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Abstract
We study the boundary of the 3-dimensional Rauzy fraftal R x C generated
by the polynomialP(x) = x*—x3—x2—x—1. The finite automaton characterizing the
boundary of€ is given explicitly. As a consequence we prove that theSséas 18
neighboors where 6 of them intersect the central filen a point. Our construction
shows that the boundary is generated by an iterated funsiistem starting with 2
compact sets.

1. Introduction

ConsiderA = {1, 2, 3 as an alphabet. LeA* be the set of finite words o and
o: A— A" be the map (called Tribonacci substitution) defined by

o) =12, o(2)=13, o(3)=1.

We extendo to AN by concatenationo(ag---a,---) =o(ag)---o(an)---. It is clear
thato has a unique fixed point: o(u) = u e AY. The dynamical system associated to
o is the couple @, S) where S: AN — AN is the shift map $((Xn)nen) = (Xnt1)nen)
and 2 is the S-orbit closure ofu: @ = {S'u | n € N}. It is well-known that €, S) is
minimal, uniquely ergodic and of zero entropy (see [23, Idt] hore details).

In 1982, G. Rauzy [24] studied the Tribonacci substituttonHe proved that the
dynamical system generated by is measure theoretically conjugate to an exchange
of domainsXj, X5, X3 in a compact tileX = X; U X, U X3. The setX is the clas-
sical two-dimensional Rauzy fractal. It has been extemsigseudied and is related to
many topics: numeration systems [18, 20, 19], geometrieptasentation of symbolic
dynamical systems [5, 6, 7, 14, 17, 27, 26], multidimendiarentinued fractions and
simultaneous approximations [4, 9, 8, 15], self-simildingis [1, 2, 5, 22] and Markov
partitions of Hyperbolic automorphisms of the torus [13, 2Z].

2010 Mathematics Subject Classification. Primary 11B85;08éary 11K55, 28A80, 52C22,
37B10.



472 F. DURAND AND A. MESSAOUDI

Among the main properties of the skt let us recall it is compact, connected, its
interior is simply connected, its boundary is fractal andhduces a periodic tiling of
R? ([24]).

It is possible to associate such a fractal set to a large ofasabstitutions over an
alphabet withd letters (called unimodular Pisot substitutions). Let ul tteem Rauzy
fractals P. Arnoux and S. Ito [5] (see also [7]) proved that the dyrmainsystem as-
sociated to such a substitutien is measure theoretically conjugate to an exchange of
domainsXj, ..., Xq in the Rauzy fractaX, = X; U---U Xgq C R%* provided that the
“strong coincidence condition” is fulfilled. All these seXs, are compact and generate
periodic tilings and self-replicating tilings @91,

There are different ways to define the Rauzy fractal asstiz a given sub-
stitution o over an alphabet ofl + 1 letters. One is through numeration systems.

Letd > 2 andag, ay,...,a4 be integers such thag >a, >--->aq > 1. Consider
A={1,2,...,d+ 1} as an alphabet. Lety be the substitution defined by

oai)=11---1(i +1) if i<d and og(d+1)= 1.
q;

We define the Rauzy fractal associatedotp as follows. Consider the sequence
(Fn)n=0 defined by

Fnidr1 = @aFnyd + @Fnta-1 + -+ @Fnps + Fr, VN =0,
with initial conditions (calledParry condition$
Fo=1 Fh=aF_1+---+a,Fo+1, Vi<n<d.

For anyn € N, using the greedy algorithm, we hawe= ZiN:O ¢ Fi where theg’s
are integers satisfying

k
> GF <Fg1 foral ke{o,1,...,N-1}.
i=0

We deduce thatc()o<i<n-1 belongs toDs,, . a, WhereDy, a IS the set of se-
quences & )i<i<k, |, k € Z, such that for all € {I,1 +1,..., <k}:
Q) & €1{0,1,..., &},
(2) eigi_1-+ &g <jex a1a2---a91 wheni >1 +d, and,
() gigi_1--- 0% H < aa---agl whenl <i <1 +d,
where <jgx is the usual lexicographic ordering. We set

1

H_gxd —axdt— .. —agx — 1.
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It can be checked tha® has a root8 = 1 € ]1, +oo[ and d roots with modulus
less than 1. LeBy, B2, B3, ---, Br be the roots ofP belonging toR and B 11,---, Br+s,
Bri1,-- -, Bras its complex roots. For all € Z, we set

ad =By BB Bl

We also puta® = 1= (1,..., 1). Then, the Rauzy fractal associatedotds the set
Eay..ag CRTIx CS ~ RY defined by

+o00
Eay,ag = { Z gia'; (ei)i=dr1 € Dy, ad}-

The set&;; = X is the classical two-dimensional Rauzy fractal.

The structure of the boundary of Rauzy fractals has beenifivsistigated by Ito
and M. Kimura in [16]. They showed that the boundary&ef; is a Jordan curve gener-
ated by the Dekking method [10] and they calculated its Harfsdimension. Relating
the boundary of6,, 1 to the complex numbers having at least two expansions in base
a, A. Messaoudi [18, 19] constructed a finite automaton charaatg and generating
this boundary. See also [25] for an other approach. As a coesee it permitted to
parameterize the boundary 6§, 1, to compute its Hausdorff dimension and to show it
is a quasi circle.

In [27], J.M. Thuswaldner studied the s&f, ,,. In particular, based on the self
replicating tiling, he gave an explicit formula for the ftacdimension of the boundary
of this set.

The purpose of this paper is to prove the following result.

Theorem 1. The setf; 11 C R x C has the following properties
(1) There exists a finite automato# with a unique initial state such that the following
are equivalent

(&) z belongs to the boundary &k 1 1;

(b) there exist two infinite pathé;)i>1 and (¢)i> belonging toD7°; ; such that

z2=73 gie' and (g, &)i= is an infinite path inA beginning in the initial state
(2) The set&; 11 tiles R x C and has exactlyl8 neighboors ands of them intersect
the central tile&y,1,1 in a point
(3) The boundary o€ 11 is Uilﬁl Xi where X, i =1,...,6 are singletonsand for
all i e[7,18], there exist affine functions;jf j =1,...,my and gj, j =1,...,n
from R x C to itself such that

Xi = fij X2) u [ @i (Xe).
=1 =1
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For a graphic representation 6f 1 1, see the Annexe section (the colored image
is available at http://www.mathinfo.u-picardie.fr/fdund/publications.html).

2. Notations, definitions and background

2.1. B-expansions. Let g > 1 be a real number. A8-representation of a non-
negative real numbex is an infinite sequencex()i<x, Xi € Z* = [0, +oo, such that

X =X B+ X1 B4+ XeB+ X0+ X B X B+
wherek is an integer. It is denoted by
X = XgXk—1 *** X1Xg - Xuq1X_p =« -

A particular B-representation, called the-expansion, is computed by the “greedy
algorithm” (see [21]): denote byy| and {y} respectively the integer part and the
fractional part of a numbey. There existsk € Z such thatg* < x < g+l Let
Xk = |X/B%| andry = {x/B%}. Then fori <k, put x; = [Bri+1] andr; = {Brj 1}
We get

X = X BX + X T+

If k<O(X < 1), we putxo=Xx_71="---= X1 = 0. If an expansion ends by infinitely
many zeros, it is said to be finite, and the ending zeros arétemmi

The digitsx; belong to the seA = {0,..., 8 —1} if g is an integer, or to the set
A=1{0,...,|B]} If Bis not an integer. Th@-expansion of every positive real number
X is the lexicographically greatest among gHrepresentations of.

We denote by Fir) the set of numbers which have finite greedyexpansion.
Let N € Z, we denote by Fig(B) the set of numberg such that in theiB-expansion
(Xi)i<k, Xi = 0 for all i < N. We will sometimes denote A-expansionx, - - - Xx, N > K
by (X Jk=i=n. We put

Es = {(X)i=k; K€ Z, YN =K, (X)k<i<n is a finite B-expansiof.

the two following classical lemmas.

Lemma 2 ([21]). LetX,---Xoand y,- - Yo be twop-expansions. Therhe follow-
ing are equivalent
o Yioxf <XlowA,
®  Xn--Xo <lex Ym - - - Yo,
where < is the lexicographical order.

Lemma 3 ([12]). If B = B1, thenZ[B] N [0, +o0[ C Fin(B).
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2.2. Boundary of &, ..a,- The coordinates otx have modulus strictly less
than 1. Moreover, Lemma 3 and Theorem 2 of [1] imply that O bgéoto the inte-

wherel € Z and €i)i= € Dy .- The sequences()i> is called a-expansion ofz.

We should remark that these-expansions are not unique: sorzecan have many
different ¢-expansions. In [19] it is proven that the points belongiongthe boundary

_____ a, have at least two different-expansions. These points are characterized by
the following proposition which is a straightforward cogaence of a result due to
W.P. Thurston [28] (see also [19]).

Proposition 4. There exists a finite automaton B such that for all distinetnel
ents of D" ., (bi)i= and (ci)i, the following are equivalent
o Y b =YY ca;
e ((b, ¢))is is recognizable by Hi.e. an infinite path in B beginning in the ini-
tial state).

The proof of this result does not give explicitly the statdsttee automaton. In
[17] is given an algorithm that gives these statesdpi. In [20], they were given for
&a,1 Wheregg > 2.

3. Characterization of the boundary of €3 11

In the sequel we suppose= 3 anda; = a, = ag = 1, andP(x) = Py 1 1(X) = x*—
x3—x2—x—1 = (x—B1)(X— B2)(X—B3) (X — B3) wherepi, B, B are defined in Section 1.
Approximations of these numbers gée= g, = 1.9275 -, B, = —0.7748 - - and 83 =
—0.0763 -- +i0.8147---. We recall that we defined for aile Z, o' = (B, b).

In this situation

D =Di11={()<i=n; |, N€Z, & €{0, 1, gigi—16i26i-3 # 1111, <i = n},

D* =D 1= {(&)iz1: | € Z,(&i)<i<n € D1,1,2, N> 1}

and

+o00
E=&11= {Z gia's (6)iza € Doo}

i=4

+00 )
= {Z sa'; g € {0, 1}, sici_181_28i_3 75 1111, > 4}.
i=4
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An important and known result is:

Theorem 5. The set€ is compact connected and generates a periodic tiling of
R x C with group periods G= Za° + Za + Za?:

RxC=|JE+p),
peG

and the intersection of the interior ¢€ + p) with (£ 4 q) is empty whenever # q,
p, g € G. Moreover the boundary of is of zero measure and is equal to the union
of all &, p € G where&, = &N (£ + p).

Proof. The proof can be deduced from [24] (done in case ofccRlaiuzy fractal),
see also [7]. For clarity, we will give the proof in the Annegection. ]

3.1. Definition of the automaton recognizing the points withat least two ex-
pansions. In the sequel we proceed to the construction of the automadtdimat char-
acterizes the boundary @ This characterization will be proven in Section 3.2.

The set of states of the automatghis

3
S= {iZCiai; CoC1CaCs # 1111, ¢ € {0, 1}, 0 < 53}
i=0

U{tle@ t+1+0?), H@ 2 +at+a), @3+ a2+ 1+ ).

Let s andt be two states. The set of edges is the setsp{g, b), t) € Sx {0, 1}>x S
satisfyingt = s/a + (a — b)a®. The set of initial states i$0} and the set of states
is S. A path (resp. infinite path) ofd is a sequenceaf, by)k<n<i (resp. &n, bn)n=k)
such that there exists a sequene®uzn<i+1 (resp. &)n=k) of elements ofS for which
(en, (&, bn), e1+1) belongs toS for all n e {k,k +1,...,1 + 1} (resp.n > k). We
say it starts in the initial state whes = 0. The automaton is explicitly defined in the
Annexe at the end of this paper.

Let us explain the behavior of this automaton. leets (gi)i= and & = (g)i
belonging toD>®, x = > 2, s’ andy = Y 7%, e/, For allk > | we set

k
(1) Ade, &) =33 (o — &)l

In Subsection 3.2 we will prove that=y if and only if all the Ay, k> 1, belong
to S. But as, for allk > I, we have

@ Ao, ¢) = L)

+ (ex41 — 5/k+1)013,
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this means thak = y if and only if

(0! (EI. 8|/), A|(8! 8/))((Ak(8! 8/)1 (8k+lr €|/(+l), Ak+l(8’ 8/)))k2|

is an infinite sequence of edges $fstarting in the initial state. And, this is equivalent
to say that £, ¢)i= is an infinite path of4 starting in the initial state.

Let us give an example on how we can use this automaton tonobtBirmation
about the digits ofx andy. Let s be the smallest integer such that# ¢,. Hence
Ae,¢g)=0foriefl,...,s—1}. SupposeeS > ¢, that ises = 1 ande, = 0. Then,
As = o3. From (2) we deduce!\s+1(s &) = a? + (es41— €4, 1) which should belong
to S. HenceAs,1(e, &) = @? € Sif es41 = &4, and, As;1(e, &) = @® + o € S if
(es+1, €4,1) = (1, 0). Hence, ¢3, (1, 0),¢ + o), (@3, (0, 0),?) and @3, (1, 1),a?)
are edges coming from the stai€. Let us explain why &3, (0, 1),a? — «®) is not
an edge, and hence why we cannot hamg  ¢;,,) = (0, 1). We should have that

a?—a® = —a71—1—« belongs toS. Then B should satisfy the same equality. Hence
B~1 + 1+ B should belong to

3
{Z Gp'; CoC1CaCs # 1111,¢ € {0, 1}, 0<i < 3}

i=0

UIBT+1+8%), B2+ 1+8). B2+ 2+1+ 8%,

which is not possible by Lemma 2.
3.2. Characterization of the points with at least two expani®ns.

Lemma 6. Let (si)i=o0, (&)i=0 € D*. Then

2(81 — & )ﬂz Z(el - |)/33

i=0 i=0

C
_1+ﬁ T 1- Bl

where C= max{|3>7_o(ci — d)AL|:

i)os<i<s € D, (dh)o<i<s € D}.

Proof. The second inequality is easy to establish. For tkeifiequality, as-1 <
B2 < 0, all sequencesc()i=o which terms are 0 or 1 satisfy the following inequality:

2i+1 —
1 ﬂz 2[3-*—<ZC,32_ZIB _1 ﬁ2

This achieves the proof. []
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For all e = (&1)i= ande&’ = (g{)i= belonging toD*, we set
k .
Se, &) = {Ae, &) k> 1} = {ozk+3 Z(si —&)a' k> I}.
i=l

Proposition 7. Let x = 372, g, y = Y72, elal, wheree = (g)i> and ¢’ =
(¢)i=1 belong toD>. Then x =y if and only if the set @, ¢’) is finite. Moreover

3
S, ¢’y C S= {:I: ZCiOli: (Ci)o<i<s € D}

i=0
U{tlet+1+0?, 2@ ?+aot+a), e +a?+1+%)

and

S= U S(e, &),

(e,e)eA
where A = {((Ei)izlr (8{)iz|) € D> x D*; Z:)il SiOli = Zril S{Oli }

Proof. It is easy to establish that 8(¢, &) is finite thenx = y. Let us prove
the reciprocal. Lex = Y 7% gial = Y7 ela' =y with & = (&)= and e’ = (¢])i»
belonging toD>. Let us prove thatAyx = Ax(e, ¢') belongs toS for all k > I. As
x =y, for all k > I, we have

) Ac= D (g —a)ed ™3 = "] 5 — ek a).
i=ki1 i—a

Let us fixk > | and assumed, # 0. From (1), we deduce there existp,q,r € Z
such that

(4) A =ne® + pe? + qa +r.

But ng3 + pB% +qp +r or —(nB3 + pp? + gp +r) belongs toZ[B] N R*, which
is contained in Fing) (see Lemma 3). We deduce there exist3s{i<m € D such that
¢m =1 and

(5) N2+ pB2+ap+r==) cp.

i=s

We suppose it is equal 1) [. cip'. The other case can be treated in the same way.
As B, B2 and B3 are algebraically conjugate, from (1), (4) and (5) we have

k k m
(6) ﬂ7k+3 Z Si,Bi — ﬂfk+3 Z Ei/'Bi + Z Clﬁl )
i=l i=l i=s
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From Lemma 283 Y % ¢ < 4 consequentlyn < 3. Settingc; = 0 fori > m,
we have

) Ak=ZQai-

Remark that ifs > 0 then A¢ belongs toS. Hence we suppose < —1.

Supposes = —1 andc_; = 1. Let us show thatA, is equal toa™t + 1 + o?
and consequently belongs @ In order to do so, we show that the other cases are
not possible. Using Lemma 6 and (3), the first entry 8f)( (A«)1, should satisfy
I(A1] < B3(1 + B2) ! which is less thara = 1.6004. This excludes the following
points:at+ o +a?+ o, at+a +ad a7t +« andat + o® because the absolute
value of their first entries is greater than the value below ithe following array:

Bt B+ B+ B3| B+ B+ B3| B+ B | B+ B
1.9 25 2.0 1.7

In the same way we should hayéAy).| < C|Bs|*(1 — |B3]|®)~t which is less than
b = 1.8120. This excludes the following points:* + 1 + o3, o ! + a? + «® and
a '+ 1+ a?+ od because the absolute value of their second entries isegren
the value below it in the following array:

Bt +1+ B3| B+ B +BS| B+ 1+ 65+ B3
2.0 1.9 1.9

In order to exclude the other cases, excefit +1+«?, we used (2) to computéy.,;,

i > 1. Let us explain the strategy. Suppose neith®&){ nor (Ay). is greater than
respectivelya andb. Then, we computé\,; using (2). We have three possible values:
Ac/a, A/a+a® and Ac/a —a®. To check thatA, does not belong t&, it suffices to
show that for all these values, either the first entry or theosd is respectively greater
thana or b. If it is not the case, for each value that does not satisfy (hoth entries
are less than, respectivelg, and b) we apply again this strategy. Applying this just
once we show that /v + 1+ « + o> does not belong t&. The values of the relevant
entries are in the following array and should be read in thieviang way: The value
(1.9 for example) below a relevant entry 8.1 (resp. ¥83+1/B2+ 1+ B3) is greater
than the absolute value of the relevant entdy3 + 1/8, + 1+ B2| > 1.9.

1 3
Ac | “4+14+a+a
o

1 11 11
S+ —+1+B85 | S+ —+1+B+B5 | 5+ —+1+B5-PB
B B2 218 B P B 2
1.9 1.9 2.4

Axi1
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For the following case, /x + 1, we need to apply the strategy twice because for
Al = 1//33? +1/B3— /3§ both entries are respectively less tharmand b.

1
Ay —+1
07
A 1+1 1 1+/3
12T B B
1.83 2.0
A ! B3 = B3 + B3 ! B — B3
K42
*ﬂ3ﬁ33ﬂ3ﬁ33353ﬂ333
2.1 1.63 2.7

For the caseAx = 1/a + 14+« we need two steps because at the first one bpff +
1/B,+ 1 and ¥B2 + 1/, + 1+ B3 have entries less than, respectivedyand b.

1
A —+1+4+a
o
1 1
A — 4+ = +1-55
+1 22 '32 ,82
1.84
A 1+1+1 1 1+1+ﬁ 1+1+1 52
B Lt
BB B BT BB B P
1.77 2.23 1.818
! 1+1+ﬂ ! 1+1+ﬂ+ﬂ Ll g B
,33 ,33 :3 3 ,32 ,82 /3 2 2 g ,333 ,33 3 3
1.86 1.63 2.24

For the three following cases/d + «?, 1/a and Yo + o + o2, we need three steps.

1 2
Ax —ta
o
1 1
Act1 | — + B3 +/33—/3
g 83 *
1.89 2.34
1 1 3
) —+1+/33 —+1+/33 B3
/33 '33
1.83 2.26
Ay 1+1+ﬂ+ﬂ2 A S 1+1+ﬂ+5 — B3
3 - 3 3 - 2
B B BT B ST B B 22
1.818 2.32 1.77
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1
Ay -
o
1 1
Ac1 | — — = B3
B3 5
1.66 2.13
A i 2 3 i 2 _ p3
k+2 s+ B3+ B3 3 +B5—B3
2 3
2.01 2.17
A 1+ﬂ 1+ﬂ + B3 l+ﬂ B3
k+3 - 3 - 3 o 3
Bl B2 3| pl 3
2.00 2.21 1.92
1
Ay “4a+d?
07
1 1 3
Ak+l _2+1+,32 —2+1+,32—,32
B3 2
1.89 2.35
1 1 1
Ao | 5+—+1+p | S+—+1+pi+8
T B 2 127 B, 2P
1.84 2.30
A 1+1+1+,3 1+l+l+,3 1+l+l+,3
k+3 | 2 - - 2 v - - 3 v - - 2
ST B B B B2 Bs B B2 B2
—p2 —B3+ B3 —p%— B3
1.77 1.818 2.23

Hence the only possibléy (with c_; = 1) is T« + 1+ o2

Suppose nows < —2 andcs = 1. It is useful for the sequel to remark thdt =
(U)i=s = (Cs, Csy1, . . .+ C2, C3, Ekt1s Eki2, Ek43s - - - ) DElONGS tOD™. Indeed, ifcz = 0,
it is clear. If cg =1 andc, = 0 then by (6),ex = 1. Henceeyxieks26k+3 # 111 and
U belongs toD>. The other cases can be treated in the same way.

Using (3) and (7) we obtain

3 00 o)
u= Z Go' + Zsi+k_3a' = Zai’+k_3a' = .
i=s i=4 i=4

We setV = (&, 3)i>s Whereg/,, ;=0 whens <i <3. Then U, V) belongs to

A, Asia(U, V) = et + Coy1 + Copot + Cs 30 + Csyaer® and Ag(U, V) = Zigzs col.
Doing what we did forx andy to u andv we obtain thatAs, 4(U,V) = ot + 1+ a2
Let us show that for alh > s+ 5, A,(U, V) belongs to

C={tl@2+at40a), t@ 3 +a?+ 1+ ).
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This will imply that A belongs toS for all k > I. We have thatAs,5(U, V) belongs to

11
S+t
o

{

1 1 3 1 1 3
2+—+a+a,—2+—+a—a .
a a a

The third one can be excluded becaug@2k+ 1/83 + s — B35 > 1.85. We proceed
as before to exclude the second element:

1 1
Ac | S5+=+a+a’
o o
A L liip L 1+1+ﬂ -8
k+1 | 73 -2
A ’ AR 2
2.00 2.55
A R 1+1+1+f3+/3 1+1 LB
k+2 | 2 -3 e 3| .2 . 3 A 3~
Tl B B B B3 P 1A B B )
2.45 2.54 2.47

ConsequentlyAs 5(U, V) = 1/a® + 1/a + «. We deduceAs s(U, V) = 1/a® +
1/a? +1+a® because AB3 +1/p2+1> 2.03 and 13 +1/p2+1— B3 > 2.56. Once
again, As;7(U, V) = 1/a* + 1/a® + 1/a + a? —a® because A85 +1/p3 +1/B3+ B2 >
1.85 and 185 + 1/B83 + 1/Bs + p2 + B3 > 2.16. But an easy computation leads to
1a* +1/a® 4+ 1o +a? —a® = —(1/a® + 1/a + a) = —As,5(U, V). Then continuing
in the same way we can ched,(U, V) = —A,2(U, V) and A, € C for n > s+ 5.
As 3> s+ 5, we obtain thatAc(e, ¢’) = A3(U, V) belongs toC. Thus S(e, ¢') is
included inS.

To complete the proof we should show that each elemen$ @ielongs tol' =

Uge.enea Ses €.

Remark that if Ay belongs tol" then —Ay also belongs td". Consequently it is
sufficient to consider the cases whefg = Z?:o Ga' with (G)o<i<s € D or A
alt+1l4+a? a?+altaora+a?24+1+as

Notice that we have

400 +00
—a3 — Z(a4i + a4i+1 + a4i+2) =14a+ O52 + Z(a4i+1 + a4i+2 + ot4i+3)
i=1 i=1
+o0
a4+ al+at+ Z(a4i+2 T aft3 ity
i=1

+00
— 012 —{—C(4+O[5+ Z(a4i+3 —l—a4i+4+a4i+5).
i=1
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Hence, Ko +a?, a+a? anda? belong tol’. Multiplying by « we deducex +ao?+a?,
o? + o® and o® belong tol'. Now subtracting—«? we obtain 1+ « and « belong to
I'. We have that 1 belongs t6 because) ;"7 o* = 1+ Y *7 «®*1. Now, 1+ o?
belongs toI’ because

e . e .
Zaz _ 1+a2+2a2'+1.
i=2 i=2
Multiplying by o we deducex + «® belongs toI'. Because
(8) a—3 + a—2 +1+ a3 + Z(a4l+2 + a4l+3) — Z(a4l + (X4I+1),
i=1 i=1

we obtain thate=3 4+ «=2 + 1 + o2 belongs tol". Multiplying (8) by, respectively,
a and o? we obtain, respectively, that? + a ! + « and o ! + 1 + o? belong to
I'. From

o0 o0
a4+Zam+3=1+a3+Za4i+1=1—I—a+a3—|—2a4i+2
i=1 i=1 i=1

it is clear 1+ «® and 1+ « + o belong toT".

The equality
a4+2a4i+2=1+a2+a3+2a4i+1
i=1 i=1
implies that 1+ «? + o® belongs toI" and achieves the proof. O

Proposition 8. Let A be the automaton defined fBubsection 3.1 Then for all
(&i)i=1 and (&)i= belonging toD> the following assertions are equivalent

* D ol = P gla';

e (s, €)= is an infinite path inA beginning in the initial state.

Proof. Letx =3 &c andy =), ¢o'. By Proposition 7 and the definition
of the automaton (see Subsection 3.1), we deducexthaty if and only if

(01 (8|! gl/)v A|(8, S/))((Ak(&‘, 8/)1 (8k+11 SI/(+1)1 Ak+1(8’ S/)))kzl

is an infinite sequence of edges 8fstarting in the initial state. And, this is equivalent
to say that §;, ¢)i> is an infinite path ofA starting in the initial state. O

This proposition proves the first part of Theorem 1.
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Corollary 9. Let (a.).>| be an element dDP* and (/)1 <i<m an element o> with
I, me Z such that} " eiod = 3", e/a'. Thene/ =0 for alli > m ande = ¢ for
alll <i <m.

3.3. Neighboors of€. Here we prove that the s&t has 18 neighboors where
6 of them have an intersection with reduced to a singleton, and that the boundary
can be generated by just 2 subregions.

Lemma 10. Let(gi)i=4 and (g))i= be two elements dP> such thatZ;’i4sia‘ =
> g, where | < 4 and & = 1, theng/a! + & ;0! -+ + £4a® belongs to S. In
particular | > —3 and

go +- P =a +a?+14+a® if | =-3,
go el =a+a o if | =-2,
go +- el =at+14a® if | =-1

Proof. Let €i)i=4 and €)= be two elements ofD™ such that) [, sial =
Y%, ela’ wherel < 4 ande = 1. From Proposition 7, for all <i < 3, ¢a' +
g0t - +g_; 50 belongs toS. In particular, fori =1, we obtain the result. (]

Lemma 11. Let ue S. Then there exist(ei)i=4 and (g)i=4 belonging toD>
such that) 2, sia' = u+ Y 72, ela!

Proof. This comes from Proposition 7 and the identity (3). ]

In our context, Lemma 2 in [19] can be formulated in the follogv way.

Lemma 12. Let xe R x C, then X belongs to the boundary éfif and only
if there exists I< 3 such that x= , 6 = Z+°° e/a' where (¢ )i=4 and (€)i=|

belong toD>, and, ¢ # 0.

Theorem 13. The boundary of is the union of thel8 non empty regiong(u),
u € {a, —a; a € A}, whose pairwise intersections have measure ,zettere

EW)=EN(E+u)
and

={1, 1+ «, 1+a2 1+a+a2,a_3+a_2+1+a3:1+2a+a2,
o, a+a? o a? ot fa=—-1+0a?.
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Proof. Letu be an element ofA, thenu is a state of the automatad. From
Lemma 11, there existi(i-4 and §/)i-4 belonging toD> such that} 2, sia' = u+
>, elat. Thus, from Theorem 5¢ N (€ + u) is not empty and with measure zero.
It will be useful to check that

al+a?+1+a®=1420+a?
and
al+al+a=-1+d>%

Consequently, Theorem 5 impli¢g,.,£(U)UE(—u) is contained in the boundary &f.

Now, let z be an element of the boundary &f then by Lemma 12 there exist two
elements ofD®, (gi)i>4 and €)i>1, | € Z, 1 <4 such thaz =Y ;" eiol =Y Telal.
We can suppose, = 1. Let us consider the following four cases.

Supposd = —3. From Lemma 10, we deduce that (a3 + a2 + 1+ d).

Supposd = —2. From Lemma 10, we deduce that £(a 2 + a * + ).

Supposé = —1. From Lemma 10, we deduce that= Y ;"% s’ =« + 1+
a?+ Y% elal. Proposition 8 implies that = (0, 1)(0, 1)(0, 0)(0, 1)(0, 03¢, &)- - - is an
infinite path of the automaton! starting at the initial state. Using the automaton, we
see that = (0, 1)(0, 1), (0, 0)(0, 1)(0, @www - - -, wherea = (1, 1) or (0, 0) andw =
(0, 1)(1,0)(1, 0)(0, 1). Consequently= a1 +1+a?+a*+a®+> 72 (e +a%+1) or
Z=oa 1+ 1+0?+a®+ Y7 (@ +a¥ ). Thus,z= —a—a?+ab+ 3 72 (¥ + 1)
orz=-1-20—a?+ Y2, (¥ + %), and,z€ E(—a — a?) U (-1 — 2a — a?).

Supposd > 0. Thenz = Y% eial = &) + ejor + eha® + eha® + 3,5 elal.

If &5 =0, thenz € £(u) whereu = g} + gja + ehar?.

If &5 =1 ande, =0, thenz = (e, — 1)+ () — L) + (e — Da® + a* + Y ;"% el
E(u) whereu = (sj — 1) + () — L) + (g5 — 1),

Now supposes; = ¢, = 1 andeg = 0. Theng; =0 ore, =0, and,z = g + (¢} —
Do + (g5 — Da? + a® + 5% elad . Hence:

e If g5 =0, thenz e £(u) whereu = (¢} — D)o + (g}, — 1),

o If ¢f =1, thent = (0, 1)(0,£7)(0, £5)(0, 1)a, 1)(es, 0)--- is an infinite
path in the automaton beginning in the initial state. Thisplies thatt =
(0, 1)(0, 1)(0, 0)(0, 1)(1, 1)(0, w - - - wherew = (0, 1)(1, 0)(1, 0)(0, 1). Hence =
1+a+o®+a* +a8 + Y7 (@ +a%*2). Thusz+a2+al+a=a+ab+
3@t + «%*2) and z belongs tof(—a 2 —a ! — ).

If &5 =¢), =ef =1, thene), = e, = 0. Hencez = gj+ e —a? +ab + 3,5 elal.
o |If gy =2¢; =0, thenz e &(—a?).

e Wheng, + ¢ =1, there is no infinite path in the automaton starting in thgain
state and beginning with (@g)(0, £7)(0, 0)(0, 1)é4, 1)(es, 1).

e Hence it remains to consider the casg:+- ¢; = 2. But it is easy to check that
this implieseg = 1 which is not possible.
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This ends the proof. [l

This theorem, together with the remark before the Annexergwdhe second part of
Theorem 1.

Using the automaton given in the Annexe, we deduce the fallgwesult which
is the third and last part of Theorem 1.

Theorem 14. Let X=E(1+a +a?) and Y= £(1 + «). Then
a) £)=1+aX,
b) £?) =-1/a —1—a+ X/a,
c) E(1+a?) = {a*/(1-a?)),
d) El@?+at+a)={(+a%/(1-a}
e) L4+ a?+140ad = {(a*+a®/(1—a*)
f) &) = fo(X) U f2(X) U f1(Y)
9) E(a+a®) = go(X) U g(X) Ugi(Y) U ga(Y) U gs(Y), where

fo(2) =« + 0?2z, f1(2) = o + a* + &%z,
W@ =a’+a'z, q@ =+’ +a'z, Q2 =0z, B©@)=ao*+az

h)y X = Ui, hi(X) Uhy(Y) Uhs(Y) and
i)Y = UiZs hi(Y) U Ui, hi(X), where

ho(2) = o + oz, hi(z2) = a* + b + o’z

ha(z) = a* + a® + o’z h3(z) = o* + ® + a® + o’z
ha(2) = 1+ o + o + o’ + a2 hs(z) = ha(2)

he(z2) = a* 4+ a’ + o’z h/(2) =a* +a® +a® +a'z
hs(z) = ho(2), he(z) = a* + ® + o’ + a’z,
hio(2 = +a®+a®+a®+0a'z, hu@=14+a+a®+a’ +a°z
hi2(2) = a* + ® + 2’2, h13(2) = h7(2),

hia(2) = a* + a® +a® + a'z, h1s(2) = hio(2)

his(2) = 1+ o + a® + oz, h17(2) = h1(2),

Proof. a) The set ¥+ «X is clearly included in 1 «&. Moreover it is easy to
check that -« X is a subset of*+a& which is included in€. Hence H-aX C £(1).

On the other hand, lex € £(1). Then, there existe()i=4 and €)i=4 in D
such thatz = 1 + Y j_,6a" = Y ,¢a'. From Proposition 8, the finite path
(1, 0)(0, 0)(0, 0)(0, O}y, £4)(es, «5) is a finite path in the automatad starting at the
initial state. Following this path in the automaton we deglues, ;) = (0, 1) and
(es,6) = (1,0). It givesz = 1+a° +o?w = o’ +a?w’ wherew, w’ € £. Consequently
E)c@+ad)N@*+al)=14+aNL+a+a®+&)=1+aX.
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b) We have - a +a? +af(@?) = (@* +a&)N(A+a+a?+af)CcENA+
a+a? + &)= X. Hence&(a?) C —=1/a —1—a + X/a. To prove the other inclusion,
let z € X. Then by the automaton we deduce that 1+ o + a® + aw = o* + aw’,
w,w’ €. Hence—1/a—1—a+2z/a = w = a?+w’ and—1/a—1—a+ X/a C E(a?).

c) Letze&E(l+a?): z= Ziz48iai =1+a?+ Ziz‘lei’ai, (&)iza, (&)i=a € D*.
Proposition 8 and the automaton show that (0, 1)(0, 0)(0, D)4, £5)- - - is an infinite
path starting in the initial state and; (¢)i>4 is equal touuu- - - whereu = (1, 0)(0, 1).
Then,z=a*+ab+al+- - =1+a?+a®+a'+a %+ - andE(1+a?) = a*(1—a?) L.

d) Letze &w?+ a4+ ). From Proposition 8 and using the automaton we
deduce that = a2 +a t+a+a* + 372 (@ T+ o) = 370, (@¥ 1 + ¥ +2). Hence
El@?+at+a)=(®+a®)(1—aH™.

e) Proposition 8 and the automaton give the result.

f) Let z € E(«). Then, there existe()i=4 and €)i=4 in D such thatz =
Yisagict =a+ Y., From Proposition 8, (0, 0)(0, 1)(0, 0)(0, B)(e))--- is
a path in the automaton starting in the initial state. Herfes,s})(es, &5)(6, £5) be-
longs to{(0, 0), (1, 1), (0, 1)(1, 0)(0, 1). Consequently, belongs to the union ofuf +
a?8) N (o + a28), (@* +a® +a?8) N (o +a* + a?€) and @° + a?€) N (a + a* + a?E)
which is equal tofo(X) U f1(X) U f1(Y). Hence&(a) = fo(X) U f1(X) U f1(Y).

g) Letze & + a?). Then, there existe()i=4 and €)i=4 in D> such that
z =3, 4860 =a+ a®+ Y, ,¢d. From Propositon 8, the infinite path
(0, 0)(0, _1)(0, 1)(0, OK4, €y) -+ - is a path in the automaton starting in the initial state.
Hence, we either have
(1) (G, &))asi<7 € (0, 1)(1, 0)(O, 0), (1, 1), (1, O)O, 1),

(2) (e4,&4) €1{(0,0), (1, 1), or
(3) (G, &))i=a € (0, 1){(0, 0)(0, 0), (0, 0)(1, 1), (1, 1)(O, Ppw - - -,
wherew = (0, 1)(1, 0)(1, 0)(0, 1). This means thatbelongs to

(@ +a*)N(a+a? +a* +a’ + %))

U(@®+ b +a*)N(a+o? +a* + o + o + %))

U((e®+a® + )N (a + o® + o* + o’ + a%€))

U((@€ N (a+a®+al))U (@* + a&) N (a + a® + a* + af))

U{z1, 2, z3}

= go(X) U g1(X) U g1(Y) U 92(Y) U ga(Y) U {71, 22, z3}
wherez; = Y S(@f +a¥ ) =a+a?+at +ao' + 35 (@42 +a% 1), zp =ab + 7
and zz = «® + z;. We can also check that (1, 0)(1, 0)(0, 0)(0O)- - -, whereu =

(0, 1)(1, 1)(1, 0)(1, 0), is an infinite path of the automatearting in the initial state.
Consequentlyz; = a* + o + Y75 (% +1 + ¥ +2) and

71 € ((@* + &) N (o + a? + a* + a€)) = ga(Y).
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Moreover, it shows thaz, belongs togs(Y). In the same wayz; = o® + o® +

o8+ 3 (@3 4 o4t Thus,zg = 20° + a8 + o8 + 3 5@ + o) = o +

@ + a¥ ). But 20° + of = o + o + o7, consequentlyzz belongs to ¢£) N
(a + a® + af)) = g(Y).

h) Letze X =&(1+ o + «?). Then, there existe()i=4 and §/)i=4 in D> such
thatz=) .46 =1+a+a®+) . ,¢ca'. From Proposition 8, we necessarily have
(€4, €4) = (1, 0) and one of the following situations:

(1) ((ei, &))i=s € (1, 0X(0, 0), (1, L}ww - -- wherew = (0, 1)(1, 0);

(2) (G, €))i=s € (0, 1)(0, 0), (1, 1)ww --- wherew = (0, 1)(1, 0)(1, 0)(0, 1);
(3) (s, &)s<i<s € {(0, 0), (1, 1)%(0, 1)(1, 0);

(4) (i, &)s=i<o = (1, 0)(1, 0)(0, 1)(1, 0)(O, 1);

(5) (e, &)s=i<s € {(0, 0), (1, 1)}(1, 0)(0, 1)(1, 0).

This meansz belongs toUi“:0 hi (X) U hy(Y) U h3(Y) U {X1, X2, X3, X4} Where

+00 +0o0
X1=a4+oz5+Za2i =1+a+a2+2a2i+1,
i=4 i=3
X2 =X1+016,
+00 +00
X3 = o + Z(am taf Y =1ta+a?+a®+al + Z(a4i+2 T ot
i=2 i=2

Xs = Xg + a®,
ho(X) = (@* + &*) N (1 + a + &® + a” + a*€),
hi(X) = (@* + b +a*E) N (A + o + o + a® + o + %),
ha(X) = (@* + a® + a*E) N (A + o + &® + ® + o + a*E),
ha(X) = (@* + a®+ b +a*E) N (1 + a + o® + ® + b + o + «*¢),
ha(X) = (@* +a® +a® + B+ %) N1+ a +a? +a’ + ),
hi(Y) = (@* + a® + «*E) N (1 + o + o 4 o’ + *€)

and

ha(Y) = (@* + o® + a® + %) N(Q 4+ o + & +o® + o’ + a*E).
We easily can check (using Proposition 8 and the automatat) t
+00 ) .
X = X3 = Ol4 + Z(a4l + O[4I+1)'

i=2

and thusx; € ho(X), X2 € hi(X), andx, = x4, which concludes the proof of h).
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i) Letze X =&+ a). Then, there existe()i-4 and §)i=4 in D> such that
z=Y 460 =1+a+) .,6a. From Proposition 8, we necessarily havg, ¢,) =
(1, 0) and one of the following situations:

@) (Eiv e)izs € {0, 0), (1, 1)(0, IF{(0, 0), (1, 1Y ?ww--+;

() (v &))izs € (1, 0{(0, 0), (1, 1)2(1, 0)(O, Lppw ---;

(3) (G, &))s=i<7 € {(0, 0), (1, 1}(0, 1)((0, 0), (1, 1};

@) (v &))s<i=s € {(0, 0), (L, 1)(0, 1}(1, 0)(0, 0), (1, 1), (1, O)O, 1)(L, O);
() (G, &))s<izs € (1, 0)(0, 1)(0, 0), (1, 1), (0, 1)(1, 0)(0, 1)

wherew = (0, 1)(1, 0)(1, 0)(0, 1). Hence belongs to

11 17
<Uhi(y)> U ( g hi(X)> U{yi; 1<i <8},
i=5

i=12

where
400 ) ) +o0 _ _
y1 = Ol4 + Z(a4l+3 + Ol4|+4) =14+a+ Ol6 + Ol7 + a10+ Z(a4l+l + Ol4l+2),
i=2 i=3

Y2=Y1+0l9, Y3=Y1+0l8, Y4=Y1+015.y5=)/1+0l5+0!9-
+o00 ) )
YG=Y1+0ls+0ls=1+U+Z(a4'+l+0l4'+2), yr=Ye+a', ys=Ye+a
i=2

hs(Y) = (@* + a® + &) N (1 + a + a® + «® + a*€),

he(Y) = (@* + o’ + ) N (1 + « + b + o’ + a*E),

ho(Y) = (@*+a®+a®+a’E)N(A+a+a®+a” + a0+ a78),

he(Y) = (@* + «*E) N (A + o + b + a*E),

ho(Y) = (@ + a® +a’ +a*E) N (A +a +a® + a® + o + %),

hio(Y) = (@* + e+ e+ +a’E) N (A +a+a®+ a® + o’ + a0 +a78),
hi(Y) = (@* +o® +a® +a®) N A+ a + b + o’ + %),

hia(Y) = (@* +o® +a’&) N1+ a4+ a® +a’ + o' +a’E),

his(X) = (@* + ¥+’ +a’E)NA+a+ab+a” +a° + o +a7E),
hia(X) = (@* +e®+ e +a’E)N(A+a+a®+a® +a’ + a0+ a’8),
his(X) = (@* +a®+ab +a® +a’E)N(A+a+a®+a® +a” +a° +a'®+a’E),
hig(X) = (@* + a® + a® + a®E) N (1 + a + «® + &°€),

hi7(X) = (@* + o® + o’ + ¥+ )N (A + a + a® + o’ + ).

Let us prove that for each integere {1,..., 8}, there existsj € {5,..., 11} or
ke {12,..., 17 such thaty; belongs toh;(X) or to hc(Y).
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Indeed, sincey; = a* + ®z; (see case g)), thew € (@* + o + «*E) N (2* +
a® +a’ +a*8) = he(Y). We deduce thay, andy; belong also tohe(Y), and,y,; and
ys belong tohg(Y).

Using the automaton we can verify thag= 1+ +a®+ab+ Y 5 (¥ 24+ a4+3).
Hence,ys belongs to 1+ o + o® + o® + «*E. But it also belongs tar* + a® + o€,
Thus ys € hs(Y) and y; € hg(Y).

We haveys = ys+a® € (1+a +a®+a5E). On the other hand we can check using
the automaton thays = a* + ® + a8 + 3 7% a2, henceyg € (¢* + o® + o + °¢)
and yg belongs tohg(X). ]

Remarks and comments. There are points which have at least 6 expansions in
basea. For example:

+00

+o00
o+ Zaﬂ — Z(a4i + a4i+l)
i=2

i=1

o0
=l+a+a®+) o
i=2
> . .
— 1+(X+Z(OI4I+1+O{4I+Z))
i=1

00
-« +O[2 +0(4+ Z(a4i+3 +a4i+4)
i=1

[e9]
—a3ta?241+a3+ Z(a4i+2 TS
i=1

We address the two following questions:
(1) Can you parameterize the boundaryé&af; 1?
(2) Does this boundary be homeomorphic to the sphere?
The technics used in this work can be used to sifigy, . a, with the assumption that
ygzap>--->ag > 1L

4. Annexe

In the sequel we prove Theorem 5, show the Rauzy fractal anduitomaton. We
will need several intermediate results.

4.1. Proof of Theorem 5.

Lemma 15. Leti > 4, then ' = G;B° + (Gi_1 + Gi_» + Gi_3)B% + (Gi_1 +
Gj_2)B + Gj_1 where(G;)io is the sequence defined:b$, = G1 =G, =0, Gz =1,
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Gnh=Gp1+ Gho+ Gn_3 for all i > 4. In particular for all (gj)s<i<n € D,
N .
2:&/gl = nﬂ3 + an,B2 + bnl8 + Cn
i=4

where n= ", 6Gi, ay = YN, 6(Gi_1 + Gi_a + Gi_3), by = YN, 61(Gi_1 + Gi_y)
and G = ZiN:4 &Gi_1.

Proof. It is left to the reader. O
Proposition 16. R X C = Jpcz40124+202(€ + D).

Proof. From Lemma 15 and Proposition 1 in [1]), we know that HetE =
{ne® + pa®+qa+re?, neN, p,q,r € Z} is dense inR x C.

Let ze R x C ande > 0, then there exist a positive integdf such that for all
integerk > N, |z— z| < & where

ze = nie® + pra® + gk + ree@®, (i, P G Tk) € N x Z3, Yk > N.

On the other hand, we can write every integgrin baseG, (by using greedy algo-
rithm) asny = ZiN:4 €iGj where €)s<i<n € D. Therefore by Lemma 15, there exists
tx = ana? + bpa + cha® € G = Za® + Za + Za? such thatxy = na® + tc € €.
We deduce that for alk > N, [x« — z| < [Xk — 2| + |z— z]| < ¢ + |z] + M where
M = max|x|, x € £}. Since for allk > N, xx — z« belongs toG, which is a dis-
crete group, then there exists an increasing sequénge;(of integers such that for
all i, xx —2zx = Yo whereyp = pa® + qa +re? is an element ofG. Since for alli,

X, = Z + Yo belongs to€ and £ is a compact set, we deduce that yo € £. Thus
we are done. O

Proposition 17. For all u,v € Za®+Za +Za?, we have u= v wheneveint((£ +
u) N (E +v)#9.

Proof. We proceed by contradiction. Assume that there éxisgersp, q,r € Z
and an elemenz = 3 ,"% gio of £ such thatz+ pa®+ qa +ra? € Int(€). Then there
exists an integeny > 0 such that for alln > ng

n
9) Zeiai+pao+qa+ra2€€.
i=4

CAse 1. The set{i > 4, g # 0} is infinite.
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SinceB > 1, there exists an integ®t > ng such thatZiN:[le;iﬂi +p+gp+rp?>0.
By Lemma 3, we deduce that

N

M
(10) doap +p+ap+rp=) dp
i=l

i=4

where () <i<m € D andl, M € Z. From (9) and (10), we obtain th@i'\"=I do' =
Y, ea €&, for some €)i-4 € D. Corollary 9 implies that there exists an integer
K < M verifying = 0 for all i > K. Therefore

N K
(11) doap +p+ap+rpi=) ap.
i=4 i=4

Lemma 15 gives that

mB+ (r +am)B?+ @ +bm)B+(P+cm) =182 +ap?+bp+a,

wherem =Y\, &G; andl = Y ,&G;. Thusl =m ands; = ¢ for all i (because
of the unicity of representation in ba$®,) and finallyp=q=r =0.

CASE 2: The set{i > 4, ¢ # 0} is finite.

Let N =maxi > 4, ¢ # 0}. If ZiN=4si,B‘ +p+qB+rp2=>0, then we are done
using the same argument as in Case 1.

Now, assume tha} ' , &' + p+qB + B2 < 0. We have

N +00
Zeiai +p+qa+ra®= Zdiai.
i=4 i=4

Since ZiN=4 g is an interior point of€ (see [1]), we deduce that there exists a
nonnegative integeM such that

M +o00
—p—ga—ra®+ ) da =) ead €&
i—4 i—a
Since—p—qgB —rp2+ Y M, dp > 0 we deduce that
M ) k ) +00 )
—p—qa—ra2+2dia' =Z fia' =Zaa'
i—a i=l i—4

where (fi)<i<k € D andl, k € Z.
From Corollary 9, there exists an integersuch thate = 0 for all i > L and by
an argument used in Case 1 we obtair=q=r = 0. ]
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Fig. 1. Rauzy fractal inRR x C generated byP(x) = x* — x° —
X2 —x—1.

Proposition 18. The boundary of has Lebesgue measure zero and is equal to
the union of all€p, p € G, where&, = €N (€ + p).

Proof. Letz be an element 0d€ = £ \ Int &, the boundary of. There exists a
sequence 7,)n>0 such that limz, = z and for alln, z, ¢ £. Then by Proposition 16,
there exists a sequencp,j-o of elements ofG = Za® + Za + Za?\ {0} such that for
all n, z, € (£ + pn) with p, € G = Za® + Za + Za?\{0}. Hence the sequenc@{)n=o
is bounded. Sincé& is a discrete group, we deduce thgh),>0 is a finite sequence.
Consequently there exists € Za® + Za + Za? such thatz € £ N (€ + p). Thus,d&
is included in{J,cg Ep-

On the other hand, ik € £N (€ + p), p € G\{0}, then by Proposition 17z ¢

Int(€). Hencez € 9€. The fact that the boundary has measure zero is proven in [3].
[

4.2. The Rauzy fractal. Fig. 1 is a two-dimensional image of the Rauzy fractal
in R x C generated byP(x) = x* — x3 — x> —x — 1.
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4.3. The automaton. Here is the automaton built in Section 3.

(0,0),(1,1) (0,0),(1,1)

(0,0), (1, 1) O

—a—a*-a’ a+a?+a’
0.1) 1,0

0,1) (0,1)

(0,1) (0,1)

(1,0) 0.1 (Fa

(0,0),(1,1) (0,0),(1,1)
(1,1),(0,0) (1,1),(0,0)
o ) o GREE
©,1) (1,0)

S AV =

(1, 1)](0,0)

(0,1)

CH-M

(0,0) ' (0,0)
(1,1) (1,1)
(1,0) (0,1)
—1 2(1)1(1]; —a 0. 1+a+a —l-a—a’ L0 a 2(1)(1); 1
’ (0,0) (0,0) '
(1 1) (1,1)
(0,1) (1,0)
N — B

A
AN
—~ ~ 3
=R =
S —
¥
=
9
Q
2

Cza?-a) (@tata)

(1,0)

s+ op H1+0a7 o
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