should coincide with one of the WKB approximation. We will investigate this conjecture

in the next section.
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III. THE VALIDITY REGION OF THE MINISUPERSPACE IN 4

DIMENSIONS

When we discuss the classical dynamics of the universe, it is very useful and physically
reasonable to assume that the universe has certain symmetries. A well-known example is
the Friedmann (Robertson-Walker) model which has the spatial homogeneity and isotropy.

The quantization of the universe was first introduced by DeWitt [3] using the Fried-
mann minisuperspace approximation. The homogeneous anisotropic cases were then stud-
ied by Misner [4] and others [22]. Moreover the minisuperspace model has received the
renewed attention since the appearance of the paper by Hartle and Hawking [6] on the
proposal for no-boundary boundary condition of the universe. Although the boundary
condition can be formally stated in general cases, analytic calculations are performed only
in the minisuperspace model (see for example [17] [18] [19]) and all inhomogeneous modes
are omitted before quantization. Some attempts to introduce the inhomogeneous modes
along the path integral method using the WKB approximation are given in Ref. [14] and
Ref. [23].

The above naive assumption that some degrees of freedom are fixed to zero, say, before
quantization apparently violates the uncertainty principle and therefore a question arises;
whether or not the minisuperspace approximation is a physically reasonable approxima-
tion to the true quantum gravity. Although this problem has been well known to many
people working in the field of quantum cosmology for a long time, only few people [24] [25]
have checked the validity of the minisuperspace model. In Ref. [25], Kuchar and Ryan
discussed the quantum cosmology of a Taub universe embedded in a mixmaster universe
to assess the validity of the minisuperspace model. They analyzed the lower-dimensional
homogeneous superspace model (Taub universe) and the higher(but finite)-dimensional

homogeneous superspace model (mixmaster universe) in a region where exact solutions
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for both models exist. In their work, the inhomogeneous modes are not considered. While
in Ref. [24] Sinha and Hu analyzed an effect of discarding an infinite number of inhomoge-
neous modes using the WKB approximation. They found that the WKB approximation
has the limited validity and that it is important to go beyond the WKB when classical
background is not available and full quantum behavior of the minisuperspace sector is
important.

In this section, we will investigate the validity region of the minisuperspace beyond
the WKB approximation by examining numerically the stability of the Friedmann minisu-
perspace model in the superspace [11]. We consider a system of the Einstein gravity with
a scalar field as a model of the quantum cosmology introduced in the previous section.
In order to check the stability of the minisuperspace model, we have only to consider a
configuration space of the metric and the scalar field near the minisuperspace. In other
words, we can regard all inhomogeneous modes as very small. In this approximation, the
inhomogeneous modes are decoupled to one another. When we solve the Wheeler-DeWitt
equation, we pick up some inhomogeneous modes out of the infinite number of the other
modes; the degrees of freedom of the superspace of this system are restricted to a finite
number. Our method is therefore similar to that of Kuchar and Ryan. We consider some
higher-dimensional (but finite) superspace which includes the lower-dimensional Fried-
mann minisuperspace. It should be noted that, as we compute the wave function of the
universe numerically, our analysis is not necessarily limited within the validity region in
which the WKB approximation is applicable, however our result shows that the validity
region of the minisuperspace coincides with the region of the WKB approximation.

In §ITI.A, we will review the analysis of a homogeneous and isotropic minisuperspace
model, which is known as the Friedmann (Robertson-Walker) model, with a scalar field.

The Friedmann model will be extended to all order the matter and gravitational degrees
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of freedom in §I11.B, following the Halliwell and Hawking work [14]. In §III.C, we will pick
up some particular inhomogeneous modes out of all possible infinite perturbative modes
to the minisuperspace, and will solve the Wheeler-DeWitt equation on the newly defined

superspace numerically.

A. The Friedmann minisuperspace model

Here we will briefly review the Friedmann (Robertson-Walker) minisuperspace model.
It is assumed that a metric of this model has the spatial homogeneity and isotropy, which
has the advantage of reducing the infinite dimensional superspace to a finite dimensional -

minisuperspace as stated in ILE. The metric of this model is given by
ds* = o* (= N*dt* + a*d0Y,)) (3.1)

where dQ?3) is the metric of the unit 3-sphere and ¢ is a normalization factor defined by

0? = 2/3wm2. The action of this model is described by

_ 1 s _4&° 1 & 2 42
So——zfdtNa (N2a2—a2——N2+mq5 . (3.2)

The suffix 0 represents that this action is the minisuperspace action. It should be noted
that the action consists of rescaled scalar field ¢/+/27o and mass m/o in the action (2.4),
and that the scalar field is a function of ¢ only and independent of the spatial coordinate.

The classical Hamiltonian is

Hy = %N (—a'lﬂ'z +a7%1 —a+ a3m2qf>2) , (3.3)

where the conjugate momenta to ¢ and ¢ are respectively

aa
=2 4
g N (3-4)

and
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_ %

Té N

(3.5)

Because the action has a time reparametrization invariance, the classical field equations

are constrained by the Hamiltonian constraint equation Hjg = 0. By replacing the mo-

menta (3.4) (3.5) by the operators

. .0
Mo = —iz-, 74— —z%, (3.6)
we obtain the Wheeler-DeWitt equation
N -3a 62 82 6, 2 12 —4a
?6 (—8—&5 - W +e " m q5 — € \Il[a, ¢] = 0, (37)

where we have introduced o = In(a). One can regard equation (3.7) as the hyperbolic
differential equation on the two dimensional minisuperspace with coordinates («, ¢). We

can therefore regard « as a time coordinate.

B. The perturbed Friedmann minisuperspace model

We first describe the metric near the Friedmann metric as
ds’ = 0* {= (N? = NiN*) dt* + 2N;da’dt + hyjda'dz’}. (3.8)
The metric of the spatial hypersurface h;; has the form
hij = a® (Qij + €35), (3.9)

where ¢;; is a small quantity around the metric of the unit 3-sphere Q;;. Following Halliwell

and Hawking [14], the quantities ¢;; is expanded in harmonics;

Cij = Z \/éanlmQZJQ?m/3 + \/gbnlm(PlJ)?m + \/ic?mn(sz'oj)?m

nd,m

+\/§c?mn(sf7)?m + \/idlomn(ij)?m + \/‘—?‘—dlemn(GfJ)?m * (310) .
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The lapse, shift and the scalar field can also be expanded by harmonics;

N=N, [1 +6712 % gnzmQ?mJ )

n,l,m

Ni=a 3 (67 knim (P + 2 i (Si)]

n,dm

o= o [2“1/27r¢(t) + 3 fnlmQ?m] . (3.11)
n,l,m

The definition and the normalization of these harmonics are given in the Appendix B. The
coeflicients pnim, buimy Cotms Cotms Fotms otms Gnlms Julms knim and froin are only functions
of time. We expand the action to all orders in the zero mode of the fields (a, ¢ and No)

but only to the second order in the non-zero modes (anlm, nlms ** %y Jnim);

S = So(a, ¢, No) + Z Sn, (312)

where Sy is the action of the Friedmann minisuperspace model given by equation (3.2)
and S, are terms quadratic in perturbations. Hereafter, the labels n, I, m, o and e will

be denoted simply by n. The exact forms of S, are given by

/dt gra.vzty + S&atter) y . (313)
where
s N (n2 5) (’n2. - 7)(n2 - 4) b2 — 2(77,2 - 4)62
gravity — 0 92773 3(712 _ 1) n n

—(n? + 1)d? +2(n? — 4)“"Tb" + -ggn {(n"’ — 4)by + (n® + %)an}

+% {~§(;’“—_—5 +t - 4)jz}]

2N0 (2 1)n n n

+gn {2adn + &*(3a, — gn)}

2 .
+d{ 2a,G, + SE 4;b by, + 8(n® — 4)caén + 8dndn}
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+62 {—§a2 +6(n2 —4)

b2 2 _ 2 2
L+ O+ 607 — 4t + 6

+e™ {kn (—z i, + ggnz — 4;b + agn> —2(n? - 4)_7ncn}] | (3.14)
and
53 [ (f2 4 6, fud ~
S‘rr:aatter = N; [(f Ni): f ¢) - 777,2 (f'r% + 6anfn¢) - e—2a(n2 - 1)f72L

+2 (f; m2¢2> {ai - —((——li)) 2 —4(n® —4)c2 — 4d;‘;}
~n (2m2fn¢+ Smita,g? 4 ot 3%4;2) _ 2knfn<2>].

NT e Nz (3.15)

One should note that we consider the configuration space near the Friedmann minisuper-

space and that the zero-mode of the fields (a, ¢ and Np) are not classical solutions. The

Hamiltonian can be expressed as

H=N, (H,O +> Hji+ ZgnH,’;)
+ 3 (B H" + 5, HY), (3.16)

where H|g is the Hamiltonian of the Friedmann minisuperspace model given by equation
(3.3). The second-order Hamiltonian Hj, is given by
He=Y Hp=3Y (HY™ + HY "+ B, (3.17)

where

15a2  6(n?—4) ,
2e3 (n2 —1) +{ 2 T —l)b”} "
-1,
(n?—4)
s (02=5/2) 5 (PP =T)(n*—-4) ,
{5 e e

a2 2 _
B = [{7" P ) b;i} 2
(n?

-2 + 7Tb,, + 7rf + 2a,m,, o + 8b, T, Ty

—ba,my, Ty — €

+2(n2 —4)

3 anb, — (n? — l)f,,f}
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+eb%m? (f,f + Ganfnqb) + e**m?¢? {3(13‘ _bnt -4 b2 }] , (3.18)

(n?-1) "
H(V)n 5 [(n —4)c (107r§ + 67r¢) Cay w2
+8¢n e, Mo + (0 — 4)c2 (264"’ - 666°’m2¢2)] , (3.19)

H I(ZT)n = 2(21? [df1 (107r§ + 6%2) + wjn +8d, 7y, 7o
+d? {(n2 +1)et* — 666"‘m2¢2}]. , (3.20)
The first order Hamiltonian is

Hi = o [—an (72 +373) + 2 (7,74 — Tu o)

2 e4a

+e8%m? (3an¢2 + 2fn¢) - {(n —4)b, + (n® + )an}]. (3.21)

The shift parts of the Hamiltonian are

o1 4(n? —4
HY" = oy [ g + T, + {an + ((" 1)) }vra + 3fn7r¢] , (3.22)
HY" = e [m,, +4(n — 4)cama] - (3.23)

The conjugate momenta have been defined in the usual manner (see Appendix C).
Because the Lagrange multipliers Ny, g,, k, and 7, are all independent, the Wheeler-

DeWitt equation is decomposed into two parts,
{H[o + E (&S + A" + 2 } Ula, , G, by sy f] =0 - (3.24)
and
HRU[a, ¢, an, bn, ay du, fu] = 0, (3.25)

where we have replaced the momenta by the operators;

Ty, — —1

— =1 n 8—bn’

g

n

da,’

g, — —1

n 5a T (3.26)
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with the replacements of the zero mode (3.6). The Hamiltonian operators are given by

' _1 ~3a 62 82 4o 6cr,. .2 12
H|0—§€ (W—w—e +e qu N

asm _ 1| ﬁ 10(n? —4),,] 0° _ 1542 6(n?—4),,] 0°

Hy _263"‘[ ,{2 T a2 T2 T oD oF

# -y ¢, P, &

9an2  (n2—4) 06,2  0fal "Banda " Obda
0 1of (0?=5/2) 5 (n®=T)(n®~4)

+6anafna¢—e { 3 a, 3(n? — 1)

?'L?f?:—él)anbn - (n2 - 1)f3}

6a, 2 ( £2 6. 2,2 | 305, _ 6(n® —4) ,
+e™*m (fn+6anfn¢).+e m¢ { > = 1) b ¢,
R R 0? 0? 1 0?
2 T 9.3 [ (n* —4)c;, (106a2 + 63¢2 - (n? — 4) dc,?
2

e 4 (n? — 4)c? (2e — 666°‘m2¢2)],

+

b2

+

dc,0a
(T __1__ 2 0? 0? _ 9? _ o
H; ™ = 2e3a [ dn (108a2 + 63¢2 0d,? 8cn 0d,0a
+d2 {(n2 + 1)e** — 666°‘m2q52}} (3.27)

and

cn 1 ”® 0 iz iz
Hii = 355 [“" (8a2 + 3&;52) ~2 <8fn6¢ - 8an6a)
26401

+e5*m? (3an¢2 + 2fn¢) -3 {(n2 — Db, + (n® + %)an}] . | (3.28)

Following Halliwell and Hawking [14], we call equation (3.24) the master equation and

equation (3.25) the linear Hamiltonian constraint. The momentum constraints are

'Flff)nq;[a, ¢7 A, bn)cn>dn, fn] =0 (329)

and

H" Yo, ¢, by, Cny dn, f] = 0, (3.30)
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where

gom _ 1 [ 9 8 in’-4), 19 .. 98
i ‘3e3a[ 8an+8bn+{a"+ mi=1) [ 3a T 358

gV _ = | 9 4 4in? — aye. O
H/"=e [(%n +4(n 4)cn8a] . (3.31)

C. The analysis of the stability of the Friedmann minisuperspace

While we consider only the second order in the non-zero modes, the master equation
(3.24) is difficult to solve analytically. We solve it numerically by picking up some in-
homogeneous mode from the infinite number of modes adequately. In other words, we
restrict the degrees of freedom of the superspace of this system to a finite number. The
reason why we can pick up some particular inhomogeneous mode is that the perturbation
modes are not coupled directly and that the master equation (3.24) is expressed as a sum
of the each mode.

" There are many ways of picking up the inhomogeneous modes. For example, we can fix
the mode number n for some value. Furthermore we can pick up only the scalar harmonics
part of the gravity (an, bn, g» and k), the vector harmonics part (cn, j») or the tensor
part (d,). The easiest ndn—trivia,l one is described in what follows. For the metric, we
set the scalar type perturbations (a,, b,, g» and k,) equal to zero and consider only the
vector and the tensor type perturbations (¢,, d, and j,) for some fixed n. For the matter
field, we also fix the mode number to n. We consider the higher-dimensional (but finite)
space W which includes the lower-dimensional Friedmann minisuperspace and then we
solve a reduced Wheeler-DeWitt equation on the space W. We are not bothered by the
problem of solving the Wheeler-DeWitt equation and the linear Hamiltonian constraint
equation simultaneously, because we have omitted the scalar type perturbations (ay, b,,

g» and k,). We do not discuss the effect of the scalar harmonics part.

30



Following the above restriction, we obtain a master equation on the restricted space

W:
‘ (ﬁlo + H(V)n + H(T)n) \Il[a, b, cn,dn,fn] = (. '(3.32)

Hereafter we call the equation (3.32) the fixed master equation. There is neither the scalar
momentum constraint (3.29) nor the linear Hamiltonian constraint (3.25). Following the
discussion in the paper of Halliwell and Hawking [14], we can eliminate ¢, from the fixed
master equation (3.32) by using the vector momentum constraint (3.30). We can use it
to substitute for the partial derivatives with respect to ¢, and then solve the resultant
differential equation on ¢, = 0. After we know the wave function on ¢, = 0, we can use
the vector momentum constraint (3.30) to calculate the wave function at other values of
Cn-
Consequently we obtain the modified fixed master equation;

N1 7] 0 0? 0?
T [(1—10d2)( @Jrag—) (1+6d2)a¢2 3

0 0 2 6,2 _ 4
Sdnaadna 6f7%+maq5 a

+a&2 {(n? +1)a* — 6m?a®¢?} + (n? — 1)a*f2 + m?a® f,f] Ula, ¢, dn, fa] =0.  (3.33)

This is the hyperbolic partial differential equation. We can therefore regard the scale
factor a as time.
To analyze the stability of the minisuperspace, we first set a wave packet which is

centered around the minisuperspace sector as the initial condition;
U(a = ag) x exp (—uodi) , (3.34)

where g is an arbitrary constant (see Figs.(1, 2)). We then investigate the development of

the wave packet prepared. We impose the boundary condition of the wave function; ¥ — 0
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as the inhomogeneous perturbation d, or f, goes to infinity. The free parameters of this
system are the mass of the scalar field (m), the mode number (n) and the initial value of
the scale factor (ag). We compute the development of the wave packet with respect to the
scale factor (a) in the various cases of these parameters. And the results are summarized
in Tables.(1, 2). For the minisuperspace case, we can see that the wave function of
the universe grows exponentially (see Fig.(3)). For the perturbed minisuperspace case,
if the wave packet develops exponentially without much spreading into the surrounding
minisuperspace, we can consider the minisuperspace stable (for example, in a case ag = 20,
m = 0 and n = 2, see Fig.(1)). On the other hand, if the wave packet dose not grow
exponentially or much spreading into the surrounding minisuperspace, we can say that
the minisuperspace is unstable (for example, in a case ¢g = 2, m = 0 and n = 2, see
Fig.(2)). Furthermore we compute the development of a standard deviation (Ad,) of the
wave packet to check whether the minisuperspace is really stable. The standard deviation
Ad,, is used as an index which represents the width of the wave function in the direction of
d,. The results are in Flg(4) From this figure, we can conclude that the minisuperspace
is stable when the initial value of the scale factor (ao) of the universe is larger than a few
times of the Planck length. In this case, we can regard the wave packet (which grows
exponentially) approximately as the wave function of the universe on the minisuperspace.
On the other hand, the minisuperspace becomes unstable when ao is near the Planck
length. The results do not change even if the mass of the scalar field or the mode number
n is set large (see Table.(1, 2)).

Our result agrees with the \(alidity region in which the WKB approximation is appli-

cable.
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IV. THE LAPSE, SHIFT AND THE LIOUVILLE FIELD IN 2-DIMENSIONAL
GRAVITY

It is well-known that string theory can be viewed as 2-dimensional gravity. Here we
want to consider it as a toy model for 4-dimensional quantum cosmology.

In 4 dimensions, we have seen, in §II, that a quantum state of the universe is described
by a wave function of the universe on superspace (see for example Ref. [13]). Superspace
has a finite number of coordinates at every point on the 3-hypersurface and is infinite-
dimensional. In order to discuss quantum mechanical properties of the universe, many
people want to solve zero-energy Schréodinger equations that are decomposed into the
Wheeler-DeWitt equation and the momentum constraints by the (3+1) decomposition
consisting of the lapse and shift functions (N, N*) and the 3-metric on the hypersurface
(hij)- It is very hard, however, to solve such infinite-dimensional differential equations
without any approximation apart from many difficult conceptual problems. In order to
make this problem tractable, we often reduce the degrees of freedom of the superspace to a
finite number by assuming certain symmetries (see §I1.E). This reduced finite dimensional
superspace is called minisuperspace. In the minisuperspace, the transition amplitude of
the universe defined by path integral can be easily shown to obey the Wheeler-DeWitt
equation in the N = 0 gauge [20].

In contrast to the above 4-dimensional case, the Einstein action becomes a topoiogical
number in 2 dimensions. In order to obtain a gravitational theory, we have to treat an
anomaly of the path integral measure exactly (see for example Ref. [15]). It has been
proposed that the minisuperspace represents the superspace exactly in 2 dimensions [26],
[27]. The reason may be that an argument of a wave function of a 1-dimensional universe
may be the length of the universe itself (see §11.B). This conjecture is partially supported

by the calculations of the ¢ = 0 matrix model [26].
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In this section and next section, in the context of quantum cosmology, we want to
investigate this proposal in the framework of the continuum Liouville theory. In §IV.A,
in order to'investigate the lapse, shift and the Liouville field in 2-dimensional gravity,
we will start from the Polyakov action and will briefly review the known formulation to
rewrite it by using the (141) decomposition [28]. Some of this discussion in what follows
is developed in Ref. [16]. We will show that the path integral measure [Dg,s) can be
decomposed into [DN][DM][D¢] by using the lapse and shift functions (N, M) and the
Liouville field (¢). In §IV.B, however, we will ﬁnd that there is an undesirable term

consisting only of N and M in the Liouville action.

A. The ADM decomposition in 2-dimensional gravity

In this subsection, we will briefly review the formulation of 2-dimensional gravity (see
for example Ref. [15]). Starting from the Polyakov action, we will rewrite it by the (1+1)
decomposition. We will obtain the transition amplitude of the sting universe, which will

be used in §V.

We write the coordinates on the worldsheet as
& = (&,¢8Y. (4.1)

In this coordinate, the transition amplitude is represented as

[Dgas][DX*]

_l 2 ab 7 }
vol(Gauge) exp{ Q/d V9970 X 0 X (42)

Z[XqusFaX?,(bI] = /
where the metric on the worldsheet is given by
ds® = gap(£)d€*dE® = €O gyy(€)dEdE". (4.3)

Here we take a conformal time on the worldsheet, and can take out the dynamical variable

as an overall conformal mode. We also parametrize the fiducial metric §o3(£) by using the
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lapse and shift functions N(¢), M(¢), following the ADM decomposition in 2 dimensions

[28];

N(&)™* + M(£)* M(§)
M(¢) 1

Gab(€) = (4.4)

The reason why we take an inverse of the lapse function will be discussed later. The most

general local metric on deformations dg,; of the metric is given by

16g11% = [ d26\/g{G™* + ug g }6gmsdges (45)

where u is an arbitrary positive real number and G%*? is the identity operator in the

space of symmetric traceless tensors;

Goted = = (8568 + 5267 — garg™) . (4.6)

DN | =

The decomposition of the measure [Dg,] in the transition amplitude (4.2) is given by the

orthogonal decomposition;

Jgab = 5hab + ((sp)gaby (47)
where
6N
op = N + ¢ (4.8)
and

(M?/N — 1/N3) 6N + 2MSM MSN/N + §M
" MSN/N + M SN/N

Shap = €? (4.9)

Here ép is the trace part of the metric deformations 8g.p, and Jhgs is the symmetric

traceless part. Then the metric on deformations of Jg;b is decomposed as

16911* = [ d€/GC™4ShanShia +4u [ 6 /G(60). (4.10)
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From this decomposition, we can separate the measure [Dg,s] in the form of [Dp][Dhgs).

Next we change variables from p, hgp to ¢, v,;

5p =8¢+ g Va (Svs),

Shay = 2G4 7. (6va) = (P16v) | (4.11)

where dv, are infinitesimal generators with respect to a 2-dimensional diffeomorphism.

The operator P; maps vectors into symmetric traceless tensors. We obtain another de-

composition with the Jacobian {det' (PTPI)}I/z,

1 det < pU)| 2L > ;
[Dgas] = l;IdTivol(CK) s zb(’)lzﬁ("; : /2[ $)[Dv,] {det'( P} Pl)} (4.12)

det<yp) | 228>, )
ety ,: is the Weil-Peterson measure
det<yp() [p(*F) >4 ‘ .

where 7; are moduli parameters and the factor
which represents the angle between the moduli space and the gauge orbit of a diffeomor-
phism. The prime in equation (4.12) denotes the omission of zero mode with respect to
conformal Killing vectors dV'; Pi(dV) = 0. We must divide by the volume of conformal

Killing vectors vol(CK). The Liouville action Sy arises in the formula;

det < ¢(’)l37k
det < Y@ p®) >1/2

12 det < d"(])lark

1/2
B t PtP 481rS¢[¢1g] 4 13
g det < '(/)(J)W)(k) >;/2 { ( 1)} e ( )

{det'(PIPy)}

Accordingly the measure is decomposed as

det < ()| 2L <
[Dgas] = ] dr: o 1/2
i d t < PpD]ehlk) >;

= [D|[DhaeFeselei, (4.14)

TDADed) {det/(PIR) ) /* e

where R,y is defined by above equation. The most general local metric on deformations

Shap is given by

H(Si?,||2 :/d2§\/T{éabcd_l_ugabgcd}(silab(gilcd
,
- / & { (‘SN ) +2N2(5M)} (4.15)
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From this decomposition, we obtain another separation of the measure [Dgy];
[Dgas] = [DY|[DN][DM]e~ 3551441, (4.16)

In obtaining this form, we have taken the parametrization of the fiducial metric given by .
equation (4.4). Here we find the same separation form of the measure that we take in 4
dimensions (see §I1.C). This discussion is developed in Ref. [16]. We should be careful
about treating the measure of the Liouville field [Dg], because it is not translationally
invariant. We will discuss it in §V.

The difference of the path integral for conformal matter fields (central charge c) eval-

uated on g, and that on g, is also represented in terms of the Liouville action;
/[DX"]g exp {—.l/cﬁf\/_g“ba X“abX,L}
=[x, exp{——— [ #e\fai0.x 0., }eaf:%l"’@l. (4.17)

Consequently the transition amplitude (4.2) can be expressed as

2 e Xt ) = [ UM [1Dxmexp {3 [ e /oo, x a0, )

X / [Dle S5 5olb4), (4.18)

B. The action for conformal matter fields and that for the Liouville field

By using the parametrization of the fiducial metric (4.4), we can write the action of

conformal matter fields as

Sxn = % / L6\[55%0.X 0, X,,
- /d2§ {Px,X* - N-'HF" - MEF"}, (4.19)

where
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" == (Px"Px, — X*'X,'), H{" = Py, X" (4.20)
Likewise,
2y [2 10 ; ¢
Ss = n/d 6\/5_]{59 0a90s$p + R + pe }
= / 6 {Pyp— N"'HE — MH} + 25N M}, (4.21)
where

Py=kN (3 Mg —2M'),

HS = %Pf = 54"+ 2n¢" + pe?, HY = Pogf — 24, o (422)

The dot and the prime represent the derivative with respect to £° and ¢! respectively,

26—c

and we take k = -
74

The extra term 2 NM’? in the Liouville action (4.21) prevents us from interpreting
the lapse and shift functions as the Lagrange multipliers which enforce the Hamiltonian
constraint and the momentum constraints [16] [28] [29]. This is related to the fact that
there is no invariance under the diffeomorphisms of the fiducial metric §,, where the
Liouville mode ¢ is taken out. Therefore we cannot construct the canonical formulation
of this system; the degrees of freedom are insufficient and there is no canonical structure
(classically). In order to avoid this problem, Teitelboim added an extra field to the system
in order to recover the canonical structure [28] [29] [30]. The meaning of this extra field is
unclear however. In the next section, we will bypass this problem for the case of annulus

topology.
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V. THE EXACTNESS OF THE MINISUPERSPACE IN 2 DIMENSIONS

In this section, we take a conformal gauge in order to eliminate the problematic term
mentioned in the previous section. We restrict ourselves to the case of annulus topology
and calculate the transition amplitude of the 1-dimensional loop universe. We will show
that the non-zero modes of the fields are all cancelled out in the transition amplitude
only when we take the ¢ = 1 conformal matter field and impose the Neumann boundary
condition on the system. The reason is as follows. When the cosmological constant is
ignored, the Liouville field acts as an extra conformal matter field. Therefore the target
space is 2-dimensional but a string cannot vibrate in 2 dimensioné. The rational for
ignoring the cosmological constant will be discussed later in this section. This cancellation
of the non-zero modes is similar to the case of torus topology which was investigated by
Bershadsky and Klebanov [31]. Our guiding principle is that ghost fields should not
appear on the boundary in the context of quantum cosmology, and this requirement is
satisfied only by the Neumann boundary condition. In open string theory, the Neumann
boundary condition is taken, because the end points of a string are free. In our case,
the Neumann boundary condition means that we must sum over all allowed values of the
non-zero modes in the initial and final states. As a result of these settings, we obtain the
transition amplitude constructed only by the zero modes. It can be said that the Wheeler-
DeWitt equation, that this transition amplitude obeys, exists only on the minisuperspace,
and therefore the minisuperspace represents the superspace exactly. Our result crucially

depends on the fact that we consider the case with the ¢ = 1 conformal matter field.
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A. The transition amplitude for the case of annulus

Here we concentrate on the case of annulus topology and fix the diffeomorphisms
completely by taking the easiest gauge, namely the conformal gauge, in order to eliminate
the problematic term mentioned in the previous section. This gauge fixing is quite different
from the N=0 gauge used in the minisuperspace treatment of a 4-dimensional gauge
fixing .(see for example Ref. [13] [20]). If we fix the diffeomorphisms completely, this
problematic term disappears and the degrees of freedom in the fiducial metric §,s Become
finite, and is described by a modular parameter ¢ in the annulus case. In other words,
we can take N™! = ¢t and M = 0 in the parametrization (4.4). In this gauge, from the
decomposition of the measure [Dg,;] given by the first line of equation (4.14), we obtain
the transition amplitude of the 1-dimensional loop universe;

1 <y|Z>;
CK) < ol >;*
X /[DXﬂ]e—qu[X“,t]/[D¢]6-5¢[¢,tl

_ /wijtf{det’(PfPI)};ﬂ/[DX“]e_SX"[X“’ﬂ/[D¢]e—s¢[¢’ﬂ’ (5.1)
0

ZIXE bm X2 b1 = [ dt det'(PiP) )V
o g

where we have used the following results of the calculations of the Weil-Peterson measure

and the volume of a conformal Killing vector;

<> _ 2\
w0 2
and
Q(CK) =t'/2, (5.3)

Note that the volume of v, is divided by vol(Gauge). Here the action of the conformal
matter fields and that of the Liouville field can be rewritten respectively as
- 1 2 IR Iy ! .
SxulX*t] = 5 /M o { XX, + X*'X,'} (5.4)
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and

Sils,f =5 /M Po{§+ 47— 44"} (5.5)

Here we have simply discarded the cosmological constant (see the subsequent discussion
for the case of ¢ = 1).

In order to obtain the actions (5.4) and (5.5), we have made a coordinate transforma-
tion from £ to o® (0% = t£°, o! = £') and the region M of the new coordinates o is

given by
M: 0<o°<t, 0<o'<1. (5.6)

Here the space coordinate ¢! is periodic and the boundaries exist at ¢® = 0,¢. From this
tra,ns’formation, we can interpret the modular parameter ¢ as a time varia,blle of the system
consisting of conformal matter fields and the Liouville field.

For the computation of the transition amplitude (5.1), we will make the mode expan-
sion. For conformal matter fields, we expand them as follows

X*(0%0") = X§(0°) + 3 at(o®)e 2", (5.7)
n#0

The first term is the zero mode and the second term represents the vibrations. We can
separate the partition function of matter fields into the zero mode part and the non-zero
modes parts;

Jxnesotxna < [ipxg1e X EI ] [[Daggealeh
n#0

= KX 1 X, 0) T {——1—5}/ 5.9

oty nsinh(2mnt

where
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SXF‘[XM’ t] = SX&‘[X(I)L’t] + Z Sa#[a‘z’t],
. n#0

17t ..
Sxa[Xt,t] = < / do® Xt Xo,
2 Jo
7 1t 0J u; 2 p
Spelak,t] = 5/() do {ananu + (27n) ananu} , (5.9)
and

K(X{r,t; X{1,0) = /[pxg]e“sxglxé‘,t]

= () 7 ep | - b = Xbr) Xory = Xor)
2nt 2% _ ’

cf2
W= Saelait] _ 1
/ [Dazle {nsinh(27rnt) } ) (5.10)

We have used the knowledge of the path integral in quantum mechanics for a free particle

and a harmonic oscillator. Here we have taken the Neumann boundary condition as stated
before. Note that the Neumann boundary condition p.uts' no restriction on the zero mode.

For the Liouville field, we also make the same mode expansion;

P(0°,0%) = ¢o(0°) + 3 by (%)™ 2" (5.11)
n#0

We also separate the partition function of the Liouville field into two parts;

1/2
- [ 1t] —_— . 1
/ [Dgle™51*" = K (dor, t; dor, 0)711;[0{————nsinh(2m t)} : (5.12)

where

S¢[¢’ t] = S¢o[¢0at] + Z Sbn[bnat]a
n#0

K [t -
Suldot] = 5 [ do°%,
¢ .
Sialbnst] = & [ do® {b,f + (2m)2b§} . (5.13)
0
The second derivative term in the Liouville action (5.5) disappears in the mode expansion.

For the ghost fields, we also take the Neumann boundary condition. We obtain the

Faddeev-Popov determinant
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{det'(PlJrPl)};/2 = 2rt [ ] nsinh(2nnt). (5.14)
n#0

There is no zero mode, because it is absent from beginning.
Inserting the partition functions of conformal matter fields and the Liouville field (5.8),
(5.12) and the Faddeev—Popov determinant (5.14) into equation (5.1), we obtain finally

the transition amplitude for the case of annulus topology explicitly;
21Xt e Xt i) = 2 [ de (X, 5 X1, 0)K (Jor, 5 o1, 0)

(1-c)/2
X {H nsinh(27rnt)} . (5.15)

n#0

B. The minisuperspace Wheeler-DeWitt equation

We can easily show that the partition function for the zero mode and the one for the

non-zero modes satisfy the Euclidean Schrédinger equation individually;

B K (Xt t; XE,0) = —%K (Xor> 1 X515 0),

. 0
Hy"K(app,t;a,1,0) = "—'a"ZK(aﬁFwt;aﬁI’ 0) (5.16)

and

. o
H K (dor,t; dor,0) = — =K (¢or, t; dor, 0),
ot

f[o"K(an,t;bn[,O) = —%I((bnp,t;bnj, 0). (5.17)

A » A A A
The Hamiltonian operators Hg{ o Hgﬁ, H¢ and H!» are defined as follows. From the

mode-expanded actions (5.9) and (5.13), we can rewrite the actions and Hamiltonians;

t .
Sxu[X* 1] = /0 do® { Px, X6 + Y Pu, 0k — Hg“‘} (5.18)
n#0

and
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Sy[b,t] = fot do® {P¢0¢0 +> PBb, - Hg} , (5.19)

n#0
where
H[‘)X“ = —;— PXO”'PXO;L + Z {Pan”Pan,,, - (27rn)2aﬁan,,}] = HéX# + Z Hgﬁ’
| . n#0 _ n#0
HE = .'23 P2 +3 (B>~ (27m)2b§}] = H{ + S HE-. (5.20)
| n#0 n#0

In order to obtain the Hamiltonian operators, we replace the momentum by the differential
operator.

We observe that the last term of the transition amplitude (5.15) becomes a number
only when we take ¢ = 1. This means that there is no vibration of the string as stated
before. Therefore only in the case of ¢ = 1, we c;“un show that the transition amplitude
of the string universe obeys the minisuperspace Wheeler-DeWitt equation, by using the

Euclidean Schrédinger equations (5.16) and (5.17);

HoZ[Xp, ¢r; X1, 61) = (PIS‘ + FI(?) Z|Xr, ¢r; X1, ¢1]
= (ﬁ-’g(" + fI{f") Z|Xr, ¢r; X1, $1]
o 9
= —2n [ diz {K(Xor, t; Xor, 0) K (dor, t; dor, 0)}
0 t
= =27 [K(Xor, t; Xor, 0) K (¢or, t; $or1,0)]g

= §(Xor — Xor)6(dor — dor)- (5.21)

Here, in the case of ¢ = 1, the reason why we could ignore the cosmological constant is
clear by following the discussions in Ref. [31] [32]; the theory cut-off by the exponential
interaction which originates from the cosmological constant may be identified with the free
field theory with an appropriate renormalization. We do not have to take the modification
of the Liouville field dynamics proposed by David and by Distler and Kawai [33] [34], when

we only consider the annulus topology without cosmological constant.
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As is well known, the quantity [],.o nsinh(27nt) in the Faddeev-Popov determinant
diverges. If we regularize this quantity by using ¢ function, we obtain the well-known
form

{det'(PfPl)};/2 = 2nt [ ] nsinh(2mnt)
n#0

= 2rte¥ I (1 - )", (5.22)

This regularization is not important, because these divergent quantities are all cancelled
out in the transition amplitude (5.15) in the case of ¢ = 1.
On the other hand, if we take the Dirichlet boundary condition for the conformal

matter fields and the Liouville field, we obtain the transition amplitude;

Z[XII;‘, ¢F;X}L7¢I]

0

n#0
™
X exp [ — ZZ% m{ cosh(2mnt) (alpanr, + abanry + bhpbur, + b 1bur,)
— (20" panr, + 26%5bor,) }] . (5.23)

The Dirichlet boundary condition is not suited even for the ¢ = 1 case. One reason is that
if we regularize the quantity [T,.on?, it becofnes zero and the transition amplitude given
by equation (5.23) becomes meaningless. The other reason is as follows. In the Dirichlet
case, we are left with the non-zero modes of the conformal matter field and those of the
Liouville field on the boundary. In addition, the factor sinh™*(2mn) is cancelled out by the
Faddeev-Popov determinant, and therefore the non-zero modes on the boundary cannot
satisfy the Euclidean Schrodinger equations (5.16), (5.17) by using the parts which do not
cancel out. In this case, the transition amplitude (5.23) cannot obey the Wheeler-DeWitt

equation. These are the reasons why we have chosen the Neumann boundary condition.
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Our result depends crucially on the fact that we have considered the case with the
¢ = 1 conformal matter field. The situation for ¢ # 1 is beyond the scope of this discussion,

because it is impbssible to cancel out the vibrations of the non-zero modes.
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VI. CONCLUSIONS AND REMARKS

In this thesis, we have examined the validity of the minisuperspace in the context of
quantum cosmology in 4 and 2 dimensions.

In 4 dimensions, we have investigated the stability of the Friedmann minisuperspace
model by numerically solving the Wheeler-DeWitt equation [11]. In our analysis, a fixed
mode number n is picked up and we considered only the scalar harmonics part. We can
conclude that the minisuperspace is stable when the initial scale factor ag of the universe is
lager than several times the Planck length. The minisuperspace becomes unstable when aq
is about the Planck length. This result indicates that the minisuperspace approximation
is meaningful in the region where the WKB approximation works within the limitation
of our analysis.

In'2 dimensions, we have pointed out that the canonical structuré is absent [12] [16]. In
order to eliminate the problematic term, we have taken a conformal gauge by concentrating
on the case of annulus topology. In this gauge fixing, the modular parameter plays a role
of the lapse function used in the minisuperspace N = 0 gauge. We have obtained the
transition amplitude of the string universe which obeys the minisuperspace Wheeler-
DeWitt equation. We have restricted ourselves to the case of the ¢ = 1 conformal matter
field and have imposed the Neumann boundary condition [12]. There may be other
methods to avoid this problem, and it is worth investigating different gauge fixing (for
example Ref. [35]‘ [36] [37]).

Especially in Ref. [36] or in Ref. [37], they obtain the reduced quantum mechanical
action for the length of a loop uﬁiverse in the pure gravity. In Ref. [36], the proper-time
gauge

1 0

gab(t7 :L') = (61)
0 ~(t,z)
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is taken and the reduced action is derived by solving the momentum constrain Ty; = 0.

In Ref. [36], the temporal gauge

ot ) = L+ 1(1)7(52)? 12)k(5,2) | 62
1(£)2k(t, ) 1(t)?

is taken and the reduced action is derived as the difference of the Faddeev-Popov de-
terminant in the similar way to obtain the Liouville action. In these gauge fixings, the
transition amplitude depends on the length of the boundary, and therefore it can be said
that the minisuperspace is exact in the pure gravity. Their results is natural, because the
above situation is expected only in the case of the pure gravity. In general, when we take
into account of the conformal matter field coupled to the two-dimensional gravity, it is
possible to consider another arguments of the transition amplitude except the length of
the boundary. Our result may depend on the speciality of the case of ¢ = 1. We should
remark that the Wheeler-DeWitt equation derived in this thesis may be related to the

moduli invariance.
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APPENDIX A: EUCLIDEAN PATH INTEGRAL IN 4 DIMENSIONS

In the Euclidean signature, the ADM (1 + 3) decomposition form of 4-metric is
ds* = Ndr® + hy; (Njdr + do*) (Njdr + da)
= (NZ+ NE,-NE)dT2 + 2Ngdzidr + h,-jd:vid:vj.
Here we use the relations
7=4t, Ng=N, iNp= N
iKd =K%, iI=35.
From these relations, we obtain the Euclidean action;
I =1+ I,
where
I,= —%2”; {/M d*z /g (R — 2A) + 2/8M d%\//?KE}
_ fg_i /M drd*aVhN {Kgi K — K& — @R+ 20},
I, = —;—/d‘*:c {g‘“’@@&,@ + m2<1>2} .
By using this actioﬁ, we define the Euclidean path integral

Dy, _
R "B B =/ [ @ I{gpv,®)
ki, O by, @) vol(Gauge) [Dole

= [[DN[Dh][DBISII — 3] Ay eown,
APPENDIX B: THE DEFINITION AND THE NORMALIZATION OF

HARMONICS

The scala,r'spherical harmonics QF,(x, 8, ¢) are defined as
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Q?’m(X)a’ 90) = H?(X)Ylm(07‘P)) (Bl)

where II?(x) are the Fock harmonics [38] [39] and Y},.(6,¢) are the spherical harmonics

on S2. The scalar harmonics Q7 are the eigenfunctions of the Laplacian operator on S3,
QWF =—(n?-1)Q™W, n=1,2,-. (B2)

The spherical harmonics QF, constitute a complete orthogonal set for the expansion of
any scalar function on S3.
The transverse vector harmonics Sz-(n)(x, 0, ) are the eigenfunctions of the Laplacian

operator on S3,

z(ni;s: § =_(n2_2)5i(n)’ n=2’3,"'7

s~y (B3)

The exact expressions of S{™ are given in Ref. [39] and S\™ are classified by as odd (o) or
even (e) parts using a parity transformation. The third vector harmonics P; are defined
by the scalar harmonics Q7,,,
Pi=—1—Q|i, n=23--- (B4)
v -

and satisfy

P(Tll Ik —_ _(n2 _ 3)P.('ﬂ),

1 ]

PP =_q. (B5)

The three types of vector harmonics S,-(o) , S}e) and P; constitute a complete orthogonal
set for any vector function on S3.
The transverse traceless tensor harmonics Gg-l) are the eigenfunctions of the Léplacia_n

operators on S3 which are transverse and traceless,
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»E;L)Iklk =_(nn2 . 3)G$?)7 n = 3, 4’ —_—
GP ¥ =,
Gz(n)z : 0.

(B6)

They are also classified as odd Gg-') or even GE;) parts. Explicit expressions for Gg-’) and

Gg;) are given in Ref. [39]. The traceless tensor harmonics S,,(; ) and Sf; ) are defined, both

for odd and even, by
Sij = Sy + S5
and they satisfy
b _
Sij] = —(n2 —_ 4)5’1
|¢4
Sz'j ! = 07
Sz'_y!k]k = —(n® — 6)S;.

The two tensors @);; and P;; are defined by the scalar harmonics,

1
Qij = gQijQ’ n= 1’2’ Y
1 1
Py = (nT——leW + §QijQ, n=2,3,---

and satisfy the following equations,

?,

Pl = —g(n2 — 4)P,
k
e = —(n?=T)Py,

7

ij 2
Py = —2(n* - 4)Q.

The six tensor harmonics G\?, {2, s s

3 ? 3 2 My Y Mg 0

onal set for any symmetric second rank tensor function on S3.
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(B8)
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(B10)

Qi; and P;; constitute a complete orthog-



The normalization and the orthogonality relations are described by the following equa-

tions,

[ A4 Qi = 8 S,

[ (PP =

J P (P = B =D S i
[ (SS9 = 2 = 8™ Sy,

/d/‘(GzJ)lm(G’J)z'm' =" 5mm'5”’ - (B11)

1
(Smm’al'l’a

where dy is a integration measure on 53,
d/,L = da:S(det Qij)l/z
= sin §dxdfdp. (B12)

The reader may find further details on the harmonics in Ref. [38] and Ref. [39].

APPENDIX C: THE CONJUGATE MOMENTA IN THE PERTURBED
FRIEDMANN MINISUPERSPACE MODEL

Here we give the full expression for the conjugate momenta to «, ¢, a,, by, ¢,, d, and

.

3a .
Mo = _eN; I:—é! + Zn: {_andn 4((712 ))b b + 4(n® — 4)cnén + 4dy d }

Jrcvz{—§ 2+((——14)) b2 + 6(n® — 4)c2 +6d§}

+ Zgn {dn + &(3an — gn) + —e"“kn}],

[¢+ > {3anfn +é ( a2 - (( 2 14))63 i — iy 4d2)}
+2n: {662 — g (fn +30.8) — e“’knfn}] (C1)
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and

6301

. . 1 e
Ta, = _NO_ {an+a(an—gn)+ 3e kn},

e3°‘(n2—4) . 1
= S {46ty — ze
N ZE TR
3o
Tep = j\f_o (n2 - 4) {én + 4o, — e“"jn} ,

T, = %: {dn + 4adn} s

3a . .
T = E]V—o- {fn + ¢(3an - gn)} . (02)
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Fig.(1); The wave function ¥ of the universe in a
case n=2, a;=20, mass=0. The figure shows the d;

and a ( scale factor ) dependence of V.

Fig.(2); The wave function ¥ of the universe in a case
n=2, a0=2, mass=0.
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Fig.(3); The exponential growth of the wave function
¥ of the universe of the minisuperspace model without
matter fields ( where a is a scale factor of the universe

and a, =1).
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Fig.(4); The evolution of Ad_  with respect to the scale
factor ( a—ao) in a case n=5, mass=0.
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0w | OO0 0
15 | O] O] O] O
201 OO 0O O

Table.(1); The above table classifies whether minisuperspace is
stabel or not ( with respect to the intial value of the scale factor
and the mode numbern). Thenotation (), X or A
means that minisuperspace is stable, unstable or critical
respectively.
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Table.(2); The above table classifies whether minisuperspace is
stabel or not ( with respect to the intial value of the scale factor
and the mass parameter m). Thenotation (), X or A
means that minisuperspace is stable, unstable or critical
respectively. '






