|

) <

The University of Osaka
Institutional Knowledge Archive

, On the extension of G2(3°"t") by the exceptional
Title )
graph automorphism

Author(s) |[Brunat, Olivier

Osaka Journal of Mathematics. 2007, 44(4), p.

Citation 973-1023

Version Type|VoR

URL https://doi.org/10.18910/11746

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Brunat, O.
Osaka J. Math.
44 (2007), 973-1023

ON THE EXTENSION OF G,(3?"*1) BY
THE EXCEPTIONAL GRAPH AUTOMORPHISM

OLIVIER BRUNAT
(Received June 20, 2005, revised March 19, 2007)

Abstract

The main aim of this paper is to compute the character tablgx(8>"*1) x (o),
whereo is the graph automorphism @,(3?"*1) such that the fixed-point subgroup
G»(3?™1) is the Ree group of typ&,. As a consequence we explicitly construct a
perfect isometry between the principaiblocks of G,(32™1)” and G,(3*"*!) x (o) for
prime numbers dividing)> — q + 1.

1. Introduction

In representation theory, we are interested in irreducifaracters of the sim-
ple groups and of their cyclic extensions. For example, tharacter tables of spo-
radic groups and of their extensions by an automorphism apipethe Atlas of Finite
Groups|[5]. The classification of finite simple groups illustratée timportance of the
finite groups of Lie type. Deligne-Lusztig Theory gives mamethods to compute
their character tables [4]. Moreover, we explicitly know thetomorphisms of these
groups; they are mainly of three types: diagram automonphsfield automorphisms
and diagonal automorphisms [812]. G. Malle studied the cyclic extensions (by a di-
agram automorphism) of some finite groups of Lie type; herjmeted the extension
as a fixed-point subgroup under a Frobenius map of a non-cteth@lgebraic group
and used a theory of Deligne-Lusztig for non-connected atdekl groups developed by
F. Digne and J. Michel [7]. More precisely Malle computed in [18% almost char-
acters (a family of class functions introduced by Lusztif)egtensions by a diagram
automorphism of finite simple groups of tyge, D, with | <5, andEg (for the twisted
and untwisted cases).

Let G be a finite simple group of typ&,, F4 (over a finite field of order an odd
2-power) or G (resp. an odd 3-power). In these cases, the exceptional symif the
Dynkin diagram allows to define an automorphismof G of order 2 (see [3§12]).
The fixed-point subgroufis® of G undero is the so-called Suzuki group, Ree group
of type & and Ree group of typd, respectively. These three families of twisted
groups are still finite simple groups.

2000 Mathematics Subject Classification. 20C15, 20C33.



974 O. BRUNAT

We are interested in the character table of the cyclic eidean& x (o) of the
untwisted simple group by the automorphism defining the tegisgroup. Letn be a
non-negative integer; in [2] the character table of{2"™') x (o) is computed. The
main aim of the present work is to compute the character tabtd = G,(32"*1) x (o).

This paper is organized as follows: in Section 2 we recall esamtations. In
Section 3 we give generalities about the conjugacy classdstte character table of
an extension of degree 2 of a finite group. We compute the gagjuclasses o6 in
Section 4 and its character table in Section 5. The main treduhis article is:

Theorem 1.1. Let n be a non-negative integeWe set g= 3°"*! and leto be
the automorphism of orde? of G,(q) such that its fixed-point subgrouRr(q) is the
Ree group of typ&, with parameter g Then the groupG,(q) x (o) has (g + 8) outer
classegqgiven inTable 2)and (2q+ 16) outer characters which are extensions(qft+8)
irreducible o-stable characters 0f5,(q). Theseo-stable characters are described in
Section 5and in the equationg8), (9) and (12). The values of the outer characters
on the outer classes are given Table 11 (ith notations inTable 10).

In Section 6 we explicitly construct a perfect isometry begw the principap-blocks
of G and R@) for a prime divisor ofq? — q + 1 (that is a prime number that divides
the order of G(gq) and that is prime to the index of §(in Gy(q)). More precisely
we will prove:

Theorem 1.2. Let n be a non-negative integewe setd = 3" and q= 302. Let
p be a prime divisor of §— g+ 1 and let(K, O, p) be a p-modular system which is
large enough for bottR(q) and G. Then
— If pis a divisor of(q — 30 + 1), we write g— 30 + 1 = p%«, wherea is prime to
p. We define orZ/aZ an equivalence relation by-i ~ +qi ~ +02% (i € Z/aZ) and
we denote byl its non-zero classesThe principal p-blocks are

BO(R(q)) = {11 531 $51 %.71 %.91 glOi nk_a; ke sn0}1
Bo(G) = (1, 61, £fs, £b11, £12(1), ed15(—1), £Fal(k); k € Jto).

There exists a perfect isometry betweeg{REq)) and By(G) defined by

1 1
&3 —&0s
&s b1

| =& > —eby
&9 —ef12(—1)
&10 —ef15(1)
Nak —&Xa(ak)
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— If p is a divisor of (q + 39 + 1), we write q+ 30 + 1 = pa, wherea is prime to
p. As abovewe denote byiy the non-trivial classes modulo the equivalence relation
on Z/aZ defined by+i ~ +qi ~ +q% (i € Z/aZ). The principal p-blocks are

Bo(R(@)) = {1, &3, &6, &8, &9, £10, My K € Mo},
Bo(G) = {1, ey, &0, 11, O12(1), B12(—1), & FavbandK); k € No}.

There exists a perfect isometry betweeg{REq)) and By(G) defined by

1 1
€3 —&0s
€6 —e0;
| =& > &by
& b12(—1)
&10 f12(1)
U;k _Siababa(ak)

2. Notations

Let G be a connected reductive algebraic group of type dBer F3, an alge-
braic closure of the finite fields. For generalities on algebraic groups, we refer to
[4] or [10]. We denote by (, ) the canonical scalar productRsi We sets; =

(—1/2,7/3/2), £2=(1, 0) andgz = (~1/2, —/3/2). Let
T={EG, - llsi, =30 7]}

be the root system of type ;G(detailed in Fig. 1). We defin@ =¢, b=¢ — &
and we choosda, b} as a fundamental system of roots. We denoteXythe set of
corresponding positive roots. Precisely, we hae= {a,b,a+b, 2a+b, 3a+b, 3a+2b}.

Letr be a root, we denote by, the reflection in the hyperplane orthogonalrto
More precisely, for allx € R? we have

(r, x)
(r,r)

The Weyl groupW of X is the group generated by all thg (r € X).
For everyr € =, let X, = {x(t) | t € F3} be the one-parameter subgroup ®f
corresponding ta. The groupG is generated by the (t) (r € =, t € F3) and we

wr(X)=x—2 r.
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& —¢3=3a+2b

/

!
i—6=b Li=a+b —{=2a+b O —8=3a+b
1

5= i ! =& H =0

3—=0

Fig. 1. Root system of type G
have the commutator relations (see [3]):

Xa(t)Xo(U) = Xo(U)Xa (t)Xarb(—tU)Xgasb(t3U)Xoarn(—t*U)Xaas 20 (t2U),
Xa(t)Xa+b(U) = Xarb(U)Xa(t)X2a+b(tU),
Xo(t)X3a+b(U) = Xaa+b(U)Xp(t)Xaar20(tU),
Xab(t)Xaa+b(U) = Xza+b(U)Xa+n(t),
Xarb(t)X2a+b(U) = X2a+b(U)Xa+b(t),
Xarb(t)Xza+20(U) = Xza+20(U)Xasb(t),
Xoa+b(t)X3a+b(U) = Xaarb(U)X2a+b(t),

X23+b(t)x3a+2b(u) = X3a+2b(u)x2a+b(t)-

1)

Let P =7Z% and letx be a homomorphism fror® into the multiplicative group

EX We setz = x(¢), wherei =1,2,3. We havey;z,z3 = 1. Furthermore, the element
h(x) of the Cartan subgroup associated wjthwill be denoted byh(z;, z,, z3). Let

x € Hom(P, F;), r € £ andt € F3, we have

) (GO (OGO ™ = % (x ().
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We set

u:]_[x,,

rext

and we denote by = Ng(U) a Borel subgroup ofs. We haveB = TU, whereH =
(h(z1, 2, z3) | z € F3, 712,23 = 1} is a maximal torus ofG.
For everyr € X, there exists a unique homomorphispp from SLZ(FS) to G

such that
— 1 t 10
ek w([L )0 w([} ) =x0
We set

n0=u([o &) amd nw=a(] L ])=xoccoxo

We haveh; (t) = h(x: 1), where x; ((a) = t2@10/C:1) We putn; = n,(1). Forr,se X
andt € F3, we have

3) anS(t)nr_l = Xutrg)(mr,st) and n; nsnr_l = Ny, () (M1 ,)Nw, (5)

where the constants; s € {1} are given in Table 1.

Let N be the subgroup of5 generated byH and n, (r € ). We denote by
aw: N — W the homomorphism such that keg, = H and mw(n;) = wy.

We define a permutation of the root system @fas follows: for everyr € %,
the imager of r is the root in the direction obtained by reflectingin the line A
(see Fig. 1). More precisely, we have

+a < +b,
+(a+hb) < +£(3a+h),
+(2a+b) < £(3a+ 2b).

Table 1. The constantg s of G,

Ol f3 L —8 —8 3—40
&1 -1 -1 1 -1 1 1
') 1 -1 -1 1 -1 1
L3 -1 1 -1 1 1 -1
a-ol-1 1 1 -1 1 -1
-t 1 -1 1 -1 -1 1
G| 1 1 -1 1 -1 -1
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As in [3, §12.4], we associate to this symmetry an automorphisiwf G defined
on the generators by

Xza(t) > Xap(t?),
Xab(t) > Xalt),
Xa(arb)(t) F> Xezarn) (),
X+ (3a+b) (1) = Xa(a+n)(t),
X (2a+b) (1) > Xzaran) (t2),

X+ (3a+2b) (1) F> X(2a+b) (1)

We have in particulag(h(z,, 25, z3)) = h(2:23 1, 12, %, z327Y), @(na) = Ny anda(Ny) = Na.

For every non-negative integem, the standard Frobenius mé&pan of G is defined
on the generators by, (t) — x (%) (r € = andt e Fy).

Let n be a non-negative integer aftl= F3» o . The mapF is an endomorphism
of G such thatF? = Fy»a. That implies thatF is a generalized Frobenius map. We
denote byGF (resp.GF’) the finite fixed-point subgroup dB under F (resp. F2).

We setq = 3™, R(q) = GF and G(q) = GF*. We have R{) C G,(q). We de-
note byo the restriction ofF to Gy(q). It is an automorphism of &q) of order 2.
The subgroupsN, B, H and U are F-stable and for alr € X, the subgroupX; is
F2-stable; we seN = NF°, B=BF*, H=H’, U =UF* and X, = XF".

3. Generalities on extensions of degree 2

Let G be a finite group. For generalities on representation theae refer to
[12]. We denote by G&) the complex space of class functions @fand IrrG) the
set of irreducible characters @. The set of characters (resp. generalized characters) is
denoted byN Irr(G) (resp.ZIrr(G)). We denote by CIG) the set of conjugacy classes
of G and Gs;(g) the centralizer of the elemeigte G. We denote by , )g the usual
scalar product on @). Let H be a subgroup 06. If ¢ € C(G) we denote by Résp
the restriction ofp to H. If ¢ € C(H), we denote by Infj¢ the induced class function
of ¢ from H to G.

Let o be an automorphism of order 2 &. We setG =G x (o) and denote by
(g, X) any element of this group, whege G and x € (o). We identify G with a
subgroup of index 2 of5 by g — (g, 1).

We are now interested in the character tableSof We suppose that the conjugacy
classes and the irreducible charactersGfare known. What can we deduce on the
conjugacy classes and character tabl&6f We will see that the Clifford theory allows
to give partial answers. First, we give general results an dbnjugacy classes &
and then general results on the irreducible characters.
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3.1. Conjugacy classes o6. Since the groupG is a normal subgroup 0B, a
conjugacy class o6 is either contained iiB, or it does not contain any element 6f
We say in the first case that the class is an inner class aihd in the second case,
that it is an outer class. An elemerd, @) (whereg € G) is called outer element of
G. Outer classes only contain outer elements. We noticetitmtouter elements are
conjugate inG if and only if there are conjugate . Moreover, for allg, g € G,
we have

4 @, 0)(d, 1)@, 0) ' =(go(@)g7" 1).

Let & be an inner class o, then& is a union of classes dB. The automorphisna
permutes the classes & and relation (4) shows thdt is either a single class or the
union of two classes oG. More precisely, if §, 1) € €, we denote byc the class of
gin G. If o(g) € ¢, we haveC = (c, 1) and|Cg(g, 1) = 2|Cs(9)|. If o(g) ¢ c, we
haveC = (cUo(c), 1) and|Cg(g, 1)| = |Cc(0)I.

This study shows that the inner classes are entirely detednby the classes of
G. That is why the main difficulty is to characterize the outtasses. Clifford theory
allows to evaluate the number of outer classes (see [9, )p.84¢ have:

Proposition 3.1. The number ofr-stable classes of G is the same as the number
of outer classes ofs.

There is no systematic parameterization for the outer etasé G. However we
will give in the following a method based on Jordan decontmsiof the elements of
a finite group.

3.1.1. Preliminary result. Let p be a prime number. We say that an element

g € G is a p-element (respp-regular) if its order is a power op (resp. prime top).

Let g € G. We recall that there exists prregular elemeng; and ap-elementg, such

that g; and g, commute andg = g:g,. Moreover, g; and g, are unique. Therg;g,

is called thep-decomposition of Jordan aj. The elemenn; (resp.gy) is the p’-part
(resp. p-part) of g. We define the order of a class by the order of any element in the
class. A class is called p-regular classif its order is prime top. It is said ap-class

if its order is a power ofp. We have:

Lemma 3.1. Let G be a finite group and p a prime numbéet x, X2,. .., X be
a system of representatives of p-regular classes of G andyyz, ..., Vi, a system
of representatives of p-classes 6&(x) (i € {1,...,r}).
1. Then the set

Xiyi,jll<i<r,1<j<r}

is a system of representatives of conjugacy classes.of G
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2. Moreover we have
CG(Xiyi,j):CG(xi)ﬂCG(yi,j), i=1,...,r, ] =1,...,1.

3.1.2. Parameterization of outer classes ofs. Let us go back to our main
problem. We give a method to parameterize the conjugacyetasfG:

METHOD 3.1. The outer classes @& can be describe as follows:

e First, we determine representative of thestable classes o6 with odd order.
Then, we determine the centralizers@of these elements.

e Finally, we determine the outer classes of the 2-elementhexfe centralizers.

Proof. The outer classes & have even order. We apply Lemma 3.1 wiph=
2. The 2-regular elements are the elementsGofvhich have odd order; in this case
they belong toG. If g is a 2-regular part of an outer element, we notice thand
o(g) are conjugate inG. Thus g belongs to ac-stable class ofG with odd order.
Furthermore, ifh is such that g, h) is a Jordanp-decomposition, them € C(g, 1).
Conversely, every element with odd order inoastable class ofG forms a Jordan’s
2-decomposition with any 2-element in his centralizeGn U

REMARK 3.1. Letg be ao-stable element o6 with odd order. Then g(g) is
o-stable and we have

Ce(9, 1) = Cs(9) % (o).

To finish, we give a result when the centralizer obrestable element with odd
order is abelian:

Lemma 3.2. Let g be ao-stable element of G with odd order such tha¢(g)
is abelian We denote byx;, o), ..., (X, o) a system of representatives of the outer
classes of2-elements oCqx (9, 1). ThenCgy ) (9%, o) is abelian and we have

CGx(o)(gXi! U) = CG(g)J'«Xil U))

Proof. Sinceg is invariant undero, we haveCgy)(9) = Ca(g) % (o). Thus
Xi € Cs(g). Letk e Cg(g)°. Thenk(x, o)kt = (kxk=°, o) = (X, o) becauseCg(g)
is abelian. This proves th&s(g)?.((Xi, o)) is abelian and that

Cs(9)7.((Xi, 0)) € Caxio) (9%, 0).

Conversely, we have two cases:
Casel. If(k,1)eCqx)(9X,0) thenke Cg(g) and k, 1)(xi,0)=(x,o)(k, 1), i.e.

kx = Xjo(K).
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Therefore,x; € Cg(g) ando (k) € Cg(g). SinceCg(g) is abelian, it follows thak =
o(K) (i.e. k € Cs(9)7).

CAase 2. If (k, o) € Cexe)(9%, o) then we have K, o)(g, 1) = (@, 1)K, o)
(i.e. ko (g)=gk) andk € Cs(g) (becauser(g)=g). Furthermore, we havk(c)(Xi, o) =
(i, o)k, 0), i.e. ko (X)) = x0(k). Sincek, o(k), x; ando(x;) commute, and we have

okx™) =kx ™.

Hence kxfl € Cs(9)? (i.e. k € Cs(g)?x). Thus there existh € Cs(g)’ such that
k = hx. Therefore, K, o) = (h, 1)(x;, o). We have proved that

CGN(G)(gXiI (7) = CG(g)(T((Xi ) U))

Since Cg(g)° and ((x, o)) commute, we deduce that
Co(0) (9%, 0) = Ca(0)” x ((Xi, ))/Ca(9)” N{(Xi, o). O

3.2. Character table. Let ¢ € C(G). We define¢p® € C(G) by ¢°(g) = ¢(c(Q))
(geG). A cNIass functionp € C(G) is calledo-stableif ¢ =¢. Let ¢ be the linear
character ofG such that ket = G. By Clifford theory we have (see [9, p.64]):

Proposition 3.2. Let x € Irr(G).
— If x #x°, then Indg(x) € Irr(é). Moreover we have

¥ge G, IndS(x)(g.0)=0 and IndS(x)(g. 1) = x(9) + x° ().

— If x = x°, then Indg(x) is the sum of exactly two distinct irreducible characters
of G whose the restriction to G ig. Moreoveryif x is a constituent oﬂndg(x), then
we havelndS(x) = ¥ + ¥e.

This proposition shows that the inner charactersGofare all determined by the
values of the norv-stable characters d6. These characters are invariant under the
multiplication by e. Every o-stable character oG has exactly two extensions. We
obtain in this way all the irreducible characters ®f Thus, to compute the character
table of G it suffices to know the values of the extensions of shetable characters
of G on the outer classes @.

CONVENTION 3.1. Lety € Irr(G). Theny(1,0) € Z. Let x be ao-stable ir-
reducible character o& such that its extensions 6 is non-zero on (1g). Then we
denote byy~the extension ofy such thatyT1, o) > 0.

We now complete Proposition 3.1. We evaluate the number-efable characters of
G (and thus the number of outer irreducible character&pfsee [9, p.65]:
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Proposition 3.3 (bis). The number obr-stable irreducible characters of G is the
number ofo-stable classes

3.2.1. Theo-reduction. We are interested in the following problem: suppose a
generalized character @& has non-trivial values on the outer classes, is it possible
work only on the outer classes? To answer this question, weduce the notion of
o-reduction

Let v and ¢’ be two class functions of. We set

1

5 ) = —
) W ¥ =g

> ¥(9, 0)¥'(@ o).

geG

Let ¢ be ao-stable irreducible character @. We denote byy, an extension of to
G. The irreducible characters & are

(x €lm(G) | x = xe} Ulxg, xpe | ¢ € Ir(G), ¢° = p).

We decompose) in the basis of irreducible characters:
Y= At Y (yaXe +aygeXst):
X=xe =97
We definethe o-reduction ofy,, denoted byp(v), by
p(¥) = Z (@y,p — ay.ge)Xg + Z (@y,pe — ay,0)XpE-

$=¢7 $=¢”
8y, —8y,pe 20 ay,p—8y,pe <0

Lemma 3.3. Lety € C(G).
— Then for every ge G, we havep(y)(d, o) = ¥/(g, o). Moreover we have

WY )o = D @yg — Ayge)@pp — Byrge)-
9=9"

— Iy eZIm(B) (resp ¥ € NIrr(G)), then p(y) € ZIrr(G) (resp p(¥) € NIrr(G)).

Proof. We have
V=Dt Y et T Xe8) F Y (@ — Ayge) X
X=xE p=¢° P=¢°
Ve = Z ax + Z ay,pe(Xo + Xp€) + Z(allf,qb — Ay ¢e) XpE-

X=xe $=¢° P=¢°
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Let g € G, then

V(9 0)= D (@4 — ay.pe) X9 0).
-

Since (4€)(9, 0) = —x4(9, o), it follows that ¥ (g, o) = p(¥)(g, o). We have

Y —pe= > (Ay.g — Ayge) (X — XpE)-
$=¢°

Since
(Xo — Xo&» Xpr — Xp€)& = 280,/

we deduce that

(U —ve, ¥ —Y'e)g =2 (Ay.p — ay.ge) @y — Apge).
=9

Moreover, we have
(W —ve, ¥ —¥'e)g =200, ¥')o.

Finally, we deduce that

W o = D (Byp — 8y.pe)@yrs — By ge)- 0
=

Proposition 3.3. Let x be a character ofG.
— If {(x, x)o =1, then p(x) is the extension op € Irr(G) such that

(Re%~ X:$)g =1 mod 2.

- If (x, x)s =2, then p(x) is the sum of exactly two distinqt irreducible characters
Moreover¢ € Irr(G) is a constituent ofo(x) if and only if(Re§ X ¢)G =1 mod 2.

Proof. Lety be a character o6. For everyg € Irr(G), we have

<Re€ X ¢>G =28y e T (X Xo)o-

Thus, if (x, x)s =1, then there exist$ < Irr(G) such thata, 4 —a, 4. =1 and for all
¢' # ¢, we havea, y —ay 4. = 0. Thus(Reg x, ¢}, = 2a, 4. =1 and(Reg x, ¢'); =
2a, 4.. We argue in a similar way ifx, x)» = 2. Indeed, in this case, there exigts
and ¢, such thata, 4, —a, 4, = +1 anda, 4, — 8,4, = 1 and for all¢’ # ¢1, o we
havea, » — ay, e = 0. O
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3.2.2. Two lemmas. We now give two lemmas that will be useful in the con-
struction of the character table &. The first one in a consequence of Mackey’s The-
orem (see [12]) and the proof of the second one is immediate.

Lemma 3.4. Let K be a subgroup of G invariant under. We define the sub-
group K =K x (o) of G. Let¢ € C(K) and ¢ = Re§€ ¢. Then we have

Re€ Ind¢ ¢ = Ind? ¢.

Lemma 3.5 (Construction of linear characters)Let y be ao-stable linear char-
acter of G then

¥:G—C; (9%~ x(9)

is a linear character ofG.

4. Outer classes of G(q) x (o)

We return to the situation in Section 2. L& be a connected reductive group
of type G over F3 with Weyl groupW andn € N. We setq = 3> and 6 = 3".
We denote byF the endomorphism of5 such that the fixed-point subgroup is the
Ree group R{). Then G(q) = GF’ is the finite group of Lie type type £and the
restrictiono of F to Gy(q) is an automorphism of order 2. We Bt= G(q) % (o).
We use the notation of Section 2, completed by Enomoto’s T8le conjugacy classes
of Gz(q) (resp. R{)) are given in [8] (resp. [15]). We recall the classes af{(d@ in
Table 13.

In the general situation wher@ is a connected reductive group afdis a map
on G such thatGF and GF* are finite subgroups, we recall that there exists a corre-
spondence between the conjugacy classe§ofand the outer classes G % (F)
(the restriction ofF to GF’ is denoted here by the same symbol); this is the so-called
Shintani correspondenc]. Since the group RY) has € + 8) classes, it then follows
that G has ¢ + 8) outer classes. In this section, we propose to pararmetéhiese
classes.

4.1. The classes of Rf) and their distribution in G »(q). In [8], the conju-
gacy classes are parameterized with methods of algebraigpgr Thus, we will give
a parameterization of this type for the classes af)R{n order to be able to give their
distribution in G(q).

4.1.1. Semisimple classes of B First, we give representatives of conjugacy
classes of maximal tori of R). Since the maximal torusl of G is F-stable, it fol-
lows thatF induces an automorphism o (denoted byF). We say thatw, w’ in W
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are F-conjugate ifw’ = xwF(x~!) for somex e W. This defines an equivalence rela-
tion on W; the equivalence classes are calleegconjugacy classes aiV.There are four
F-conjugacy classes iV, with representatives is lw,, wawpws and wawpwawpws.
We denote byWE this set.

In [10, §4.3.7], it is shown that there is a 1-1 correspondence betweeF-classes
of W and theGF-classes of maximal tori 06. Let w € Wg andn, € N such that
aw(n,) =w. We denote byT, a maximal torus ofG associated taw. Then, we have

(6) Ty =HM = {t e H | F(t) =n3'tn, ).
We set Gy r(w) = {x € W | x TwF(x) = w}.
Proposition 4.1. We have
TF = (h(F", 2, 2 @) | A 1= 1),
h(z, ez~ @072, Z(3"*1—1)/2) | 202 =1, ¢ = +1],

F ~

WaWhWaWhWa

{h(
(h(z e

TF ~ {h(z, - 3“+1 3"*1—2) | 203"+ = 1}
{h(

+1 +1 +1
h(z 143 _(3n +2)) | q+3n +1 - 1}
Moreover we have

Cw,r(1) = {1, wawpwawpwaWp},
Cw,r(wa) = {1, wawp, WaWpWaWp, WaWpWaWhWaWh, WpWaWhWa, WhWal,
Cw,r(wawpwa) = Cw,r(wa),

Cw,F(wawpwawpwa) = Cw,F(wa).

Proof. We have:

w | N, h(z1, 22, Z5)Nw
h(z=L 7=1 1
U)a (23 122 ,Zl )
WaWpWa h(z1, z3, )

-1 -1 -1
wawpWawpwa | N(Z7, 217, Z57)

Then, by USing (6), we Compuﬂd[l], H[wa], H[wawbwa] and H[wawbwawbma]_

To computeCy (w) (Wherew € Wg) we use thaWV = (w,, wp) and thatF (w,) =
wp and F(wp) = wa. O

A semisimple elemens € G is called regular if G(s) is a maximal torus inG.
Given a regular semisimple elemesie GF, we say thats is of type w if s is con-
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jugate to an element of 7. Note thatw is unique up toF-conjugation. A class of
R(q) is of type w if it has a representative of type

Proposition 4.2. The classes of semisimple elementsR¢f) are given as fol-
lows
(1/2)(g — 3) regular semisimple conjugacy classes of type
(1/6)(q — 3) regular semisimple conjugacy classes of typau,ws.
(1/6)(g — 3" regular semisimple conjugacy classes of type
(1/6)(g + 3"*1) regular semisimple conjugacy classes of typav,wawpws.
The class with representative JJh(1, —1, —1).
The class of identity

Proof. Letw € Wg. Let g € R(q) be a regular semisimple element of type
Since g is semisimple, there exists a maximal tortisof G containingg, such that
F(T)=T. Sinceg is regular, it follows that g(g) =T. ThusT is the unique maximal
torus of G containingg. MoreoverT and T,, are conjugate by an element of d3(
Then, g is conjugate in Rf) to a unique element of". Moreover, two elements
of TF are conjugate in Ry) if and only if they are conjugate in &T,)F. Indeed,
let h,h" € TF and g € R(q) such thath’ = ghg™t. Then G(h') = gCs(h)g™, that
is T, = gT,g~% It follows that g € Ng(T,). Sinceg € R(g), theng € Ng(T,)".
Assume now that there exists g’ € Ng(T,,)" andh e TF such thatghg™* = g'hg~1.
Theng'~'g € Cg(h) =T,. Sinceg, g’ € R(q), we then haveg = g'T. It follows that
two elements ofT] are conjugate in Ry) if and only if they are in the same orbit
for the action of N(T,)F/TS on TF. We have N(T,)" /TS = Cw.r(w) (see [10,
§4.3.7]) andTF = H[! (in G). The group G r(w) acts onHM™!; in [10, §4.3.7], it
is proved that two elements Gf" are in the same &T,)" /T -orbit if and only if
their conjugate irH™! are in the same @ (w)-orbit. Proposition 4.1 gives the result.
There are two other semisimple classes im)RWwhich have 1 and] = h(1, —1, —1)
as representatives. By using [15], we see {iG(J)l =q(q — 1)@+ 1). O

4.1.2. Unipotent classes of Ry). For everyt, u, v € Fy, we set

a(t) = Xa(tQ)Xb(t)xa+b(t9+l)X2a+b(t29+1)y
B(U) = Xarn(U”)Xzarn(U),

y(v) = X2a+b(U0)X3a+2b(U)-

We have (see [3, Prop. 13.6.4]):
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Proposition 4.3. Every element of & = UF is uniquely written in the form
a(t)B(u)y(v) (t, u, v in Fq) Moreover we have the relations

a(Wa(v) = a(u +v)B(—uv¥®)y (—uZv¥ +uv¥*h),

BU)(v) = a(v)B(U)y (—uv),

BU)B(v) = B(u +v),

y(Wa(v) = a(v)y(u),

y(WA() = Bv)y (u),

YWy @) =y(u+v).

7

We then have:

Lemma 4.1. We have
a(t)™ = a(-)B(-t¥ )y (t¥72),
Bt = B(-),
y(®)~t =y (-1),

a(v) T (U)a(v) = a(u)Bu® — uv®)y (—v?u® — u?v® — u¥*t — Yu®H).
Moreovey for every Kz) = h(z¥*1, z, z¥*2) ¢ HF = H°, we have
Yu, v, w, z€ Fy, h@a(u)B)yw)h@ ™ =auz?)Bwz¥*3)y (wz**).

Proof. This is consequence of the relations (7). We only @rov
a(v) e (U)a(v)
= a(v) Yo (u + v)B(—uv®)y (—u?v¥ + ¥
= a(=v)B(—v¥* )y (¥ )a(u + v)B(—uv¥)y (-uP¥ + )
= a(—v)a(u + v)B(—uv® — v¥ )y (—uZv¥ + U+ v¥*2 + 3y + )
= a(W)BU +v)*)y(—v?u+v)¥ — v +v)¥Y
% ﬂ(—uv39 _ v3‘9+1)y(—uzv3‘9 Fup¥Hl 4 P2 4 v3‘9+1(u +))
= a(U)B(—uv¥ — v¥* +u(u +0)¥)
« y(—uzv‘% Fup¥Hl 4 32 4 v39+1(u +v) — v2(u + U)se —o(u+ v)39+1)
= a(W)B(—uv® + vu®)y (—u?v¥ — v2u¥ — u¥*t — pu¥*), O

We setE ={t3 -t |te Fq}. Then E is an additive subgroup ofy. We denote
by me: Fq — Fq/E the homomorphism such that keg = E. Let £ € Fq such that

me(§) =1
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Proposition 4.4. The elementy (1), (1), 8(—1), «(1), «(1)B(§) and a(1)8(—§)
are representatives of the unipotent classesRd).

Proof. Using the Bruhat decomposition (see [3, p.117]) weverthat two ele-
ments inU? are conjugate in RY) if and only if they are conjugate iB°. Moreover
if ueU?, then Gg)(u) is contained inB?. Consequently it is sufficient to deter-
mine the conjugacy classes of elementdJdf in B?. Then, using the Lemma 4.1 and
the fact thatU” is normal in B®, we first prove that the elements %(1), (1) and
B(—1) are not conjugate. Moreover, if 7 0 we prove that(u)B(v)y(w) (v, w € Fg)
is conjugate tax(1)B(we(v)) and the result follows. O

REMARK 4.1. The three classes d&®(q) parameterized in [15] by, YT and
YT-! are the same as the classes in this paper with represestafi¥® o(1)B(£)
and a(1)8(—¢&). But we do nota priori make the identification between these two
parameterizations.

4.1.3. Conjugacy classes of Rf. Now, we give the conjugacy classes of the
Ree group.

Theorem 4.1. The Ree groug(q) has (q + 8) conjugacy classesThe represen-
tatives of the non trivial classes are
e The representatives of classes of type(with w € Wg) with centralizer of or-
der |TF|.
e The element & h(1, —1, —1) with centralizer of order g — 1)(q + 1).
e The element (1) with centralizerU" = U’ of order ¢.
e The elementg(1) and f(—1) with centralizer(of order 2g?):

(I(B(), y(u) I't, u € Fy).

e The elements(1), ®(1)8(¢) anda(1)8(—&) with respective centralizeof order3q):

(f@@)T, («@)BENr and («(1)B(=E)T,

whereT" = (y(t), t € Fy).
e The elementg(1)J and 8(—1)J with centralizer(of order 2q):

()(B(1), t € Fy).

Proof. In [15] it is proved that RY) has §+8) classes. It is then sufficient to find
(q + 8) elements that are not conjugate. Proposition 4.2 giges Z) elements. Using
Proposition 4.4, we obtain 6 new elements. These elements dadd order. We find
easily their centralizer. Only the centralizers gfl) and 8(—1) have even order, and
J is a representative of the only 2-semisimple class of thisigr By Proposition 3.1,
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we obtain two new classes of ( with representativeg(1)J and 8(—1)J. The trivial
class gives one more class, thus there is one class missitigrepresentativel. [

4.1.4. Distribution of the classes of R{) in G,(q). We use the notation of Ta-
ble 13. We sehg =h(—1, 1,—1). We have:

Proposition 4.5. The elementg(1) and 8(—1) (resp B(1)J and B(—1)J) belong
in the class 4 of Gy(q) (resp in Bs); seeTable 13for the notations The other
representatives of classes &(q) are not conjugate inG,(q).

Proof. By using Table 13, we show that the elements of typev € W) and the
elements 1J andy(1) lie in different classes of £q). Moreover, we havdao,B(l)ha1 =
B(—1) andhgp(1)J hgl = B(—1)J. By using the Chevalley relations (1), we show that
for everyu, v, w, t € Fq, the elemenka(1)Xp(1)Xa+b(U)Xaa+b(V)X2a+b (W) Xza+20(t) is con-
jugate in G(q) to

Xa(1)Xo(1)Xzasn (e (U + ).
Therefore, we have

(1) = Xa(1)Xo(1)Xa+b(1)X2a+b(1),
a(DB(E) = Xa(1)Xo(1)Xarb(L +E”)Xaarn(§)X2asn (1),
a(1)B(—£) = Xa(1)Xo(1)Xasb(L — £”)Xzatb(—&)X2a+b(1).

Moreover, we have
G AL AR AR AR 2

Then, we haverg(£%) = me(€). It follows thatwe (€ +£% +1) =me(1)—1 andme(—£ —
g7 +1) =mg(1) + 1. The result is proved. O

4.2. Maximal o-stable torus of Gy(q) of order (q+ 1)°. In this section, we
construct a maximab-stable torus of orderg(+ 1%, which is contained in €,q)(J).
We use the same notation as previously. We have

CGZ(Q)(‘]) = (H, Xt(a+b), Xi(3a+b))-

Letr e {fa+b,3a+b}. We setS = (X, X;) and L = Si+pSa4p. FOr everyx, vy, z,
t in Fq such thatxz—yt =1, we set

@ (X, Y, 2, 1) W’([)t( ZD

We setA(r) =1 if r is short andr(r) = 3 if r is long.
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Proposition 4.6. We have
1. The groups &b and Sa+, commute Then the set L is a subgroup @c,(q)(J).
2. Letrefa+b, 3a+b}and x vy, z,t € F;. We have the relations

e (%, Y, Z, 1) = % (X — DX (Ox (2 — 1t if t #0.
o (X, ¥, 2, 1) =X (2= Dy Hx (WX (x — 1)y ) if y #0.
@ (X, 0,x71, 0) =h, (x).
3. Moreoverif x e P and r, s € {a+b, 3a+b}, then we have the relations
hOOer (X, Y, Z, ()™ = @ (X, x 1)y, Z, x(r) ™),
nr(pr(X, y! Z, t)nFl = Dr (Zr _t; X, _y);
ns‘Pr(Xy yr Z! t)ns_l = (pf (Xl yl Zy t) If S ? r.
4. Finally, if r € {a+Db, 3a+b}, we have
Pr (X1 yv Z, t)a = (pF(XA(F)Hi yk(F)H, ZA(F)Hi tA(F)H)

Proof. This is the a consequence of the relations (1), (2)(&8hd ]

Sinceq is odd, every generatqu of Fy is not a square iffy. Let /i € Fq: be
a square root ofx. Thus we have the identification:

Kﬁ{[); “Xy“<—>§=x+yf,

wherex andy are inFgq such thatx?— uy? = 1. It follows thatK,, is a cyclic subgroup
of SLy(Fq) with orderq + 1.
Let y be a generator ofy. We fix ./y a square root of in Fg. Since ¢ — 1)

is prime to 3, it follows thaty® is a generator ofy and (/7)¥ is a square root of
y¥. Let X, y € Fq such thatx?> — yy? = 1. We settan(X, ¥) = asn(X, ¥, X, y) and
taa+b(X, ¥) = @zasn(X, ¥¥Y, X, y). By using the Proposition 4.6, we show:

Lemma 4.2. We have
tr (X, Y)_l =t (X, —Y),
h(X)tr (X, y)h(X)il = tr(X, X(r)y),
to (X, y)° = t-(x 07y 00y,
We set

Tarb = @arn(Ky),
Tza+tb = @3a+b(K,2).
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The subgroupl = TaspTzawp Of Cg,(q)(J) is abelian andlasw, N Tzasp = {1, J}. Thus it
follows that |T| = (1/2)(q + 1)%.

We setT, = {tan(X, Y)taan(X¥, y¥) | X, y € Fqx? — y?y = 1}. Let o € T, with
a non-trivial odd order (such an element exists wiges 3. In the case wherq = 3,
Gz(q) has no tori of orderd + 1)%). We setH’ = Cg,(q)(Xo)-

Proposition 4.7. We have
e The set T is an abelian subgroup oR(q) of order (1/2)(q + 1).
e The element xlies in R(q) and is a semisimple regular element of typgwywa.
e The subgroup His a maximalo-stable torus ofG,(q) of order (q + 1)?, which is
contained inCg,(q)(J).

Proof. Obviously, T, is an abelian subgroup of order/@)(q + 1) and we have
T, € R(@). ThusXo € R(q). Comparing the order ok, and the order of elements in
Theorem 4.1, we see thap is a semisimple regular element of typgwpw,. Thus,
using Table 13, we see that semisimple regular elements wtrivdal odd order di-
viding (q + 1) have a maximal torus of &&y) of order @ + 1)*> as centralizer. Since
o (Xo) = X, it follows that H' is o-stable. Moreover, sincg € Cg,q)(J), it follows
that J € H’. But H’ is abelian, then every elements bff commute withJ. Thus,
H’ € Cg,(q)(J). U

We now will describe explicitlyH’. The elementsy~! and —1 are not square iffy.
It follows that —y ! is a square. Then there exisis € Fq such thatagy =-1, and
we havead’y¥ = —1. We set

[1 —ya [ 1 —y¥ad
Ao—[ao —1:| and Bo—[ag@ 1 }

We have detf) = det(By) = 1. We define the element by
7 = h(=1, 1, —1)ga+b(Ao)¢sa+b(Bo)-
Let ¢ = x; +Y,/¥ be a generator oK, andtap(X;, ;) its corresponding element in

Tasp. Thentam(X:, Y:) (resp.o(tasn(X:, Ye))) is @ generator offas, (resp. Tzawn). We

4 +1)/4
set Gasb = tarb(Xs Ye)?, Gzarb = t3a+b(X?0, yge) andt’ = t3a+b(X?0, y§39)(q e,

Proposition 4.8. We have
H' = (TQasb) X (T'Gza+b)-

Moreover we haver(t) = h(—1, —1, 1)}pa+b(Ao)@sza+b(Bo) = JT. The o-stable elements
of H’ of odd order form a cyclic subgroup of ordé€t/4)(q + 1) generated by g,093a+b
and denoted by H
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Proof. Since the elements @f commute withxg, it follows thatT is a subgroup
of H’ with index 2. The element is not in T, and commutes with the elements of
T. Moreover the order of is 4 andz? # J. We then have proved the result. [

4.3. Theo-stable classes of gqg). We recall that the classes oh(§) are given
in Table 13. We seX = y(1) andT = 8(1). Using Proposition 4.1, we see thafl),
a(1)B(¢) and a(1)B(—&) are not conjugate in £6q). Their distribution in the classes
of Gy(q) depends on the value aof modulo 3. In the following, we denote by,
Y, and Y3 a permutation of these elements such tiat(resp.Y, and Ys) belongs to
As:1 (resp. As, and As3z). We denote byH” a maximalo-stable torus ofG of order

(9> —q+1).

Proposition 4.9. The groupG,(q) has (q + 8) o-stable classesMore precisely
e The classes with the-stable representatives$, X, T, Y1, Yo, Y3, J and JT.
e The classes A and B, (without o-stable representatives
e The(1/2)(q — 3) classes witho-stable representative ¥of typel) in H and such
that Cg,(y(X) = H.
e The(1/6)(q — 3) classes witho-stable representative Xof type wawpw,) in H’
and such thatCg(x) = H'.
e The(1/3)q classes withr-stable representative Xof type w, Or wawpwawpws)
in H” and such thatCg(x) = H".

Proof. Using Proposition 3.1, Shintani correspondence Rraposition 4.1, we
show that G(q) has € + 8) o-stable classes. Proposition 4.5 givesH6) o-stable
representatives of £q). We obtain the two classes without-stable representatives
by using Table 13). ]

REMARK 4.2. The fact that gq) haso-stable classes wihout-stable elements
does not contradict Lang’'s theorem. Indeed, @Getbe the class inG which contains
Ay (this is similar toB,). ThenC is F-stable. Lang’s theorem only says thathas
F-stable elements. It follows thaE™ = As; U A4, has F-stable elements. This is
indeed the casef(1) cFn R(gq). But Lang’s theorem does not say thaj; and
A4, have F-stable elements. In Proposition 4.5, we prove tha8CGll)) C A4, and
CI(8(1)) € A4p. ThusCF = CI(B(—=1))U CI(B(1)) € A4z. Then, it follows thatAy; has
no F-stable elements.

We denote byl; and Lap, @ system of representatives of odd order of classes of type
1 andwawpw, given in Proposition 4.9. We denote thy, and Lapana Systems of rep-
resentatives of classes of typg, and wawpwawpw,. We have:

q-3 q-3

ILil=——, |Labal =

4 24 '

6

— 30
, |La|:qT and |Laabd =
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We setn = Xa+b(1)Xza+b(—1). Consequently, we have:

Corollary 4.1. The elements of i, L, Laba, Labava @nd 1, X, T, Y1, Y2, Y3
and n form a system of representatives of classe<sefq) of odd order

4.4. Outer classes of Gg)x(s). We now can give the outer classes®f We
keep the same notation as the preceding sections.

Theorem 4.2. We set S= Cg(hg, o). Let Hy (resp T;) be the subgroup of H
(resp H’) whose elements have odd ordéet x € {t2, J, Jt2}. We set K = (T¢, X).
Moreover we set

Catb,2atb = Xath Xza+b X2a+h Xza+2h,
é+b,2a+b = {Xa+b(_u)x3a+b(_use)XZa+b(_t)X3a+2b(t39) |u, t €y},
Sisb,3arb = {Xarb(t)Xaarn(—t¥) | t € Fg},

Sub = (Xaasn(t)Xaasn(t¥) | t € Fy).
ThenTable 2gives representatives for the outer classesGnd their centralizers

Proof. We essentially apply the method of Method 3.1. ®hstable representa-
tives with odd order are given in Corollary 4.1. dfe {X, Y1, Y2, Y3}ULaULgpaps then
Coc,()(9) has odd order. Thencﬂg) has only one 2-unipotent class with representative
o. Leth e L;. Then G(h)=H % (o). This group has two 2- unlpotent outer classes
with representatives and (o, a). Let h € Lapa. Then G(h) = H' x (o). Representa-
tives of 2-unipotent outer classes of this group are(z, o), (r/, o) and @1/, 0) (we
use results of Section 4.2). We have (@) = Casp 2a+b-(J). Outer 2-unipotent repre-
sentatives of this group are (&) and @, o). Finally, Cs(7) = Caspb,2a+b % {(ho, 0)).
Outer 2-unipotent representatives of this group &g &) and Jhg, o). We obtain in
this way q + 6) outer classes ob. Moreover, by using Shintani correspondence, we
know thatG has ¢ +8) outer classes. Elementsand o, o) are 2-unipotent and not
conjugate inG. We then obtain representatives of outer classe§.offo compute the
centralizer of these elements, we use Lemma 3.2. ]

5. Outer characters of G(q) x (o)

We keep the notation of Section 4. We propose in this sectiogompute the
character table of5. In Section 3, we have seen that it is sufficient to deterrtiree
values of the outer characters on the outer classés.oThe character table of &)
(resp. RQ)) is given in Table 14 (resp. in Table 15). The subgrolsH’ and R()
areo-stable. By inducing the characters Bf= Bx (o) and R{]) x (¢), we obtain the
majority of irreducible outer characters 6. We use modular methods to complement
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Table 2. Outer classes @&

Class Representative | Number Centralizer Order of Centralizer
C: | (1,0) 1 Rx (o) 2030 —1)(@*—q+1)
Cz | (ho, o) 1 S 29(9>-1)
D1 | (X, 0) 1 U? x (o) 2q3
D21 | (T,0) 1 | Caspzasb-(J) x (0) 4q?
Djo (T’l, o) 1 Cé+b'3a+b.(.]) x (o) 4q2
D31 | (nho, o) 1 Sa+b, 3a+b % ((ho, 0)) 4q
Ds2 | (n7tho, o) 1 Satb, 3a+b X ((J o, o)) 4q
D41 (Y]_, (T) 1 (Yl) &,b X (U> 6q
Daz | (Yo, 0) 1 (Y2) Sapx (o) 6q
Dsz | (Y3, 0) 1 (Y3)Spx (o) 6q
Exh) | (h,o)  hel, q%e, H x (o) 2(q—1)
Eh) | (ho.0) hels | 922 | Hg (o, o)) 20-1)
0D (o) helwa | &2 |15, x(0) 20+1)
Fah) [ (hr,0)  helaa | T2 | Hax((r,0) 2(q+1)
Fs(h) | (' 0)  helawa | 52 | Hyx((r', o) 2(q+1)
Falh) | (et o) helwa | &2 | Hyex (e 0) 2(q+1)
Gi(h) | (h,o)  hela % TF x (o) 2(q—30+1)
Hi) | (h o) helagma| T2 | TF « (o) 2(q+30+1)

WaWhWaWhWa
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the missing values of one character, and we can then obtiaiheamissing irreducible
characters ofs by inducing the irreducible characters Bf x (o).

By Proposition 3.1 there argj @ 8) o-stable characters. We use the notation of
appendix. Using the character table of(9, we prove that 191, 62, 05, 65, 67, 610,
011, 612(1) and 612(—1) areo-stable. Moreover (12)(q — 3) (resp. (¥6)(g — 3) and
(1/6)q) o-stable characters belong to the familigs(resp. x12 and x14). The notations
will be specified in relations (8), (9) and (12).

5.1. Some irreducible characters obtained by induction fron B. The classes
of B are given in [8, p.206].

Proposition 5.1. We setB = Bx(c); the groupB has(q+7) outer classesgiven
in Table 3. Moreover in Table 4we give the induction formula frorB to G.

Proof. Using [8], we prove thaB has +7) o-stable classes. Thus, Lemma 3.1
implies thatB has € + 7) outer classes. By using a similar method a4, we
obtain representatives of outer classesBond their distribution in classes &. Then

we immediately deduce the induction formula. ]
We set
(8) xk = xo(k, (30 — 1)K).

We denote byEg the set{l,..., (1/2)(q — 3)}.

Proposition 5.2. Extensions ofxx (k € Ep) are obtained from the induction of
the linear characters oB. The values ofyx are given inTable 11.

Proof. SinceU is o-stable, it follows that <t B. Let 7y be the projection from
B to B/U. The quotient is isomorphic tdd x (o). Let ¢ be a linear character of
H x (0). Thengony is a linear character oB. Irreducible characters dfl x (o) are
parameterized by, (k, | € Z/(q — 1)Z). The values are given by

prah(r, vl y ) =

Q)+~ ) yékﬂl

We havegy, = ¢k, if and only if yg if and only if

Ik+1) =k
{3“(2k—|):l '

Then, we deduce that-stable characters df are thegy +1_1), wherek € Z/(q — 1)Z.
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Table 3. Outer classes &

Class reprsentative Number | Order centraliser
a | (1,0) 1 20%(q — 1)
c2 | (ho, o) 1 2q(q—1)
di | (X2a+b(1)Xza+20(1), &) 1 203
d21 (Xa+b(1)x3a+b(1)a U) 1 4q2
da2 | (Xa+b(1)Xza+b(1)d, o) 1 492
Oa1 | (Xa+b(1)Xza+b(—1)No, o) 1 4q
Oz | (Xa+b(1)Xaa+b(—1)I o, o) 1 4q
da1 | (Xa(1)xp(1)uo, o) 1 6q
ds2 (Xa(1)Xp(1)X3a+b(&)u1, o) 1 6q
dss3 (Xa(1)Xp(1)Xzarb(—&) U2, 0) 1 6q

en(n) | (h o) hely a9 2a-1)

eulh) | (h,0) he Ly 2@-3| 20 -1

en(h) | (hho, o) h e Ly 2@-9|2a-1)

ex(h) | (h tho, o)h € Ly 2@-9|2a-1)

Table 4. Induction formula for the outer classesfto G
Ind€ ¢(Cy) = (o + Lg(cy)
IndG $(C>) = (a + L)p(c2)

IndG ¢(D1) = ¢(ch)
I ¢(D21) = ¢(dzn)
IndG ¢(Dz2) = ¢(dz2)
INdG ¢(Da1) = ¢ ()
Ind ¢(Ds5) = (ko)
Ind ¢(Da) = p(cao)
INdG ¢(Da2) = ¢(dla2)
Ind ¢(Das) = p(ca)

IndS ¢(Ex(h) = ¢(era(h)) + p(era(h))
IS p(E2(h)) = p(e21(h)) + p(e22(h)
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By Lemma 3.5, we constructj¢ 1) irreducible outer characteq%('(g,nﬂ_l)k of H x (o).
We denote by

ok = ‘i;k,(3"*1—1)k omy,

the @ — 1) linear characters oB. We denote byh, a generator ofH?. The set of
o-stable elements oA with odd order is(hﬁ). For everyi € Z/(q—1)Z ande = £1,
we have

B2, o) = 2 @@/ AkAKET )

- (_ 1)ekyé%”+14i k )

Moreover, since B! — 1 is even, we havep(J) = y& KO Y2 = 1. Thus, ifk ¢
{0, (@ — 1)/2}, we deduce from Lemma 3.4 that Rgs IndS ¢« = Ind2@ ¢, is ir-
reducible. It follows that In§ ¢« is irreducible. However

Indg* gic = xo(k, (3" — 1)K).

Moreover, we havew = x_x. Thus we obtain (12)(q — 3) outer irreducible character
of G. O

Proposition 5.3. We havep(lnd‘é ¢0) =1+06s. The outer values ofis are given
in Table 11. Moreover ,o(lnd(B3 ¢(q,1)/2) is the sum of one extension 6§ and 6;.

Proof. Using Table 4, we compute the induction Goof ¢ and ¢q_1y2. The
values are given in Table 5. We have

(Indg o, |nd(§ ¢0)a =2.

Since(lnd‘g oo, 1)é~: 1 and(Regz(q) Indg oo, GS)GZ(q) =1 are odd, we deduce from Proposi-
tion 3.3 thato (Ind$ ¢o—1) is irreducible. Since its value on @) is g2, it follows that it is
0s. We hNave(Ind(jS3 b(g-1)2, INdE d(q-1)2), = 2. Moreover(Reg Indgfﬁ(q_l)/z, 06),(q)
and (Reg, ) INd§ ¢g-1y2, 07}, are odd. Then, we deduce that §uflq1)2 is the
sum of one extension afs and é;. O

_ 5.2, Some irreducible characters obtained by induction fren R(q). Note that
R(@) = R@) x (o) is a direct product. We immediately deduce its characteletaly
using the Table 15. We have:

Proposition 5.4. Induction’s formula fromR(q) to G are given inTable 6.
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Table 5. Induction ofpg and ¢(q-1y2
C; C D; D21 Dy Dgz

IndS go @+1) @+ 1 1 1 1
Ind§ ¢g-12 (@°+1) —(q+1) 1 1 1 -1

D32 Dasi Daz Dz Ea(h') Ep(h')
Indg b0 1 1 1 1 2 2
Indf ¢q-n2 -1 1 1 1 2 -2

Table 6. Induction’s formula oR(q)
IndS, #(C1) = #(1) +6%(? — q + 1)p(J)

Indg, ) #(D1) = ¢(y (1))

IndS ) #(D21) = $(B(1)) +ae(B(—1)J)

IndS, ) $(D22) = $(B(—1)) +ap(B(1)J)

IndS, #(As1) = $(V2)

IndS,., $(As2) = H(Y)

IndS, ) #(As1) = ¢(Y3)
IndS, #(Ex(n)) = p(h) + ¢(hJ), he L,
IndG,,) $(F(h)) = $(h) + $(hJ) + $(ht?) + $(nIr?), h € Lapa
IndS, $(G1(h) = p(h), he L,
IndS ) ¢(H1(n)) = (), h € Lababa
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Proof. In Theorem 4.1, we have computed the classes @f &{d their distribu-
tion in Gy(q) (see Proposition 4.5). We obtain by Proposition 4.5 théridigion of
the outer classes dk(q). Then, we deduce the induction formula. U

We denote byE; (resp. E;) the non zero equivalence classesZyfiq — 30 + 1)Z
(resp.Z/(q+30+1)Z) given byi ~ j i ==j, i ==+qj ori =+g?j. In the following,
we denote by

VK e E1,  xak = x14((q + 30 + 1)K),

9
Vk € Ez,  Xababagk = x14((q — 30 + 1)K).

The charactergak (k € E1) and xababak (K € E) are o-stable characters of ).

We setrg = oéq+39+1)2 andm, = aéq_%l)z. The notation in the Table 15 is chosen
such that the primitive root of unity with ordeg ¢ 36 + 1) (resp. ¢ + 30 + 1)) is 73
(resp.m4). To simplify notations, the induced character frd() to G of a character
x € Ir(R(@)) will be always denoted by.

Proposition 5.5. Characters p(&g), p(10), p(n) (k € E1) and p(ng) (k € Ep)
are irreducible extensions of12(1), 612(—1), xak and xapabak respectively The val-
ues of these characters on outer elements are givefabie 11. Moreover p(&1 + &2),
p(Ez+&4), p(&s+ &) and p(&7 + &g) have two constituents

Proof. We have

§1+82,61+62)0 =2,
§3+64, 63+ 64)0 = 2,
€5+ &6, &5+ 86)0 = 2,
§7+ &g, 57 +88)0 = 2,

( )

( )

( )

( )

(59, 69, )0 = 1,
)
)
)

(€10, 10)0 = 1,
(M Mo = 1,
(M 1)o = 1

Thus, we deduce Proposition 3.3 that the charactéts + &2), p(E3 + &4), p(&s + &6)
and p(&7 + &) are sums of two irreducible characters and th@b), o(£10), o(n,) and
p(ny) are irreducible. Moreover, we have

<Re€2(q) 59! 912(1)>Gz(q) =6=1 mOd 2,
(Reéz(q) §10, 912(—1)>G2(q) =9=1 mod 2,
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(Re€,q) Mic» Xa(K))g, = 9° + %2+ 92 +60 +2=1 mod 2,
(Re€ o) i Xababa(K))g,q = 90" — 90>+ 9> —60+2=1 mod 2.
We conclude thap(&s), p(610), p(n,) andp(ny) are irreducible extensions 6f,(1),

012(—1), xa(k) and xapana(K) respectively. Precisely, singg(&9)(1, o) = p(§10)(1, 0) =
9°+1>0, p(ng)(1,0) = (@—1)@Q+30+1)> 0 andp(n;)(1,0) = (@—-1)@—30+1)> O,

we deduce thabyo(1) = p(£o), f12(—1) = p(&10), Xa(k) = p(nc) and Kapavak) = p(ny).
O

Now, we decompos@(£1 +&2), p(&3 +£4) and p(és + &)

Constituents ofo(&1 + &>):

(61182, Doxp) = 1,
(Re%(q)(gl +&), 96)G2(q) =1.

We deduce from Proposition 3.3 thafé; + &) is the sum of the trivial character and
an extension obs. The values of this extension on the outer classes are the sam
the one ofg; +£,—1. In particular the value on (&) is g2—q+1> 0, this extension
is Bg. The values are given in Table 11.

Constituents ofo(&3 + &4):
(Reg,q)(Es + &), 05}, = 189* + 397 +2=1 mod 2,

(Re )6 + &), fr) ) = 189°+ 3% +6=1 mod 2.

Thus p(&3+£&4) is the sum of an extension 6§ and an extension af;. However,
we have

(E5+&a, 55>Gx((,) =1

The values of the extension @ on the outer classes are the sametas &, — §5.
Since the value on (&) is q(gq? — q + 1) > 0, we deduce that this extension fs.
The values are given in Table 11.

Constituents ofo(&s + &) and of p(&7 + &g):

(Regz(q)@s + &), 91)Gz(q) =9=1 mod 2,
(Regz(q)(fs + &), 910)G2(q) =9=1 mod 2,
(Re.%z(q)(& +£&g), 91)62@ =0=1 mod 2,
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(Reéz(q)(éﬁ +&), O10)g,p =0 =1 mod 2,
(65 + &6, 67+ &g)o = 0.

Thus, p(&5+&6) and p(&7+£&g) are sums of an extension 6f and of 919 and they have
a common constituent, indeed

1 ~ ~
(p(&s + &6), p(57 + &8))Gxio) = E(Re%(q) p(Es + &6), Re, ) p(67 + 2)) .

1
+ 5(55 + &6, &7+ &8)o
=1.

Let ¥ be the common constituent agdbe another one. We suppose that

plEs+&) =V +¢,
(&7 +&) =¥ +e.

Thus p(&s + &) + p(57 + £g) has the same values ag Dn the outer classes. We obtain
in this way the values off on the outer classes. We then deduce the values arf
the outer classes. We give the valuesyofand ¢ in Table 7.

We know the values of two new extensions, but we don't know ifs an exten-
sion of 61 or ;. We will show in the section 5.4 that is an extension ob; and¢
of 610. Before, by inducing irreducible characters of(gho, o), we obtain the values
of the extensions of,.

5.3. Induction from Cg(nho,0). For everyteFy, we sety(t)=Xa:p(t)Xsasn(—t>).
We have established that

Cg(nho, o) = Sarp,za+b X ((ho, o)),

where S za+b = {n(t) | t € Fg}.

The groupSusp,3a+b iS abelian and isomorphic to the additive grolfy,(+) by t —
n(t). It follows that Gs(n(1)ho, o) is abelian of order ¢ and it is easy to compute
these irreducible characters, which have the ferm¢¢’, where¢ is a linear character
of Fq and ¢’ a linear character of the cyclic group of 4 elements. The etasw(t)
(t # 0) are conjugate in &q) to n(1) y h(t) = h(t=?1, td-3)/2 t@+1/2) " Thys, we

Table 7. Values ofy and¢

| (Lo) (r().0) (B(1),0) (B(-1),0) (Y1,0) (Y2,0) (Ys,0) Ga(h) Hi(h)
vi2-19 -0 —0 -0 20 —0 —0 -1 1
¢ 0 0 02/-3 —0%/=-3 0 64-3 —6J/-3 0 0
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deduce that the elemenigt)J (t # 0) are conjugate tg(1)J. Using Method 3.1, we
prove:

Lemma 5.1. Let g be in{hg, Jho}. The element$n(y¥)g, o) and (n(1)J¥g, o)
are conjugate inG, wherey is a generator ofFF;.

We deduce the distribution of the classes qf(£ho, o) in G and the induction
formula (given in Table 8).

Proposition 5.6. Let ¢ € Irr(Syp,3a+b) be non-trivial Let ¢’ be the character of
((hg, o)) such that¢’(hg, o) = +/—1. Then

b2 = p(lndgc(nho,a) ¢¢’)
is an extension obs.
Proof. We havep’(J) = —1 and¢’(Jhg, 0) = —</—1. By using Table 8, we in-

duce toG the charactep¢’, which has values zero except on the classgs, ) and
(n7thg, o). We setgo = Indg¢’. We have

go(nho, 0) = —o( o, a):«/—_1<2 O ¢(n(t))>-

t square t not square

Table 8. Induction formula of §ho, o) to G

X lndgé(nho,a) 90(X)
1 9°(@® - 1@ - 1)
2
n(1) a® > ()
t#0
3(n2 _ 1\2
3 q (q2 1) #(J)
n(1)J q)_ e(t)s'()
t#0
2 _
(ho. ) WD 0, ) + 9/ (03, 0)
((Dho, o) | Y sm®)¢'(ho, o)+ > ¢((t)¢'(hed, o)
t square t not square
((Dhod, o) | D o)’ (Io, o)+ D o(n(t)e (o, 0)
t square t not square



ON A CyCLIC EXTENSION OF G,(32"1) 1003

Using the known formulas for Gauss sums, we obtain that

Yo ) — Y- e(() =63

t square t not square

Moreover, we have
C 1 4 3
(b0, po)s =1 and (Reg,, o, 92)Gz(q) = Z(q +q3+q— 3).

To determine the parity of the integer/@)(q* +q®+q — 3), it is sufficient to see that
the numerator is divisible by 8. Howeven,=3 mod 8. Thenq*+q3+q—3)=4
mod 8, and(Regz(q) b0, 92>ez(q) is odd. By Proposition 3.3, we obtain thafgo) is an
irreducible extension of,. Since the value on (L) is zero, we can fix the notation
such that

02 = p(¢o)- O

5.4. Modular methods. We recall the definition ofp-blocks and their orthog-
onality relation. For more details, we refer to [11] or [12d]et G be a finite group
and R C C the ring of algebraic integers @f. Let p be a prime number. We define
an equivalence relation on If8) by

IC1x1(C) _ ICIx2(C)
1@ xe(1)

for all p-regular classe€ of G. The equivalence classes are called fhblocks of
G. The p-block containing the ftrivial character is called the pipat p-block of G
and is denoted byBy(G).

An elementg in G is called p-singular if its order is divisible byp. Let B be a
p-block of G, x a p-singular element ang a p-regular element. Then, we have

(10) X1~ X2 = mod pR,

(11) > x()x(y) = 0.

x€B

To finish, let x be in Irr(G). Since|G|/x(1) is an integer, we define the defect
d(x) of x by the p-adic valuation of|G|/x(1). Let B be a p-block of G, then we
define the defect oB by d(B) = maxXd(x) | x € B}. We have a characterization of
the p-blocks with defect 0: gp-block B has defect O if and only if its cardinal is 1,
that is there existg € Irr(G) such thatB = {x}. Moreover, an irreducible charactgr
is in a p-block with defect 0 if and only if it vanishes on thgsingular elements.

5.4.1. Extension off; and #19. In 5.2, we have seen that the charagters an
extension off, or 61p (and ¢ is the extension for the other one).
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Proposition 5.7. The charactery (resp ¢) is 6, (resp 610).

Proof. The degree of; (resp.fig) is (1/6)q(q+ 1)%(q®+q+1) (resp. (16)q(q —
1%(g?> — q + 1)). For everyn > 0, we haveq? —q+1 > 1. Fix p a prime divisor of
(9> —qg+1). Since > —qg+1) and 2%(g? — 1)(@® — 1)(q + 1) are coprime, it follows
that 6,9 belongs to ap-block of defect 0 and); lies in a p-block of maximal defect.
By using the characterization of the-blocks with defect zero, we conclude that the
extension offyg is ¢ and that ofo; is . O

5.4.2. Extension off;;. We must compute the extensions of th¢@q — 3)o-
stable characters of degreg<1)%(q>—q+1)(@®>—1) and of6;;. The strategy to obtain
the extension ob,; is to find a prime numbep, such that the extension @f; is the
only unknown character in hip-block. Thus, by using the orthogonality relation (11)
we determine the values of the extension. We hgte q+1=(q—30+1)(q+39+1),
with g — 36 + 1 andq + 30 + 1 relative prime. By using relation (10), we show:

Proposition 5.8. Let p be a prime number dividing?g- q + 1.
e If g—39+1=pla with o prime to p there exists an extensiafy of #1; such that

BoG = {1, Yo, B, £fs, eb1a(—1), eb12(1), e Faka }-
e If g+39+1=pia with « prime to p there exists an extensiafy of 61 such that

BoG = {1, Yo, £61, &fs, B1o(1), f12(—1), & Favabake -

We fix p a prime divisor ofg + 30 + 1, and we denote by the extension ob;
contained in the principap-block of G.

Proposition 5.9. The values ofyy on the outer classes are

\ (1,0) (y(1),0) (ho, o) (n(L)ho, o) (M(L)hJ, 0) (Napae, ) (ha, ) (Nababa 0)
yla@l-a) g q-1 -1 -1 —2 1 1

Proof. To determine the values af, we use the orthogonality relation of the
principal p-block of G. Let x be an element of a-stable classEg(i) (see Table 14)
of Gy(q) whose order is not prime tp. We have

01(x) = =1, 65(x) =1, 6u(X)=1, 01x(-1)=-1, 61(1)=1.

Applying the relation (11) with thep-regular elemenik,(1)x,(1). We compute:

Z Xababaak(X) = —1.
k
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Since the class ok in Gy(q) is o-stable, it follows that the extension © of the
charactery of G,(q) and x have the same values on Let y be an outer element
that does not belong to the clasti(h) (h € Lapapa). Thus, y is p-regular. If we
set By = ¥(y) and apply the relation (11) in the principatblock, we obtain a linear
equation with one variabl@g, which is easy to solve. We compute:

B =d(l—a). Bywe)=d B =d =1, Bu@hoo) = Bu@hed,o) = —1,
Bihasee,0) = =21 Bhao) = 1

and

B o) = Bp-1.0) = Bovio) = Biaio) = Bivs,o) = Bihy,o) = 0.

Now, we must determine the values on the clékgh).

Supposeqg > 3. Theng — 30+ 1> 1. Let p’ be a prime divisor of this number.
By Proposition 5.8, the principap’-block of G contains an extensiot’ of 611. By
using relation (11) in the principad’-block, we obtain that the value af’ on (1,0)
is q(1—q). This proves that/ = ¢'. However, the elements in the clasgdggh) (h €
Lapaba) @re p’-regular and relation (11) shows thét(Hi(h)) = 1, for all h € Lapapa

In the case wherg =3, there is only one clasid;(h). The scalar product relation
shows that the value of on this class is 1. O

5.5. Induced characters ofH’ x (¢). The maximalo-stable toru§H’ of order
(q+1)? is described ir§4.2. We will induce the irreducible characters df = H' x (o)
to G. We recall that

H" = (7) x (') X (Ga+b) X (Gsasb),

with t and 7’ of order 4 andga«, and Qs+ Of order @ + 1)/4. We know howo
is acting onH’. Precisely, we recall that(r) = Jz, o(t') = J727’, 6(Ga+b) = Uzasb-
Moreover, we have’? = J.

The groupH’ is abelian and hagyf-1) o-stable classes. We deduce from Proposi-
tion 3.1 thatH’ has +1) outer classes with system of representatives), (hz,o),
(ht’,0) and hr7’,0), whereh € H.. The centralizer of these elementsGnhas order
2(q +1). The irreducible characters &f’ are described by

Xkl,kz,k3,k4(fil t/iz g§+bg:i;;i+b) — r(()(q+1)/4)(i1K1+i2k2)+403|(3+i4k4),

whereky, k, € Z/47Z andks, ks € Z/(1/4)(q +1)Z. The o-stable characters dfl’ are:
Dk ko ks = XKy, 2Ka,Ka,kar
wherek;, k, belong to{0, 1}. The o-stable element oH’ are:

4 Jiz(ga+bg3a+b)i3-
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Proposition 5.10. Let h be in lyy,, we have
Cl(1,0) N H = CI(1, o),
Cl(ho, o) N A’ = CI(z, ) UCI(z', o) U CI(z7’, &),
Cl(h, o) N A’ = CI(h*L, &) U CI(WFC™ D72 5) U CI(h*=C@™-D/2 ),
Cl(ht, o) N A’ = Cl(h*'z, o) U CI(h*C" D21/ ) U CI(h*C™ D27/ o),
Cl(ht’, o) N A’ = CI(h*1’, o) U CI(h=C™ D127 5y U CI(hEC@™ D127 ¢ ),
Cl(htz’, o) N A’ = Cl(h*r7/, o) U CI(W* " 0/2¢ 5y U CI(h* ™ -D/2¢ 5),
Proof. To determine the distribution of the classes¥fin G, we use Lemma 3.1.

The subgroupH, which consists ofr-stable elements oH’ with odd order is conju-
gate inG to:

{h(Zz, Z—(3"+1+1), 2(3"+1—1)) | Za+1)/2 = 1}.

Letx € H, be a non trivial element. Thenis conjugate irG to h(z3, 20(3"”*1) 283"”*1))

for somezy € F3 such tha1zoq+l)/2 =1. The elements oH/ that are conjugate in ££q)
to x are exactly the elements ¢, that are conjugate i to one of the 6 elements:

(Zg 7(3n+1+1) Z(()3n+171)), h (Za(3n+1+l)' Zé3n+171) Zé),
(Z(()3n ), Zg, Za(3n+1+l)), h(zaz7 Z(()3n+1+1) (3n+1 1))

h(zo n+1+1), 4(3n+171), 262) and h(za(?”l*l)’ 2627 ZO +1+1)).

We remark that

h(za(S”*“l), Z5)3”*171) 2) = h(2, 25(3M+1)1 Che 1)) (3"+1+1)/2

e, 22 ) = (g, 5, )Y
(5% &7, %0 D) = (g%, )
h(z(()S”*lﬂ)’ Z6(3””—1) 202) - h(zcz, Z6(3n+1+1)’ Zganﬂ 1))(3"+1+1)/2
h( ~(@"-), 72, Z(()S"*1+1)) h(Z, Z6(3"+1+1) @ 1)) ~@"i-172

We deduce that the elements Hf conjugate in G(Q) t0 (Ja+bGsasb) are:

3141)i /2 3™_1)i/2
, .

(ga+bg3a+b)jEi , (Qa+b 93a+b)i( (ga+b93a+b)i(
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This is due to the fact that if two elementg and y, are conjugate, thelxg) is con-
jugate toy(i). In [15], it is proven that there exists an elemépntin R(g) with order 3
such that

to *(Qarbzasb) to = (GasbUaasb) D72 and to 1ty = 7%
It follows that
t62(9a+b93a+b)itg = (ga+bgsa+b)(3"”‘1)‘ 2 and taz\]tg = J72

We setsy = hpt € R(q). We then have

So(ga+b93a+b)i 5(;1 = (ga+bg3a+b)_i-

To know the distribution of i{x, o), wherex € {1, 7, t/, Tt’}, we must determine
the 2-unipotent classes inglh) = H’ of to(x, o)ty andso(x, 0)s; . We havesyrsy* =
3, sot'syt = 8. This shows thats(x, 0)s,* is conjugate to X, o) in H’. Since
to € R(q), we haveto(x, o)ty = (toxty %, o). We denote byP = (r, t/) a 2-Sylow of
H’. We havetort;! € P andtor't; ! € P. Indeed,

n+1 4 o
3 +1)'/2tt0 1_

to(Qa+b gSa+b)7( (E’Ja+b93a+b)i totty !

is a 2-decomposition of Jordan. Since,)((Ja+bTsa+b)') = H., it follows thattorto‘1 €
H’. Moreover the order ofort(;1 is a power of 2. SinceH’ has a unique 2-Sylow
(becauseH’ is abelian), we deduciyrt,! € P. Similarly, tor't;* € P. Howevert

and ' generateP. Thusty is acting by conjugation orfP. Now, we show that:
to{z, Jt, 7°, Jts}tgl ={<, 37, It'7?, /1%,
to{t’, J7/, I'72, r’tz}to_l = {z7/, I7'73, U783, I,
to{zt/, IT'c3, T'<3, Jrr’}to_l ={z, Jz, 73, I3
Indeed, sincey acts onP by conjugation, it follows thaty, acts on the cyclic sub-

groups with order 4 ofP. The groupP has 6 cyclic subgroup with order 4. Each
subgroup has a unique element of order 2. Precisely, we have:

4-cyclic subgroup  element of order 2
(r), (J7) "> 2
(ty, (I7) > J
(), (JrT)) ™ Jr?
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Sincetor?ty !t = J, toJty; ! = I72 and toJ7?t, ' = 72 and the order is preserved by con-

O. BRUNAT

jugacy, we also obtain the result. We recall that thelasses ofP are

(1, J, 72, Jt, J7?),

{r, Jr, r3, Jts},

{t/, I, I’z

2, f/fz},

{7/, I3, v'78, It}

Then, we conclude thatott, *, o) (resp. ot'ty 1, o) and ort'ty *, o)) is conjugate in
H' to (z/, o) (resp. 7, o) and &, o). Finally, we deduce that:

conjugate to
(h=C"™D/2 &) | (h, o)
(h=C"*D2¢ 5) | (ht', o)
(h=C"+D/2¢ 5 | (htt/, o)
(h=@ D211/ 5) | (ht, o)
(hC™-2 &) | (h, o)
(hC™"=D2¢ &) | (hrt/, o)
(hC™" D2t &) | (hr, o)
(hC" D2z o) | (ht', o)

This completes the proof.

O

We immediately deduce the induction formula, given in Te®leBy Lemma 3.5,
we construct the outer characters f. Let ¢, ,k, be ao-stable character oH’.

To simplify, we again denote (@, k.k;) bY b,k the induction fromA’ to & of

Table 9. Induction fromH’ to G

X IndZ, ¢(x)
(Lo) [9*@—-1)@*—q+1)(,0)
(ho, o) | a(d — 1)(@(z, o) +¢(z', o) + P(z 7', 7))
(h, cr) ¢(hi1, 0) + ¢(hi(3"*1+1)/2, cr) + ¢(hi(3”*1—1)/2, cr)
(ht, o) | p(htle, o) + p(h=C™ D207 o) + p(h*E=D/27/ )
(ht', 0) | p(h*e), o) + p(h* D20 5) + p(h*C" - V277, )

(h‘L"L'/, G) (/J)(hilfl’,, (7) +¢(hi(3n+1+1)/2.[/, U)+¢(h;t(3n+1_1)/2t, U)
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q?kl,kz,ky We remark thawi 0,0= ¢o,1.0= ¢1,1,0 and we set

Yo =¢o00 and ¥i=¢100
We set:
®o0,0k = Vo + £60,0k
©1,0x = Y1+ ed1 ok,
@o,1x = Y1+ &do,1k,
01,1k = Y1+ eP1 1k

There are (124)(q — 3) distinct characters in each family. Moreover, the charact
@o 0k haveo-norm 7 andg; ok, @01k are i 1x haveo-norm 3.
THE CASE OF ¢ ok: We show that
(@0.06 1) =1, (@0.0k O5)e = =1, (90.0ks O11)0 = 2,
and the other outer scalar products are zero. The classidangox — 1¢ — 05 — 2014
is a character and:

(p(¢o,0x — 1g — &b — 2011), p(go,ox — 1g — £05 — 2011)), = 1.

It follows from Proposition 3.3 thab(¢0,0,k—lé—ség—2§11) is an irreducible character.
THE CASE OF ¢1 0k, ®0,1k» AND ¢1.1k: let e, € € {0, 1} be such that # 0 or
¢ #0. We have

(wé,G/,k! 56)0 =1 and (ﬁoe,e’,k, §7>a =-1.

The class functiony, . x — 05 — £6; is a character and
(p((pe,e’,k - 56 - 857)1 p(we,e’,k - 56 - 857))0 =1

Then p(pe,e k — 0 — £67) is an irreducible character by Proposition 3.3.
The irreducible characters obtained are distinct. We ob{si6)(q — 3) new outer
irreducible characters d6. We set

Xaba,0,0(K) = Reiz(q) p(po,0x — 1g — &5 — 2011),
12) Xaba1,0(K) = Reé:z(q) p(¢1.0x — O — £607),

Xaba0,1(K) = Re, ) p(¢0,1k — 06 — £67),
Xaba,1,1(K) = Regz(q) plo1,1x — B — 857)-

These characters are the/@)(q — 3) irreducibleo-stable characters of f&]) with
degree ¢ — 1)(@* — q + 1)@° - 1).
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5.6. Character Table of G. Let y, (resp.to andog) be a ¢ — 1)-th (resp. ¢+
1)-th and ¢ —q+1)-th) primitive complex root of 1. We give in Table 10 thetaiions
and the values of the outer characters@fn the outer classes in Table 11.

6. Perfect isometry

First, we recall generalities: le and H be finite groups and (KO, p) be a
p-modular system large enough for bdghand H. Let x in ZIrr(G x H). We define
wt ZIr(H) — ZIrr(G) by

VE € ZIm(H), g€ G, 1,(£)(g) = |H|Zu(g, “hE(h).

heH

Its adjoint relative to the usual scalar products@rand H is R,: ZIrr(G) — ZIrr(H)
such that

Vx € ZIr(G), he H, Ru(x)(h) = Gl Zu(g‘l h)x(9).
geG

The virtual charactep of G x H is called perfect if

For allg € G andh € H, we haveu(g, h)/|Cs(9)| € O and (g, h)/|Cs(g)| € O.
e If u(g, h) #0, g has order prime tq if and only if h has order prime tm.

Let e (resp. f) be a central idempotent d?G (resp.OH) and A = OGe (resp.B =
OHTf) a block of G (resp. of H). The blocksA and B are said to be perfectly iso-
metric if there exists a perfect characterof Z Irr(G x H) such thatl, induces by
restriction a bijective isometry betweéhlrr(K B) and Z Irr(K A).

Table 10. Notations

4.3 —4. 3"*1|
vty
1
T3 = U(gq+30+ )2,
_ 2
4= Géq 30+1) ,

i —i i i —Q4i
S =my+my +rr§ +n3q +713(,1 +rr3q ,

—qzi

qi —qi %
+m, +m,

[ —i
8 =mytm, +m, +m,

8 8, AL 4@l | _A@WI-D)i | —4(31-1)
Pio=1 +75° + 1 +tT t7 +tT ,
8 —8i 4341 —4(31+1)i 4(31_1)i —4(3m1-1)i
Biri=19 t19 — 19 -1 -1 -1 )

- 4(3"+1+1)i —4(31+1)) 431 -1) —4(3™1-1)i
Bia=—1 — 75 +1 + 7 — T —T ,

& 4(3"+1+1)i —A@HD 4@ A1)
Ba=—18 — 1,8 — 15 -1 + 1, +1, .



11. (Continued) Outer characters of(@ x (o)

(1,0) (X, 0) (T, 0) TYe) |[(Muo)| (Y2.0) (Y3, 0) (ho, 5) | (nho, o) | (n~tho, o)
A1 6(q2 — 1) -6 —6 —6 20 —6 —6 0 0 0
62 0 0 0 0 0 0 0 0 Ja -/a
B q® 0 0 0 0 0 0 q 0 0
O g2—q+1 1-q 1 1 1 1 1 -1 -1 -1
b a@®-q+1) q 0 0 0 0 0 —-q 0 0
610 0 0 02,/=3 —62/=3 0 6v/=3 —6/=3 0 0 0
611 q(q —1) —q 0 0 0 0 0 1-—q 1 1
f12(1) 6(g% —1) -0 —0+02/=3 | -9 —-62/-3| -6 o+ 92“/??’ o 92“/?3 0 0 0
F1a(~1) 0(q? — 1) —9 _h—02y=3 | —o+02y=3 | —o | 1= ezm o+ 95/?3 0 0 0
x1(k) q+1 1 1 1 1 1 1 (-DKa@+1) | (-1 (-1
Xabao.0oK) | (@-1)@?—q+1) 29-1 -1 -1 -1 -1 -1 3a@-1) -3 -3
Faba1,0k) | (@—1)@*—q+1) 2q-1 -1 -1 -1 -1 -1 1-q 1 1
Faba0,1K) | (@—1)@*—q+1) 2q-1 -1 -1 -1 -1 -1 1-q 1 1
Faba1,1K) | (@—-1)@*—q+1) 2q-1 -1 -1 -1 -1 -1 1-q 1 1
Za(k) (PP-1Q+30+1) | -q-—1-39| -3p-1 -3%-1 -1 -1 -1 0 0 0
FababaK) | (@2 —1D@-30+1)| —q—1+F 39-1 39-1 -1 -1 -1 0 0 0

(1+02€)%0 40 NOISNILXT DI10AD ¥ NO
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Table 11. Outer characters of,@) x (o)

(hy, 0) | (h1d, 0) | (haba, 0) | (NabaT, &) | (Nabat’, 0) | (Nabat™’, o) | (Na, o) | (Nababa o)
6, 0 0 0 0 0 0 -1 1
65 0 0 0 0 0 0 0 0
Os 1 1 -1 -1 -1 -1 -1 -1
06 1 -1 3 -1 -1 -1 0 0
67 1 -1 -3 1 1 1 0 0
610 0 0 0 0 0 0 0 0
611 0 0 2 2 2 2 -1 -1
612(1) 0 0 0 0 0 0 -1 1
f12(—1) 0 0 0 0 0 0 -1 1
x1(K) vk | (=1 0 0 0 0 0 0
Xaba,0,0(K) 0 0 —Bkj,0 —Bkj,0 —Bkj,0 —Bkj,0 0 0
Xaba,1,0(K) 0 0 —Bxj.0 —Bxij.3 —Bxij.1 —Bxj,2 0 0
Xaba,0,1(K) 0 0 —Bxj.0 —Bxj.1 —Bxj.2 —Bkj.3 0 0
Xaba 1,1(K) 0 0 —Bkj,0 —Bki,2 —Bkj,3 —Bkj,1 0 0
%a(k) 0 0 0 0 0 0 —8kj 0
Fababa(K) 0 0 0 0 0 0 0 —84;

¢T0T

1VYNNEg 'O



ON A CyCLIC EXTENSION OF G,(32"1) 1013

For generalities on perfect isometries, we refer to [1]. \Weall two results used
to establish a perfect isometry between the principal laakR(@) andG. The proofs
are in [1]:

Proposition 6.1. Any homomorphism JZ Irr(H) — Z Irr(G) is of the form ),
where i is a virtual character of Gx H.

We recall that @(G, €) is the K-vector space of class functions G — K such
that for everyg € G, «(eg) = «(g), and G(G, e, p) is the subspace of class functions
which vanish onp-singular elements os. We define in the same wayAG, e) and
Co(H, e, p). We have:

Proposition 6.2. The characteru is perfect if and only if
1. 1, mapsCp(H, f) into Cn(G, €) and R, mapsCp(G, €) into Co(H, f).
2. 1, mapsCk(H, f, p) into Ck(G, e, p) and R, mapsCk(G, e, p) into Ck(H, f, p).

Now, we will establish a perfect isometry between the ppatip-blocks of the
Ree group ands. Since a perfect isometry preserves the order of defeatpgrowe
only consider the prime divisorp of |G| such thatp is prime to the index of Ry) in
G (that is, p is a prime divisor ofg2 — q + 1). We can now prove Theorem 1.2:

Proof of Theorem 1.2. We prove the result only in the case &lgers a prime
divisor of (Q — 30 + 1). The other case is similar. The princippiblock of Bo(é)
is given in Propositions 5.8 and 5.9. By using relation (18§ obtain the principal
p-block of R(@@). In the following, we putAq = Bp(R(q)) = OR(q)ey and By = BO(G) =
OGf,. We definel and R as in the statement of Theorem 1.2. Sircés a homo-
morphism betweer Irr(R(q)) andZIrr(G), it follows by Proposition 6.1 that has
the form1,, wherepu is virtual character of5 x R(q). To prove thatu is perfect, we
use Proposition 6.2.

(1) Let C be a class of Rf) (resp.G). We associate the magc (resp. Bc) in
Co(R(@), &) (resp. & (G, fo)) defined byac(h) = lce(he) (resp.fc(g) = 1ek, (9 o).
We define on CI(R{)) (resp.G) an equivalence relation b§; being in relation with
Cy if ac, = ac, (resp.fBc, = Bc,)- Let X (resp.Y) the set of classes for this relation.
The family {aclcex (resp.Bcey) is a O-basis of G (R(), &) (resp. & (G, o). Let
Irr(Ag) (resp. Irr@p)) be the set of irreducible characters Ay (resp. Bp), which is a
K -basis of G (R(q), &) (resp. & (G, fo)). We decomposec in the K-basis Irr(Ag).
We obtain

IC|

oc = m ¢E§AD) #(C)o.

We now prove thatl,(«c) has values in0.
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If pd divides |C|, since the irreducible characters ofgR(and G have values in
O, it follows that I ,(ac) € Co(G, fo).

Supposep® does not divide|C| (that is p does not divide|C|). We will show
that 3~ rr(a #(C)1,(¢) has values irzZ, and is divisible byp?. Let 8, be a p’-th
root of 1. Let E4 be the non-zero classes @f p?Z for the relation~ defined as in

Theorem 1.2. We sef; = 8, + 671 +69 + 6779 + 69 + 579 We remark that
_ _|-6 if i#]j
(13) _ZSi__l and Z 5i5j—{qd_6 if i:j .
i €Eq i,j€Eq

By reducing modulop the values of the characters of W) on the classe€ (where
|C| prime to p) in Table 15, and by using relation (13), it is sufficient tcoshthat
the map

Va = 1+efs — By +ebuy +ebro(—1) +ebio(1) +6 ) eFa(ek),

ke})to

has integer values that are divisible Ipj. This can be checked without difficulty by
using the character table & (see Table 11) and we have

1 (Co(R(@), &)) S Co(G, fo).

By using relation (13) and Table 12, it is sufficient to protattthe map

Wa=l—t3—fE5— & —Eo—E10—6 ) 1y

keNo

has integer values divisible bg?. We verify this with the table of Ry) in Table 15.
We have proved

R(Co(G, fo)) S Co(R(), &)

Table 12. Values modul@® of Irr(Bo)

1 Es(i) (1,0) Gi(h)
1 1 1 1 1
ehy | —1 -1 -1 -1
&fs 1 1 1 1
611 1 1 1 1
O12(£1) | 1 1 1 1
efalak) | 6 87 45T 45T g g 4 gHA  sH
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(2) Recall that ifG is a finite group ands a class function of5, we denote byp the
restriction of¢ to the p-regular values ofc. If A is a p-block, we denote by?rp(A)
the set ofy, where x belongs toA. The setlﬁp(A) generates (G, €y, p).

In our problem, we see that it is sufficient to prove that

1, (I(Ao)) € Ck(G, fo, p) and R, (I(Bo)) S Ck(R@). e, P).

Let ¢ € Irr(Ag). Sincevr belongs to the K-space with K-basis W), we have

VEED D

pelrr(Ag)

Let g be ap-singular element ofs. Thus it belongs to either the cla&s(i) (see
the beginning of§4.4) or to Gy(h), whereh € L, (see Table 2).

First suppose thag is in Eg(i), then there exists @°-th complex root of 1 and
a1 a p-singular element of Rf) such that

2
Xa(@)(@) = 85 +579 + 671 = = (cn).
It follows that
k 2k -
VK, Xa(@k)(9) = 87 + 67+ 670 = —n7 (@),
Moreover, we have

1&(9) = Ir@)@1), Ose(Q) = —£3(er), 1 = &s(aa)

and

Oue = —&7(c1), Oro(—1)e = —£o(1), O1a(1)e = —E10(cta).

Thus, we deduce that for evegy e Irr(Ag), we havel, (¢)(9) = ¢(«1). It follows that

L@@ = D apler) = Y(ea) = 0.
pelrr(Ag)
Supposeg € G;(h) for some p-singular element in L,, then

L@@ = Y aslu(¢)@) =y(h)=0.
pelrr(Ao)

Thus, Yy € Irr(Ag), we havelﬂ(gﬁ) € CK(é, fo, p). We proceed similarly to show that
R.(ITr(Bo)) € Ck(R(a), €, p). We have shown:

1.(Ck(R@), €, P)) € Ck(G, fo, P).
R.(Ck(G, fo, P)) € Ck(R(@), €0, P)-
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It follows that n is a perfect character and the result is proven. U

7. Appendix

7.1. The Group Gy(Fs). Let n e N. We setq = 3¥™.. Conjugacy classes
and character Table of f8)) are described in [8]. LeE ={t3 —t |t € Fq} and ne
be the canonical map frofiy to Fy/E. We denote byt € Fy an element such that
me(8) = 1. Letk (resp.xo) be a primitive ¢° — 1)-th root of unity inFq (resp. inC).
Let w be a cubic complex root. We set:

= @@ -1)

G

7 = @-DE*+D),
0= Kq4+q2+l’
=0
=07,

We denote byr, the isomorphism betweefk) and (ko) such thatkg = 7, (k). For
every¢ € (k), we set

o = me(8).
Proposition 7.1. In Table 13,we give the conjugacy classes 6k(q). We write
a =y +ty, and Bi=th+tg.
Moreover we set

i jkl = Cikerjl T iejic ¥ lik—t)—ji F il—jk-1) F &ik-1)rjk F ALikrj (k-1).
ikt = Piket F Piteji + Pik)— it Pil—j k1) F Pigety+jl + Pikerj k1)
B = Bik+jl + Bil+jk + B B +B +8
o = O'(i) +o‘6i +o‘(i)q +Uo—iq +O-(i)q2 +Uo—iq2,
“i/,j,k,l = (k) T ak—21) T i —2);
a1 = ik F i+ iy,
B w1 = Biger) + Bik—21) * Big -2
B ki = (Bik * Bit + Bik-1)),

acl = (-1 + (1) + (D

We give the values dfr(G) that are interessting for us in this work ifable 14.
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Table 13. Conjugacy classes 0t(@)

1017

Notation | Representative Number Order of Centralizer
A | h@ 1,1 1 a®(@® - 1)@® - 1)
Ay X3a+20(1) 1 a%(q? - 1)

Agy X2a+b(1) 1 a%(g? — 1)
Az Xoa+b(1)Xza+20(1) 1 q°
As Xa+b (1)X3a+b (_ 1) 1 2q4
Asp Xa+b(1)X3a+b(1) 1 2q*
Asy Xa(1)Xp(1) 1 302
As) Xa(1)Xp(1)X3a+b(&) 1 3q2
As3 Xa(1)Xo(1)X3a+b(—£) 1 3q2
B1 h(1! _1l _1) 1 q2(q2 1)2
B h(1, =1, —1)Xza+p(1) 1 a’(@? - 1)
Bs | h(1, =1, —1)Xan(1) 1 a%(a® — 1)
Bs h(1, =1, —1)Xawb(1)Xzarb(—1) 1 202
Bs h(1, =1, —1)Xa+b(1)Xsa+b(1) 1 29°
Culd) | hy(, ~2i1) 2@-3)  |a@- e -
Cai) | N3, —2i, i Xamean(1) @a-9  |a@-1
. o 1
Coai(i) | hy(i, —i, 0) 5@-3) aq—1)@*—1)
1
Ca2(i) | hy(i, =i, 0)X2a+n(1) é(q -3) q(g—-1)
. o 1
Dui(i) | hs@i, —2i,1) sa-1 aq+1)@*-1)
Duoli) | Mii, 20, I Xsasn() Ja-1  |a@+y)
_ o 1
Dai(i) | hs(i, —i, 0) 5a-1) q(q +1)@* — 1)
Daxi) | hai —i, Ozasn(l) Ja-1  |a@+y
. L 1
Ei(i, j) | hyG, ., =i =) 1—2(Q—3)(Q—5) (q—1y
. . o 1
Ex(, j) | hy(i, (@ — 1), —qi) zl(q—l)2 9’ -1
. o . 1
Ea(i) | hs(,aj, —(aq+1)) zl(q—l)2 0’ -1
. o 1
Eai, j) | hs(i, j, =i — ) Ha-1Ha@-3) (q+ 1y
Es(i) | he(G, i g%) fa@+D)  |az+qe
Esi) | hs(i, —qi, q2) la-1 | q2—q+1

6




Ay Ar Az Az Ag1 As2 As1 As2 As3
01 1g(g+12(@%+q+1) lg@+)@+1) | fa@+D(+1) | fq@Gq+1) | Za@+1) |-fa@-1)| 3a| -—iq -1q
02 3a(a+ 1)@ +1) 3q(a+1) 3a(a+1) 3a@+1) |[-3aq(-1)| 3a@+1) | 0 0 0
05 6 0 0 0 0 0 0 0 0
05 q*+g?+1 g?+1 g?+1 g?+1 1 1 1 1 1
67 02(q* + g% +1) q? 92 92 0 0 0 0 0
610 lg@-1%9?-q-1) | f9@-1@q-1) | fa@-1)g-1) | -2aBa—1)| %a(@+1) |-Za@@—-1)| 29| -3q -3q
f11 3a(a— 1)@ —1) ~3q(@-1) —3q(@-1) —3q(@-1) |—3a(@—1)| 3q@+1) | O 0 0
612(1) 1q(g? - 1) -20(0?-1) —20(0? - 1) 1q fg(@+1) |-3a@—-1)| ia| 3a+ge |3g+qet
f12(—1) 1a(g® - 1) -1q(0®-1) —10(0?-1) q 30(@+1) |-30@-1)| 309 [ 30+do™t | 30+do
xok, D | @+D@2+q+1)@+1) | (q+1)@2+q+1) (q+1)@%+q+1) | 292+2q+1 2q+1 2q+1 1 1 1
xzk, ) | @ — D@2 - g+ D@ - 1) | -@-1@*>-q+1)| —(@-1)@>-q+1)| 20> —29+1| —(29-1) | —(2q—-1) | 1 1 1
xuk) | @+1@*-1@-1) -@+1@*-1 —@+1@*-1) |-(@®-qg+1)| q+1 q+1 1 1 1
By B> B3 By Bs Cu(i) Ci(i) Coa(i) Coo(i)
b1 3@+1° | 3@+1) | 3@+1) | 3(@+1) |-3@-1) q+1 1 q+1 1
b2 3@+1P | 3@+1) | 3@+1) |-3@-1| 3(@+1) q+1 1 q+1 1
65 q? 0 0 0 0 q _ 0 q _ 0
b6 1-2q 1-q 1-q 1 1 1+@+1)(1) [1+(1) [1+@+ 1)) |1+ (1)
67 0?—2q —q —q 0 0 q+@+1D | (1) |g+@+1)1) | (-1
b0 |-3@-17| 3@-1) | 3@-1) |-3@+1| i@-1) 0 0 0 0
b1 |-3@-1%| 3@-1) | 3@-1) | 3@-1) | -3@+1) 0 0 0 0
f12(1) 0 0 0 0 0 0 0 0 0
O12(—1) 0 0 0 0 0 0 0 0
xo(k, 1) | (@+1Pei | (q+Dex, (a4 + e, €kl €k, @+ L) o g @+ L'y, oy
xa2(k, 1) | (@ — 1Pe) | —(@— L)exs | —(q — e, €l €Kl 0 0 0 0
1a(K) 0 0 0 0 0 0 0 0 0

8T0T
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Table 14. Character table of,(])

Dua(i) Dao(i) D2a(i) Doo(i) | Eafi, j) | Ea(i) | Ea(i) | Ea(i, j) | Es(i) | Ee(i)

01 0 0 0 0 2 0 0 0 0 -1
02 0 0 0 0 2 0 0 0 -1 0
05 —q 0 —q 0 1 ~1 ~1 1 1 1
06 1-(q-1)(=1) |1+ | 1—@-1)1) |[1+(C1) | e (-1) | (-1 €K 0 0
07 |-9-@-1D-1' | (-1 |-9-@-1D' | (-1) I e G B I O D 0 0
610 q—1 ~1 q-—1 -1 0 0 0 -2 1 0
611 q-1 -1 q-1 -1 0 0 0 -2 0 1
012(1) 0 0 0 0 0 0 0 0 -1 | 1
012(—1) 0 0 0 0 0 0 0 0 -1 | 1
Xg(k, |) 0 0 0 0 Qi j .k, 0 0 0 0 0
XlZ(ka |) _(q - 1):3i/,k,| ﬂi/,k‘| _(q - 1):3i/fk,| ,Bi/fk,| 0 0 0 ,Bi,j kil 0 0
x14(K) 0 0 0 0 0 0 0 0 0 O

(1+02€)%0 40 NOISNILXT DI10AD ¥ NO

6TO0T



1020 O. BRUNAT

7.2. The Ree group of type G. We setd = 3". The Ree group R is de-
scribed in [14] and its character table is computed in [15F Mtall that the conjugacy
classes of R{) are given in Theorem 4.1 and that we have:

Proposition 7.2. Let x € {1, a, aba, ababg. We denote by jhrepresentatives of
odd order elements of typex. Let yi = y¥ +y,*¥ and

i 2 —g2i i i 2j —g%i
8§ =mh+my +mg +n3q +rg 4T and § =mh+w) 4w +714q +r) "+,
, —3H1R
with 73 = oéq+30+1)2 and 74 = oS ¥*Y" Finally, we set

,3| 0= ":O + _L_0—8| + _L_Sl(39+1)| + _[0—4(39+1)| + _[61(39—1)| + _L_o—4(39—1)|’

— —8i 4(30+1)i —4(30+1)i 4(30-1)i —4(3-1)i
,Bil—‘l.'o + 1 —7:0( )_-,;0( )_ro( )_.L,O( ),
—8i 4(39+1)i —4(3p+1)i 4(39-1)i —4(3-1)i
,3|2—_To — 1 +.L,0( )+TO( )_TO( )_.L,O( ),
L8 M@+ _—A@+L) |, A1) , _—4(0-1)
,3|3—_To _.L.O8I_.L,O( )'_.L.O ( )|+.L.O( )'+.L,O -1

Then the character table oR(q) is given inTable 15.

ACKNOWLEDGEMENT. | wish to express his hearty thanks to M. Geck for lead-
ing me to this work and for valuable discussions.



Table 15. Character table of &)(

1 X T T Y, Y, Ys J
£ g?—q+1 1-q 1 1 1 1 1 -1
& q® 0 0 0 0 0 0 q
& a@® —q+1) q 0 0 0 0 0 q
1 1 1 ) 1 5 1 1 1
&s 5(q—1)(q+30+1) _E(q +0) 5(_0 +60°v/—3) 5(—9—0 v=3)| 0 5(—9—9V—3) E(—0 +6+/=3) —E(q—l)
1 1 1 ) 1 ) 1 1 1
f | 5@-DQ@-3+1| 5@-0) | S(-0+0°V=3) | 5(-0-0V=3)) 0 | 5(-0-6V=3)| 5(-0+6v-3) | S(a-1)
1 1 1 ) 1 ) 1 1 1
& | 5@-D@+3+1) | —5@+0) | 5(-0-0°V=3)| S(=0+0°V=3) | 0 | S(-0+6V=3) | 5(-0 —0vV=3) | —5(a—1)
1 1 1 ) 1 ) 1 1 1
f | ;@-D@-39+1) | S@-0) | 5(0-0V-3)| S(-0+0°V-3) | 0 | S(0+6V=3) | S(-0-0V-3)| S@-1)
& 0(q” - 1) —0 -6 +62/=3 —0—-02/=3 | -0 %(—9 +6+/—3) %(—9 —6/=3) 0
€10 6(9?> — 1) -0 —0 —0%/-3 —0+0%/-3 | -0 %(—9 —6/-3) %(—9 +60+/=3) 0
T R+l 1 1 1 1 1 1 (q+1)
7]; q3 +1 1 1 1 1 1 1 _(q + 1)
mo| (@-1)@2—q+1) 2q-1 -1 -1 -1 -1 -1 3(—1)
n. | @-1@-q+1) 29-1 -1 -1 -1 -1 ~1 1-q
m, | @-1)@°-q+1) 2q9-1 -1 -1 -1 -1 -1 1-q
ms| @-1)@ —-aq+1) 2q-1 -1 -1 -1 -1 -1 1-q
w | @-1@+3+1) | —q—1-30 -39 -1 -39 -1 -1 -1 -1 0
m | @-1)@g-39+1) | -1+ 3 -1 3B-1 -1 -1 -1 0
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Table 15. Character table of &)(

JT JT71 hy | h1J | hapa | havat? | Napad | habad7? | ha | apapa
5 1 1 1] -1] 1 -1 | -1 -1 0 0
Py 0 0 11 1 3 1 | -1 -1 | -1 -1
£ 0 0 1| -1| -3 1 1 1 0
1 1
§ | 5-0v=3) | S@+eV=3) [0 0 | 1 | 1 | 1 | 1 | -1 0
1 1
b | 5(-1+0v=3) | 5(-1-0¥=3)| 0| O | ~1 | -1 | -1 | -1 | 0 | 1
1 1
| S0+0V=3) | S@-0v=3) |0 0 | 1 | 1 | 1 | 1 |-1] 0
1 1
fo | H(-1-0V3) | 5(-1+6V73) | 0 e I B B A BV B
2 0 0 0| 0 0 0 0 0 -1 1
§10 0 0 0| O 0 0 0 0 -1 1
r 1 1 Yir | Vir 0 0 0 0 0 0
n -1 -1 Vir | —Vir 0 0 0 0 0 0
o -3 -3 0 0 | =Bij.o| —B.o | =B.o| —PBi.o 0 0
n 1 1 1 0 0 | =Bijo| =Bz | =Bi1| —Bi.e 0 0
n 1 1 0 0 | =Bijo| —Bij1|—Biz2| —hBis 0 0
" a 1 1 0| 0 | ~Biyo| ~Aiz|—Pis| —Bj1 | O | O
i 0 0 ol 0| o 0 0 0 |-&| O
Mk 0 0 0| 0 0 0 0 0 0 (

=3

[440)
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