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Abstract
Let M be a compact complex manifold and lét,H) be a holomorphic Hermit-
ian line bundle oveM such that the curvature form d&f is nondegenerate and splits
into the difference®, — ©_ of two semipositive forms®, and ®_ whose null
spaces define mutually transverse holomorphic foliatidhsand F.., respectively.
Then L™ admits, for sufficiently largen € N, C* sections whose ratio embeds
into CPN holomorphically (resp. antiholomorphically) alodg, (resp. alongF.).

Introduction

In the theory of complex manifolds, geometric structurefindel by the subbundles
of tangent bundles are basic in analyzing submanifolds aidntorphic maps. Foli-
ations is one of such structures.

In [6], and embedding theorem was established for those foldsiequipped with
two mutually transverse holomorphic foliations. Namelywias proved that, given a
compact complex manifoldM with holomorphic foliationsF, and F_ such that the
tangent bundle oM is the direct sum of those of, and 7, M is embeddable into
CPN by aC> map in such a way that the map is holomorphic algfig and anti-
holomorphic alongF_, if M admits a holomorphic line bundle whose curvature form
is everywhere nondegenerate and splits into the differericevo semipositive forms
say ©, and ©_, in such a way that), (resp.®_) is definite alongF, (resp.f.)
and zero alongF_ (resp..F.).

Example of such quadruple$/( 7., F_, L) arose naturally in the study of bundle-
valued 3-cohomology groups on complex tori (cf. [5]). For other exdes, see Sec-
tion 3 below.

In such a situation, it was proved that there exist N and C* sectionssy,..., Sy
of K, ® K_ ® L™ such that the ratios§ : - - - : sy) gives such and embedding, where
K. denote the canonical bundles &. and K_ the complex conjugate of_.

In view of this result, a natural question is whether or natder the same situ-
ation as above, one can embbtsimilarly by L™. A significance of this question lies
in the fact that the method of [6] consisting in applying lah estimate for the twisted
0-operator does not work any more. The purpose of the pressstia to overcome
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this difficulty by establishing an analogue of Serre’s vhing theorem for algebraic
cohomology groups on projective algebraic varieties. Fer statement of our vanish-
ing theorem and the resulting embedding theorem, see &ettidhe proofs of these
results will be given in Section 2.

1. Preliminaries and results

Let M be a compact complex manifold of dimensionand let T M denote the
tangent bundle ofM. We shall say that a foliatiod® on M is holomorphic if the
tangent bundleT F of F is a holomorphic subbundle df M. We shall say thaM is
holomorphically woven ifM is endowed with two holomorphic foliations s&, and
F_ whose tangent bundleBF. C TM satisfyTF, +TF . =TM andTF,. NTF_ =
{0} x M.

Typical examples of holomorphically woven manifolds ardunally induced from
orthogonal decompositions of the tangent bundles of coxnjale, with respect to con-
stant nondegenerate indefinite (1, 1)-forms (cf. [5]).

Let L — M be a holomorphic line bundle equipped withCa® fiber metrich. Let
Tf'l (resp.T19 denote the antiholomorphic (resp. holomorphic) tangemidte of .,
(resp.F_), and letFP9(L) (= FP9(M, L)) be the set ofC* sections oveiM of the
bundle L ® AP(T2Y* @ AYTL9*, where (-)* denote the duals.

Then we define the differential operators

941 FPA(L) — FPHLA(L)
and
d_n: FPAL) — FPATL(L)

as the leafwise complex exterior differentiations for thevalued forms, of type (0, 1)
(resp. (1, 0)) with respect t&F., (resp.F- andh).

We putd =3, + d_n. Thend maps the spacép,, FPI(L) to itself. We shall
say that [, h) is F.-integrable ifd2 = 0.

Clearly 92 = 0 holds if and only if the curvature form df splits into the sum of a
section of(ToY* @ (T2Y)* say®, and that of T19)*®(T9* say®_. Here(T>Y)*®
(T2Y* and (19* ® (TL9* are naturally identified with subbundles (T M ® C)*
and (-) denote the complex conjugates.

Theorem 1.1. Let (M, F.) be a compact holomorphically woven manifold and
let (L, h) be a Hermitian holomorphic line bundle over M which J5.-integrable.
Suppose that the curvature for@,. + ©_ of h, where ®,. are as abovg satisfies
O.|F, >0and ®_|F_ < 0. Then there exists gne N such that one can findfor
any integer m> mo, C>® sections § ..., sy of L™ satisfyingdsc = 0 (0 < k < N)
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such that the ratio(sp : - - - : sy) embeds M intaCPN. Here L™ is equipped with the
fiber metric K.

The proof of this assertion is based on the following vamighiheorem withl2
norm estimates.

Theorem 1.2. Let (M, F.) and (L, h) be as inTheorem 1.1and let g be any
C* Hermitian metric on M. Then there exist;rda N and C > 0 such thar for any
integer m> m; and for anyv € Kera N @p+q=, FPAa(L™ with r > 1, one can find
ue @mq:rfl FPA(L™) satisfyingdu = v and mjjul|2 < C||v||2. Here |- || denotes the
L2 norm with respect to 'R and g.

2. Solving the d-equation

Admitting the validity of Theorem 1.2, the proof of Theorenil is carried over
similarly as in the case oK, ® K_ ® L™ in [6, §3. Proof of Theorem 0.1], so that
we shall dispense with this part.

Proof of Theorem 1.2. Let € @erq:r FPA(L™ NKerd (r > 1), wherem will
be specified later.

Let U C M be a local coordinate neighbourhood with a holomorphic divate
(z;,z.): U - D", whereD = {¢ € C | |[¢| < 1}, such thatT®!|U = Kerdz_ and
TL9U = Kerdz, hold. We choose.. in such a way that they are holomorphic on a
neighbourhood of the closure &f in M. We putz, =(z,...,%), Z = (Zs+1,- -+ Zn)
andvlU =}, jv;3dZ ®dz;. We note that|l| + [J| =r and the components of
multi-indices | (resp.J) are contained if1,..., s} (resp.{s+1,...,n}).

Since v = 0, we have

(5++8,,h)zv”(dzl/\---/\dzs/\dz)®(d23+1/\---/\d2nAdZJ)=0.
1,J

Here 9, anda_p are defined leafwise with respect . as before.

On the other hand, with respect to this extension of the mi@ahplex exterior
derivatived = 34+ 0_n, the leafwise application on Nakano’s identity yields sarly
as in [6, 82] an estimate

(2.1) mijg)I? < 113617 + 13* ¢
for compactly supporte€€> L™M-valued differential formsp on U of the form

¢= > ¢udzr---A"dz®dZ)® (dZsp1 A AdZ AdZy) (> 1),
[H+[I]=r
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Here 9* denotes the adjoint o and theL2? norms | - ||, are defined with respect to

h™ and®, —®_. We have used the assumptions thkat|F, > 0 and®_|F_ to iden-

tify ®, — ®_ with a Hermitian metric orlJ and exploited the fact that the canonical

bundles of 7. are trivial onU. (For the computation, see (2.2)—(2.10) in [6].)
Since U is equivalent to the product of the polydi®® in the z, -coordinate and

the polydiscD"® in the z_-coordinate, by a standard argument as in [4] and [1] we

obtain from (2.1), that there exists a smooth-valued formu on U satisfyingéu =

v|U andmlu|? < Co|v|U |2, where

_osugyldz A AdzPldzei g A AdZ?
7 infuldzi A Adz2|dZes A AdZ|2

Here the length of the forms is measured with respeddio— ©®_.

SinceM is compact, there exist finitely many such coordinate nesghtooods, say
Uy (i =1, 2,...,Kk) such thatM = Uik=1 ui. Let {xi}k; be aC> partition of unity
subordinate tqU;}. Since the given metrig is equivalent to®, — ©_, there exists a
constantC; > 0 such that

CHgl2 < llgl® < Cillg|I?

hold for all ¢ € FP9(L™), where the normj| - || is with respect tch™ and g.
Hence there exists a consta®s > 0 such that, for any andm € N, one can find
Ui € Dpig=r1 FPUUi, LMU) satisfying

(2.2) dui = |y,

and

(2.3) mjui|® < Caflv]®.
We put

k
up =y X,
i=1

where xju; are defined to be zero outsidgé. Then, sinced Xiéui => xivlU = v,
we have

k
5U1=U+Zéxi A Uj,
i=1

where the wedge product éin and uy; is defined in the obvious manner.
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In view of (2.3) we have

lv — duq|

k
Z E3)0 A U
i=1

< ks_up(suuném u ||)
[ i

C v
< k\/T(SUpSUﬂaXi |> o]l
m i Ui

Hence one can find; € N and C < 4m; such that ifm > m;y,

=

(2.4)

(2.5) aflus|)? = Clv|?
and

« 1
(2.6) llv = dusll < Slvll
hold for v.

We put vy = v, v1 = v — duy, and defineu, € @qur_l FPA(L™ and v, €
Dpiq=r FPUL™M) inductively for a fixedm = m; and foru = 2, 3,... by requiring
27 4milu, |17 < Cllo,-all?,

« 1
(2.8) a1 = 8uull = vl
and
(2.9) Uy = U1 — 5uﬂ.

Then, by lettingu,, = >_" ;u, we havedu,, = v andm||us||2 < C|v||2. Replac-
ing Us by the solution ofdu = v satisfyingu L Kerd, we obtain a required smooth
solution for du = v. O

REMARK. Similarly as above, given any holomorphic vector bunBle> M, one
can solve thej-equations for theE ® L™-valued forms for sufficiently largen. A
more refined successive approximation has already beeningd&fito prove a similar
embedding theorem for “singly” complex-foliated manifeld

3. Application

Theorem 1.1 implies the existence of nonzero sections dicairftly high tensor
powers of the product of a semipositive line bundle and a segative line bundle



736 T. CHSAWA AND D. TARAMA

which are holomorphic (resp. antiholomorphic) along thsifiely curved (resp. nega-
tively curved) directions, on certain fiber spaces. Suchmptes are described below.
Let X; (j =1, 2) be two compact complex manifolds equipped with positine

bundlesL; — Xj. Let X4 NN X1 be the universal covering oKq, let o be a homo-
morphism from the group of covering transformationsmof say I', to the group of
biholomorphic automorphisms of,, and letM be the quotient space of the product
X1 x X by the equivalence relation

% ¥) ~ (s p(r)Y) (x € Xy, ye Xy andy €T).

Then M is a flat fiber bundle oveX; with fiber X;, and carries two mutually trans-
verse holomorphic foliationss; and F, such that the leaves of; are the images of
X1 x {y} (y € X») in M and those ofF>, are the fibers of the bundlé: M — Xi.

If L, is invatiant under the action gf(T"), which is always the case X, is sim-
ply connected, ther, naturally induces a semipositive line bundle dayover M.

It is obvious that the foliations¥; and F, ans the line bundled *L; ® Iigl and
f*L11® {, both satisfy the assumptions of Theorem 1.1, up to the rdie5; @and F».

It might be an intringuing question to describe a relatiotween the two embed-
dings with respect td.™ and L™ in the situation of Theorem 1.1.

REMARK. Classification results are known for holomorphic foliasoon some
complex manifolds. For the case of ruled surfaces, see [3jloHorphic foliations
of codimention one on complex tori are classified by Ghys [2].
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