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As in [1], F denotes the simple group of order 2%.3%.56.7.11.19. F is
popularly called F; as it appears in the centralizer of an element of order 5 of the
so called “Monster.”

The simple group F has been constructed by S. Norton [2] and the auto-
morphism group of it has also been determined by him. From his construction
of F it can be seen that F' has an outer automorphism of order 2.

In this note, we shall give an alternate proof of the fact that | Aut(F): F| <2.
We also show that the Schur multiplier of F is trivial.

Theorem A. |Aut(F): F|=2 and H*F, C*)=0.

By [1, Proposition 2.13], F contains a subgroup F, isomorphic to the alternat-
ing group 4,, of degree 12. It is easy to see the following:

Lemma 1. F, is maximal in F. Every subgroup of F isomorphic to F,is
conjugate in F to F.

Proof of the first part of Theorem A. Suppose that |Aut(F): F|>2.
Then there exists an element o€ Aut(F) of order p, p a prime, such that Cg(a)
DF, Let x be an element of Fy=4,, of type (12345). Then by [1, Lemma
2.17], Cp(x)=Z5X Uy(5). Since no element of Aut(U,(5))* centralizes a subgroup
of Uy(5) isomorphic to Ay, <Cg(x), ap=={a>X ZsX Uy(5). Hence by the maxi-
mality of Fy, [F, a]=1. This contradiction shows that |Aut(F): F|<2.

Proof of the second part of Theorem A. Let m(F) be the order of the Schur
multiplier of F. We denote by m,(F) the p-part of m(F). F will denote a central

extension of F. For a subgroup A4 of F, A will denote the inverse image of 4
in F'.

Lemma 2. my(F)=1.

Proof. Let F' be a group such that F/Z(F)=F and Z(F)=Z,. F contains
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an involution 2, such that 2,&Cx(2,) is the double cover of Higman-Sims
group. As the Schur multiplier of Higman-Sims group is of order 2, 2, lifts to
an involution of F. As 2, is conjugate to (12) (34) of Fy=A,,, Fy=Z,x A,,.
This 1mp11es that the involution 25~(12) (34) (56) (78) also lifts to an involution
in F'. If{ is an involution of Z(F'), we have shown that 7 is not a square in F'.
Let M=C(25) and R=0,(M). Then M /RgAsszz, R is an extra special group
of order 2° and all elements of R of order 4 are conjugate in M [1, Lemma 2.9].
Hence ®(R) does not contain 7. Hence R=<7>x R, where B,=~R. Let 35 be
an element of order 3 in M which acts fixed-point-free on R/Z(R) [1, Lemma 2.8,
35=0y]. Then Cy(35)=Z;x SL(2,5) [1, Lemma 2.15]. We may take R,—
[R, §B]. If 3% is an element of order 3 in Cy(33), then 3;~3% in M. Hence
R =[R, ?51’3] and so R, <M. As C(35)is an extension of an extra special group
of order 35 by SL(2, 5) [1, Lemma 2.16], we conclude that C5(3,)/O(C#(35))Z(R))
=7,xAs. A similar isomorphism holds for C;(~§). Hence M| R,=Z,x
Asx As. As |M: M’'|=2,i& M. Hence my(F)=1.

Lemma 3. my(F)=1.

Proof. Let F' be a group such that #/Z(F)=F and |Z(F)|=3. Let 4 be
a subgroup of Fy==A4,, which corresponds to {(123), (456), (789), (10, 11, 12)>.
Using Cx((123))=Z;X As< Ay, and the fusion (123)~(123) (456)~(123) (456)
(789) (10, 11, 12), we can compute that N (A4)/4 is a group of order 27-3% In
particular, N (A4) contains a Sylow 3-subgroup of F. As Fo=Z,xA, 4 is
elementary of order 3°. Let Z be an involution of F, which maps onto (12) (45)
(78) (10, 11). Then z inverts A. Further x~2; in F. We have that C3(2)=
Z(F) and N (A)=[4, 2] (Cs(z) N\N#(A)). By the structure of Cx(z)==C(2;)
we obtain that Sylow 3-subgroups of Em) are elementary of order 33,
Hence Z(F)<F’. Thus my(F)=1.

Lemma 4. m(F)=1.

Proof. Let F be a group with F/Z(F)=F and |Z(F)|=5. A Sylow 5-
subgroup S of F is described as follows:

S—<2’, 29 B’ 'Y’a X>
== =9"=0=X=1,
[a, B] = [, Y] = [a, 8] = [7, B] = =,
[a’ x]=ﬁr [18, X]='Y, ['Ya X]=6,

with all the other commutators of pairs of generators being trivial. We have that
{2, a, B, 7, @) is an extra special group of order 5°. We can also check that all
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elements of "=z, 0>* are conjugate in F and N o(V)/C(V)==SL(2, 5)*Z,, Cx(V)
={2, 3,7,0,X>. We have that V=Z(C (V) and C(V)/V is a nonabelian group
of order 5%. 'The SL(2, 5) acts faithfully on Cx(V)/V. If Vis nonabelian, then

EFTV)= V«C#(V). Clearly then Z(Cx(V))DV. Hence V is elementary and
V=Z(Ezf/:)). Let 2 be an involution of ]\/TII;)’ . Then C#2)=Z(F) and
2, VI<IN.(V). As Co(V)[2, V] is of class 2, Z(F)EC (VY. Hence Z(F)<
NA(VY. This implies that my(F)=1.

As mF)=my(F)=my(F)=1, this completes the proof of the theorem.
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