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Abstract
Let 6(K ; p=q) be the result ofp=q-surgery along a knotK in a homology

3-sphere6. We investigate the Reidemeister torsion of6(K ; p=q). Firstly, when the
Alexander polynomial ofK is the same as that of a torus knot, we give a necessary
and sufficient condition for the Reidemeister torsion of6(K ; p=q) to be that of a
lens space. Secondly, when the Alexander polynomial ofK is of degree2, we show
that if the Reidemeister torsion of6(K ; p=q) is the same as that of a lens space,
then�K (t) = t2 � t + 1.

1. Introduction

We investigate when the result of Dehn surgery along a knot ina homology 3-
sphere is a lens space. In this paper, we call such a surgerylens surgerynot only
for hyperbolic knots but also for any knots in homology 3-spheres. Many authors have
studied lens surgery by geometric method (see [1, 2, 5, 7, 9, 10, 17, 22, 23, 24, 29,
31]). We approach the problem by algebraic method (see [13, 14, 15, 18, 19]).

K. Reidemeister [20] and W. Franz [8] classified lens spaces completely by using
the Reidemeister torsion. Franz provided a useful lemma called Franz’s lemma(see
Theorem 3.1) which is deduced by a result ofL-function (see [30]) from Number
Theory. We apply the lemma in the present paper. J. Milnor [16]pointed out that the
Reidemeister torsion was closely related to the Alexander polynomial. Our method is
based on the surgery formula for Reidemeister torsions due to V.G. Turaev (see [21,
25, 26, 27] and Section 2.2). Our results are mentioned in terms of the Alexander
polynomials.

We define that an oriented closed 3-manifoldM is of lens type(or of (p;q)-lens
type) if it has the same Reidemeister torsion as the lens space (oras L(p;q)) (for a
precise definition, see Section 2.3). By algebraic and number theoric study, we ob-
tain necessary conditions for the Alexander polynomial of aknot having a lens type
surgery. The multiplicative group (Z=nZ)� plays important roles in our study because
it is the Galois group of then-th cyclotomic field, and the second termq of a lens
spaceL(p;q) is an element of (Z=pZ)�.

2000 Mathematics Subject Classification. 57M25, 57M27, 57Q10.



824 T. KADOKAMI

We point out the following lemma which states a property of the Alexander poly-
nomial of a knot having a lens type surgery. We prove it in Section 3.2. Our two
main theorems are obtained by using this lemma. Let6(K ; p=q) be the result ofp=q-
surgery along a knotK in a homology 3-sphere6. If 6 is the 3-sphereS3, then we
denote6(K ; p=q) by (K ; p=q).

Lemma 1.1. Let K be a knot in a homology3-sphere 6, and �K (t) the
Alexander polynomial of K. Let d (� 2) be a divisor of p, and � a primitive d-th
root of unity. If the p=q-surgery6(K ; p=q) is of lens type for p� 2 and q 6= 0, then

N(�K (� )) =

(�1 (d = 2);
1 (d � 3);

where N(�) is the norm of� in the d-th cyclotomic fieldQ(� ) over Q.

For thenorm in a Galois extension, see Section 3.1. In [17], L. Moser firstly showed
that non-trivial knots can yield a lens space by Dehn surgery. In fact, Moser deter-
mined all rational surgery along all torus knots, and provedthat every torus knot yields
a lens space as below.

Theorem 1.2 (Moser [17]). Let K be the (r; s)-torus knot in S3, and M =
(K ; p=q) the result of p=q-surgery along K, where p; r; jsj � 2 and q 6= 0. Then
there are three cases:
(1) If jp� qrsj 6= 0;1, then M is a Seifert fibered space with three singular fibers of
multiplicities r; jsj and jp� qrsj.
(2) If jp� qrsj = 1, then M is the lens space L(p;qr2).
(3) If jp� qrsj = 0 (i.e., p=q = rs), then M is the connected sum of two lens spaces,
L(r; s) ℄ L(s; r ).

Our first main theorem is an algebraic “translation” of the theorem. The following
is the first main theorem of this paper.

Main Theorem 1. Let K be a knot in a homology3-sphere6 whose Alexander
polynomial is the same as the(r; s)-torus knot, and M = 6(K ; p=q), where p; r; s � 2
and q 6= 0. Then M is of lens type if and only if the following(1) and (2) hold.
(1) gcd(p; r ) = 1 and gcd(p; s) = 1,
(2) r � �1 (mod p) or s� �1 (mod p) or qrs� �1 (mod p).

We prove Main Theorem 1 by using Franz’s lemma (see [6, 8, 27]) in Section 3.
H. Goda and M. Teragaito [9] showed that if a genus one knot inS3 yields a lens

space, then the knot is the trefoil. Our second main theorem is included by Goda-
Teragaito’s theorem in the restricted case6 = S3, but extends theirs to the case of



REIDEMEISTER TORSION AND LENS SURGERIES 825

knots in any homology 3-spheres from the algebraic view point. When we say “the
degree of�K (t),” we take a regularization that�K (t) is in Z[t ] and �K (0) 6= 0. We
prove Main Theorem 2 by using norm of an algebraic number (see [3, 30]) in Sec-
tion 4.

Main Theorem 2. Let K be a knot in a homology3-sphere6 whose Alexander
polynomial�K (t) is of degree2. If a Dehn surgery6(K ; p=q) is of lens type for p�
2 and q 6= 0, then�K (t) = t2 � t + 1.

Recently, P. Ozsv́ath and Z. Szab́o [18] obtained a necessary condition on the
Alexander polynomial of a knot inS3 which yields a lens space by using the knot
Floer homology (see [13, 19], and Appendix). Note that Main Theorem 2 extends a
special case (m = 1, s1 = 1) of Ozsv́ath-Szab́o’s result to a rational surgery along a
knot in a homology 3-sphere.

In Section 2, we recall Turaev’s definition [26] of the Reidemeister torsion, pre-
pare the surgery formula due to Turaev [25, 26] and Sakai [21], and give a precise
definition of an oriented closed 3-manifoldof lens type. In Section 3, we prove Lem-
ma 1.1 and Main Theorem 1. In Section 4, we prove Main Theorem 2. In Appendix,
we show that the Alexander polynomial of (p;q)-torus knot satisfies Ozsváth-Szab́o’s
condition only by deformations of the polynomials from the well-known expression.

Lemma 1.1 may have many applications. We applied it in the papers [11, 12]
which are joint works with Yuichi Yamada.

2. Surgery formula of Reidemeister torsion

2.1. Torsion of chain complex. We review thetorsion of a chain complex.
Let V be ann-dimensional vector space over a fieldF , and b = (b1; : : : ;bn) and

c = (c1; : : : ; cn) two bases ofV . Then bi can be expressed by a linear combination of
c1; : : : ; cn.

bi =
nX

j =1

ai j c j (i = 1; : : : ;n)

The matrix A = (ai j ) is the transition matrix fromc to b. We denote the determinant
of A by

[b=c]:
It is a non-zero element ofF . If n = 0, then [;=;] = 1.

Let C� be a finitely generated free chain complex over a fieldF :

C� : 0! Cm
�m�1��! Cm�1

�m�2��! � � � �1�! C1
�0�! C0 ! 0
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In the case thatC� is acyclic, we define thetorsion of C� as follows: Letci =
�
c(1)

i ; : : : ;
c(pi )

i

�
(i = 0; : : : ;m) be a basis ofCi . We denote the kernel of�i�1 (resp. the image

of �i ) by Zi (resp. Bi ). Then Zi = Bi and

Ci
�= Zi � Bi�1 = Bi � Bi�1:

We take bases ofBi as bi =
�
b(1)

i ; : : : ;b(qi )
i

�
. A lift of bi�1 in Ci is denoted byb̃i�1.

Then bi b̃i�1 is a basis ofCi . The torsion of C� with respect toc = (c0; : : : ; cm) is
defined by

� (C�; c) =
mY

i =0

�
bi b̃i�1=ci

�(�1)i +1 :
The torsion� (C�; c) is a non-zero element ofF , and does not depend on the choices
of bi and b̃i�1. Whenc is clear, we denote� (C�; c) by � (C�). In the other case, i.e., if
C� is not acyclic, then we define� (C�) = 0 formally. WhenC� is a finitely generated
free chain complex over an integral domainR, we define� (C�) by

� (C�) = � (C� 
 Q(R));
where Q(R) is the quotient field ofR.

2.2. Reidemeister torsion of CW-complex and surgery formula. We define
the Reidemeister torsionof a CW-complex, and prepare a surgery formula, which is
a main tool of the present paper.

Let X be a connected finite CW-complex,H the first homology groupH1(X; Z),
and Z[H ] the group ring generated byH over Z. Let p : X̂ ! X be the maximal
abelian covering whose covering transformation group isH . Then X̂ is also a con-
nected CW-complex whose CW-structure is naturally inducedby X. Let C��X̂� be the
cellular chain complex ofX̂, where Ci

�
X̂
�

is the set of formal linear combinations
of oriented i -cells of X̂ with integer coefficients. SinceH acts on X̂ as the cover-
ing transformation group,H also acts onC��X̂�. We may regardC��X̂� as a module
over Z[H ]. This module is free. Afundamental familyof cells is a family of cells in
X̂ such that over each cell ofX lies exactly one cell of this family. We can observe
that each ordered fundamental family of ordered cells determines basis inC��X̂� over
Z[H ]. Let F be a field, and' : Z[H ] ! F a ring homomorphism. We define

C'� (X) = C��X̂�
Z[H ] F;
and the Reidemeister torsionof X, � '(X), associated to a ring homomorphism' : Z[H ] ! F .

� '(X) =

(� (C'� (X)) 2 F � f0g if H�(C'� (X)) = 0;
0 2 F if H�(C'� (X)) 6= 0:
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The invariant� '(X) is a simple-homotopy invariant determined up to a multiplication
of an element in�'(H ). A simple-homotopy invariant is a topological invariant by
A. Chapman [4]. For a finite CW-pair (X;Y), we can also define� '(X;Y) associated
to C'� (X;Y) = C��X̂; p�1(Y)

�
.

The following theorems are fundamental to compute the Reidemeister torsion. We
denote the first homology groupH1(X; Z) of X over Z by H1(X) for short.

Theorem 2.1 (Turaev [26]; the excision theorem).Let X1 and X2 be sub-
complexes of X whose union is X, and whose intersection is Y. Let j : Z[H1(Y)] !
Z[H1(X)] and ji : Z[H1(Xi )] ! Z[H1(X)] (i = 1;2) be homomorphisms induced by
the natural inclusions. If � 'Æ j (Y) 6= 0, then

� '(X) = � 'Æ j1(X1)� 'Æ j2(X2)[� 'Æ j (Y)]�1:
For example, ift is a generator ofH1(S1) �= Z, then � (S1) = (t �1)�1 and � (S1�

S1) = 1. The following theorem is a special case of more general result [26].

Theorem 2.2 (Milnor [16], Turaev [26]). Let K be a knot in a homology3-
sphere6, t a generator of H1

�6 � N(K )
� �= Z where N(K ) is a tubular neighbor-

hood of K, and�K (t) the Alexander polynomial of K. Then

� �6 � N(K )
�

= �K (t)(t � 1)�1:
Since any homology lens space is obtained by ap=q-surgery along a knotK in a

homology 3-sphere6, where p � 2 andq 6= 0, we can compute the Reidemeister tor-
sion of it by Theorem 2.1 and Theorem 2.2. By (Z=nZ)� we denote the multiplicative
group of invertible elements in the ringZ=nZ with respect to the multiplicity. For an
elementx of (Z=nZ)�, we denote the inverse element ofx by x̄.

Theorem 2.3 (Turaev [25, 26, 27]; Sakai [21]).Let K be a knot in a homology
3-sphere6, �K (t) the Alexander polynomial of K, and M = 6(K ; p=q), where p� 2
and q 6= 0. Let d (� 2) be a divisor of p, � = �d a primitive d-th root of unity,
and 'd : Z[t; t�1]=(t p � 1) ! Q(� ) a homomorphism such that'd(t) = � . Then the
Reidemeister torsion of M, � 'd (M), associated to'd is

� 'd (M) = �K (� )(� � 1)�1(� q̄ � 1)�1:
Theorem 2.4 (Reidemeister [20]; Franz [8]).Let L(p;q) be the lens space of

type (p;q), t a generator of the first homology group H1(L(p;q)), d (� 2) a divisor
of p, � = �d a primitive d-th root of unity, and 'd : Z[t; t�1]=(t p�1)! Q(� ) a homo-
morphism such that'd(t) = � . Then the Reidemeister torsion of L(p;q), � 'd (L(p;q)),
associated to'd is

� 'd (L(p;q)) = (� � 1)�1
�� q̄ � 1

��1:
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Lens spaces are completely classified by using Theorem 2.4 and Franz’s lemma
(see [8] and Section 3). We apply Franz’s lemma to show Main Theorem 1 in Sec-
tion 3.

2.3. Closed 3-manifold of lens type. Let M be an oriented closed 3-manifold
whose first homology groupH1(M) is a finite cyclic group of orderp (i.e., M is a
homology lens space), and t a generator ofH1(M). Let d (� 2) be a divisor ofp, �
a primitive d-th root of unity, and'd : Z[H1(M)] ! Q(� ) a ring homomorphism such
that 'd(t) = � . A homology lens spaceM is of lens typeif its Reidemeister torsion� 'd (M) has the form (� i � 1)�1(� j � 1)�1 for every d where i and j are coprime to
p, and do not depend ond. In particular, a homology lens spaceM is of (p;q)-lens
type if ī j � �q or �q̄ (mod p).

It is clear that the lens spaceL(p;q) is of (p;q)-lens type. If a homology lens
space of (p;q)-lens type is a lens space, then it is homeomorphic toL(p;�q) or
L(p;�q̄). If a Dehn surgery along a knot in a homology 3-sphere yieldsa 3-manifold
of lens type, then we call itlens type surgery. It is clear that a lens surgery is a lens
type surgery.

3. Proof of Main Theorem 1

In this section we show Main Theorem 1, which states a necessary and sufficient
condition for the Reidemeister torsion of6(K ; p=q) to be of lens type in the case that
the Alexander polynomial�K (t) of K is equal to that of the (r; s)-torus knot.

3.1. Franz’s lemma and norm of an algebraic number. We prepare Franz’s
lemma and some results about algebraic numbers.

Theorem 3.1 (Franz [8]). Let � be a primitive n-th root of unity, and fai (i 2
(Z=nZ)�)g the set of integers satisfying the following conditions:

(1) a�i = ai ,
(2)

P
i2(Z=nZ)� ai = 0,

(3)
Q

i2(Z=nZ)� (� i � 1)ai = 1.
Then ai = 0 for all i 2 (Z=nZ)�.

Let F be a finite Galois extension overQ, and� an element ofF . We denote the
norm of � over Q by NF=Q(�), or simply N(�).

NF=Q(�) =
Y

�2Gal(F=Q)

� (�)

The followings are fundamental facts in Number Theory (see [3, p.89], [30]).
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Proposition 3.2. In the situation above, we have the followings.
(1) N(�) is a rational number, and N(�) = 0 if and only if � = 0.
(2) If � is an algebraic integer, then N(�) is an integer.
(3) An algebraic integer� is a unit in the ring of algebraic integers if and only if
N(�) = �1.

3.2. Proof of Lemma 1.1. If 6(K ; p=q) is of lens type, then there are integers
i; j and m such that

�K (� )(� � 1)�1�� q̄ � 1
��1

= ��m(� i � 1)�1(� j � 1)�1;
where i and j are coprime top.

By taking the norms of both sides, we have

N(�K (� )) = N(��m);
because

N(� � 1) = N
�� q̄ � 1

�
= N(� i � 1) = N(� j � 1) 6= 0:

Since

N(��m) =

(�1 (d = 2);
1 (d � 3);

we have the result.

3.3. Proof of Main Theorem 1. Let �r;s(t) be the Alexander polynomial of
the (r; s)-torus knot

�r;s(t) =
(t rs � 1)(t � 1)

(t r � 1)(ts � 1)
;

d (� 2) a divisor of p, � a primitive d-th root of unity, and'd : Z[t ]=(t p�1)! Q(� )
a ring homomorphism such that'd(t) = � . Since M = 6(K ; p=q) is the p=q-surgery
along a knotK whose Alexander polynomial is�r;s(t), we have

� 'd (M) = �r;s(� )(� � 1)�1�� q̄ � 1
��1

by Theorem 2.3. SupposeM is of lens type, then there are integersi; j and m
such that

�r;s(� )(� � 1)�1
�� q̄ � 1

��1
= ��m(� i � 1)�1(� j � 1)�1;

where i and j are coprime top.
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Suppose gcd(p; r ) � 2, we take d = gcd(p; r ). Then gcd(d; s) = 1 because
gcd(r; s) = 1. We setp = p0d and r = r 0d. Then

�r;s(t) =
(t rs � 1)(t � 1)

(t r � 1)(ts � 1)
=

(t r 0sd� 1)(t � 1)

(t r 0d � 1)(ts � 1)

=
�
t (s�1)r 0d + t (s�2)r 0d + � � � + t2r 0d + t r 0d + 1

� � t � 1

ts � 1
;

and therefore

N(�r;s(� )) = s'(d):
By Lemma 1.1,M is not of lens type. Thus we have the conclusion (1).

We assume gcd(p; r ) = 1 and gcd(p; s) = 1, and take any divisord (� 2) of
p. Then

�r;s(� ) =
(� rs � 1)(� � 1)

(� r � 1)(� s � 1)
:

If M is of lens type, then

(� rs � 1)(� i � 1)(� j � 1) =��m
�� q̄ � 1

�
(� r � 1)(� s � 1):

Multipling the complex conjugates to both sides, we have

(� rs � 1)(� i � 1)(� j � 1)(��rs � 1)(��i � 1)(�� j � 1)

=
�� q̄ � 1

�
(� r � 1)(� s � 1)

���q̄ � 1
�
(��r � 1)(��s � 1):

By the same argument as the proof of the classification of lensspaces (see [6, 8, 20,
27], and Theorem 3.1),

frs; i; j g = fq̄; r; sg in (Z=dZ)=f�1g:
There are two cases.

(i) rs � �q̄ (mod d).
This is equivalent toqrs� �1 (modd).

(ii) rs � �s (mod d) or rs � �r (mod d).
This is equivalent tor � �1 (modd) or s� �1 (modd).
If qrs � �1 (resp.r � �1; s � �1) (mod p) holds, thenqrs � �1 (resp.r ��1; s� �1) (modd) holds for anyd. So we state only the case ofd = p.
The converse is obvious. This completes the proof.

4. Proof of Main Theorem 2

In this section we show Main Theorem 2, which states a necessary and sufficient
condition for the Reidemeister torsion of6(K ; p=q) to be of lens type in the case that
the Alexander polynomial�K (t) of K is of degree 2.
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We prepare some lemmas.
Let n be a positive integer,'(n) the Euler function,� a primitive n-th root of

unity, and

(n(x) =
Y

i2(Z=nZ)�(x � � i )

the n-th cyclotomic polynomial. Then(n(x) is an irreducible monic symmetric poly-
nomial overZ with degree'(n), and

(n(1) =

8>><
>>:

0 (n = 1);
p (n = pr ; p: prime);
1 (otherwise):

The Alexander polynomial of a knot in a homology sphere with degree 2 has the
following form for some integern 6= 0:

(4.1) �n(t) = nt2 � (2n� 1)t + n = t + n(t � 1)2 (n 6= 0)

Let � be a primitive p-th root of unity, and�1 and �2 the roots of�n(t) = 0. Then
we have

(4.2) N(�n(� )) =
Y

i2(Z=pZ)� n(� i � �1)(� i � �2) = n'(p)(p(�1)(p(�2)

We regard the right-hand side of (4.2) as a polynomial ofn over Z depending onp,
denote it by f p(n) (i.e., f p(n) 2 Z[n]), and call it the p-th norm polynomialor simply
the norm polynomial.

Lemma 4.1. (1) If n � �1, then fp(n) 6= �1.
(2) If jnj � 2 and p is a prime number, then fp(n) 6= �1.

Main Theorem 2 is proved by Lemma 1.1 and Lemma 4.1: By the assumption
that 6(K ; p=q) is of lens type, by definition,N(�K (� )) = �1 holds not only in the
p-th cyclotomic field but also in thed-th cyclotomic field for any divisord of p. In
the case thatn � 2 and p is not prime, we studyfd(n) for a prime divisord of p in
Lemma 4.1 (2).

In the case thatp = 2, Lemma 4.1 holds becausef2(n) = 4n � 1. From now on,
we assumep � 3. To show Lemma 4.1, we study properties off p(n).

Proposition 4.2. (1) The degree of fp(n) is '(p).
(2) If p � 3, then there exists a polynomial of n, gp(n), over Z with degree'(p)=2
such that fp(n) = fgp(n)g2.
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Proof. (1) Since�n(� ) = (1� � )2n + � , the degree off p(n) is '(p).
(2) Firstly we note

�n(� ) = � 2�n(��1):
From this equation,

Æ(� ) =
�n(� )�

satisfiesÆ(��1) = Æ(� ), and Æ(� ) is an element ofQ(� + ��1). Since� 6= ��1, we have
[Q(� ) : Q(� + ��1)] = 2 and [Q(� + ��1) : Q] = '(p)=2. If we set

gp(n) = NQ(�+��1)=Q(Æ(� ));
then gp(n) is a polynomial ofn over Z with degree'(p)=2 such thatf p(n) = fgp(n)g2.

We write down f p(n) and gp(n) in the following form:

f p(n) =
'(p)X
i =0

ai n
i ; gp(n) =

'(p)=2X
j =0

b j n
j :

Let F(n) = s0nm +s1nm+1 +s2nm+2 + � � �+sdnm+d (s0 6= 0, sd 6= 0) be a polynomial of
n over R. If (i) d = 0 or (ii) d � 1 andsi�1si < 0 (i = 1;2; : : : ;d), then we say that
F(n) is an alternating polynomial. We note that if all roots ofF(n) = 0 are positive
real numbers or 0, thenF(n) is an alternating polynomial.

Lemma 4.3. (1) The polynomials fp(n) and gp(n) are alternating polynomials.
(2) a'(p) = f(p(1)g2 and a0 = 1.
(3) b'(p)=2 = (�1)'(p)=2(p(1) and b0 = 1.
(4) a1 = 2TQ(� )=Q(� )� 2'(p), where TQ(� )=Q(� ) is the trace of� in Q(� )=Q. In partic-
ular, if p is an odd prime number, then a1 = �2p and b1 = �p.

Proof. (1) Firstly we note

Æ(� ) =
�n(� )� = 1� f2� (� + ��1)gn:

Since 2� (� + ��1) > 0, the polynomialsf p(n) and gp(n) are alternating polynomials.
(2) a'(p) = NQ(� )=Q((1� � )2) = f(p(1)g2 and a0 = NQ(� )=Q(� ) = 1.
(3) It is clear by (1) and (2).
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(4) By the definition,

a1 =
X

i2(Z=pZ)�(1� � i )2 � NQ(� )=Q(� )� i
=

X
i2(Z=pZ)�(� i + ��i � 2)

= 2
X

i2(Z=pZ)� �
i � 2'(p) = 2TQ(� )=Q(� )� 2'(p);

If p is a prime number, thenTQ(� )=Q(� ) = �1 and'(p) = p� 1. Thereforea1 =�2p. This completes the proof.

Proof of Lemma 4.1 (1). Assumen � �1. From Lemma 4.3 (1) and (2), we see

f p(n) � f(p(1)g2 + 1� 2:
This completes the proof.

To prove Lemma 4.1 (2), we need the following lemma.

Lemma 4.4. (1) If p is a prime number, then

f p(n) = np
�� p

1 � 1
��� p

2 � 1
�;

where�1 and �2 are roots of�n(t) in (4.1).
(2) If p is an odd prime number, then bj � 0 (mod p) for j = 1;2; : : : ; '(p)=2.

Proof. (1) From'(p) = p�1 and t p�1 = (t�1)(p(t) if p is a prime, we have

np(� p
1 � 1)(� p

2 � 1)

n'(p)(p(�1)(p(�2)
= n(�1 � 1)(�2 � 1) =�n(1) = 1:

By (4.2), we have the equality.
(2) Let (p) be an ideal in the polynomial ringZ[n] generated byp, and �1 and �2

roots of the Alexander polynomial�n(t) with degree 2 in (4.2). Since�n(t) is a poly-
nomial overZ and p is an odd prime number, we have

np(�1 � 1)p(�2 � 1)p � np
�� p

1 � 1
��� p

2 � 1
�

(mod (p)):
By (1),

f p(n) � np(�1 � 1)p(�2 � 1)p = fn(�1 � 1)(�2 � 1)gp = 1 (mod (p)):
SinceZ[n]=(p) = (Z=pZ)[n] is a unique factorization domain,

gp(n) � b0 = 1 (mod (p)):
This meansb j � 0 (mod p) for j = 1;2; : : : ; '(p)=2.
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Proof of Lemma 4.1 (2). Letp be an odd prime number, andhp(n) a poly-
nomial of n satisfying

gp(n) = pnhp(n) + 1:
Then hp(n) is a polynomial overZ by Lemma 4.4 (2), andf p(n) = 1 if and only if
hp(n) = 0. We write down

hp(n) =
'(p)=2�1X

k=0

cknk:
By Lemma 4.3 (3) and (4),c'(p)=2�1 = �1 and c0 = �1. From this, if hp(n) = 0,
then n = �1. Therefore if jnj � 2, then hp(n) 6= 0. This completes the proof of
Lemma 4.1 (2).

For example,h3(n) = �1, h5(n) = n�1, h7(n) = �(n�1)2, h11(n) = �(n�1)(n3�
4n2 + 3n� 1).

Corollary 4.5. Let K be a knot in a homology3-sphere6, �K (t) the Alexander
polynomial of K, and M = 6(K ; p=q) the p=q-surgery for p� 2 and q 6= 0. If �K (t)
is divisible by nt2 � (2n� 1)t + n (n 2 Z; n 6= 0;1), then M is not of lens type.

Appendix

We introduce a result in [18] due to Ozsváth and Szab́o, which is a necessary con-
dition on the Alexander polynomial of a knot inS3 which yields a lens space. They
show it by using knot Floer homology ([13, 18, 19]).

Theorem [Ozsv́ath-Szab́o [18]]. Let K be a knot in S3, and M = (K ; p), where
p is an integer. If M is a lens space, then the Alexander polynomial of K is of the
following form

�K (t) = (�1)m +
mX
j =1

(�1)m� j (tsj + t�sj );
where0< s1 < s2 < � � � < sm.

By Moser’s theorem (Theorem 1.2), the Alexander polynomial of a torus knot sat-
isfies the condition above. We can check it easily as follows.

Proposition. The Alexander polynomial of a torus knot has the form in Ozsváth-
Szab́o’s theorem.
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Proof. Let�p;q(t) be the Alexander polynomial of (p;q)-torus knot. We may as-
sume 2� q � p. There are integersck and dk (k = 0;1; : : : ;q � 1) such that
pk = qck + dk (0 � dk � q � 1). The integersd0; : : : ;dq�1 are mutually distinct,
becausep and q are coprime integers. It is clear thatc0 = d0 = 0.

We list the following formulas which are proved easily.

�p;q(t) =
(t pq � 1)(t � 1)

(t p � 1)(tq � 1)
=

�
t p(q�1) + t p(q�2) + � � � + t p + 1

�
(t � 1)

tq � 1
(1)

t pk = tdk (tqck � 1) + tdk(2)

t pk(t � 1)

tq � 1
= tdk

�
tq(ck�1) + tq(ck�2) + � � � + tq + 1

�
(t � 1) +

tdk (t � 1)

tq � 1
(3)

q�1X
k=0

tdk (t � 1)

tq � 1
=

(tq�1 + tq�2 + � � � + t + 1)(t � 1)

tq � 1
= 1(4)

�p;q(t) = 1 +
q�1X
k=1

ck�1X
l=0

�
tql+dk+1 � tql+dk

�
(5)

Equation (5) is obtained from equations (1), (2), (3) and (4). If two pairs (k; l )
and (k0; l 0) are distinct, then two numbersql + dk and ql 0 + dk0 are distinct. Therefore�p;q(t) has the form in Ozsv́ath-Szab́o’s theorem.

In [12], we characterized the Alexander polynomial of a knotin any homology
3-sphere having a lens type surgery. Infinitely many knots inS3 having lens surgery
appear as certain families or sequences (see [1]), and no counterexample is discovered.
The author thinks such a deformation of the Alexander polynomial above is related
to the structure of each family or sequence not only inS3 but also in any homology
3-sphere.
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[13] P. Kronheimer, T. Mrowka, P. Ozsváth and Z. Szab́o: Monopoles and lens space surgeries,

(2003), 1–76,math.GT/0310164.
[14] N. Maruyama:On Dehn surgery along a certain family of knots, J. of Tsuda College19 (1987),

261–280.
[15] T. Mattman: Cyclic and finite surgeries on pretzel knots, J. Knot Theory Ramifications11

(2002), 891–902.
[16] J.W. Milnor: A duality theorem for Reidemeister torsion, Ann. of Math. (2)76 (1962), 137–147.
[17] L. Moser: Elementary surgery along a torus knot, Pacific J. Math.38 (1971), 737–745.
[18] P. Ozsv́ath and Z. Szab́o: On knot Floer homology and lens space surgeries, Topology 44

(2005), 1281–1300.
[19] J. Rasmussen:Lens space surgeries and a conjecture of Goda and Teragaito, Geometry and

Topology 8 (2004), 1013–1031.
[20] K. Reidemeister:Homotopieringe und Linsenräume, Abh. Math. Sem. Univ. Hamburg11
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