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Abstract

We study pairs of symmetries of a Riemann surface of gena?, whose prod-
uct has ordem > 2, assuming that one of them is fixed point free. We start our
considerations by giving some bounds for the number of ovhla symmetry with
fixed points and showing their attainment, later we take axtoount the number of
points fixed by the product of the symmetries and we study sofries properties.
Finally we deal the problem of finding the maximal possiblevpo of 2 which can
be realized as the order of their product.

1. Introduction

Let X be a compact Riemann surface of geus 2. By a symmetryof X we
mean an antiholomorphic involutios of X. By the classical result of Harnack the
set of fixed points oy consists of at mosg + 1 disjoint simple closed curves, which
are calledovals If o hasg + 1—q ovals then we shall call it anM — q)-symmetry
according to Natanzon’s terminology from [12]. Furthermar is called separatingor
non-separatingf X \ Fix(c) has two or one connected component respectively.

The study of symmetries of Riemann surfaces is important tduéhe categor-
ical equivalence under which a compact, connected Riemarfacg X corresponds
to a smooth, complex, projective and irreducible algebricve Cx. Furthermore, a
Riemann surfaceX admits a symmetry if and only if the corresponding cun@y has
a real formCx(o) and two such symmetries give rise to the real forms non-esphic
over the realR, if and only if they are not conjugate in the group A(X) of all, in-
cluding antiholomorphic, automorphisms ¥f Finally, the set Fixg) is homeomorphic
to a smooth projective model of the corresponding real fdkplo) and in this paper
we focus our attention on curves having two real forms one lntwvhas ndR-rational
points. The latter are known in the literature as theely imaginary curvesnd they
correspond to fixed point free symmetries of Riemann susfaaa example of such a
curve is the one given by" + y" = —1 for n even.
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The aim of this paper is to solve some of the problems broughby Bujalance,
Costa and Singerman in [2] and Natanzon in [12], which wetglist in [5, 9, 10],
for the case of at least one of the symmetries being fixed pog®. Here we fill
the gaps existing in the literature of the topic, showing tivay some differences and
similarities to the case of both symmetries having fixed {oifror our considerations
we use important results given by Izquierdo and Singermajlirand following their
terminology, we shall say that a Riemann surface of gemasimits the pair (Qt),, if
it admits a pair of symmetries, t whereo is fixed point free,r hast ovals andot
has ordem.

The results we give in the first parts of the paper completesthdies of some
problems appearing in [5] and [9]. First of all, we give upjfeunds for the number
t of ovals of symmetryr, in terms of the genug of the surface and the order of
the productor. We also show attainment of these bounds for infinitely maalyes of
g. Later we take into account the numbmrof points fixed by the produciz. As in
[5], we use theorem of Macbeath from [11] to give more specifiartals fort and we
show their attainment. We also study properties of the nunmbeof points fixed by
the producto r, showing that the upper bound far can be realized for an orientation
preserving automorphism being the product of our symneti@rthermore, we show
some other values fom, which are attained and, in contrast to the case of pairs of
symmetries with fixed points, we see that the numipeof points fixed by the product
has to be even. In the last part of the paper we study how fam frseing commutative
can be a pair of symmetries one of which is a fixed point freersgitry, i.e. we find
sharp upper and lower bound for the maximal order of the mbdfithe symmetries
in question, given the numbers of their ovals.

2. Preliminaries

We shall prove our results using theory of non-euclidearstetipographic groups
(NEC groupsin short), by which we mean discrete and cocompact subgrofifghe
group G of all isometries of the hyperbolic plar# including those that reverse orien-
tation. The algebraic structure of such grotipis coded in the signature:

(2) s(A) = (h; £ [ma, ..o, my s {(Naa, -2y Mag)s - - oy (Nt - - -5 Nkg))),

where the bracket:(s, .. ., nis) are called theperiod cycles the integersy; are the
link periods m; proper periodsand finally h the orbit genusof A.

A group A with signature (1) has the presentation with the followirenerators,
called canonical generators

X1, ..., %,8,Gj, 1<1 <k 0=<]=<s andag, by, ..., an by

if the sign is+ or dy, ..., d, otherwise,
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and relators:
Moi=1,...,r, cﬁfl,cﬁ, (Cj-1Gj)", cog'cse, i =1,...,k j=1,...,58
and
X1---Xrel---&alblailbil---ahbhaﬁlbﬁl or xl---xra---qdf---dﬁ,

according to whether the sign i or —. The elements; are elliptic transformations,
a;, by hyperbolic translationsg; glide reflections andai; hyperbolic reflections. Reflec-
tions ¢j_1, Gjj are said to beconsecutive Every element of finite order im\ is con-
jugate either to a canonical reflection or to a power of sommiial elliptic element
X, or to a power of the product of two consecutive canonicakoithns.

Now an abstract group with such presentation can be reatigeah NEC group\
if and only if the value

ez S(- 1)+ S0 (- )

wheree = 2 or 1 according to the sign being or —, is positive. By [13] this value
turns out to be the hyperbolic arggA) of an arbitrary fundamental region for such
group and we have the following Hurwitz—Riemann formula

[A AT = pu(A)/(A)

for a subgroupA’ of finite index in an NEC group.

Now NEC groups having no orientation reversing elementscéassical Fuchsian
groups. They have signatureg; &; [my, ..., m]; {—}), which shall be abbreviated as
(g:my, ..., m;). Given an NEC groupA, the subgroupA™ of A consisting of the
orientation-preserving elements is called ttenonical Fuchsian subgroup of\ and
for a group with signature (1) it has, by [14], signature

2) (eh+k—=21mg, my, ..., m, M, Ngq, ..., Nkg).

A torsion free Fuchsian group is called asurface groupand it has signature
(g; —). In such caseH/T" is a compact Riemann surface of geryiand conversely,
each compact Riemann surface can be represented as suthsmabe for somd".
Furthermore, given a Riemann surface so represented, a §miupG is a group of
automorphisms ofX if and only if G = A/T" for some NEC groupA.

Let C(G, g) denote the centralizer of an elemeanin the groupG. The following
result from [4] is crucial for the paper
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Theorem 2.1. Let X=H/T" be a Riemann surface with the group G of all auto-
morphisms of Xlet G = A/I" for some NEC groupA and let6: A — G be the
canonical epimorphism. Then the number of ovals of a symymetf X equals

Y IC(G, 6()) : 6(C(A, &),

where the sum is taken over a set of representatives of ajugaoy classes of canon-
ical reflections whose images underare conjugate tor.

For a symmetryr we shall denote byj|z| the number of its ovals. The index
wi = [C(G, 0(ci)) : O(C(A, ¢))] will be called acontribution of ¢ to ||6(c)|-

3. Ovals of non-commuting pairs of symmetries

The starting point for this paper are the results of Bujadar@osta and Singerman
from [2] (see also Natanzon in [12]) and their generalizajogiven in [9]. Recall,
that the upper bound for the total number of ovals of a pairyofirmetries with fixed
points, whose product has order on a Riemann surface of gengsdepends on the
parity of n and is equal to g/n+2 for n even and 2§—1)/n+4 for n odd. Moreover,
these bounds are attained whenevgyrdor 2(g — 1)/n are integers. If not, then we
can study the natural bounds, given by integer part, i.g/fft+ 2 for n even and
[2(g —1)/n] 4 4 for n odd. In [9] it was shown that this new bound is attained tior
even for infinitely many values aj. For oddn there is a better bound [@¢1)/n] + 3,
which is attained. Here, we shall give the analogous boundhi® number of ovals of
symmetry r. Obviously we shall assume that> 2 is even, as otherwise both the
symmetries would be fixed point free as conjugate ones. Asha# see, also in this
case we get two different bounds, depending on the parity/af Moreover, there are
more conditions necessary for their attainment, as onedas imore careful about the
epimorphismé@: A — D, defining the surface and the action.

We shall use the lemma below, which follows easily from Tleeor2.1

Lemma 3.1 (see also Theorem 2 in [2]).Let n be even and & D,, = A/T" be the
group of automorphisms of a Riemann surface=X{/T" generated by two non-central
symmetriesfixed point free symmetry and a symmetry and let C= (n4,...,ns) be a
period cycle ofA. Then reflections corresponding to C contributel|td| at most t ovals
in total, where t is the number of even link periods i#sl and some nis even and at
most2 ovals in total for the remaining cases.

Proof. Letf: A — G be the canonical epimorphism. The centralizer of any non-
central involution in [} has order 4. Since € C(A, ¢), we have thatw; < 2. If
¢ belongs to two odd link periods then we can assume thdbes not contribute to
[z|l, while if ¢ belongs to an even link period andcc has ordem’ then €¢)"/2 e
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C(A, ¢). Now #((cc)"/?c) # 1 since kep is a Fuchsian group and therefore we see
that 9(C(A, ¢)) has order 4. []

We also need the following two results from [6], which givers® restrictions on
the possible combinations @, n andt.

Theorem 3.2. If a Riemann surface X of even genus g admits a f@&it), with
t > 0, then n=2 mod 4and t is odd.

Theorem 3.3. If a Riemann surface of genus g admits a péirt), and n=0
mod 4,then g is odd.

Now we can give the upper bound for the number of ovdisr a Riemann surface
X of genusg, admitting the pair (Ot),

Theorem 3.4. Let X be a Riemann surface of genusagimitting a pair (0, t),
where n> 2 is an even integer. Theithe following conditions hotd
(1) f n=0 mod 4,n > 4 then t < 4(g — 1)/n and the bound is attained when
4(g—1)/n is even or n= 8;
(2) If n =4, then t< g and the bound is attained for every odd g
(3) If n=2 mod 4,then t< 2(g — 1)/n + 2 and the bound is attained B(g — 1)/n
is an integer.

Proof. Let firstn = 0 mod 4,n > 4 and letG = (o, t) = Dy. Now G = A/T
for some surface Fuchsian grolipand an NEC groupA with signature

(h, :i:, [m]_, ey mr]; {(_)I! Cl! ey Ck});

whereC; = (nj1,...,Nig), S =1 and lets =5, + - - - + s. By the Hurwitz—Riemann
formula we getu(A) = 27(g — 1)/n and by Lemma 3.1, asl 2 s > t, we have

2r(g—1
2O
n
>271(8h—2+k+|+r—+§)
= 2" 4
I rt
ZZﬂ(Sh—2+k+§+§+Z)

which givest < 4(g — 1)/n wheneversh +k +1/2+r/2 > 2. So we only have to
consider the following cases:

(@ h=1,sgnA) =—, k=r =0,1 =1,

(b) h=r=k=0andl =2orl =3,

(c) h=r=0k=1=1,
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(d h=k=0,r=21andl=1orl =2,
(e) h=1=0,k=r =1.

Observe that in case (a) the conditipfA) > 0 does not hold and in cases (b)—(d)
there is no epimorphisr: A — D, giving a pair (0t),. So we only have to deal with
the case (e). For the epimorphigm A — D, to exist, the signature oA must be of
the form

(@ +:[ml: {(ng, ..., ns)})

for somem > 4. Now if there is at least one odd link period then, by Lemnig 8
obtains >t + 1 and

2r(g—1)
=

n(A)

1t 1
Z2n62+1+1——+—+—)

4 4 3
t 1
> 27'[(:1 + 1—2)
which gives< 4(g — 1)/n.

Now if all the link periods are even and at least two of themgresater than 2, then

2r(g—1) _

A
- u(A)
1 t—-2 3
3 >27(-24+1+1—->4+ —= 4=
(3) > (++ 4+4+4)
_27r-t
T4

and the theorem holds ds< 4(g — 1)/n.
Let now only one of the link periods be greater than 4. In suabecit is easy to
see, that for the epimorphism to exist it must be tha m > 8. Hence

2r(g—1
2O-1 _
n
1 t-1 3
>or|—24+1+1-4 -+
> ( +1l+l-2+— +8)
_271-t
T4

which again gived < 4(g — 1)/n.
So we may assume that has a signature of the form

(4) O +:[m]: {(2,.5.,2)).
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But in such case the epimorphigin A — D,, cannot exist fom > 4, as it would have
to send the consecutive canonical reflections alterngtit@lr and z(o7)"/2. Hence
0(e) may be equal to 1,0(r)"/? or (c7)*"*, depending on the parity of. Moreover,
0(e) and0(x1) have the same order, as the relatiqe = 1 holds inA. It follows that
in such case there is no epimorphism onte fdor n > 4, n =0 mod 4.

To see that the bound above is attained whenevgr4[)/n is even, consider an
NEC groupA with signature (1—;[—];{(2,97Y/",2)}) and an epimorphisré: A — D,
defined byo(d) = o, 6(e) = 1 and sending canonical reflections alternativelyrtand
7(ot)"2. In such casd’ = ker@) is a Fuchsian surface group antl= #/T is a
Riemann surface of genug admitting a pair (0, 4 — 1)/n),.

For n = 8, we only have to consider the case when—1)/2 is odd, as we
treated the opposite casg - 1)/2 even above. Consider an NEC gronpwith signa-
ture (Q +;[8]: {(2,9-Y/2-1 2, 4)) and an epimorphism: A — D, defined byg(x) =
6(e)~* = o and sending canonical reflections to

T, ‘L’(O"L’)4, T,..., T, 1:(0'1:)2.

(9-1)/2

Also heref gives rise to the configuration of symmetries we looked for.

Let us now consider the case of= 4. It follows from the proof of the previ-
ous case, that < g — 1 for all the possible signatures @f except signature (4). In
such case we define an epimorphigitby putting 6(x) = 0(e)~* = ot and sending
consecutive canonical reflections alternativelyrtand t(ot)?, starting with the for-
mer and finishing with the latter. This leads to the Riemanriase X = #/ker6 of
odd genusg, admitting the pair (0g),.

Let finally n =2 mod 4 and letG = (o, ) = Dy. Now G = A/T" for some
surface Fuchsian group and an NEC groupA with signature

(h: £;:[my, ..., m]: {(=), Cq, ..., C}),

whereC; = (nj1, ..., Nis), S = 1. Observe, that all the link periods are odd, as sym-
metry o is fixed point free and so images undemnf all the canonical reflections are
conjugate tor. By the Hurwitz—Riemann formula we get(A) = 27 (g—1)/n and by
Lemma 3.1, as X(+1) > t, we have

2r(g—1)
- u(A)

> 2n(eh—2+Kk+1+ 5+ )

r t
zz{m—2+§+§)
which givest <2(g—1)/n+ 2 if eh+r/2>1. So leth=0,r = 1. In such case
we haved(g) # 1 for some period cycleC;. Observe that, by [6] (see in particu-
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lar Cases 2 (i), 3 (i) on pp.7-8, and Note on p.9), any conngajenerator mapped
nontrivially forces the total possible amount of ovals todiminished by 1. It follows
that 2k +1) > t + 1 with

MZZT[(—Z—!—].—}—O—E)

n 2 2
> 2 (E - )
2
hencet <2(g—1)/n + 2.

So we only have to consider the caBe=r = 0. If so, there are at least two
period cycles, sayC;, C, in the signature ofA, with 6(e;), 6(e;) being non-trivial. It
follows, as above, that R4-1) >t + 2 and so

M > 271(_2+ ﬂ)
B 2

n
t
=2r|-—-1
(z-)
which givest < 2(g—1)/n+ 2.
To see that the bound is attained fog2(1)/n being even, consider an NEC group
with signature

(L= [ () DmHy)

and an epimorphism: A — D, = (0,7 | 02,7%,(c7)") defined byd(e) = 1, 6(Co) = T,
0(dy) = o. In such caseX = H/ker@) is a Riemann surface of gengs admitting the
pair (0, 2@ — 1)/n + 2),.

Now if 2(g — 1)/n is odd, then we take an NEC group with signature

(©: +: [2: ()9

and an epimorphism onto D defined by6é(cio) = oto, O(e1) = (X)) = (o7)"?,
0(cio) = 7 andd(g) = 1 for i > 2. Here we also obtained a configuration we were
looking for. [l

Now we shall prove that there are infinitely many valuesgofor which n = 0
mod 4 does not divide ¢(— 1) and the natural bound [¢{ 1)/n] is attained. On the
other hand, fom = 2 mod 4 andn not dividing 2@ — 1) the bound [2§—1)/n] 42 is
not attained, but there is a new boundd2{1)/n] + 1 which is attained for infinitely
many values ofg. These results are analogous to the case of symmetries wéd fi
points (see [9] for more details).
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Theorem 3.5. For arbitrary even n> 8, n = 0 mod 4there are infinitely many
values of g for which n does not dividdg — 1) and there exists Riemann surface of
genus g admitting a pai(0, [4(g — 1)/n])n.

Proof. LetA be an NEC group with signature

(@i {22 23))

for some nonnegative integer and consider an epimorphisth. A — D, = (o, 7 |
02,72,(o7)") defined byd(e)) = 0(x1)™* = o, 6(c1g) = T and which sends firstlet 1
reflections corresponding to the unique nonempty periodecgtternatively tor and
7(0t)"? and 0(cias1) = t(07)? Then, by Lemma 3.1¢ defines the configuration
(0, 2u + 1), of two symmetries on a Riemann surface of gegus nu/2+n/2— 1.
Now observe that 4(— 1)/n =2u+2—8/n and so, a1 > 8, we have [4g—1)/n] =
2u + 1. Hence we have constructed the configuration of symmetegeested in the
theorem indeed. ]

Theorem 3.6. Let X be a Riemann surface of genusagimitting a pair (0, t)n,
where n> 2 is an even integer such that=a 2 mod 4and n does not divide(g—1).
Then t< [2(g — 1)/n] + 1 and there are infinitely many values of g for which this
bound is attained.

Proof. Letn, g be as in the theorem and 1& = (0, r) = D,. HereG = A/T
for some surface Fuchsian groiipand an NEC groupA with signature

(h, +; [m]_, ey mr]; {(_)I! Cl! cey Ck}):

where as usuaCj = (nj1, ..., Nis), § = 1. Again, like in the proof of part (3) of
Theorem 3.4, all the link periods are odd. Asdoes not divideg — 1, it follows that
there are proper or link periods in the signaturefof Let us assume first thdt = 0.
Here, for the epimorphism: A — D, to exist there are several possibilities. First of
all, assume that there are no link periods and all the comgegenerators are mapped
to 1. Then for the epimorphism to exist, there are two evemeargeriods, which are
greater than 2 asg(— 1)/n is not an integer. Therefore

27(g—1)
T = u(A)

2
2271(—2+2—Z+k+l)

t 1
> 2=~ 2
=2~ 5)
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as 2k+1)>t, by Lemma 3.1, and sb< 2(g—1)/n+ 1. If there are no link periods
but there is some connecting generagomapped nontrivially, then again there are at
least two even proper periods greater than 2,gs ()/n is not an integer. By [6],
2k+1)>t+1 and we have 2(g—1)/n = u(A) > 2n(—2+2—-2/4+ (t +1)/2) >
2r - 1/2, resulting witht < 2(g — 1)/n. If there are at least two link periods, then
for the epimorphism to exist either there are also at least [moper periods or one
proper period and one connecting generator mapped naillyjvor else at least two of
the generatorg are mapped nontrivially. In all of the cases we obtain(@— 1)/n =
w(A) > 27 (—2+1t/242/2+2/3) > 27 (t/2—1/3), givingt < 2(g—1)/n+2/3. Finally,

if there is only one link period, then the connecting germratorresponding to the
nonempty period cycle is mapped nontrivially and there s an even proper period
greater than 2, resulting withnZg—1)/n = u(A) > 2n(—2+3/44+(t +1)/2+1/3) >

27 (t/2—-5/12) and sot < 2(g — 1)/n + 10/12.

Assume now thah > 1. If there are at least two proper periods, ther{@— 1)/n =
w(A) > 2r(1—2+4+2/24+1t/2) > 27 -t/2 and sot < 2(g — 1)/n. If there is only one
proper period, then there is also at least one connectingrgtame; mapped nontrivially
and, by [6] again, 4+ 1) > t + 1 givingt < 2(g — 1)/n as above. Finally, if there are
no proper periods, then there is a nonempty period cyclefaherie are at least two link
periods, we have2(g— 1)/n = u(A) > 2r(1—2+1t/2+2/3) > 2n(t/2—1/3) and so
t <2(g—1)/n+ 2/3. Now if there is only one link period, then the connectingerator
of the nonempty period cycle is mapped nontrivially and thage is not4t)"2. Hence
the epimorphism cannot exist.

Now it is enough to observe, that all the values we obtaine@sulting inequalities,
are smaller than 2(— 1)/n + 2 and the difference is at least 1. Therefore there are also
smaller than [2§ — 1)/n] + 2, which finishes the first part of the proof. We have showed
thatt < [2(g —1)/n] + 1.

For the attainment, let us consider an NEC graupwith signature

et {3 )

for some nonnegative integer and an epimorphism defined (c0) = 0(cz1) = T,
6(C20) = 0(c11) = t(07)% 6(€1) = 6(&)™* = 70 and 6(cio) = 7, 6(g) =1 fori > 3.
Here #/ker(@) gives rise to the Riemann surface of gergis= nu + n — 1, which
admits a pair (0,2+ 2),. Now 2@—1)/n=2u+2—-4/n,n>6 and so A+ 2 =
[2(g—1)/n] + 1 which means that indeed we constructed a configuration mfsstries
in question. O

4. Points fixed by the product of symmetries

Now we shall state some results concerning the nunnibexf points fixed by the
product of two symmetries. The next result coming from [14é€ also [7]) is crucial
for the paper
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Proposition 4.1. LetZ, = A/T be the cyclic group of orientation preserving auto-
morphisms of a Riemann surface=X?/I" and let x, Xz, . . ., X be the set of canonical
elliptic generators of a Fuchsian group with periods m, ..., m; respectively. Then the
number m of points of X fixed by an elemerd g, of order d is given by the formula

1
m=n —
m

where the sum is taken over those i for which d dividgs m

Let X be a Riemann surface admitting a pair {(y, and letG = (o, t) = Dp.
Now G = A/I" for some surface Fuchsian grodp and an NEC groupA with sig-
nature (1). The subgroup of/I" of orientation preserving automorphisms is gener-
ated by the productt and isA*/I". Observe now that in our case there are no link
periods equal tm, as one of the symmetries is fixed point free. Therefore wes hav
the following

Corollary 4.2. The product of two symmetries and r of a Riemann surface X
has 2r fixed points where r denotes the number of proper periods equal to n in the
signature ofA in the presentationo, ) = A/T.

Now we shall recall the upper bound fam, which was given in [8]:

Proposition 4.3. The number of points fixed by an orientation preserving auto-
morphism of order n of a Riemann surface of genudags not excee?(g+n—1)/(n—1)
and the bound is attained whenever1 divides2g.

In the sequel we shall denote the maximal possible numbge#2(—1)/(n—1) of
fixed points byM. It is not hard to prove, that the bound above can also bezeszhli
for the product of two symmetries having fixed points wheneve 1 divides 2). Now
we shall give some conditions under which an integes M = (2g + n—1)/(n—1)
can be realized as the number of points fixed by the productvofdymmetries, one
of them being fixed point free. Observe that in particularrigka = 0 in part (2) of
the next result gives us the necessary and sufficient conditir the maximal possible
numberM of fixed points to be attained

Theorem 4.4. The following conditions hold
(1) If there exists a Riemann surface of genyshagving a pair of symmetriest least
one without ovalswhose product has order n and has M2(g+n—1)/(n—1) fixed
points then ng > 2 are integers such that-n1l divides g and ng have different parity
(2) Converselylet g, n be integers such that M is attained as the number of points
fixed by the product of two symmetries whose product has ardemd one of them is
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fixed point free. Let alsd < u < n be a proper divisor of n and & 0 an integer.
Then if n is even any valu® < m = M — 4ua is also attained and if n is oddhen
all the valuesO <m = M — 2ua are attained.

Proof. We shall prove the necessity first. Let us assume ¥has a Riemann
surface, having a pair of symmetries r, such that at least one of them is fixed point
free, their product has order and hasM = 2(g + n — 1)/(n — 1) fixed points. Let
G = (0, 1) = Db. Now G = A/I" for some surface Fuchsian group and an NEC
group A with signature

(h; £ [N, M2 nmyq, ..., m ] {(=), Ci, ..., C),

whereC; = (nj1, ..., Nis), S = 1. By the Hurwitz—Riemann formula we get(A) =
2r(g—1)/n and so

ZOZD

1
:27T(sh—2+k+|+%+1—ﬁ+R1+ Rz),

where

=Y (i) w r=2y (i 2)

i=1 ! i=1 j=0

It follows thatr = k =0 andeh+1 = 1, as otherwise there would be no epimorphism
6: A — G. By Corollary 4.2,M is even and sa — 1 dividesg. Now if n is even,
M/2 is even and sM = 2g/(n— 1)+ 2 is divisible by 4, which means that/(n —1)
is odd. It follows that ifn is even, theng is odd. Now if n is odd theng must be
even, asn — 1 dividesg.

For the proof of (2), let firsh be even. Consider an NEC group with signature

. n 2a n M/2—2ua .
(2(u —Da; —; [G’ 2L, [2-2ua n], {(—)})

and an epimorphismM: A — D, = (0,1 | 02,72, (0 7)") defined byd(e;) = 1, 6(cio) =
7, 0(di) = o and sending the canonical elliptic generatgrsi = 1,..., 2a alternatively
to (o7)" and @o)" and generators;, i =2a+1,..., M/2—2ua+ 2a alternatively to
ot andro. As before, /ker@) gives rise to the Riemann surface of gemyswhich
admits a pair (0, 2) and the product of the symmetries hisls— 4ua fixed points.

Let nown be odd. If 4 dividesM, then we take an NEC group with signature

((u —Dla+1;—; [E .2, E n, M/2-ua, n]; {—})
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and an epimorphism: A — D, = (0,7 | 02,72, (07)") defined as in the previous case
if ais even. Ifa is odd we taked such thatd(d) = o and 6(x1) = 0(x2) = (o 7)%,
0(x3) = (o)™ andé sends the canonical elliptic generatersi = 4,...,a alternatively
to (o7)! and @o)Y, 0(Xas1) = 0(Xasr2) = (07)% 0(Xar3) = (ro)* and generators;,
i=a+4,...,M/2—-ua+ a alternatively toot and ro. In both cases we obtain
a Riemann surface of genugs admitting a pair (0, Q) with the product havingn =

M — 2ua fixed points.

Let now M = 2 mod 4. Consider an NEC group with the signature as in the
previous case. I is even, the epimorphism defined similarly as above Nbr= 0
mod 4 anda odd, gives rise to the configuration we looked for. afis odd, then
we take the epimorphism defined similarly as in the chbe= 0 mod 4,a even. As
before, H/ker@®) gives rise to the Riemann surface of gergiswhich admits a pair
(0, O), and the product of the symmetries hiss— 2ua fixed points. []

Now we shall take into account the numhbmarof points fixed by the product t
and give bounds for the number of ovals of symmaetrySimilarly to the case of two
symmetries with fixed points (see also [5]), we obtain boufmisthe number of ovals
in terms ofg, n, andm and show their attainment for some seriesgph, m. Observe,
that we can assume thatis even, as otherwise both symmetries would be fixed point
free as conjugate ones.

Theorem 4.5. Let X be a Riemann surfacadmitting a pair (0, t),, with the
product having m fixed points. Then the following conditibiogd:
(1) f n=2 mod 4,then t< ((2g + m—2)/n) + 4 — m and this bound is attained
whenever g is oddm > 4 and n divides g+ (m/2)—1;
(2) f n=0 mod 4and m> M — 2 then t< 2 and this bound is attained for any
odd g with m= M;
B) fn=0 mod 4,n>4and m<M -2, then t<((4g+2m—4)/n) +4—2m and
this bound is attained if n dividedg + m — 2;
4) fn=4and m<M —2,then t< g+ 3—(3m/2) and this bound is attained for
any odd g.

Proof. Let firstn =2 mod 4 and let as befor@ = (o,t) = D,. Now G = A/T
for some surface Fuchsian groiipand an NEC groupA with signature

(5) (h: £:[n, ™2 n,my, ..., m]: {(—), Co ..., C}),

whereC; = (i1, ..., Nis), S = 1 ands = s, +--- + 5. Observe, as in the last case of
the proof of Theorem 3.4, that all the link periods are odd. tBy Hurwitz—Riemann
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formula we getu(A) = 27(g— 1)/n and by Lemma 3.1, as 2¢ k) > t, we have

2r(g—1)
" u(A)

(6) ZZn(sh—Z—f—k—H—{—g-(l—%)—f—E)

4
m 1 t
> — —. - — —
_Zn( 2+ 5 (1 n)+2)
which givest <2(g—1)/n+4—-m(1—-1/n) < (2g+m—2)/n+4—m.
Now, for the attainment, considey, n and m > 4 such thatg is odd andn div-

idesg + m/2— 1. Observe that in such case/2 is even. LetA be an NEC group
with signature

(©: +; [n, ™2, n]; {(-)')),

wherel = (g+m/2—1)/n+2—m/2 and letd: A — D, = (o, T) be an epimorphism
sending all the canonical reflections t¢ all the generatorg to 1, and the canonical
elliptic generatorsx; alternatively toor and ro. Then X = H/ker6 is a Riemann
surface of genug, which admits a pair (0, @+ m—2)/n+ 4 —m), with the product
having m fixed points. Observe also, that the bound cannot be attdoreth = 0, as
in such case we would have= 2(g — 1)/n+ 4 > 2(g — 1)/n 4 2, a contradiction.

Let nown=0 mod4 andn > M —2. Let, as abové& = (o, t) = D,. Now G =
A /T for some surface Fuchsian groipand an NEC groupA with signature (5). If
there are no even link periods in the signatureAgfthen as above we geét< 2g/n +
2—(mMm-=2)(1-1/n).

If k > 0 and there are even link periods, then by Lemma 3.4 8>t and so

ZOZD

| m 1 S
>2 h—2+k+-+—=-(1-= -
@) > n(s + +2+2 ( )+4)

n
m 1 t
>or(-14+=.(1-= -
s n( + > ( n) + 4)
which givest < 4(g—1)/n+4—-2m(1—1/n) = (4g+2m—4)/n+4—2m. Observe now,
that form > M —2 we get that §/n—2(m—-2)(1—1/n) < 2g/n+2—(m—-2)(1-1/n) <

4. So we may assume that there are no even link periodgi(g) # 1 for some
empty period cycleC;, then this cycle contributes with 1 oval by Theorem 2.1 and
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so 2( +k)>t+ 1. Hence

2r(g—-1)
— =

w(A)

1 1
ZZn(sh—2+k+|+2-(1—ﬁ)+t+—)

2
3 m 1 t
ZZ]T(—E-FE-(].—E)“FE)
which givest < 3/2. Similarly, if there are nonempty period cycles we gdi\) >
27(-2+1t/24+ m/2-(1—1/n) 4+ 1/3) which in turn givest < 5/3—2/n < 2.

Therefore we may assume that all the period cycles are empitjoa alli, 6(g) = 1,
which means that all period cycles contribute with two ovidence, as < 4, it must be
thatt < 2. For the attainment it is enough to consider the signatndeaa epimorphism
from the proof of Theorem 4.4, case wheris even,a = 0. Observe also that the bound
is attained withm = M.

We shall treat the bound for cases (3), (4) together.mAss M — 2, we get that
2g/n+2—(m-2)(1—1/n) <4g/n—2(m—2)(1—1/n) and so by the previous parts
of the prooft < (49 + 2m— 4)/n + 4 — 2m, which givest < g+ 3—3m/2 for n = 4.
Now for the proof of the attainment, consider an NEC groumvith signature

(©: +;[n, W2, Nl {(2,. 5., 2)),

wheres = (49 + 2m—4)/n+ 4—2m is even and lep: A — D, = (o, ) be an epi-
morphism sending the consecutive canonical reflectiomsratively tor and t(o7)"?,
canonical elliptic generators alternatively éa and to. If 4 divides m, then we take
0(e;) =1 and ifn =4 andm/2 is odd, we tak&(e;) = o 7. In both cases we obtain a
Riemann surface of genug admitting a pair (0t),, with the product havingn fixed
points andt being maximal. []

5. Order of the product of the symmetries

In this section we investigate the case of non-conjugatenmmdommuting pairs of
symmetries. Our aim is to find sharp upper and lower boundh®ntaximal order of the
product of the symmetries in question, given the numberfeif bvals. Now conjugate
symmetries have the same topological properties, in pdatichey have the same num-
bers of ovals, so without loss of generality we shall reswigrselves to non-conjugate
symmetries. By the Sylow theorem we may assume that in fasetlsymmetries gener-
ate a dihedral 2-group as all Sylow 2-groups are conjugatesse@e, that Theorem 3.4
implies in particular restrictions for the order of the puotl of symmetries in question.
Here we define a function

ng:{0,...,0+1} — N,
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whereuq(q) = n if and only if 2" is the biggest power of 2 being realized as the order
of the product of a pair of Nl —q)- and fixed point free symmetries on a Riemann sur-
face of genug. As we consider only pairs of non-commuting symmetries ggimg a
2-group, then by Theorem 3.3 we can assume ghiat odd. Observe however, that this
result does not give any conditions on the number of ovalhefsecond symmetry. In
particular, it can also be a fixed point free symmetry. We Is$taidy this case in the
last part of the paper.

5.1. Pairs of symmetries with one being fixed point free. Similarly to the case
of symmetries with fixed points, which was studied in [10], s¥&ll use an upper bound
for the number of ovals of one of the symmetries in questi@ngi+ 1—q, in terms of
the genus of the surface and the order of the product of thenggries. By Theorem 3.4,
the following corollary holds true, which allows us to give apper bound fo4(q) in
the next theorem.

Corollary 5.1. Let X be a Riemann surface of genushgving pair of(M — q)-
and fixed point free symmetries r, whose product has orde?” with n> 2. Then the
following conditions hold
(1) If n > 2then q>g+1—(g—1)/2"2 and the bound is attained wheég—1)/2"2
is even or n= 3;

(2) If n =2, then g> 1 and the bound is attained for any odd g.

Theorem 5.2. The order of the product of aM — q)- and a fixed point free
symmetry on a Riemann surface of genusafisfying

-1 -1
9 <q<g+l_gzn_—l

(8) g+1— oz =

for some n> 2, does not exceed" and sougy(q) < n. If the parameters gy satisfy

9 1§q<T

then the order does not exce@ll = 4 and sougy(q) < 2.

Proof. Observe that in the first case the number of ovalsMf{q)-symmetry
satisfiesg + 1 — q > g/2" 1. Let d denote the order of the product of the symmet-
ries and assume to a contrary ththtis a power of 2 such thad > 2"+*1. Now by
Corollary 5.1 we have

g-1

0zg+1- 2+

which leads to a contradiction, as in the same tine g + 1 — g/2"L.
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Let us now consider the second case, thad,ig satisfy (9). Assume to a contrary
that the product of our symmetries is at leadt=28. Then by Corollary 5.1 we have
g > (g + 3)/2 and on the other hang < (g + 3)/2, a contradiction. O

It is more challenging to show that this bound is in fact atdl.

Theorem 5.3. Let g, q and n be integers such that! divides g— 1 and for
n > 2 or n = 2 respectively(8) or (9) holds. Thenug(q) = n, that is there exists
Riemann surface of genus g having a pair(bf — q)- and fixed point free symmetries
o, t with the product of orde2".

Proof. Observe that with our assumptign= 2"~'a + 1 for somea > 1 andg +
1—-(g—1)/2"2 is an even integer, so we can assume thatg+1—(g—1)/2"?+a =
g+ 1—2a+ « wherea > 0 is an integer. Observe also that the last equality in turn
givesg + 1 — g = 2a — « which is the number of ovals of one of the symmetries
in question.

Let first « = 28. Consider an NEC group. with signature

L—12,.0., 25 {2,919, 2))

and an epimorphism@: A — D = (o, 7) defined as follows for the consecutive ca-
nonical reflections corresponding to the nonempty pericdecy

o,0(070)? o,0(7)% ... 0

for which 6(d;) = 7,0(x) = (67)?", 6(€) = 1 for B even. If g is odd we taked(e) =
(o7)?™". With such a definition, by Lemma 3.8, gives rise to the configuration of
two (M —q)- and fixed point free symmetries on a Riemann surface of ggnwhose
product has order™

Let nowa = 28 + 1 with n > 2. Observe, that it follows thaf < g—2 asq is
odd and (8) holds. Indeed, in such cage< g+ 1—a <g asa> 1. Now take an
NEC groupA with signature

L =:12,.%.,2]:{(2,97%79, 2, 4, 4))
and an epimorphisnd: A — Dx = (o, ) for which 6(d;) = 7, 6(x) = (ar)zn’1 for
i =1,...,8 and mapping the canonical reflections corresponding to dmempty period

cycle respectively to

o, U(GI)ZH, o, o(ar)znfl, ce o(oz’)znfl, o(ar)znfz, o

9-q
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with 6(e) = 1 for 8 even and(e) = (o7)?" " otherwise. Again, in both cases,defines
the configuration of two NI —q)- and fixed point free symmetries on a Riemann surface
of genusg, whose product has ordef.2

Let nown = 2. Consider an NEC group. with signature

O +:[2,.7., 2,4} {(2, 97179, 2))

wherey = (g —3)/2 + 1. Define an epimorphisr: A — G by taking6(x) = (o7)?
fori =1,...,y, 6(X,+1) = ot and which sends the consecutive canonical reflections
alternatively too and rot. Furthermore, také(e) = ot for y odd andf(e) = to
otherwise. This definition leads to the configurations of syatries in question. [

The proof of the previous theorem gives us some informatioradower bound
for ug(q) for g = 2%a + 1. In such caseuq(q) > u+ 1, provided thatg > g + 1 —
(g—1)/2"1if u>1andqg > 1 for u = 1. In particular takingu = 1 leads to the
following corollary, which was also presented in [6].

Corollary 5.4. For any odd g and ¢ 1 there exists Riemann surface of genys g
having a pair of non-commutingM — q)- and fixed point free symmetries.

5.2. Pairs of fixed point free symmetries. In this part we study the case of
Riemann surfaces of genus having two fixed point free symmetries, t with the
product of order 2, n > 2. By Theorem 3.3, we may assume tltais odd. So let
g = 2"a + 1 for some odda andu > 1. First of all, we shall give the upper bound
for pg(g+ 1).

Theorem 5.5. Let g, n > 2 be integers such that g is odd and
N —1<g<2"i_1.

Thenug(g + 1) < n and this bound is attained if and only if-g 2"+ —1— 2" and
O<l<norg=2"141-2"1for 1 <1 <n.

Proof. Letn, g be integers holding conditions of the theorem and assumte tha
we have a Riemann surface of gemgishaving a pair of fixed point free symmetries
with the product of order 2with v > n. Now let G = (0, t) = D = A/T" for some
surface Fuchsian group and an NEC groupA with signature

(10) ;= [mg, ..., me ] {=)).

Note, that there are no period cycles, as our symmetries havevals. Moreover, for
the epimorphismp: A — (o, ) = Dy to exist it must be thah > 0 and sign is—.
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By the Hurwitz—Riemann formula, we know thag € 1)/2" = u(A)/2x. Now, asg <
21— 1 andv > n+ 1, we see that

pa) _g-1 1

(1) 2 T 20 T

Now, asv > n > 2 we see that there are proper periods in the signatura @nd
there are at least two as the relati6(x; -- - x,) = 1 must hold. Hence > 2. Now

if h> 2 we see thaju(A)/27 > 1 and (11) does not hold. But ii = 1, then for
the epimorphism to exist, there must a proper period equah® otherwise the image
of 6 does not give B. Furthermore again, there are at least two such periodshéor t
relation 6(xy --- %) = 1 to hold. This givesu(A)/2r > 1 — 1/2"~! and also in this
case we obtain the contradiction followed by the assumptionn.

Note, that we only used the fact thgt< 2"*1 — 1. In the same way one shows,
that forg < 2"—1 the order of the product of two fixed point free symmetriestigtly
smaller than 2. Hence the bound forg(g + 1) can be attained only fog > 2" — 1.

Now we shall prove the necessary and sufficient conditionttier attainment of
the bound. For, we shall find exact valuesgfor which 2! —1 < g <21 —1 and
ug(g + 1) = n. As before letG = (o, 1) = D» = A/T" for some Fuchsian surface
group T and an NEC groupA with signature (10). First of all, ag < 2" — 1 we
see, again by the Hurwitz—Riemann formula, th&t)/2r < 2—1/2""1. Observe now
thatifh>4,h=3,r>0o0rh=2r >4 thenu(A)/2r > 2—1/2""1 which is not
our case here.

Thus let firsth = 2 andr = 3. If two of the periods are equal 2, then the epi-
morphismé : A — D does not exist as the relatigh{x;xoX3) = 1 cannot hold inG.
Hence at least two of them are greater than two which leads don&radiction as in
such caseu(A)/2r > 1/2+ 3/4+ 3/4 = 2.

Now if h =2, r =2 then the proper periods are equal for the relatiéqx,) = 1
to hold and must be strictly smaller thaf as otherwiseu(A)/2r = 2 — 172" 1,

a contradiction.

Let finally h = 1. Observe that for our epimorphisénto exist, there must be at
least two proper periods equal'.2Now if there are more than three periods in to-
tal, thenu(A)/27 > 2—1/2"1, which contradicts the assumption. Therefore the total
number of periods foh = 1 is at most three.

Note that, as we have observed before, the case &f1 is impossible for we
would haved(x;) = 1 in such situation, which contradicts the fact thatékés Fuchsian
surface group.

Therefore the only possibilities for the signature are:

(1) h=1,r <3 and two of the periods are equdl; 2
(2) h=2,r =2 and the periods are strictly smaller thah 2
(3) h=3,r=0.
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For the case (1) and = 3 we obtain an NEC groupr with the signature
(L= 2" 2, 21 =),

where 1<1| < n. By the Hurwitz—Riemann formula, we have the equalijy-(1)/2" =
w(A)/27 and asp(A) = 27(2 — 1/2"1 — 1/2') we see thatg = 2"+ — 1 — 27,
To see that there actually exists an epimorphism for suchoapgh define6: A —
(o,7) = D as6(d) = o for the only glide reflectionf(x)) = oz, 6(X) = (67)?" 1
ando(x3) = (w)z"". This definition leads to the configuration of two fixed poirgef
symmetries with the product of ordef ®n the Riemann surface of gengs= 2"+ —
1-2"for1<1 <n.
Now for r =2 we get the signature of an NEC group being of the form

(1= [2% 2']; {=)).

Hence by the Hurwitz—Riemann formula agagh= 2" — 1. For the sufficiency take an
epimorphismé to be defined ag(d) = o, 0(x1) = 8(x2)~! = or. We obtain the con-
figuration of symmetries we looked for, on a Riemann surfatgemusg = 2" — 1 =
20t _1 -2 for | = 0.

Given the conditions for the case (2) we have the signaturghefform

2 =12, 21: (-

with 1 <| < n and for the necessary condition observe thén) = 2 — 1/2'-1 and
so by the Hurwitz—Riemann formulg = 2"t1 + 1 - 2"+~ To see that this condition
is also sufficient one takes an epimorphisindefined asd(d;) = o, 6(d;) = t and
(X)) =0(x) L = (ar)znf'. This definition provides the configuration of fixed pointdre
symmetries with the product of ordef »n a Riemann surface of gengs= 2"+ +
1—2n* 1 with 1 <1 <n.

Finally let us consider the third case. Now our NEC grauiphas signature

G ==L {-h-

By the Hurwitz—Riemann formulag = 2" + 1. As before, we can find the proper pair
of symmetries by defining an epimorphistnas 6(d;) = 6(dy) = o, 6(ds) = 7. The
last case is equivalent to the previous one Wits 1. ]

Now we shall give some results concerning a lower boundufgig + 1), assuming
that g = 2"a + 1 for someu > 1 and odda.

Theorem 5.6. For g = 2"a+1 we haveuq(g+1) > u and this bound is attained
for arbitrary u > 2 and a= 1. Moreovey for any odd g there exists a Riemann surface
of genus g having a pair of non-commuting fixed point free symmetries.
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Proof. First we shall construct, for amyas in the theorem, a Riemann surface of
genusg, having two fixed point free symmetries, whose product hagm?'. Consider
an NEC groupA with signature

(@+2 - [-]1:{-}

and an epimorphisn®: A — Dx = (o, 7) defined byo(d;)) = o, 0(dp) = --- =
0(dat2) = 7. This gives rise to the configuration in question, hepggg + 1) > u.

Now, for the attainment takg = 2 + 1, u > 2 and letn > u be arbitrary. Recall
that from our previous considerations it follows that fpr< 2" — 1 the order of the
product of the fixed point free symmetries is at mo%t!2 Here in fact we havey <
2"—1as2-2"-2>0 for n>u> 2. Therefore forg of the form above, the order
of the product of two fixed point free symmetries is at mast Pogether with the first
part of the proof we get the equalityg(g + 1) = u.

We shall prove the last part of the theorem. Cleaylynay be written in the form
g=2b+ 1. If b is even then it is enough to take signature of an NEC group and
epimorphism to be analogous to the one given in the first pathe proof. Now if
b =2v + 1, take an NEC group with signature

(v+ L[4, 4 {-})
and an epimorphism: A — D, for which 6(d)) = o, 0(x)) = (X))t = oT. []
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