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Let R be an artinian ring. We consider the following condition: if eR/ A is
SR/ B-projective (resp. N-projective for an R-module N), then every submodule M’
of eR/A is fR/B-projective (resp. N-projective), where e and f are primitive
idempotents. We have shown in [7] that R satisfies the above condition for any
eR/A and any fR/B if and only if R is a hereditary ring with J2=0. In this
paper we consider a weaker condition: if eR/A is N-projective, then M’ is almost
N-projective where i): N is local and ii): N is a direct sum of local modules,
respectively. In the second section we shall study QF, QF-2, and QF-3 rings
with the above weaker condition, respectively. We study right almost hereditary
rings with J>=0 in the third section.

In a forthcoming paper we shall give a charaterization of rings over which
the weaker condition is satisfied when M and N are any R-modules.

1. Characterizations

We always assume that R is an associative artinian ring with identity and
every module is a finitely generated and unitary right R-module. Moreover since
we are interested in the structure of R, we may assume that R is basic.

Let M and N be any finitely generated R-modules. We have studied rings
with the following properties (1) (4) in [3] and [7]:

(1) If M is N-projective, then M" is again N-projective for any submodule
M of M.

(2) If eR/B is fR/A-projective, then C/B is again fR/A-projective for any
C o B, where e and fare primitive idempotents and C > B (resp. A) are R-submodules
of eR (resp. fR).

(3) e=fin (2.

(4) If M is almost N-projective, then M’ is again almost N-projective for any
submodules M of M.

Here we shall consider a weaker condition than (4).
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(5) If M is N-projective, then M’ is almost N-projective for any submodule
M of M.

Let R be a two-sided artinian ring. We know from [3] or [7] that the
following are equivalent: i) (1) holds, ii) (2) holds and iii) R is a hereditary ring
with J?=0.

In this section we shall give a characterization of artinian rings over which
(5) holds on local modules M and N. By J(M) (resp. J) we denote the Jacobson
radical of M (resp. of R).

Lemma 1. Let fJ> A > B be submodules of fR such that A/B is almost
fR-projective. Then there exists a submodule S* of fR such that A=S*® B, where
[ is a primitive idempotent.

Proof. Consider a diagram

A/B
lh
fR5fR/B—0

where h is the inclusion.
Since h(4/B) < fJ/ B and /R is indecomposable, there exists #: 4/ B — fR with
vhi=h, and hence 4=B®h(A/B).

From now on we study (5) when M and N are local modules. We denote
primitive idempotents by e, f, g, and so on.

Lemma 2. Assume (5) on local modules M and N. Then for any local module
L, every submodule of fR is almost L-projective.

Proof. Since fR is L-projective, this is clear from (5).

Corollary. Assume (5) on local modules M and N and éR=eR /eJ is a simple
component of Soc(R). Let x be a non-zero element in fJ with xe=x. Then xR is
simple.

Proof. Since f7/xJ > xR /xJ~éR, xR /xJ is isomorphic to a submodule of
some gR, and xR/xJ is almost fR-projective by Lemma 2. Hence xR=xJ®S
and xR=S~éR by Lemma 1.

Lemma 3. Let X be an R-module such that X is isomorphic to a submodule
of J(L), where L is a local R-module. If X is almost L-projective, X is quasi-projective.
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Proof. We may assume X < J(L). Let 4 be any submodule of X and consider
a diagram

X

lh
X/ A
N

L5L/A-0,

where h is the natural homomorphism of X to X/A.
Then there exists A2 X — L with vh=h, and hence A(X) < X. Therefore X is
quasi-projective.

Corollary. Assume (5) on local modules M and N. Then every submodule of
any indecomposable quasi-projective module is quasi-projective.

Proof. This clear from Lemma 3.
Lemma 4. If (5) holds on local modules M and N, then J* =0.

Proof. From Corollary to Lemma 3 eJ=X,®X,® - D X,, for a primitive
idempotent e, where the X; are indecomposable and quasi-projective. Further
e’ =X, JDX,J® - ®X,J, X;/X,J is simple and XJ=Y,,®Y,,® - ®Y,,, where
the Y;; are indecomposable and quasi-projective. We denote this situation by the
following figure:

eJ X, X, X,
—_— i
(6) eJ? Y11"'Y1n1 Y21...Y2"1...le...Ymnm
eJ? Zy -

We note X; neJ?>=X,J and so on from (6). Let X;~f;R/A;and fJ~g;;R/C;;® ---
®ginR/C,,. Then since fJ/AxY,;;® - @Y, (=XJ), Y, is a homomorphic
image of some g,R. Now assume eJ’#0 for some e. Then we may suppose
Y, & Soc(eR). Let X,=fR/A and Y,,=gR/C (via 0). Then fi=X®:;

~gR/A' (via 0) from the above remark. Since Y,; (=gR/C) & Soc(eR),
X & Soc(fR) by Corollary to Lemma 2. Hence X'J#0. eR/eJ? is fR/fJ-
projective by [1], p. 22, Exercise 4, and hence Y,,/Y,,J~gR/gJ is almost
SR/ fI3-projective (see (6)). Consider a diagram
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Yll/YllJ
lh
X+ /(X J+fI*~gR/g]
N

TRIfP S(fRIfP) /(X T +[I) [ f?) =0,
where 4 is the induced isomorphism from 6 and @'
Then there exists & ¥,,/Y,,J —fR/fJ? with vi=h. Therefore i(Y,,/Y,J)+fT?
+XJ=X+f73 and hence X' +fI=h(Y,,/ Y, J)+fJ?. Accordingly X' /(X' nfJ?)
(*(X'+f7%)/f7?) is simple. On the other hand X nfJ>=XJ2 Therefore
XJ=XJ? and hence X'J=0, a contradiction.

Now J3=0 from Lemma 4. We denote an indecomsable and projective
module P with PJ?#0 (resp. PJ>=0, PJ#0) by eR (resp. fR). From Corollary
to Lemma 3 we suppose e/J=X,®X,D - DX,DS,® - DS, where X;~hR/A;
A;#hJ and S;~g;R/gJ; the h, and g, are primitive idempotents.

Lemma 5. Assume (5) on local modules M and N and eJ is as above. Then
X, is projective and uniserial, and hence X,~f.R for some f..

Proof. Let X;~h,R/A,. Suppose hyR=e R, ie. h,J*#0. Then A,+#0; 0:
e,R/A;~X,. Lete,J=X\@® - ®X,,®S|®D - similar to eJ above (note X #0).
Since 6(e,J/ A,) = X;J=Soc(X,), 4, © X;®--- DX, by Corollary to Lemma 2. If
{Si}=¢, A,=eJ, a contradiction. Hence assume {S;}#¢. Then since 4, #e,J,
there exists S such that S| ¢ 4,. Being a submodule of eR, ¢,R/ A, is almost
e, R/ S)-projective by Lemma 2. However A4, is characteristic by Corollary to
Lemma 3 and S| & A4,, S} # 4,, because 4, o X}, and hence ¢,R/A,®e,R/ S}
does not have LPSM, a contradiction to [4], Proposition 4. Therefore h; R=fR,
ie, h;J*=0 and h,J#0. The above argument shows us A4,=0, since fJ is
semisimple. Next we shall show that X,=f;R is uniserial. Suppose fiJ
=A®B®---, where A, B are non-zero simple modules. Now 6(eJ)=0 for any 0
in Homg(eR,f1R). Hence eR/ A is fi R/ B-projective. Accordingly f; R/ A is almost
fiR/ B-projective, and f;R/ A@f;R /B has LPSM and hence 4 =B by [9], Lemma
1. Therefore f,J is simple.

From Lemmas 4 and 5 we have

eJ2fiROfLR® - ®f.R®S,®---®S,; f.Ris uniserial

7
g (€J~fIR® - ®f,ROS|® )

Since f;R is projective, we have

Lemma 6. Let R be any artinian ring. If eJ and €'J have the above structure
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(7) (where f;R need not be uniserial), then for any non-isomorophic homomorphism
0: eR — €'R, O(eJ)=0.

Lemma 7. Assume (5) on local modules M and N. If eR%¢e'R in (7), fREf;R
for any i and j.

Proof. Assume fRx~fR. Now eR/fJ is ¢'R-projective by Lemma 6. As a
consequence fR/fJ~f R/fJ is almost €' R-projective, which is a contradiction from
Lemma 1.

We can express (7) as follows:

) eR > eJx I} | ®(fiR™@DI_,®S;, where thef,Rare
uniserial (and ¢ R > ¢ JxZ{_, ® (/iR DI;_ ,®S)).

We put P,=(f;R)™ and P=X{_ ®P;. Let n; P— P, be the projection of P
onto P, We shall regard (f;R)™ as a submodule of eJ.

Lemma 8. Suppose that (5) holds on local modules M and N. Let eR and P
be as above. Let S be a simple submodule of P. Then eReS =X, ;®Soc(P;), where
I is a subset of {1,2,--,s}.

Proof. Let first S=Soc(f;R) and S*=eReS. If S* % Soc(P,), then there exists
f1:R such that f;;,RnS*=0; f;;R=f;R which is the ith component of P,. Since
eR/S is eR/S*-projective, f{R/S is almost eR/S*-projective. From the diagram

SiR/S
2
JuR/ S,
Q
(S"®f1:R) /(S DS)
N
eR/S* = eR/(S*®S;) — 0, where S;=Soc(f{;R).

we obtain a contradiciton. Therefore $* > Soc(P,;). Next assume that S is any
simple submodule of P. Since eR/S* is eR/S*-projective, P/S* is quasi-projective
by Corollary to Lemma 3. Further $* < Soc(P)=1J(P), and hence P is a projective
cover of P/S*. Accordingly S*> m;(S*), where =m;; P— f;R is the projection.
Moreover 7(S*) > n(S)#0 implies 7;(S*)=Soc(f;;R) = §* for some j, and hence
S* > Soc(P;) from the initial part. Let I={i;e{l,---,s}|n;(S)#0}. Then we have
shown §*> X;®Soc(P;). On the other hand §c<ZXZ;®Soc(P;), and hence
§* < Z,;®Soc(P;) for eReSoc(P;)=Soc(P;) by Corollary to Lemma 2.
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Next we assume that (5) holds whenever M is local and N is any finite direct
sum of local modules. By P(Soc(R)) we denote the projective cover of Soc(R).

Lemma 9. Let R be as above. Then P(Soc(R)) is a direct sum of uniserial
modules.

Proof. Let gR=gR/gJ be isomorphic to a simple component of Soc(R) and
gJ#0. Take two submodules 4,, 4, of gJ such that g’ > 4, > gJ'*'and 4,/ gl *!
is simple (i=1,2 and j=1,2). Since gR is isomorphic to a proper submodule of
some AR, gR is almost (gR/A,DgR/ A,)-projective by assumption. Assume that
gJi/gJi*! is not simple, and 4, #4,, A;#gJ. Then gR is not gR/ A-projective,
and hence gR/A;@®gR/ A, has LPSM by [6], Theorem. Therefore 4,=A4, by
[9], Lemma 1, a contradiction. As a consequence gR is uniserial.

We consider a direct sum M=M,@®M,. Let xn; be the projection of M onto
M, for i=1,2. For any submodule 4 of M we put

8) A;=ANnP; and A'=n(A) for i=1,2.

We use the following trivial lemma (see. [5], p.449)

Lemma 10. Let M and A be as above. Then 0: A'/A,~A*]/A, and
A={m;+mym;e A" and O(m,+ A)=m,+A,}.

Finally we obtain the main theorem.

Theorem 1. Let R be an artinian ring. (5) holds on local modules M and N,
if and only if i): J*=0 and eJ has the structure (7') with f;R uniserial, ii) if eR*%€'R,
then fR%f;R for all i and j in (7)) and iii) f;R in () is never isomorphic to any
simple component of Soc(R), and iv) the condition in Lemma 8, eReS=2X,®Soc(P;)
for any simple submodule S in P, is satisfied, where e, ' are any primitive idempotents
with eJ?>#0 and e'J* #0.

Proof. Suppose that (5) holds. Then we have i)~iv) by Corollary to Lemma
2 and Lemmas 4, 5, 7 and 8. Conversely we assume 1)~iv). First we study a
structure of submodule B/A of eR/A. We take the decomposition (7'):
eJ=P,® - OP,®S,®---®S, Put P=Z{_,®P, and §=X'_,®S; and hence
eJ=P®S. We apply Lemma 10 to this decomposition eJ=P@®S and the
submodule 4 of eJ. Then there exists an isomorphism 0: A' /4, ~A%*/A,. Since
any simple sub-factor module of P/Soc(P) is never isomorphic to any one of S
(and hence any one of A42?/A,) by iii), A'/A; = (Soc(P)+A,)/ A~
Soc(P)/(Soc(P)nA,). Accordingly there exists a submodule K, of Soc(P) such that
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A'JA,=(K,®A,)/A,. A* being semisimple, we obtain 42=A,®K, for some K,
in A2, and clearly 0: K,~K,. Therefore A=A4,®A,®K,(0"') by Lemma 10,
where 4, < Pand A4,, K, are contained in §.  Since S is semisimple, S= 4, DK, K,
for some K,. Then eJ=P®A,®K,(0" @K}, and putting §'=A4,DK,(0"HPK,,
we obtain

) A=ANPRANS (eJ=PDSI).

Next let e/ > B> A. Then we obtain from the above observation (take first the
decomposition of B and use the above argument on A)
eJ=P®S,®5,®S >
(10 B=B,®S5,®8, o
A=4,88,
where By=BNP, A;=ANP and the §,, §, and S, are contained in Soc(eJ).
From (10) we may study the structure of B,/A4,. Hence we assume
P> B, =PnB> A,=PnA. Since P is projective, considering first the decomposi-
tion of 4, we obtain
P=P,®P,®P, >
(11) B,=P,®P,®B, NPy >
A=P @A, (P,®P,;),

where the P; are isomorphic to direct sums of some copies of {f;;R, -.f;,R} and
B,nP;, A;n(P,@®P;) are semisimple modules

(12) whose simple components are isomorphic to those of Soc(eJ).

Since 4, (P,®P;) < P,®B,nP; and A, n(P,®P,), B, P, are semisimple,
we obtain a new decomposition: P, B, "P; =P,®V such that 4 > 4, n(P,®P;)
=A,®A;and 4, < J(P,), A3 < V', which is a semisimple module as (12). Therefore
B /A xP,/A,®V. Let P,~X . ®(f,R)™; m;<n; where I = {1,2,---,s} and I
the subset of I' such that kel if and only if m(4,)#0, where mn,: P — (fi,R)™ is
the projection. Then

(13) B/ A RZ®(fiR)™ ] 4, L ;@SR ™DV,
where A > A, > A, and V is a semisimple module as (12).
We resume to prove the converse. We shall show first that
a) Soc(R) is almost L-projective for any local module L=gR/D.

Let S be a simple component of Soc(R) and consider a diagram:
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S
(14) In

gR/D 5 gR/C—0.

If 4 is an epimorphism, /4 is an isomorphism. Hence putting A=h~'v, we have
hii=v. Accordingly we assume that 4 is not an epimorphism, ie., h(S) < gJ/C. If
gR=fR (fJ*=0), fJ/D is semisimple, and hence we obtain h: S —fJ/D < fR/D
with vi=h. Next assume gR=eR (eJ>*#0). Then we may consider the following
diagram instead of (14)

S
(14) i
eJ|D Sel ] C—0.

Let S~kR for a primitive idempotent k and h(S)=(xR+ C)/C; xk=xeceJ. Then
x € Soc(eJ) by iii), and hence xR=xR /xJ is simple. Accordingly A(S)=(xR+C)/C
~xR. Since xRND c xRN C=0, we obtain an isomorphism 4 S — xR < eJ/D
with vi=h. Thus we have shown a).

Now let M=gR/A, N=pR/D and M be N-projective. Take any diagram for any
submodule M’ of

M
(15) L
pR/D SpR/C -0
) M=fR/A (fJ*=0, f]#0).

Then any proper submodule M’ of M is contained in Soc(R). Hence M’ is almost
PR/ D-projective by a). Next assume

B) M=eR/A (eJ*#0) and N=fR/D.

From (10) and (13) M’ is a direct sum of the following submodules:

1) S~Soc(fiR)or =S, 2) Z;®(f;R)™/A,, where n(A4,)#0foriel,and 3) f;R.
In the cases 1) and 3), M’ is almost N-projective by a). Hence we may assume
M =Z,®(f;R) ™/ A,.

If fR#f;R for all i in 2), Homg(M',fR)=0 by iii). Hence M’ is trivially
N-projective. If fRx~f,R for some i, fR is uniserial and fJ?=0. Then
SR> fR/fJ—0 is only a non-trivial exact seuqnce. Therefore M’ is almost
SR/ D-projective (note that fR is projective). Assume

y) M=eR/A and N=¢'R/D; ¢ R#eR.
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Since eR/A is eR/D-projective, eReA = D. Further 0#n/(A4,) implies Soc(P,)
< eReAd, < eReA = D = C by iii) and iv) (we note that if P=P,®P,®---DP,
where P;=(f;R)?), then P;=P; by iii)). We put eJ=X@Y, where X=X,®P; and
Y=2j¢,®Pj(-D§. Then from Lemma 10 and iii) D=DNnX@®DNnY c C=CnX®
CnY. As a consequence we obtain from (15)

M
lll
eJ|D=X/(DAX)®Y/(DNY)> X/(CAX)®Y/(CAY)=0

Since Homg(P;,P;)=0 for j¢ I and Homg(P,8)=0, h(M') = X/(CnX).
Further X/(DnX) is semisimple for DN X o> Soc(X), and hence we obtain A:
M —eJ/D with vhi=h.

Next we consider (5) when N is a finite direct sum of local modules.

Theorem 2. Let R be as above. Then (5) holds whenever M is local and N
is a finite direct sum of local modules if and only if i)y~iv) in Theorem 1 and v)
the condition in Lemma 9, P(Soc(R)) is a direct sum of uniserial modules, are satisfied.

Proof. “Only if’ is given by Theorem 1 and Lemma 9. Conversely we
assume i)~v). We use the same argument as given in the proof of Thorem 1. Let
N=X®h;R/B;, where the h; are primitive idempotents and M (=gR/A4) be
N-projective. Then M is h;R / Bj-projective. Take any submodule of M"in M. We
know from the proof of Theorem 1 that if M’ is almost h;R/Bj-projective, but
not h;R/Bj-projective, then M’ is simple or M'~X,®(fiR)™ /A, (see a), «) and
p) in the proof of Theorem 1). In this case A;R is uniserial by v) and [4], Theorem
1. Hence M’ is almost N-projective by [6], Theorem.

In a forthcoming paper we shall study (5) when N (resp. M) is any R-module.

2. Several rings with (5)

If gR is uniform for every primitive idempotent g, then we call R a right
QF-2 ring. If E(R), the injective hull of R, is projective, than we call R a QF-3
ring. In this section we shall study QF, QF-2 and QF-3 rings with (5), respectively.

Proposition 1. Assume that R is either local or QF, then (5) holds on local
modules M and N if and only if J*=0.

Proof. If (5) holds, then there are no eR with eJ?>#0 from the assumption
and Corollary to Lemma 2. The converse is clear from [7], Proposition 7.
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Lemma 11. Assume (5) on local modules M and N. If hR is uniform, then
hR is uniserial, where h is a primitive idempotent.

Proof. This is clear from Corollary to Lemma 3.

Proposition 2. R is a right QF-2 ring over which (5) holds on local modules
M and N if and only if R is a right serial ring with J*>=0 such that 1) if eJ*>#0,
eJ/eJ* is never monomorphic to Soc(R), and 2) if eJ*#0 for i=1,2 and
e J /e J*~e,J e, J? then e,R~e,R.

Proof. Assume (5) on local modules M and N. Then R is a right serial
ring with 1) and 2) by Theorem 1 and Lemma 11. Conversely 1) implies that eJ
is projective (cf. Lemma 14 below). Hence (5) holds by Theorem 1.

Next we study left QF-2 rings with (5) as right R-modules.

Lemma 12. Let R be a ring with J*=0. Assume that eR has the structure
(7") if eJ*>+#0 (where f;R need not be uniserial). Let 0 be a homomorphism of hR
toh'R. If0(hJ) #0, 0 is monomorphic, where e, h and W' are primitive idempotents.

Proof. Suppose that 0 is not isomorphic. Since 6(hJ)#0, 0(hR)< Soc(h'R).
Hence #'J?>#0. If hJ?>#0, 0 is isomorphic by Lemma 6. Hnece hJ?>=0, and 0
is monomorphic from (7).

Lemma 13. Let R be left QF-2. Assume that J> =0 and eJ has the structure
in (7') if eJ*#0 (where f;R need not be uniserial). Then 1) Let S; be a proper
simple submodule of g;R for i=1,2 and 0. S, - S, isomorphic. Then 0 is extensible
to an element in Hompg(g,R,g,R) or in Homg(g,R,g,R). 2) Let f,R be contained
ineRasin (7). Then fR is never monomorphic to Soc(R).‘ 3)fiR( < eR)%f;R( < €'R)
if eR#e'R. 4) For any simple submodule A of P;=(f;R)™ < eR, eReA > Soc(P,),
where the g; are primitive idempotents.

Proof. 1). Put S;=x;,R < gJ with x,=0(x,) and S;~AR. Then we can
assume gxh=x; for i=1,2. Since Rh is uniform, put Soc(Rh)= Rk, where k is a
primitive idempotent. Then Rx; containing Soc(Rh), there exists z; in kRg; such
that o#z,x, =z,x,. Hence from Lemma 12 we have

17) giR~kR or g,;R c kR via z; (isomorphically),

where z;; is the left-sided multiplication of z;.
i) z,; g,R~kR.
Then there exists z;: kR — g,R such that z'z, =g,. Hence x,=(z'zy)x, and 07!
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is extensible to (z'z,), € Homg(g,R,g,R).
Here we assume 2).

ii) zy;: g,R— kR and z,;: g,R > kR are monomorphic (not isomorphic).
Then kJ?>#0. In order to show 1) we may assume, in this case, kR=eR, g,R=f,R
and g,R=f.R in (7), ie., Sy cfiR<eR, S, cf;RceR and 6: S, > S,, and we
give the extension of 6 (or 0~ ') in Homg(fiR,f; R) (or in Homg(f;. R, f;R)). Hence
since S; < eR, we first consider the case g, =g, =e. Since eJ?#0, we obtain the
case i) from (17). Hence there exists a unit z in eRe such that z, is an extension
of 0. As a consequence (f;R)™ being characteristic, f;R=f,R. Put (f,R)" =
2 <n®u;fiR, where u;=u;f; and u;,f;R~fR for all j. Then we may assume x, =u,r,
X,=ur'y r, r'efJ. Now z(u,f)=Zu;w; and the w; are units in f;Rf; or zero by
the assumption 2). Since Zuwir=z(u;r)=zx;=x,=u,r, zu)=uw,€u,fR,
because w;refiR, fiR~u;f;R and w; is a unit or zero. Hence 0 is extensible to
(z)Juy R) e Homg(fiR, f:R).

2) Let eR > fiR be as (7') and S a simple component of Soc(zR), where ¢ is
a primitive idempotent with tJ#0. Suppose S~f;R/f;J. Then there exist x, in
fiR-fJ and x, in S such that ex,f, =x,, tx,f; =x,. Since eJ?#0, from the similar
argument to the initial part in 1)-i) we obtain eR~kR as in 1)-i) and x, =zx, for
some z€eeRt, which is a contradiction, since x, ¢ Soc(eR).

3) This is clear from 1) and Lemma 6.

4) Since A~Soc(f;R). we obtain 4) from 1).

Corollary. Let R be as in Lemma 13. If g, R and g, R have mutually isomorphic
simple submodules, then g, R~g,R or one of {g,R,g,R} contains isomorphically the
other.

Proof. This is clear from lemmas 12 and 13.

Proposition 3. Let R be a left QF-2 ring. Then (5) on local modules M and
N holds as right R-modules if and only if iy J*=0 and eJ has the structure (7'),
provided eJ*#0, (where f;R is uniserial).

Proof. Let eR > eJ=X@P,®I@S;, where P,;=(f;,R)™). Then every simple
sub-factor module of P; is not isomorphic to any one of P; for i#j. Hence the
proposition is clear from Theorem 1 and Lemma 13.

Corollary. Let R be a right and left QF-2 ring. If (5) holds on local modules
M and N, then R is serial, where g and g’ are primitive idempotents.

Proof. We may show from Proposition 2 and [13], Lemma 4.3 that every
isomorphism 0: gJ/gJ*~g'J/g'J* is liftable to an element in Hompg(gR,g'R).
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@) gR=eR and gR=¢'R (eJ*#0 and €'J? #0).

Then e=e¢' by ii) of Proposition 2. Since eJ is projective, 0 is given by an element
0 in Homg(eJ,eJ). Let eJ=xR, xh=x for a primitive idempotent 4 and
0'(x)=x". Since Rh is uniform, there exist a primitive idempotent k£ and z, z’ in
kRe such that zx=z'x"#0. If zeJ, z(eJ)=0 by Lemma 6. Hence k=e and z,
z' are units in eRe. As a consequence 6 is liftable.

p) gR=eR and g'R=fR (fJ#£0).
We do not have this case by i) of Proposition 2.
) gR=fR and gR=fR.

Then 0 is liftable by Lemma 13.
We shall study serial rings with (5) in the next proposition.

Lemma 14. Let R be a serial ring with J*=0. Then the following are equivalent:

1) If eJ*#0, eJ is projective.

2) If eJ*#0, eJ /eJ? is not monomorphic to Soc(R), where e runs over all the
primitive idempotents.

Proof. 1)—2). Suppose eJ/eJ*~Soc(gR) for a primitive idempotent g. If
gJ*+#0, gJ is projective by 1). Let gJ~hR. Then since Soc(gR)~hJ=hJ/hJ*~
eJ/eJ?, hR~eR by [13], Lemma 4.3, a contradiction. We obtain the same result
if g/2=0,

2)—>1). 1f eJ is not projective, eJ~gR/gJ?> and gJ?#0. Hence Soc(e])
~gJ/gJ? a contradiction.

Proposition 4. Let R be a QF-3 ring. Then the following are equivalant:

1) (5) holds on local modules M and N.

2) R is a serial ring with J> =0 such that if eJ*#0, eJ | eJ? is not monomorphic
to Soc(R).

2) R is serial ring with J*=0 such that eJ is projective, if eJ*#0.

3) R is a serial ring with J>=0 such that if J?e #0, Je | J*e is not monomorphic
to Soc(gxR).

4) (5) holds on any finitely generated R-modules M and N as right R-modules
as well as left R-modules.

Proof. 1)—2). Assume that R is a QF-3 ring and (5) holds on local modules
M and N. Then J3=0 by Lemma 4. Next we shall show that R is a right serial
ring. Let E(RA)~Z®(hR)P’ , where the iR are indecomposable, injective and
projective. We know from Lemma 11 that the A;R are uniserial. Suppose gR is
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not injective for a primitive idempotent g such that gJ#0. Then considering the
projection of E(R) to AR, we have gR < J(E(R)), since gR is not injective. Since
hJ is projective by Lemma 5 if 4J*>+#0, gR~h,J for some j. Therefore R is a
right serial ring with J>=0. The property in 2) is given by Proposition 2. We
shall show that R is left serial. If e,J>#0, e, R is injective for J>=0. Suppose0:
eJ/eJ*~e,J /e, J* for any primitve idempotent e,. Then e,J?#0 by 1) in
Proposition 2 and e;R~e,R by 2) in Proposition 2. e,/ being projective from
Lemma 5, 0 is given by an isomorphism &' of e,J onto e,J. Since e, R is injective,
@' is extesible to an element in Hompg(e,R,e,R). Suppose e,;J2=0, then e,J>=0
as above. Hence e R and e,R are contained in some injective eR for
Soc(e; R)=~Soc(e,R). Hence 0 is extensible to an element in Hompg(e,R,e,R).
Therefore R is serial ring by [13], Lemma 4.3.

2)—>1). This is clear from Proposition 2 and [13], Lemma 4.3.

2)«2). This is clear from Lemma 14.

1)—>4). Let M=X®e;R/A; be N=Z®h;R/Bjprojective (see [12]). Take a
submodule M’ of M; M'=X®f,R/C,. Then being uniserial, f, R/ C, is isomorphic
to a submodule of some e;R/A; Since e,;R/A; is h;R/B;-projective for all j,
fiR/C, is almost h;R/ Bi-projective, and hence f,R/C, is almost N-projective by
[6], Theorem. Hence (5) holds.

2)—3). Suppose Je;#0 for i=1,2 and Je,/J?e,~J%,. Then there exists
e; such that (ejR,Re;) is the injective pair for i=1,2 by [2], Theorem 3.1. Then
ey J /e \J*~eyR | eyJ by [2], Theorem 2.4 for J> =0, and hence e\J~¢e,R/e,J?. As
a consequence e}J*~¢e,J/e,J?, a contradiction. Next assume Je, /J?e, ~ Jf~ Rg,
where J2f=0. If Rf is injective, gR is injective by [2], Theorem 3.1 and e,J~gR,
a contradiction. If Rf is not injective, E(Rf)~ Re', which is again a contradiction
from the initial. Then since Je, /J%e, is clearly not projective, Je, /J%e, is never
monomorphic to Soc(gxR).

The remaining implications are clear.

3. Almost hereditary rings with J>=0

We studied almost hereditary rings with J>=0 in [7]). In this section we
shall investigate again those rings. First we shall study a very special almost
hereditary ring.

Proposition 5. Every finitely generated R-module is almost projective if and
only if R is a serial ring with J*>=0.

Proof. Suppose that R is a serial ring with J2=0. Then every indecomposable
R-module is either eR or eR/eJ, where e is any primitive idempotent. If eJ#0,
eR is injective and hence eR /eJ is almost projective by [11], Theorem 1. Therefore
every R-module is almost projective by [12]. The converse is clear from [7],
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Proposition 7 and [9], Corollary to Theorem 1.

Proposition 6. Let R be an artinian ring with J*=0. Then the following are
equivalent:

1) R is right almost hereditary.

2) (5) holds when M is local.

3) (5) holds for any finitely generated R-modules M and N.

Proof. 1)—3). Assume that R is right almost hereditary. Then J is
semisimple and almost projective. We quote here the argument in the proof of
[7], Theorem 1. Let P be a projective cover of M; 0 > Q »P—-> M -0, and M’
a submodule of M. Then M’'=P’/Q for some submodule P of P and P=P,®P,
such that P> P, and PPN P, is small in P. Put Q,=0Q0nP, and Q,=0nNP,.
Then since P'nP, is semisimple, we have M'=P /Q~P,/Q,DQ"/Q,, where
(PNPy)/0,=0%/0,®0"/Q,, and P, is a projective cover of P,/Q,. Suppose
that M is N-projective. Then P, /Q, is N-projective and Q*/ Q, < J(P)/ Q,, @'/ O,
is almost projective. Therefore M’ is almost N-projective.

2) = 1). Since eR is N-projective for any R-module N, eJ is almost N-projective
by (5). Hence e/ is almost projective.

3) > 1). This is clear.

Next we shall study the condition (4). Here we shall give the structure of
right almost hereditary ring. From [8], Theorem 2 we know that every right
almost hereditary ring is a direct sum of hereditary rings, serial rings and rings
of a form

Ty X, X ---X,
ref0 S:20 -0
5,00

"5

where T, is a hereditary ring, the S; are serial rings in the first category and the
X; is a left T;-right S;-module for each i>1. Without loss of generality, we may
assume S;=0 for all i=2. Hence in this note we assume

T, X
(18) R=<0 S2>.

We study right almost hereditary rings of the form (18), ie., S, is a serial
ring in the first category and we may assume
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AA---Al O
A A

S,= :0

o .~ A

A

where A is a division ring.
By h,, f; we denote matrix unite e; in 7, and S,, respectively. Then h,X is a
direct sum of copies of fiR/B;, where B;=(0 0---0 A---A 0---0)=f,R(f;
+ferr+ ) #0 k22

If (4) holds for local modules M and N, then J2=0 by [7], Proposition
7. Hence we assume J2=0 in the above. Then k=2, ie.,

(19) hX=0 or hX=(f,R/f.J)P.

We fix such a ring R and study structures of R-modules. Take a projective
module P=P,@P,, where P, xIZ@HR)", P,~T®(f;R)*? and Q < J(P). J(P,)
and J(P,) do not contain a common isomorphic sub-factor module from
(19). Therefore Q=Q0NP,®@QNP, (put Q;=0nP). By M, we denote an
R-module of the form P,/Q, (k= 1,2). Then M=M ,®M,,

T,

T, X
We put Y=R—< ! ) and Z=
0 A 0

o o

0

Then Y, Z are ideals in R and R/Y is hereditary, R/Z is serial. Further the
structure of R-module M, (resp. M,)) is the same as the structure of R/ Y-module
(resp. R/Z-module). (We note Homg(My),M,)=0 but Homg(M,,, M) #0 for
some M.)

Lemma 15. Let R be a right almost hereditary ring with J*=0 as (18). If
~ T, X
the hereditary ring R(=R/ Y)=<0 ! A>
satisfies (4) (resp. (4) where M is of special type), then R does the same.

Proof. We use the same notations as after (19). Let M be any finitely
generated R-module and M’ a submodule of M. Then from the argument
before Lemma 15 we obtain direct decompositions M=M,®M, and
M'=M{,,®M,,. Since M,,x(ED(MR)/ A, M5)=(Z®(f;R*)/ B and Homg(hR,
JR)=0, Homg(M(y,,M,)=0. Hence M, M, Since R/Z is serial, fiR is
R/ Z-injective, provided fJ#0. Further f;R is injective as R-modules from
(18). Hence M, is almost projective by [11], Theorem 1. Suppose that N is
local; i) N=hR/C or ii) N=fR/D, and M is almost N-projectve.
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i) Since M, is almost N-projective as R-modules, we have same as R-module
(and vice versa). Hence M(;, is almost N-projective by assumption and the fact:
My, = M, Further since M{,, is almost projective, M’ is almost N-projective.
ii) Since Homg(M{,),fR/D)=0 for any D in fR, M{;, is (almost) N-projective.
Hence we have shown

a) M’ is almost N-projective provided N is local.

Now let N=X@N,; the N; are indecomposable. We can find an integer k such
that M is almost N,-projective but not N-projective for all i<k and M is
Nj-projective for all j>k. Then Z,.,®N; has LPSM by [6], Theorem and the
N, arelocal for i<k by [4], Theorem 1. Put N'=X%,_,®N, N*=3%,.,®N, Noting
that M is N2-projective and Y is almost projective from the proof of Proposition
6. Further X is almost N-projective for all i<k by a). Hence since X is
N?-projective, X is almost N-projective by [6], Theorem. Therefore Y being almost
projective, M’ is almost N-projective.

REMARK. By the argument after the above a) we have shown that if (4) holds
when N is local, then (4) holds for any R-module N.

Lemma 16. Let R be a hereditary ring with J>=0. Then (4) holds when M
is a finite direct sum of local modules.

Proof. Let M be almost N-projective for R-modules M and N, and M’ a
submodule of M. In order to show that M’ is almost N-projective we may assume
that N is local from the above remark. Let 4 be a submodule of gR, where g
is a primitive idempotent. Assume that M is almost gR/A-projective and
M=%, .,®M; the M; are local, ie. M;=g,R/D; for all i<n. We can suppose
that M, is almost gR/A-projective for all j>m. Since M, is local and is almost
gR/ A-projective but not gR/ A-projective, gR/ A is M -projective for i<m by [4],
Proposition 5. Put L, =%, ., ®M; and L,=%;,,®M; ie, M=L,®L, Let n;:
M — L; be the projection of M onto L, for i=1,2. Now we shall show that M’ is
almost gR/A-projective for any submodule M’ of M. Put M'=T and take any
diagram

T
lh

gR/AS5gR/B—0

We may assume from [10], Theorem 1 that imh is simple. If 4 is not an
epimorphism, then we obtain w imh—-gR/A with vu=1,,,, since gJ is
semisimple. Hence we obtain A=ph: T—gR/A with vhA=h. Assume that £ is
an epimorphism. Then B=gJ and we obtain the isomorphism 4 T/ T, — gR/gJ
induced from h, where To=h"'(0). Put A '(g)=t+T, (t=tg) and t=t,+1,;
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t;=mn(t). First we assume 7,(T)=m,(T,). Then we may suppose ¢, =0, and hence
t=t,eL,. T/T, being simple, T/T,~tR/(T,ntR) and we obtain a diagram

gR/A
lV
gR/gJ
QA
IR5BtR/(TyNIR) —0
N N
Ly—>L,/(TontR)—0,

where AltR=hv,g.

Since gR/ A is L,-projective, we obtain f: gR /A — tR = T with v="hv,gh=hh. Next
suppose 7,(T)#7,(T,) and t=t, +1,; we may assume ¢, ¢ n,(T,) from the above
argument. Then T /T, being simple, T/T,~n,(T)/n,(T,). Since 7,(T) < L,,
ny(T) is gR/ A-projective from [7], Theorem 1. Consider the diagram

ny(T)
le
no(T) / mo(To)
L

gR/A5gR/gJ -0

where A'(t,+7,(Ty))=g (note t,g=1,).

Then there exists A n,(T)—gR/A with vi =h'p,. Put A=HK'n,. For any y in
T h(y)=h(y+ To)=Hh(tr+Ty)=gr for some r in R. On the other hand, since
y=tr+ty to€Ty y=tr+m(ty)+t,r+mn,(t;). Hence vh(y)=vAn,(»)=Hp,m,()
=h'(tyr +ny(To)=8&r=h(y).

Hence vhi=h.

Proposition 7. Let R be an artinianring. Then the following are equivalent:

1) (4) holds when M is local.
2) (4) holds when M is a finite direct sum of local modules.
3) Any proper submodule of every local module is almost projective.

4) R is a right almost hereditary ring with J*=0.

Proof. 1) —4). This is clear from the definition and [5], Proposition 7.

4)—3). Let M=gR/A. Every proper submodule M’ of M is contained in
gJ/A. Since gJ is semisimple, gJ/ A is isomorphic to a direct summand of gJ,
which is almost projective. Hence (4) holds when M is local.
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3) > 1). This is trivial.
1)>2). This is clear from Lemmas 15 and 16.

Corresponding to Theorems 1 and 2

Corollary. Let R be as above. Then

1) (4 holds when M and N are local if and only if J*=0.

2) (4) holds when M is local and N is a direct sum of local modules if and
only if J* =0 and the projective cover of Soc(R) is a direct sum of uniserial modules.

3) (4) holds when M is local if and only if J* =0 and R is right almost hereditary.

Proof. Since (5) is a generalization of (4), this is clear from Theorem 2 and
Proposition 7.

4. Examples

Let L o K be fields and ¢ an automorphism of K.

1.
KK KK® ,K
K K
R0 K O
00 K K
000 K ,

where (kk' in R,)=(o(k)k’ in K) for any ke K and k'€ K.

Then R=R, is a hereditary ring, and putting e;;=e;, we have ¢, R > e;Jxe,R®e;R
and Soc(e,R)~ Soc(e3R). Since every simple submodule S in Soc(e,R®e;R) ( < e,J)
is of a form S={k+ 0(k)eSoc(e,R)} < e,J for some isomorphism 6 of Soc(e,R)
onto Soc(esR), e;Re, S=Soc(e;R). Hence we know from Theorem 2 that (5) holds
on local module M and a direct sum of local modues N, and R is (almost)
hereditary. If we replace K, with K in the above ring, then this ring has the
same structure of R except iv) in Theorem 1, and (5) does not hold on this ring.

2.
LLL
R,={0LL which satisfies all conditions in

00 K/, Theorem 1excepti).

However R, satisfies (5) as left R-modules when M and N are local.
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KO KK
0 KKK which satisfies all conditions in

00 KK Theorem 1 except ii).
00 0 K/,

4, R,=eK®fK®aK®bK®abK, where {e,f} is the set of mutually

orthogonal primitive idempotents with 1=e+f, a=eaf and b=fbf. Then R,
satisfies all conditions in Theorem 1 except iii)

(1]
(2]
[31
(4]
[5]
(61
(7]
(8]
9]
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