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Abstract
In Theorem 1 of this paper, we establish the necessary affitisof condition
for the values of a power series, a Lambert series, and arnténfinoduct generated
by a linear recurrence at the same set of algebraic point taldebraically depen-
dent. In Theorem 4, from which Theorems 1-3 are deduced, vt@inolan easily
confirmable condition under which the values more geneiah those considered in
Theorem 1 are algebraically independent, improving thehotkof [5].

1. Introduction and results

Let {ax}x>0 be a linear recurrence of positive integers satisfying
(1) A+ = ClAgap—1F -+ - T Cpay (k = 07 1; 2 s )

wherecy, ..., ¢, are nonnegative integers with / = 0. We define a polynomial gkisso
ated with (1) by

(2) dX)=X"—c1 X" - —c,.

In this paper, we always assume thbt+ ( /A) = 0 and the ratio ofpairy of distinct
roots of ® (X' ) is not a root of unity and thdt; }r>0 iS not a geometric progression.
In what follows, let

Ay

fR)= 2", g(Z)=Zli;ak, hz)=Ja-z

k=0 k=0 k=0

and letQ and Q denote the fields of rational and algebraic numbers, relspéctThe
author [5] proved the following theorem: Let,...,«, be algebraic numbers with
0 < o] <1 (1<i <r)such that none ok;/a; (X i < j <r )is aroot of
unity. Then the 8 numberg of ,d a{,haf ) @i <r ) are algebraically irelep
dent.

On the other hand, the author [4] obtained the necessary w@ffidient condition
for the numbersf o), ..., f(«,) to be algebraically dependent.
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DeriniTion 1. We say that the algebraic numbers ..., o, with 0 < || < 1

(1 <i < r) are{alr>0-dependentf there exist a non-empty subsét;,, ..., o;} of
{aa, ..., a.}, roots of unity¢y, ..., &, an algebraic numbepy  with;, &y &<
t), and algebraic numbets, ..., &, not all zero, such that

Z ‘i'-l;/ak =0
=1

for all sufficiently largek .

Remark 1. If the algebraic numberg,, ..., a, with O < |o;] <1 (1<i <r) are
{ar}k=0-dependent, then the numbers flai) ..., f(«,) are linearly dependent over

Q, namely>"/_, & f(«;,) € Q.

The author [4] proved that the numbeysaa), ..., f(«,) are algebraically de-
pendent if and only if the algebraic numbess, ..., «, are {a;}i=o-dependent. In
this paper we establish the necessary and sufficient condior the 3 numbers
flo), g(a;), h(ey) (L <i <r) to be algebraically dependent:

Theorem 1. Let {ax}r>0 be a linear recurrence satisfyinfl). Let o1, ..., «, be
algebraic numbers wittD < |o;] < 1 (1 < i < r). Then the numbers (o), g(w;),
h(e;) (1 < i < r) are algebraically dependent if and only if the algebraic mars
a1, ..., o are {a;jr=0-dependent

Combining Theorem 1 and the above-mentioned result of [4, immediately
have the following:

Theorem 2. Letas,...,«, be algebraic numbers with < |o;| <1 (1<i <r).
If the numbersf(ai), ..., f(«,) are algebraically independenthen so are the num-
bers f(a;), g(ai), h(;) (L <i <r).

Theorem 2 implies the following:

Theorem 3. Letas,...,«, be algebraic numbers with < |o;| <1 (1<i <r).
Then

trans de@ Q(f(al)v e f(al’)v g(al)v e g(ar)v h(al)v cees h(ar))

3) > 3trans deg Q(f (1), ..., f(er)).

The following is an example in which the equality of (3) holds
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ExampLe 1. Let{a}x>0 be a linear recurrence defined by
ao=1 a1=2, ap2 = 3ape1 tax k=0,1,2...)

We put

FQ=3 g =) k=[]

k=0 k=0 k=0
Let « be an algebraic number with®|a| < 1 and let ¢ZEV=13=(—1+,/=3)/2.
Sinceay =1 (mod 3) anday.+1 =2 (mod 3) for anyk > 0, the numbetg wa , and
o are not{a; }r=0-dependent. Therefore the numbefsy ,(f wa(, f )3 g(a), g(wa),
g(@®), h(a), h(wa), h(a®) are algebraically independent by Theorem 1. Noting that
f@)+ f(wa) + f(w?a) = 0, g(a) +gwa) +g @) = 3g@®) andh @} o ) @) =
h(a®), we see that

trans deg Q(f (@), f(wa), f(w?a), f(a®) =3,
trans deg Q(g(a), g(wa), g(@’a), g(a*)) = 3,
trans deg Q(h(w), h(wa), h(w?a), h(e®) = 3,

and

trans deg Q(f (). f (o). f(0’a), f(@®),
g(@). g(wa), g(’a), g(0®), h(a), h(wa), h(w?a), h(e®) = 9.

As shown in the example above or in Remark 4 of [5], it seemspticated to
state the necessary and sufficient condition for the valdetheo Lambert serieg z( )
and the infinite product z( ) afa;}i>0-dependent algebraic numbers, ..., o, to be
algebraically independent. In Theorem 4 below we estaladiskeasily confirmable con-
dition under which such values are algebraically indepahde

DeriniTion 2. We say that the algebraic numbers, ..., «, with 0 < |o;| < 1
(1 <i < r) arestrongly {ax}k>0-dependenif there exist a non-empty subs@t;,, ...,
a;,}) of {a1,..., .}, N-th roots of unity¢s, ..., ¢, an algebraic numbey  withy,
gy (L<1 <t), and algebraic numbets, ..., &, not all zero, such that

ZE}C,W[":O, m=1...,N—1 gcdp, N)=1
1=1

for all sufficiently largek .
It is clear that, if the algebraic numbess, ..., «, with O < |a;] <1 (1<i <r)
are strongly{a; }«>0-dependent, then they afe;}>o-dependent.
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The following theorem is more precise than Theorem 2 above.

Theorem 4. Let {ax}x>0 be a linear recurrence satisfyin@l). Let o1, ..., o, be
algebraic numbers witld < |o;] < 1 (1< i < r). Suppose that the algebraic numbers
ay, ..., o are not strongly{a;}r>o-dependentAssume further thaty, ..., o, (0 <r)
are not {ax }x>0-dependent or equivalently that the numbéisy,), ..., f(x,) are alge-
braically independentThen the numberg (i), ..., f(@,), g(e1), - - -, g(et), (o), - . .,
h(w,) are algebraically independent

Using Theorem 4, we have an example in which the strict inéguaf (3) holds:
ExampLE 2. Let {a}x>0 be a linear recurrence defined by
ap=1 a1=3, ap2=3m1ta; k=012...)

We put

ay,

fl)=) %, g(Z)=Zli;ak, h@)=]]a -z
k=0

k=0 k=0

Let @ be an algebraic number with®|a| < 1 and let ¢ZV-1/3=(—1+,/=3)/2.
Sinceay = 1 (mod 3) anday+1 = 0 (mod 3) for anyk > 0, the numbets, wa, w’a
and o® are not strongly{a;};-o-dependent and the numbess wa and are not
{ax}i=0-dependent. Therefore the numbegsa ,(f Jwa(, f)®)( g(a), glwa), g(w?a),
2(a®), h(a), h(wa), h(w?a), h(e®) are algebraically independent by Theorem 4 with =
3 andr =4. Noting thatof o > & +1) e ) ¥ o) =0, we see that

trans deg Q(f (), f(wa), f(w’a), f(@®) =3,
trans deg Q(f (), f(wa), f(@®a), f(e?),
(), gloa), g(0?a), g(e®), h(a), h(wa), h(w’a), h(e?)) = 11,

and so

trans deg Q(f (), f(wa), f(w?a), f(&°),
g(@), g(wa), g(@?a), g(@®), h(@), h(wa), h(w?a), h(@?))
> 3trans deg Q(f (@), f(wa), f(@’a), f(@®).

2. Lemmas

Let F(z1,...,z,) @and F [[z1, ..., z»]] denote the field of rational functions and the
ring of formal power series in the variables, ..., z, with coefficients in a fieldF ,
respectively, and#* the multiplicative group of nonzero edets of F . LetQ ={;; )
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be ann x n matrix with nonnegative integer entries. Then the mari p of the ab-

solute values of the eigenvalues @f is itself an eigenvatdieGantmacher [1, p.66,
Theorem 3]). Ifz = (z1, ..., z,) is a point of C* with C the set of complex numbers,
we define the transformatiof C" — C" by

n

n n
(4) Qz = ]_Izjwu’]_Izjwa’.‘.’]_lzjuﬁ
j=1 Jj=1

J=1

We suppose thaf2 and an algebraic pant o5, (..,®,), wherea; are nonzero
algebraic numbers, have the following four properties:

() € is non-singular and none of its eigenvalues is a root afyuiso that in partic-
ular p > 1.

() Every entry of the matrix2* isO g* ) ag tends to infinity.

(1) If we put @ a = (Y, ..., a®), then

k

loglaf| < —cp* (1 <i=<n)

for all sufficiently largek , where: is a positive constant.
(IV) For any nonzerof £) € C[[zs,...,z]] which converges in some neighborhood
of the origin, there are infinitely many positive integérs clsuhat f Q*a ) ~ 0.

We note that the property (Il) is satisfied if every eigeneakhf 2 of absolute
value p is a simple root of the minimal polynomial ©f

Lemma 1 (Tanaka [4, Lemma 4, Proof of Theorem 2])Suppose that(+1) # 0
and the ratio of any pair of distinct roots ¢b(X) is not a root of unity where &(X)
is the polynomial defined b§2). Let

cg1 0 ---0
0 1
(5) Q=1 0
D o1
P o 0
and letp,, ..., B; be multiplicatively independent algebraic numbers vtk |8;| < 1

(1< j <s). Let p be a positive integer and put
Q' =diag?, ..., Q").
N——
Then the matrix2' and the point
ﬂ:(la-'-5 :Lﬂlv-'-515'-'v l’ﬁs)
N’ N e’

n—1 n—1
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have the propertiegl)—(1V).

Lemma 2 (Kubota [2], see also Nishioka [3]).Let K be an algebraic number
field Suppose thatfi(z),..., fu(z) € K|[[z1,...,z,]] converge in ann -polydis@/
around the origin and satisfy the functional equations

fi(Qz) =ai(2) fi(z) +bi(z)  (1=i=<m)

where g;(z), b;(z) € K(z1,...,2,) and ¢;(z) (1 <i < m) are defined and nonzero at
the origin Assume that the xn matriRk and a poiate U  whose components are
nonzero algebraic numbers have the propert{Bs(IV) and thata;(z) (1 < i < m)

are defined and nonzero &« for atl > 0. If fi(2),..., fu(2) are algebraically
independent oveK(z, ..., z,), then the valuesfi(«), ..., f.(a) are algebraically in-
dependent

Lemma 2 is essentially due to Kubota [2] and improved by Nikhi[3].

In what follows, C denotes a field of characteristic 0. et C=3,(.., z,) and
let M be the quotient field o€ I, ..., z,]]. Let @ be ann xn matrix with nonneg-
ative integer entries having the property (I). We define adoemorphismt ‘M — M

by
[(2)=f(Qz) (f(2)e M)
and a subgrougd ofL* by
H={g'g""|geL"}.
Lemma 3 (Kubota [2], see also Nishioka [3]).Let f; e M (i =1,..., h) satisfy
= fi+bi,
whereb; e L (1<i <h),and letf,e M* (i=h+1,...,m) satisfy
i =aifi,

wherea; € L* (h+1<i <m). Suppose that; and; have the following properties
(i) If c; eC (1<i<h)are not all zerg there is no element aof such that

h

g—8" :ZCibi-

i=1

(i) ap+1,...,a, are multiplicatively independent moduld.
Then the functions; (1 <i < m) are algebraically independent ovaer.
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Let {ax}i>0 be a linear recurrence satisfying (1) with the conditioregest in the
beginning of this paper. We define a monomial

(6) P(z)=2y"" -5,

which is denoted similarly to (4) by

(7 P(z)=(a,_1,...,a0)z.

Let Q be the matrix defined by (5). It follows from (1), (4), ang) that

P(QFz) =gt (k > 0).

n

In what follows, letC be an algebraically closed field of characteristic 0.

Lemma 4 (Tanaka [5]). Suppose thatG(z) € C[[z1, ..., z.]] Satisfies the func-
tional equation of the form

ptq—1

G(z)=aG(Qrz)+ Y Ou(P(R'2)),

k=q

wherea # 0 is an element o, Q is defined by(5), p > 0, ¢ > Oare integers and
01(X) e C(X) (g <k < p+q—1) are defined atX = 0. If G(z) € C(z4, ..., za), then
G(z)eCand Qu(X)eC (g <k <p+q—1).

Lemma 5 (Tanaka [5]). Suppose thatG(z) is an element of the quotient field of
C[[z1, ..., z.]] satisfying the functional equation of the form

ptq—1
G(2) = ( [1 Qk(P(szkz))) G(Q'2),

k=q

where Q, p, ¢, and Q,(X) are as inLemma 4.Assume thatQ,(0) # 0. If G(2) €
C(z1,....22), thenG(2) € C and Qx(X) € C~ (g <k < p+q —1).

3. Proof of Theorems 1 and 4

Proof of Theorem 1. If the algebraic numbers ..., o, are {a;};>0-dependent,
then the numbers of .3 of . h of ) (X¥i <r ) are algebraically dependentesso
are the numbersf of ) (X i <r ) by Remark 1. Conversely, if the aldebmam-
bersas, ..., a, are not{a;};>0-dependent, then by Theorem 4 with r= the numbers
fla), g(a;), h(o) (1 <i <r) are algebraically independent. This completas proof
of the theorem. O
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Proof of Theorem 4.  Suppose on the contrary that the numperp), . (., f(c,),
gla), ..., g(a,), h(a1),...,h(a,) are algebraically dependent. There exist multiplica-
tively independent algebraic numbefs, ..., B, with 0 < |8;| <1 (1< j <s) such
that

®) w=al]g  Q=izr),
=1

where ¢y, ..., ¢ are roots of unity ant;; (ki <r , ¥ j <s ) are nonnegative
integers (cf. Nishioka [3, Lemma 3.4.9]). Take a positiveeger N such that¥ =1
foranyi (1<i <r). We can choose a positive integer and a nonnegatteger

g such thatags, = a (modN) for anyk > g . Lety;, (1< j <s ,1<i <n ) be
variables and ley; = (yj1, ..., yjn) (1< j <s), y=(y1,...,ys). Define

f@) =) " T P@y)» (@=i<p)
k=g Jj=1
~ 00 C,‘ak 1—[;:1 P(Qkyj)z»,-j
gi(y) Z 1_ é.l_ak l—[j‘:l P(Qkyj)p,-j

k=q

l<i<r),

and
ni(y) =[] (1— 11 P(szky,-)e"f) (L<i=<r)
k=q j=1

where P ) and 2 are defined by (6) and (5), respectively. Letting

B=(L....,LB,....1,....18)
——— ~—

n—1 n—1
we see by (8) that
f(B)=) e, gi(B)= Z g )= H(l o).
k=q k=q

Hence the valuegi(B), ..., f,(B), g1(B), ..., &(B), h1(B), ..., h,(B) are algebraically
dependent. Let

Q' = diagQ”, ..., Q").
—

Then fi(y), ..., fo(y), g1(v), ..., &-(y), h1(y), ..., h.(y) satisfy the functional equa-
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tions
ptq—1
W)= £Qy)+ Y ;“*HP(szk DS
k=g j=1
L E G T PRAy)
sy = 6@y + ) 1o T Py )
k= =& Hj:l (Qry;)u
and

ptq—1 s
hi(y) = ( I1 (1 -1 P(Q"yj)e"f)) hi(Q'y),

k=g j=1

where Q'y = (QPy1, ..., 2Py,). By Lemmas 1 and 2 the function(y), ..., f,(v),

21(), ..., g (), h1(y), ..., h(y) are algebraically dependent ov&(y). Hence by
Lemma 3 at least one of the following two cases arises:

(i) There are algebraic numbets, ..., b,,c1, ..., c,, not all zero, andF ) € Q(y)

such that

F(y) = F(Q'y)

9) e . g [Tim P(Qy))
+ e || P(@ky,) + = .
kX:q: 12: g l_[ (Q7y;) Z 11— HJ lP(Qky )i

(i) There are rational integers; (¥ i < r ), not all zero, a6dy) € Q(y) \ {0}
such that

ptq—1 r

d;
(10) Gw =\ [1 ﬂ(l c“‘ﬂP(szky,)e'f) G(Qy).

k=q i=1

Let M be a positive integer and let

Mj)

Y =0 yn) =@ (l=<j=s)

where M is so large that the following two properties are battisfed:

(A) If (6,’1, ey 6,'5) ? (6,’/1, ey 6,’/:), then Zj‘:l e,-ij ? Zj‘:l el'ij‘

(B) F*(z)=F@EY,....2M, .. 24 . 2) e Qza, ... za), GF(2) =G (Y, ... 2,
L) e Qa1 b z0) \ {0}

Then by (9) and (10), at least one of the following two functibequations holds:

ptq—1 p ag k o \E;
« — pH(OP a k _\E; M
(11) F*(z) = F*(QPz) + kZ:q: <121:b G P(Q2)" + Z 1— " P(Qk2)E )
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ptq=1 r
(12) =)= [] [T@- ¢ P@=5)" | GH@r),
k=q i=1
where E; :ijle,-jMf >0 (1Q<i<r) By Lemmas 4, 5, and the property (B), at
least one of the following two properties are satisfied:

() Foranyk g <k<p +q— 1),

a,
cigt Xk

ZbgaLXE +Zl CXE
= Zb o & +Zc, Z(c”‘XE )" € Q.
i=1 h=1

(i) Foranyk @ <k <p +q— 1),

(13)

(14) [Ja-¢"x5y =y eQ

i=1

Suppose first that (11) is satisfied with =0£i <r ). Let {i=e { ,.1, p} |
b; # 0} and let{is, ..., i} be a subset of such thd, =---=E; andE;, < E; for
any j € S\ {i1,...,i}. Then by (13)

13
Y byt =0  (g=k=<p+q-1)

and hence

t

D obig =0 (kzq)

=1
sinceay+p = ar (Mod N) for anyk > ¢ . By the property (A)E;, = --- = E;, im-
plies i1, ..., eis) = - = (€1, ..., €,5). Puttingy =[], B, we havew; =y

(1 <1 <t) by (8). Therefore the algebraic numbers ..., «, are {a;}i>o-dependent,
which contradicts the assumption.

Secondly suppose that (11) is satisfied with. .., ¢, not all zero. LetT ={i €
{1,....r} | ¢; £0 and let{i,...,i,} be a subset of" such thd;, =--- = E;, and
E;, < EjforanyjeT\{i...,i,}. Let m be any integer with & m <N — 1 such
that g cd z, N ) = 1. By Dirichlet’s theorem on arithmetical pregsions, there exists
a prime numberP,, such thak, =m (mod ) amR), > max, E;. Since P, E;,
is not divided by anyE; withj € T\ {i1,...,i,}, the term} i, ¢; (¢ X *1)P must
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vanish in (13). Hence
Zcu , =0 @<k=ptq-1)

and so the algebraic numbets, ..., o, are strongly{a;}r>o-dependent, which contra-
dicts the assumption.

Finally suppose that (12) is satisfied. Taking the logarithderivative of (14), we
get

S i X

1_cxe 00 @=k=pra-1

i=1

and so

dGE " XE "
Zl ;AXE ZdEZ(C‘XE)”‘ @=<k=<p+q-1)

Therefore the algebraic numbeys, .. ., «, are strongly{a; };>0-dependent also in this
case by the same way as above. This completes the proof ohdloeem. U
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