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0. Introduction

Let W be the space of R’-valued continuous functions on [0, 1], where
d=2. We shall consider the functionals on W

_ d—a (' (! -

O waw = | - ddit,  a<2,
which may take infinite value. These functionals play an important role in
the investigation of properties of function w: the finiteness of yr(a, ) implies
that the Hausdorff dimension of range {w(f); 0=¢=<1} is no less than a (cf.
Taylor [9]). Let Q be the Wiener measure on W. Since Y, w) is finite
Q-almost surely for any a<2, the Hausdorff dimension of {w(¢); 0=<z<1}
is no less than 2 Q-almost surely.

Next, let o tend to 2. Though the mean of yr(a, <) with respect to Q
diverges to infinity, the functional

02) @,() = W(2—27", w)—2"

converges Q-almost surely. In case d=2, Varadhan studied this limit func-
tional in connection with the quantum field theory and proved its existence
(cf. Appendix to Symanzik [8]).

Recently Fukushima [1] showed that various famous properties of sample
paths such as Lévy’s Holder continuity hold not only Q-almost surely but
also quasi-everywhere, i.e. except on a set of zero capacity with respect to the
Ornstein—Uhlenbeck process on W. On the other hand, Ko6no [4] and [5]
proved that if d<4, then sample paths are recurrent with positive capacity.
Therefore ‘quasi-everywhere’ is strictly finer than ‘Q-almost everywhere’.

The purpose of this paper is to show that yr(a, @) is finite quasi-everywhere
for any ¢<2 and that lim ¥,(w)=%(w) exists quasi-everywhere. The former
result implies the theorem in Komatsu and Takashima [3]: the Hausdorff
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dimension of range {w(¢); 0<t<1} is 2 quasi-everywhere. Let (Q, &, P,
X.(+)) be the Ornstein-Uhlenbeck process on W. Since a Borel subset 4
of W has zero capacity if and only if

P[X,(-)&A forany 7] =1

(cf. Fukushima [1], Kusuoka [6]), it is sufficient to prove the continuity of yr(a,
X.(+)) in 7 and the uniform convergence of ¥, (X,(+)) in 7.

In case d=2, the limit functional lim ¥,(w)=W¥(w) is formally expressed
by

v@w) =2 [ | s(@)—u() dir—C
(C is an infinite constant), which is similar to the intersectional local time con-
sidered in Wolpert [11]. Westwater [10] investigated a similar functional in
connection with the study of long polymer chains in R® Finally, we shall
mention the relative result of Shigekawa [7]: the 1-dimensional Brownian
local time exists quasi-everywhere.

The authors wish to express their hearty gratitude to Prof. M. Fukushima
and to Prof. S. Kusuoka for their suggestion and advice.

1. Singular Wiener functional

Let W be the Banach space of all R?-valued continuous functions w=(w(t))
on [0, 1] satisfying w(0)=0; 9, the usual Borel field and Q, the Wiener measure
on (W, 99). Set, for a<2,

(L fley )= S {(aeyr—1}, &0,
—a
Considering that Af,(a, x) — (d—a)|x| ™ as & | 0, we shall define
(12) e w)= | g % Af(a, ws, 1)) dsdt,
0<s<t<1

where A denotes the Laplacian and w(s, £)=w(¢)—w(s).
Set 8;=0/0x’ and 0=(8,, :**, 8;). From the Ito formula

Ve, wrHflar, 0) = | (e, ws, D)= 0fidet, wls, ) dot) s

Using the Fubini type theorem for the product ds-dw(t) (cf. Ikeda and Wata-
nabe [2] Chap. II Sec. 4 Lemma 4.1), we have

Vrelt, w)+fi(, 0) = S: e, w(s, 1) ds—s (S: of e, (s, 1)) ds) du(t) .

1
0
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Let g(a, x) be the isotropic function satisfying

‘%‘ Age(a’ x) =fz(a’ x) and g!(a’ O) =0.

Then g (a, x) is given by
(E]] 4
3 aan=|"r ([ 2wy wr a)ar,  jEI=1.
0 0
Let x’ denote the transposed vector of x, x+y=x'y, the inner product of column
vectors x and y, and 8'0=(9; 9,): dXd-matrix. Define

S: (t, w) dua(t) = L-lim 3 (% w) w( i—1 i)

n n

for a process A(t, w) adapted to o-fields o(w(x); <u=<1). Then we see that
[, e (s, 1)) ds = gfet, w(0, V)~ Bguler, wis, 1) dunts),
[, o, wis, 1) ds = dgu(a, w(0, )~ (du(e)) 8" dgu(e, uls, 1)
Therefore we have
(14 Ve w)yHfla 0) = glat, w(0, 1)
— [, agua wis, 1)) duts)—{ o, (@ w0, 1) du(t)

+ g s Jw(s)‘a' agl(a) W(S, t)) dﬂl(t) a.e.

0<I<#<1

Define, for a<<2,

15 g, x)= ?_%; L'(So (1) w du) P-4 dr
_ 2|x|? { lxl"""—l_4—|—d—a}
(4—a) 24+-d—a) 2—a 24 J°

It is easy to show that, for |v| <2,
0" go(at, x) > 0" gy, x) as€}0,
|8" go(at, x)| =comst. (14 |x|)>™,
where v=(v,, -+, v,)€Z%, |v|=v,+ -+, and

9" =011 932 -+ 0g4 .
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Let y(a, w) be the functional defined by (0.1). Since d =2,
Yro(a, w) = Yo(a, w) forallw as€ | 0.
From (1.4) we have

(16) (e w)—y = ga, w0, 1)

— s: 824, (s, 1)) d'w(s)—S: dgu(, w(0, 1)) du(t)

+S Sd"w(s)-a'ago(a, w(s, 1) dw()  ae.

0SSl
The following theorem is proved in Section 2.
Theorem 1. {¥,(w)} converge for almost all weW and the limit func-
tional lim ¥ ,(w)="Y(w) satisfies
1 A 1
(L7) @)= g0, )| og((s, 1) du(s)— | og(0, 1) du(t)

+ s S jw(;).a' ag(w(s, t)) dw(z) ae.,

0< <<

where
(18) #) =5 121 {log s —LE2}.

Let (Q, &, P) be a probability space; B(dr X dt)=(B'(dr X dt)), a d-dimen-
sional two-parameter white noise and By(¢#)=(B{(?)), a d-dimensional Brownian
motion independent of B(dr X dt) satisfying By(0)=0. Define

(1.9) Xi(t) = e {Bg(t)+S: ¢"? Bi(do % [0, t])} .

The process X,=(Xi(+)) is called the Ornstein-Uhlenbeck process on W.
Fix 7 and . ' Then the process M X (t) is a d-dimensional Brownian motion
and

(1.10) dXi(t), dXi(t)) = 8;; e """V dt .
We shall prove the following theorems.
Theorem 2. For any 0<a<2,
Ply(a, X.) is continuous in 7] = 1.

From the theorem we see that yr(ar, w)<<co quasi-everywhere, z.e. except
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on a zero capacity set. Especially ¥, (w)<<oco: quasi-everywhere.

Theorem 3. The sequence {¥,w)} converges quasi-eveiywhere. Let
W(w)=lim ¥,(w) quasi-everywhere. Then

Plw(X.)is continuous in 7] = 1.

2. Elementary inequalities

Fix 0<a<2 and set 28=2—q. We‘shall consider the functions
(2.1) Gi(x) = g, %)—gu(a, %) .
Let k,=R7'(6#—(2€)?) and
be(u) = B~ (W' +E) —(u*+4€F)—k, .
Then we have

G.(x) = SL' (S: ba(rue) w1 du) rdr—|—71d~ Rolx|?,

0;G (%) = x; gl be(|x|u) u?™? du—,{—l ke ki ,
0 d
0,0,Ge(x) = x; x;|x| 7% (| %])
S (8,—d x; ] %] 7?) S el |26 ) wt? du+% 5, ke.

1
0

22)

In this and the following sections, we shall use the convenient practice
of letting ¢-’s stand for unimportant positive constants which may change from
line to line.

Lemma 2.1. There is a constant C independent of & such that
23) |8"G(x) | SC |x|>™ &,
24)  |0°G(x+y)—0"G(x) | <C |y | (2] V |y )P 1+ 2] V [y [)~™
for any %, y, 0<€é<1 and |v| 2.

Proof. Since 0= ¢,(4)=<—k,<c-E%, inequality (2.3) follows from (2.2).
Set G{(x)=Gy(x)—k,|x|?/2d. It suffices for the proof of (2.4) to show that

(2.5) [0°Go(x+y)—0"Gy(x) | =c-&| y|(1x| V | y[)FH~1.
We see that 0= ¢b,(u) Sc- (Sw)P, for () <c-&? and
Bu(#) = (W€ — ) — (546 — (26)) < (4P E)p—EP <0

Therefore we have
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[0°Gi(®) | =c- [x|*(Elx])?  (Iv]=2).
It is easy to see that
0;0; 0, Ge(x) = ho(x) | x|*((12]°+-€"P~ (x| *+4€")P7)

Hh(®) el 1)) | 1) w4 ds,

where %, h, and k, are homogeneous functions with index —1. Since
W (PP — (P +4E7P ) < c- (uE)?,
we have
18,0,0,Ge(x) | c- x| ~'(E|%] ).

Now, suppose that |x|<<2|y|. Then, for |v| <2,

|0"Ge(x+y)—0"Ge(%)| = |0°Ge(x+y) | +]0"G(#) |
Sce |ty oty [)Ptc [2]7M(E =] P =ee |y 1P M(E 3 1)

Suppose that |x| =2|y|. Then, for [v| <2,
10°Ge(x+y)—0"Ge(x) | = | Sl 00"Gy(x+0y) y d6| <c-&8| y| |x| P71,
[
These prove (2.5).  q.e.d.
Next, define
(2.6) GP(x) = g(2—28, x)—g(2—pB, x)
— |%|28™ S’ (S’ (Il ru)P—1) wt=" du) rdvr .
0 0
Then we have
0,6%x) = ;87 | (I«lup—1y u du,
0
(2.7) 8,0, G¥(x) = x; x;|x| 2 B7'(|x|P—1)
(81— %%, 1%1 ) 87 || (wlup—17
0
Lemma 2.2. There is a constant C independent of B such that

2.9) |0*G#(x)| S CB x> ™(1+ | log| x| | (1+|=]?)
for any x and |v| <2 and that
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@9)  [0CH) () =CB (1x'lx| "=y y1*I +log {21
X(1+|log|x| ) (1+|log| y| ) A+(I=] V I¥1))
for any x, y and |v| =2, where x* denotes
(s ()7 - (Y.
Proof. By the inequality

B uf—1|= @+1)| 8 th (% log u)] g—;—llog ul (144,

(2.8) is easily proved from (2.6) and (2.7). For example, in case |v|=1,

10, 62| <111 [ (log(I 1) (1+ 11702 s~
<c-Bx|(1+ [loglx| |} (1+ %17 .
We see that
| B~ —1y— B H(eP— 1Y

u uf—of ~1,p “1p
= [1og 2| | s 187w~k
< |log | Vo) -1 {llog ul(1+u°)+ |log 0] (1+07)}

< c. log~v—y(1+ llog ] + [log o) (1-4+(V o)) .

Then it is easy to prove (2.9) from (2.7). For example,
la¥| 2| ~#(| 2| P—1)"—y"| y| (| y|P—1)*]

=|(lelP=1P—=([P=D7 12" |%| =" y1 72| - [(|1%]P—1) (1 y|P—1)]

<c-@ log{”' (1+ llogl x| | +log| y1 1) (1+(1%] V | y1))

+c- |2 | x| =" | y|7*| - [log| x| -log| y| |(1+(1x| V| ¥])).  q.ed.

Proof of Theorem 1. Note that
£o(2—27", x)—g(x)= 2 G (v).

From (2.8) we have, for |v| <2,

|8%g,(2—27", x)—8%g()| Sc-.=gl 2742 M(14-[log| x| ) (14| #[7)

=27 |x|*™((log | %)+ | %) .

919
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Let W(w) denote the right hand side of (1.7). From (0.2), (1.6) and the above
inequality, it is easily proved that

E|W,(-)—W(+)|?<c-27.

From
SEIT() ¥ <o,
we know that ¥, (w)—>W(w) a.e. as n—>co. q.e.d.

3. Preliminary estimates
Let G*(x) be the function defined by (2.6). From (1.6) we see that

B1)  W(2—28, X)—p(2—B, X,)+$ — G(X.(0, 1))
—{ 862 (x5, 1) dx,)—{ 8G* (X,(0, 1)) aX,(0

i S j 3X.(5)-0'0GA(X.(s, 1)) dX.(t)  ae. (P),

0<s<t<1

where X, (s, £)=X,(f)—X,(s). Hence, for any 0=, o<1,

[W(2—28, X.)—(2—B, X)—¥(2—28, X)+¥(2—B, X.)|
< GHX,(0, 1))~ GA(X,(0, 1))]

+1{, 96°(X.05, 1) dX.()—0GA X5, 1) dX (0}
+ | 062(X.(0, 1) 4X.(1)~0GAX.(0, 1) dX,(2)} |
+1] | dx.-006%x.05, ) ax.(0)

—dX,(5)-0'0GH(X,(s, 1)) dX,(t)} |
= GH(X,(0, 1))—G*(X,(0, )| +E\+E,.

Let p>2. Using the Burkholder inequality and (1.10), we have

(62)  EIEIscEl| {10676 )06 (X0, D)
+2(1—e1™1R) 9GA(X, (s, 1)) 9'GH(X.(s, )} ds|#”
+eBI | {19G2(X0, )—0GAX,(0, H)I*
+2(1—e71™ 1) 9GU( X0, 2)) 8'GH(X,(0, £))} ds|
<c- S: E|0G#(X,(0, £))—0G*(X,(0, t))|? dt
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. [T—a[Y** (* B )
4 (th . ) $0E|aG (X.(0, 9))|? dt .
Similarly we have
Elmlse | BIf $9062(X.(5, 1)) dX.()~0'0GP(X.(s, 1)) X, (0} 1 ds
0 s
tc (th ; ) SOE|S366G (X.(s, 1)) dX.(1)]? ds .
From the Burkholder inequality we see that
Bl 006°(X.(5, 1) dX.()—0'0GA(X,(s, 1) dX.(0)}1*

=c-EI3 [ 10%,6°X 5, 0)~00,67(X.(s, )1
+2(1—e"1™"V2) 50 ,GP( X, (s, 1)) 8'0,GH(X(s, )} dt|?
e SB[ T10°6Ax.0, 0)~6"GX.(0, )17 del

+c-(th 'L;i')”z > Sl" E|0*GH(X.(0, #)|* dt,

wr=zJo

and
E| Sl DBGHX,(s, 1) dX.(1) P S 3T S:‘ E|*G*(X,(0, ) |? dt .
Combining these inequalities, we have
(33)  EIEI»sc B[ 18GAX0, 0)—0"GAXA0, )17 dr |+
fe- (th 'T—"') > g E|6°GA(X.(0, ))|? dt .
For 0< 7, o<1, set
(3.4) a= (th“_:‘ﬂ)'”, % (1fem17) |

Let By(¢) and B,(f) be independent d-dimensional Brownian motions defined
on (Q, &, P) satisfying B,(0)=B,0)=0. From (1.10) the law of the process
t W (X0, £), X,(0, 7))

is equal to that of the process

t WA (By(bt)+a By(bt), B,(bt)—a By(bt)) .
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Therefore
E|G¥X,(0, 1))—G*X,(0, 1)) |
= E|G(B,(b)+aBy(b))— G*(B,(b)—aBy(b)) |*
<2 sup B|GH(By(ty+aB (1) —G*(B)1?
By a similar argument we have the following lemma from (3.2) and (3.3).
Lemma 3.1. For p>2, it holds that |
(3‘5) El‘l’\(z'—zlg’ X.,-)—\!I‘(Z—ﬁ, X'r)_‘l"(z_zﬁ, Xa-)"’“\!’(z_le) Xo') Ip
<c-a® 53 J E|6"GA(By(1))|? dt
vi=1,2 Jo-
+sup E| GA(By(t)-+aBL0) ~ G (B(1) I

e[| EIOGHB.(0)+aB,) 06X B &t

1
0

te: SIEI || [0°GBL1) +aBy0) —0"CAB)I* dt| .

Fix 0<a<2 and let G,(x) be the function defined by (2.1). Replace the
function GP(x) by the function Gy(») in the above arguments. Then we have
the following estimate, which is much simpler than (3.5).

Lemma 3.2. For fixed 0<a<2 and p>2, it holds that

(3'6) E I 1!”!(“’ Xf)—-","ZE(ai XT)—\P!(a’ X¢)+‘I’28(a1 Xo‘) Ip
<c-a* ) sup E|0°G,(By(?))|?

wi=1,2 t51

+c- 33 sup B|0"G(B(t)+aB,(2)—0"Gu(B\(2)) | -

Mis2 t<1

4. Moment inequalities

Let 2—a=23>0. Define a function {,(a), 0=a<1, by

b NBr+d) (p + Bp+d)
@(l—loga)  (p= Bp+a).
Lemma 4.1. There is a constant C independent of & such that

(4'2) EI"I’E(a’ XT)——.‘I"ZL'(a’ X'r)_\p'e(zay Xv)"—‘l"z:(a’ Xo-) lp
<C gp? L‘P((thl—-'-—;_—o’l)l/)

for any 0=7,0<1.

(.1) £,(@) = {

Proof. From (2.3) we see that, for |v]| <2,
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E|0"G(B,(t)|?<c-6% S [N/ T x| @HB=10P omlel22 Gy 2P

Since a? <{,(a), we have

a? 33 sup E|0"Gy(By(2)) |2 Zc-E®2 §,(a) .

vi=1,2 t<1
From (2.4)
E [10°G.(B\(t)-+aB) —0"Gy(B.(1)) |7 1By(t)] <2a| B,)|]
sc-em [ (al ylyrHe(i-4 1) e dy
Sco &Pt gPtriL e gPP £ (a) .
Moreover we have
E [|10"Gy(B\(t)+aBy(t))—0"G(B\(t)) |?; | B\(2)| >2a|Byt)|]
<c-&f SS |(a| y1 x| B Y14 | 2] )2 e 5119102 dudy

<c-EP? S (Sm' | pB-DpHd=1 por dr) a(] y|)? e dy,
aly

|121>2aly

for (14-7)* exp(—7*/2)<c-exp(—r). Using the estimate

c(aly[)° (¢ #0)

- riler dr§{
Salyl c+(1—log a) (14 |log|y|]) (g=0)
We obtain the inequality

E [18°Gy(B\(1)+aBy(t))—0"Gy(B\(1)) |*; | B(#)| >2a|B)|]
Sc&Pr {(a).

From (3.6) the proof is completed. q.e.d.

Next, we shall consider the moment inequality with respect to the process
Y(a, X,). Let G*(x) be the function defined by (2.6).

Lemma 4.2. There is a constant C independent of 0<B<1 such that,
for 0<a<l,

(4.3) a3 S: E|0"G#(B\(2))|? dt

vi=1,2

“sup EI GXB,(0)+aB0)—GABO)

+ j: E|9GP(B\(t)+-aBi(t)—0GH(B,(1) |? dt<C(aB)’ .
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Proof. [From (2.8) we see that

[0,GP(x)| =c-B(14-]x[7),
19,0,G*(x)| <c-B((log| x| )+ | x[3).

Tmmediately we have, for [#]=1, 2,
o 51 E|0*GP(B,(1)|? dt<c-(aB)’ .
0

Using the estimate
10,G*(x+ay)—0,G%(x)|?
X ‘
<a| S 80,GP(x-+-0ay) y d0|?
0

1
<c-(aB151) [ ((oglx+6ay| P+ |x-+0ay |y b
<c (o) {{ ogla-+0ay|)? do-t|x1%+1y1%+1y1%} ,
we have

[, E10G2®B(t) +aBe)—0G*B.1) 1 di<e-(aB)’ -
It is much easier to show that
sup E| GX(B,(t)+aB(0) — GX(By(1) "S- (aB)
So the proof is completed. q.e.d.

In consideration of (2.9) we shall define, for |v|=2,

44) Afa,x,y)= (I(x—{—ay)”lx—{—ayl “2x¥|x| 7%+ Ilogml—l)

x|
X (14 [log|x+ay||) (14 [log|x||) (14 |x|*+ 1% .
Lemma 4.3. Let p—=4-185>4. There is a constant C such that, for
0<a<l,
(4.5) E| sl M@, By(t), Byt)) di|2<C 20+ .
0

Proof. Divide the space R* into three domains:
D(0, @) = {(x, y); |1x|V |y|>—log a} ,
D(1, a) = {(x, 3); |*|V|y|=—loga, |x|>2al y|},
D(2, a) = {(x, y); |x| V|y| =—log a, |x| =2a|y|},
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and define
pea, %, 3) = Ipga) (%, ) -
Let B()=(B,(2), By(t)). First, we have
Bl 00 (a B dt]
<(8 | Ni#(a, B®) d)” (& | pule, B@) iy
e (& pu(a, BY) ay
=e( | PLIB()1>—log a ary”

<c+(P[|By(1) |>—log a])**
gc-(llog ald—z e~ (log a)2/2)1/z
— ¢ llOg ald/Z—l a(log(l/a))/«ié co 20+ |

Since
1 -1 2 ! -1
[ 1B @t = 2 (1B { |BO)™ B)-dB(e} ,
0 d—1 0
it holds that
1«:|S1 |B((t) |- dt|?<oo  for any ¢>0.
0

We see that, for any 0<<up<<1, using the mean value theorem,

(7\'3 pl) (a’ X, y)
<c-{a 'l—yl' (1+(log| %] ) (1 [x[%}* py(a, , 7)

<c+(a %T)"(Haoglxn)ﬂ (141219 pi(a, % )

<c-(alog(1/a))* (12| | %[%) .
Therefore we have, setting u=(4+68)/p,
1
EIf 0% p) (o BO) dt |7
<c-(a log(1/a))™2 (1+E| Sl|Bl(t) |-t dg|#")
0
gc.a2(1+8).

Set r=(2+48)/8. Since (r—1)pr=4-168,

925
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EI{ (0 po) (@, BG) de|

éE[(S: 2(a, B(t)) dt)»* (S: paa, B()) dt)r-Dsi2r]
é(E|$: (a, B(t)) dt|*'") (E| S: poa, B(t)) dt|++e)12
éc-(Elg: poa, B()) dt|*o8)2

. ' 2a-log(1/a) 4+68\1
<c (Elsowdtl )2

—c-(alog(U/a)f*® (B | | B.(t) | ds] +o0y
<c+(alog(l/a))*B¥<c.a?+®
These prove (4.5). q.e.d.
From (2.9) and (4.5) we know that

(+6) = ElS:|6"G”(Bl(t)—|—aBz(t))—a"GB(Bl(t))|2 dt| < ce B G20+ |

Combining (3.5), (4.3) and (4.6), we obtain the following lemma.

Lemma 4.4. There is a constant C independent of 0<B<1 such that

(4'7) EI\I/‘(Z—Z,B, X’T)—\J,(Z_B’ X,,)“\P‘(Z_ZB, Xa)—l—’l,b‘(Z—,B, Xa‘) lﬁ
éc BP|7_0-|1+3 ’

for any 0=7, <1, where p=4-85>4.

5. Proof of theorems

We shall prove Theorem 2 and 3 applying the following lemma. The
basic idea of the lemma is communicated by Prof. S. Kusuoka.

Lemma 5.1. Let {®,(1)}, 0=<7=1, be a sequence of real valued continuous
processes.  If there are positive constants C, p, q and & such that, for all T, o and n,

1) E|®,(1)—®,()|?<C 27" |7—g |13,
then
(52) P[ 3] sup|®,(r)—@,(0)| <eo] =1,

Proof. Choose v, 0<v<§, and %, 0<7<1, so small that (1—7) (14+8—7)
>1. Set

Jm) = {G, ))eZi; 0<i<j<2", j—i<2™} .
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Then, from (5.1) we know that

P[|@,(j27")—®,(i2™")[#>27" (j—)2™)" for any (i, )< J(m)]
o) nal2 s Ny —m\1+5—7

<c-2 G’ng)((] 7)27™)

< o272 -m(A-MA+S=D=D)

Let A(M, N) denote the set
A(M, N) = {|@,(j2~")— Q27 ")|? <27 ((j—i) 27)"
for all n=N and (7, j) € J(m) with m=M} .

Then we have P [A(M, N)] 1 1as M, N } co.

For a moment, we shall consider paths of processes {®,(r); n=N} on
the set A(M, N). Pick 0<o<o'<1 so close that ¢'—a<<27®-", Choose
m such that

2-mENA-D < of o =D -mA=T) ,
and expand o and ¢’ as follows:

o =127 2" M) L 2-m® ...
o =j2m_2 WM _2-we_...

where m<m(l)<m(2)<< --- and m<m'(1)<m'(2)<< ---. Since ®,(T) is con-
tinuous in 7, we have

| @s(c")—Du(0)|
S Dy(0)—@,(j27) | + | @,(127")— Do) | + | (27" — D427
éz—nqﬂﬁ {2 :.; 2"'”/"—|—(j2""—i2"”)7”’}

gc,z—nqﬂp {2—m7/p_|_(0_1~_0_)7/ﬁ}
<2 (o' gy,

Therefore
sup | ®,(7)—D,(0) | Sc-2779/2 QM=) 2=MA-1p
This implies (5.2), for P [A(M, N)] 1 1as M, N { co. q.e.d.

Proof of Theorem 2. Let p>2 and 2—a=28>0. Then there is a posi-
tive constant § such that §,(¢)<c-a*™*®, where {,(a) is the function defined
by (4.1). Set &(n)=2"" and

qJn(T) = \I"e(n)(a! X-,-)—‘\P‘Z,(,,)(C{, X¢) .

From Lemma 4.1, the function ®,(7) satisfies condition (5.1) for g=8p. From
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Lemma 5.1 we have

"l_lfil S}rlp I ‘l’e(n)(a’ X'r)_‘l"(as Xf)_‘l’e(n)(a: Xo)+‘l"(a’ Xo) I =0 a.c.,

for
‘1"(“: X—,)—\I"g(”)(a, X-r) = I»Z“ q)k(T) .

Since Yremm(a, Xo)—>Yr(a, X;) n— oo, and since Yry,y(er, X,) is continuous in
T, we conclude that

P [yr(a, X,) is continuous in 7] = 1. q.e.d.
Proof of Theorem 3. Set
(1) = V,(X)— T, (X))

From Lemma 4.4, the function ®,(7) satisfies condition (5.1) for p=g=4-+383.
Therefore ¥,(X,)—¥,(X,) converges uniformly in 7 as #—>co almost every-
where. By Theorem 1, ¥,(X,) converges to W(X,) a.e. as n—>co. Hence

P [¥,(X,) converges uniformly in 7 as n—>o0] = 1.
This implies that {¥,(w)} converges quasi-everywhere and

P [lim ¥,(X,) is continuous in 7] = 1. q.e.d.
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