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0. Introduction. Let K=@Q(\/D) be the quadratic field with discrimi-
nant D, and H(D) and A(D) be the ideal class group of K and its class number
respectively. 'The ideal class group of K in the narrow sense and its class num-
ber are denoted by H*(D) and h*(D) respectively. We have k*(D)=2k(D), if
D>0 and the fundamental unit &, (>1) has the norm 1, and 4*(D)=h(D),
otherwise. We assume, throughout the paper, that |D| has just two distinct
prime divisors, written p and g, so that the 2-class group of K (i.e. the Sylow
2-subgroup of H*(D) because we mean in the narrow sense) is cyclic. Then the
discriminant D can be written uniquely as a product of two prime discrimi-
nants d, and d,, D=dd,, such that p|d;, and g|d, (cf. [16], for example).

By Redei and Reichardt [13] (cf. proposition 1.2 below), #*(D) is divisible
by 4 if and only if D belongs to one of the following 6 types:

(R1) D=pq, d—p, dy—q, p=q=1 (mod 4), and (i)zl (:(i) by
reciprocity); 7 p

(R2) D=38q, d,=38 (p=2), d,=q, and g=1 (mod 8);

(I1) D=—pg, di——p, dy—g, p=3 (mod 4), g=1 (mod 4), and (_—Eﬂ)zl
—(4 ; i) -

(-(;) by reciprocity);

(I2) D=-8p, d)=—p, d,=8 (¢=2), and p="7 (mod 8);

(I3) D=-8q, di=—8 (p=2), dy=¢q, and q=1 (mod 8);

(I4) D=—4q, d)=—4 (p=2), d,=q, and g=1 (mod 8);
where (—) is the Legendre-Jacobi-Kronecker symbol.

Conditions for A*(D) to be divisible by 8 have been given by several
authors for each case or cases ([1,2,3,5,6,7,8,9, 11,12, 15]). Some of them
are reformulated in section 3. The purpose of this paper is to give some con-
ditions for the divisibility by 16 of A*(D) for each case (cf. theorems 5.4, 5.5,
5.6, 5.7, 5.8, and 6.7). The main ideas were announced in [18] and [19].

While in preparation of the manuscript P. Kaplan informed me that
theorem 6.7 was proved also by K.S. Williams with a different method and
furthermore he gave a congruence for A(—4g) modulo 16 ([17]).

* Reseach supported partly by Grant-in-Aid for Scientific Research.
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1. 2-class field; divisibility by 4. Let 2° be the order of the 2-class
group of K, so that 2°||4*(D) (ex1). Since the 2-class group of H*(D)is cyclic,
we have the following chain of subgroups:

H*(D)DH*(Dy*> - DH*(D).

Denote by Ky the class field of K corresponding to the subgroup H*(D)*.
We have a tower of of class fields:

KcK,c-CK,e.

Ky is unramified at every finite prime in K and [Kp: K]=(H*(D): H*(D)*)=
2" (1=k=e).

Proposition 1.1 (Reichardt [14]). K, is normal over Q. The Galois group
G(K»/Q) is isomorphic to the dihedral group Dy of order 2+,

In particular G(K,/K)==Z,x Z,, where Z, denotes a cyclic group of order 2.
It is well-known and easy to see that

KZ = Q(\/Z’ \/72) = AB )

where A=Q(\/d,) and B=Q(\/ d,).

We write a~b (resp. axb), if ideals a, b of K are in the same ideal class
(resp. in the same narrow ideal class). As p and g are ramified in K, we have
(p)=V% (¢)=q?% where p and q are prime ideals of K. Denote the narrow ideal
class containing p (resp. q) by C*(p) (resp. C*(q)). Then C*(p)’=C*(q)*=1.

It is also well-known that the elementary 2-subgroup of H*(D), which is
isomorphic to Z, in the present case, is generated by C*(p) and C*(q). So
one of the three alternatives holds:

() C*p)—1and C*(a)=*1,

(ity C*(p)=*1and C*(q)=1,

(i) C*(p)=CHa)*1.

In case D>0 and d;% —4 (i=1, 2) we see easily that the condition (iii) holds
if and only if Ng&,=—1. By class field theory, we get the following pro-
position which is a special case of a theorem of Redei and Reichardt [13].

Proposition 1.2. The following assertions are equivalent:
(a) 4Ik*(D);

(b) both C*(p) and C*(q) belong to H*(D)?;

(c) both b and q split completely in K,;

(d) p and q split completely in B and A, respectively;

o (B
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As a direct consequence of proposition 1.2 we have 4|k*(D) if and only
if D belongs to one of the types (R1), (R2), (I1), (I2), (I3), (I4) in section 0.

2. Construction of K,. In this section we assume 4|4*(D), so that D
belongs to one of (R1), --+, (I4) in section 0. The class field K, is normal over
@ and the Galois group G(X,/Q) is isomorphic to the dihedral group D, of
order 8. 'The subfields of K, are given as follows:

K, 4=Q(Vd)
A 4 K\XB B=ava)
2 2 2 2 2 A2 — A(\/E)
I / A5 = ANV a)
4 K B

\ / B, = B(V'B)

Q B; = B(V@')

where a4, BB, a’ (resp. B8') is the conjugate of a (resp. B) over @, and
aa’'=d, (mod (4*)%), BR'=d, (mod (B*)?).

From proposition 1.2 it follows that g (resp. p) splits completely in A4
(resp. B). Let (p)=9%, (9)=0q494 (resp. (9)=0q%, (p)="psP5) be the prime de-
compositions in A4 (resp. B) with prime ideals P4, q4, q4 in A4 (resp. qz, Ps, P5
in B).

Let Q (resp. Q') be a prime divisor of q, (resp. q4) in K,. Since the
extension K,/K is unramified at every finite prime the inertia field of Q with
respect to K,/Q is either 4, or 4;. We may choose 44 (resp. 4,) to be the
inertia field of Q (resp. Q). Then we get easily that

(2.1) qy (resp. a4) is the only finite prime in A whick ramifies in A, (resp. A%) .
In the same way, by a suitable choice of B, and B3, we have
(2.2) Pg (resp. v3) is the only finite prime in B which ramifies in B, (resp. Bj) .

As for the ramification of infinite primes, we can argue in the same way if
D<0. Indeed when D<O (types (I1), (I2), (I3), and (I4)), the infinite prime
oo of @ ramifies in A, co=o0%, and splits in B, co=ocozc0%;. By a suitable
choice of ooz and oo% we see that

(2.3) if D<O, then both A, and A; are unramified at oo, and B, (resp. B}) is
ramified at cop (resp. oo%) and unramified at cof (resp. oop).

If D>0, both 4 and B are real, so that oo splits in 4 and B, co=100400%, co==
oogo0p.  To go further, we have to take the absolute class number 4(D) into
account. If 4 YA(D), then 2||h(D) and Ni&p=1, so that K, is ramified at
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every infinite prime of K, which implies that K, is the inertia field of oo with
respect to K,/Q, for K, is normal over @ Hence we have

(2.4) if D>O0 and 2||k(D), then every infinite prime of A (resp. B) ramifies in
A, and Aj (resp. B, and Bj).

If D>0 and 4|A(D) then K, is unramified at every infinite prime over Q.
Hence we have

(2.5) if D>O0 and 4|h(D), then every infinite prime of A (resp. B) does not
ramify in A, and A} (resp. B, and B}).

We denote by O the ring of integers of a number field F. Let f, and X,
(resp. fp and Xj) be the conductor and the Hecke ideal character attached to
the quadratic extension A,/A4 (resp. B,/B).

Proposition 2.6. Suppose D belongs to type (R1). Then
(a) #f 2||h(d), we have

fo=oouh, X(W)=(2)senNa  (v€0,—an);

A

= 2>

fo=Paonooh, Xal(w) = () sgn Non  (nE03—Ps);
(b) if 4|h(D), we have

fa=ar Xa((V) = (q&) (AE0—0,);

fe =95, Xs((n))= (f;) (EOp—b5);

el

B

where <—) (resp. (~>) denotes the quadratic residue symbol modulo q, (resp. Pp).
Qa Ps

Proof. If 2||k(D) then Ni&p=1. It follows from (2.1), (2.2), and (2.4)
that the quadratic extension 4,/4 (resp. B,/B) is ramified at q,, o0 4, oo/ (resp. P,
00 p, 00%) and unramified outside them. Hence

Xa((V) = ( A, 4,/4 )( », 4,/4 )( A, 4,/4 (norm-residue symbol)

Qa 04 o)
= (7”;140‘><7" j‘)(l;i‘) (Hilbert symbol)

I

2 2|

)(szm 2) (s )

(
(

)sgnNAx A€0,—0q,),



DivisiBILITY BY 16 oF CLAss NUMBER 5

which implies f;=q400400%. We have Xz(())= ( )sgnNBp, and fz=pgoozoof

in the same way.

If 4|A(D), then, from (2.1), (2.2), and (2.5), it follows that A4,/4 (resp.
B,/B) is ramified only at q, (resp. ps). Hence the assertion (b) follows in the
same way. Q.E.D.

Proposition 2.7. Suppose D is of type (R2). Then
(@) #f 2||k(D), we have

fa=ioo, X)) = (X)wn N (ne04—a);
A

fo=Phooneoh, () = (L) sen Now  (w=Op—bs);

B

(b) if 4|k(D), we have
L=t %00 =(2) a0
fo=¥h, %) = (22)  (e0s—pn);

w2 1

Proof. If 2||k(D) then Ny &,=1. It follows from (2.1), (2.2), and (2.4)
that the quadratic extension A4,/4 (resp. B,/B) is ramified only at q,, oo, oo}

(resp. P, %05, 005). We have X,((\))= <q )sgn N4\ in the same way as in

A
the proof of proposition 2.6, while ('"’ 1’) R ) ('L;’ ) which implies (a). Asser-
B B
tion (b) is proved similarly. Q.E.D.
We obtain the corresponding results for the other types similarly.

Proposition 2.8. Suppose D is of type (I1), then
L= xon=(2) (AE0,—0.);
,» B
— o0 y X = EO - .
fo=Paoon, Xa((w) = ( )( 2 B) (we0,—py)
Proposition 2.9. Suppose D is of type (12), then

fa=din X0 = (%2) (ME0,—a,);
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peo _(#)(m B _
fo=ps2n, %) =(E)(25)  weos—b).
Proposition 2.10. Suppose D is of type (13), then
o= O =(2) (AE0,—a,);

fo=vbems, X)) = (2=2)(2E)  (weOy—b),

®p

where (&:ﬁ) :{ 1 if p=1, 3 (mod p}),
—1  if p=5, 7 (mod p}).

Proposition 2.11.  Suppose D is of type (14), then
o= X = () (E04—a,);
— H2 oo (& —1 &_@ _
fo=vheo, Xalu) = (251 )(EE)  (we0s—pa),
where (,u,, —1>={ 1 if p=1 (mod p3),
B

—1 if p=—1 (mod p3).
In propositions 2.8 to 2.11 the infinite prime ooy is defined by (’8 B ): —1,

B

so that (M) is the sign of p with respect to oo p.
(o]
B

Proposition 2.12. For each D, o and (3 can be taken so that they satisfy

the following conditions:
(@) a€04 BEOD, (a, a')=1, (B, B)=1;

(b)
(R1): {aa = g BB = ph@
a® =1 (mod 4), B* =1 (mod 4);
(R2): {aa _r oz,
a=1or342y/72 (mod 4), B+B' = 2941 (mod 4);
(1) : {aa’ o, BB = —p*®,
at=1 (mod 4), B =1 (mod 4);
e P
ata' = 2K ”—l—l (mod 4), B =1or 3422 (mod 4);

aa’ = BB = —2m)
@ { -
a= 1 or 3+2v/—2 (mod 4), B+B' = —2¥D+1 (mod 4);
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14) : {““'=9» BB = —1,
"1 a=+1(mod4), B+B' = 0 (mod 4).

Conversely, for each a (resp. B) satisfying (a) and (b) the field A, (resp. B,) is the
field A(\/ B) (resp. B(V ).

We remark that the condition a®*=1 (mod 4) (resp. 8°=1 (mod 4)) is equiva-
lent to ¢=1 (mod 4) (resp. B=1 (mod 4)) if p=1 (mod 8) (resp. ¢g=1 (mod 8)).

Proof. Since q, is the unique finite prime which is ramified in 4,=
A(V ) and aa’'=d,(mod (4*)?), we have (a)=q,a* with an ideal a in 4. Tt
is well-known that the class number 4(d,) is odd. Put a"“’=(y). We may
replace a by a*“dy~% then (a)=q%%’, so that a0, (a, a')=1, and aa’'=
+N, V=4 ¢"“D. The sign of the right hand side is determined by the
multiplicative congruence aa’=d, (mod (4*)?). Let1t, be a prime ideal in 4
such that t,|(2) and r,#q,. The ideal T, is unramified in 4, if and only if
there exists an integer § 0, such that ¢=4§% (mod %), where e is the index of
ramification of T, with respect to 4/@, that is, t5/|(2). Hence we have

a®=1 (mod 4) if p£=2 and ¢q=+2;
a = a square (mod 4) if p=2 and q=2;
a =1 (mod q%) if p==2 and ¢=2.

In the last case (p=2, ¢=2), it follows from a’'=1 (mod q%) that (¢ —1)(a’'—1)
=2 _—q—a'+1=0 (mod 4). We can argue similarly for 8 except in the
case (I4), in which we may proceed as follows. Since BB'=—4 (mod (B*)?),
we have B€0; and BB'=—1, that is, 8 is a unit, by a suitable choice of
representative @ modulo (B*)?%.  As B(\/ B)/B is ramified at b, and unramified at
p%, we have 8= —1 (mod p%) and B=1 (mod pf;). Hence 8—1=0 (mod pzp5)
and (B—1)(B'—1)=—B—B'=0 (mod 8), which implies B3+B'=0 (mod 8).
Conversely, if we take «, B satisfying conditions (a) and (b) then it is easily
seen that A(V a, vVa’) (resp. B(L/ B, V/B')) is a Galois extension of @ with
Galois group isomorphic to D, and it is a cyclic extension of K unramified at
every finite prime. Hence it must be K, by class field theory. So we have
A,=A(\ a) and B,=B(\/B). Q.E.D.

We remark that in case (I4) we mac take B=T-+U+/ ¢ =&, the funda-

mental unit of B (T, U< Z, T>0, U>0), in which case T'=0 (mod 4) follows

as a corollary.
Putting, for each D, respectively:

(R1)*: a=ZEWP ,  p_rteV g,
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(R2)*: a=x+yV2, ,8=z—+”;L7;
* . _x+yV—p _3twvq,
Iy : o 5 B ERt
(12)* : aZM’ B=z+w\72;
I3)* a=x+yv—2, B =%;
(T4)* : a=x+yv/—1, B=ztwVgq;

(%, , 2, wEZ), it is easy to see

Proposition 2.13. The conditions (a), (b) of proposition 2.12 is equivalent
to the following conditions:
(© %3, % wEZand ¢ (x,), pA (3, w);

@
(xz_ yz —_ 4_qh(p) , zz_qwz — 4Ph(q) R
R1)**: -
(R1) z(xﬂ\/ PY 21 (mod 4), (erLz\/ile (mod 4);
(Rz)** { —Zy = zz—‘qwz = 2M0+ ’
(*, )=(1, 0) or (3, 2) (mod 4), 2=2"241 (mod 4);
2+Py — 4.qh( ») , 22_qw2 — __4Ph(4) R
I1)** . —3 7
( <x“+y;/ r )351 (mod 4), (z—t{;\/ 1 >3El (mod 4);
I2)** - {xZJrPyZ = 4g"P, 2w = —p,
(L2 x=2"""+1 (mod 4), (2, w)= (1, 0) or (3, 2) (mod 4);
T3)* . {x2+2y2 =4q, F—qut = —2M+,
(I3 : (% »)=(1, 0) or (3, 2) (mod 4), =z=—2"9+1 (mod 4);
(14) #*: {x“ryz =9, F—qut = —1,
" ly=0 (mod 4), 2=0 (mod 4).
x+yv d\s

We remark that <—~2—) =1 (mod 4) if and only if

(x, )=(2, 0) or (6, 4) (mod 8) if d=1 (mod 8),
(x, »)=(2, 0), (6, 4), (3, 1), (3, 7), (7, 3), or (7, 5) (mod 8)

if d=5 (mod 16),
(%, ¥)=(2, 0), (6, 4), (3, 3), (3, 5), (7, 1), or (7, 7) (mod 8)

if d=13 (mod 16).
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3. Divisibility by 8. Assume 4|k*(D), then, in the same way as in
section 1, we have the following criterion for the class number 4*(D) to be divi-
sible by 8:

Proposition 3.1. The following conditions are equivalent:
(a) 8Ik*(D);

(b) both C*(p) and C*(q) belong to H*(D)*;

(c) both p and q split completely in K,.

Using the notation of section 2, we obtain easily:

Lemma 3.2. The following conditions are equivalent:
(a) CHP)EH*(DY (resp. C*a)SH*(DY);

(b) b (resp. q) sphits completely in K,|K;

(€) P4 (resp. ap) splits completely in Ay[A (resp. B,/B);
(d) b5 (resp. a4) splits completely in B,|B (resp. A,/A);
() XalPa)=1 (resp. Xs(as)=1);

(£) Xs(Ph)=1 (resp. X4(q)=1).

Proposition 3.3 (cf. [12] [3] [9]). Suppose D is of type (R1). Then we

have

(a) 2Ilk(d) if and only if (.éi)‘(%)‘:-n

. 2) q)

—_— :—1 d ) = =~ 5
zf(q ) an (2 ) 1 then p~1 and q41;
(2 = q) — _ ~1:
zf(q)4_1and(2>4—— 1 then Y31 and q~1;

(b) 4|IA(D) and N&y——1 if and only if (11) =(i)=—1;
q 4 4

P
(c) 8|h*(D) if and only if (%>‘:<%)‘:1;

@ (£)=ron(2) i (2)-on(z),

where x, 2 are rational integers satisfying the conditions (c), (d) (R1)** of pro-
position 2.13.

Proof. Assume 2||/A(D). Since N &p=1 we have p~1 and q41 or
pa41 and q~1 alternatively. In the first case we have C*(p)eH *(D)* and
C*(q)eE H*(D)*, hence, by proposition 2.6 (a) and lemma 3.2,

1= X(Pa) = Xal(V/F)) = (‘f,jf’ )eenNavs = —(5),
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—1=%,(9) = Xa((v/ 7)) = (‘;?) e Nov'g = —(3).-

B

=1 and (%) =—1 for the latter case.
4 4

Next, assume 4|#(D), then, by proposition 2.6 (b), we have X,(p,)=

vVPp\ (P (VN (9 N
(—E)=(?)4 and xﬂ(qB)_(——pB )-( p){ If 8 Yk*(D) then 4|[k(D) and
Ny &p,=—1, hence p~q=1 and we see, by proposition 3.1 and lemma 3.2,

C*(p)=C*(Q)EH*(D)* and X,(ps)=Xp(qz)=—1. If 8|A*(D), then we get
X4(Pa)=X5(q5)=1 in the same way. To sum up, we get the assertions (a),
(b), (c), and that

Xa(Pa) = (—1)®" (§> and X(q5) = (— 1)@ L) |

In the same way we have <§)

P/
On the other hand, since 4(d,) and A(d,) are odd,

X4(b4) = Xp(P5) (lemma 3.2)
= Xp(P3)"“? = X5((B"))

= <€_> (proposition 2.6, proposition 2.12)
B

=(F%)=(5)  ey@m

and similarly X(q B)=(—’£>, which imply the assertion (d). Q.E.D.
q

Proposition 3.4 (cf. [12] [3] [9]). Suppose D is of type (R2). Then we
have

(a) 20KD) if and only if (%)4(%)4 = 1
if (£> = —1 and (—%) =1 then p~1 and q#1;
q 4 4

if (%)f 1 and<%)4= 1 then pA1 and q=1;

(b) 4|\K(D) and Nx&py=—1 if and only if (%)4:(%)4: 1

(c) 814 (D) if and only if (%)4:(%)4:1;

@ (22 o (3)(2),
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where x, 2 are rational integers satisfying the conditions (c), (d) (R2)** of pro-
position 2.13 and

(%) =1 if a=1 (mod 8), (

a
2
(%)4 — 1 ifa=1 (mod 16), (

>=-—11fa 5 (mod 8);
%) — —14f a=9 (mod 16).

Proof. Using the following:
(59 (5)
Ps 2/4
(5:2) - (=)
Ps 2
we can argue in the same way as in the proof of proposition 3.3. The first
equlity of (3.5) is checked straightforwardly. Since B’=1 (mod p}), we see
(ﬁ"_%)zl if and only if 8/=1 (mod p3), that is, if and only if (8—1)(8'—1)
B

=0 (mod p}), for B=1 (mod p;); on the other hand (8—1)(B'—1)=BR" —
B—B +1=2"0—z41; so we get the latter equality of (3.5). Q.E.D.

(3.5)

Proposition 3.5 (cf. [12] [9]). Suppose D is of type (11), then

(.= (5)= () = o aa (5)=gno,

where x, 2, w are rational integers satisfying the conditions (c), (d) (I1)** of pro-
position 2.13.

Proof. Since pq=(/—pg)~1, we have p~q41. It follows from pro-

position 3.1 and lemma 3.2 that X,(9,)=X(q5)=Xs(P5)=X(q4) = (—1)*" @4,
By proposition 2.8 we have

wiea=(%2) = (3, = ),
Xa(04) = Xa(q2)" P = Xy((@)) = OLA) - (
(% ")
Xalas) = Xal(x/T) = (“7})(‘/00 8.,

It follows from (L&—B)=—1 that <\/?’ >=—sgn w. Since B=M
oo

o0p . 2

/—\

“)=()
()

Xa(95) = X' = %s((8) = (£

'-Q| 'Ultb
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=0 (mod p;), we have \/ ¢ = —5 (mod pp), so that XB(qB)z(_z w)(—sgn w)

= (zpw) sgn w, which implies (;—) =sgn w. Q.E.D.

Proposition 3.6 (cf. [9]). Suppose D is of type (12), then
()= (522) = (5) = oyt (2) =,

where x, 2, w are rational integers satisfying the conditions (c), (d) (12)** of pro-
position 2.13.

Proof. Since pq=(1/—2p)=1, we see that p~qA1. By proposition 3.1
and lemma 3.2 we have X,(P,)=X5(q5)=X4(0%)=X5(P5)=(—1)"®/. By pro-
position 2.9 we have

Xa(Pa) = Xo(V=P)) = (\/—A 2) = (rzﬁ)‘,
Xia) = Xul(@) = (£:2) = (2=522),

X5(05) = X5((8')) = (p_)(ﬂ ﬁ’) _ < f ) ’

%s(05) = %al(v ) = (52 ) (L2 E) = (22) smo,

in the same way as in the proof of proposition 3.3, proposition 3.4, and pro-
position 3.5. Q.E.D.

Proposition 3.7 (cf. [9]). Suppose D is of type (13), then

(5~ ()= (429~ (g) omor= v,

where x, 2, w are rational integers satisfying the conditions (c), (d) (I3)** with
2+w=0 (mod 4).

Proof. Since pq=(1/—2¢)~1, we have p~q4:1. By proposition 3.1 and
lemma 3.2 we have

Xa(D4) = Xp(05) = X4(q4) = Xp(p5) = (—1)HP4,

By proposition 2.10, we have

X4(Pa) = X4((V=2) = (\/q—? . (%2)4 ’
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xua8) = (@)= (%) = (¥),

qa q
Xa(03) = Xs((8") = (BpB—Z)(Boo BB) — (ﬁp;—2> _ (z—|—22h(q)) ,
Xa(as) = (7)) = (VLD (VL E).

We may safely assume /¢ =1 (mod p3), by transposing p; and p5 if necessary,
P -

\/_qg_>=<—g—>4 and 28=z+4w\/¢q =z+w (mod p}). Hence we

have z4+w=0 (mod 4), which determines the sign of w. It follows from B8<<0

and B’'>0 with respect to ooy that wy/ ¢ <O with respect to ooz which

Vg8

obtaining (

implies ( )=—sgn . Q.E.D.

Proposition 3.8 (cf. [11] [4] [10]). Suppose D is of type (14), then

(2)(8), - e

(}_) =1, and w=1(mod 4),
q

where x, 2, w are rational integers satisfying the conditions (c), (d) (I4)** of pro-
position 2.13.

Proof. Since q=(v/—¢)=~1, we get pa1, so that, by proposition 3.1
and lemma 3.2, we have X,(P,)=Xs(p5)=(—1)"®" and X,(q4)=Xs(qs)=1.
By proposition 2.11, we have

1+\/——1> _ (2\/—_1>4

Xu(92) = Xa((1+v =) = (15 >

—(2)(4
= (3.
Since B,=B(v/B) and B8=1 (mod p4), we have Xz(ps)=1 if and only if

B=1 (mod p5). As pg|l(8—1), we have 8=1 (mod p;) if and only if
(B—1)(B'—1)=—22=0 (mod 16). On the other hand,

X = %@ = (&)= (£)=1,

Xa(05) = X5((V/ 7)) = (\/Ep’;l)(\/?’ B) _1.

Since v/ ¢ =41 (mod p}), we have (\/:]o, B)=:|:1, which implies <0,
B
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while B'=z2—w+\/ ¢ =Fw=1 (mod p}). Hence |w|=1 (mod 4). Q.E.D.

4. Construction of K;. We assume 8|A"(D) throughout the rest of
this paper. By proposition 1.2, K; is a dihedral extension of @ and both G
(Ks/4,) and G(K,/B,) are isomorphic to Z,XZ, The intermediate fields of
Ki/A, and Kg/B, are given in the following diagram:

4 // | \k& A=A a) tEA,

)/// N‘ AV =4V ab'),

477 a4 B B=BAVB,).  B.EP:

’ Bi'=B,(v/ %),
\ oy’ =a’ (mod (45)3),

A\K/B B.B3'=p" (mod (B));

where a3’ (resp. B3’) denotes the conjugae of a, over A (resp. of B3, over B).
By proposition 3.1, both p, and q% (resp. both p; and q;) split completely in 4,
(resp. in By) and q, (resp. Pp) is ramified in A, (resp. in B;). We put

Pa=P.Pi, 0, =04,  ai=0.0%,
‘sz .ZB) p),.?:PBPJlBl; qB:QBQE?”
with prime ideals P,, P4/, QA, 0,4 O4 in A4, (resp. ISB, Py, Py, O, OF in By).

Since Kg/K is unramified at every finite prime, Q, (resp. P) ramifies in
either A, or A}’ (resp. B, or B{’). By a suitable choice, we may suppose that:

(4.1) Q, (resp. Py) is the only finite prime of A, (vesp. By), which is ramified in
A, (resp. By).

Arguing the ramification of the infinite primes in 4, (resp. B,) as in sec-
tion 2, we obtain:

(4.2) If D<O, then there is no (resp. only one (denoted by V3)) infinite prime
in A, (resp. B,) which is ramified in A, (resp. By).

(4.3) If D>0, 4||k(D), and Ni&p,=1, then every infinite prime in A, (resp. B,)
is ramified in A, (resp. B,).

(4.4) If D>0 and 8|h(D), then every infinite prime in A, (resp. B,) is unramified
in A, (resp. By).
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Let 4 (resp. 4r5) be the Hecke character of 4, (resp. B,) which is attached
to the quadratic extension 4,/4, (resp. B,/B,). By (4.1), (4.2), (4.3), and (4.4)
we determine 4, and 5 as follows:

Proposition 4.5. Suppose D is of type (R1) and 8|h*(D). Then
(a) i 4l|k(D), we have

V)= () e Nar (10,00

A

Wsl(1) = () sgn Nows (=05, —P);

B

(b) if 8|h(D), we have

o= (%) (AE0,—0.);
Pale) = (3) (€05, —Py).

Proof. (a) By (4.3) the primes of 4, which ramify in A4, consist of Q,
and all of the four infinite primes, so that

Pa(o) = (25 8%) i (24%).

k/j

(7\" g:/fb) _ (7\"sz> _ <&)o:d(“z) _ (&) ,

where ord(a,) is the order of a, with respect to Q,, and

We have

H(M):Hsgnxﬂ=NAzx'
v

| V|0

This complete the proof of the first part of (a). The second part is obtained
in the same way.
(b) The only prime of A4, which ramifies in 4, in this case is Q,. Hence

we have \pA((X)):()M—ZQé%/éz):(&). We can calculate rz((p)) similarly.
Q.E.D.

Proposition 4.6. Suppose D is of type (R2) and 8|h*(D). Then
(a) if 4l|k(D), we have

VN =(5) e Nip (LE0W—00);
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Vs((p)) = (MI” 2) sgn Np,u (nE05,—Pp);

(b) if 8|AD), we have

o) =(7) (AE0,—0.);
() = (42 (1€05,—Py).

B

Proof. Since B}'=B,(\/3}’) is unramified at Pp,
(-5~ (58)- (=329~ ()
= (52) = (5)):

The rest of the proof is the same as that of proposition 4.5. Q.E.D.

In the same way we have:

Proposition 4.7. Suppose D is of type (11) and 8|h(D), then

(o =(%) (AE0,—0.);
val) = (2)(552)  (we0s—Py).
Proposition 4.8. Suppose D is of type (12) and 8|h(D), then
v =(7) (€0, —0.);
i) = (L)) weon—Pa).
Proposition 4.9. Suppose D is of type (13) and 8|h(D), then
= () (E0,,—0.);
V() = (“’—,;;—2) LB (we0s-Py).

Proposition 4.10. Suppose D is of type (14) and 8|h(D), then

a0 =(5) (V€04 —0.);
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— (. '—1) ) :32> —
ol = (P57 )(552)  (we0s—Py).

5. Divisibility by 16. We assume 8|4*(D) in this section and obtain
a criterion for A*(D) to be divisible by 16 in the same way as in section 3:

Proposition 5.1. The following conditions are equivalent:
(a) 1614¥(D);

(b) both C*(p) and C*(q) belong to H*(D)?,

(c) both p and q split completely in K.

Using the notation of previous sections, we obtain easily:

Lemma 5.2. The following conditions are equivalent:
(a) C*(P)sH*(D)’ (resp. C*(a)€H*(D)");

(b) b (resp. q) splits completely in Ky;

(c) B, (resp. Q 4) splits completely in B, (resp. Ay);
() Wa(Lr)=1 (resp. Wa(Q)=1).

If d,# —4, we can set
(@) = g4 = QF@, (B) = ) = PF.
Hence we have:
Lemma 5.3. If d,&—4, then
Oit = (Va) and P = (VB).
Theorem 5.4. Suppose D is of type (R1) and 8|h*(D). Then we have
(a) k(D) if and only if (;)‘(1>4=_1;

q
2 x .
(;)A=1 and (?)4= —1 ifandonlyif p~1 and qAe1;
2 x . .
<;>4 = —1 and (?)4 =1 ifandonlyif pa&1 and q=~1;

(b) 8|k(D) and Ny&p——1 if and only if (%)4:(%)4:—1:

(c) 16|h*(D) if and only if (%)4:(%)421;

where x, 2 are rational integers satisfying the conditions (c), (d) (R1)** of pro-
position 2.13.

Proof. Assume first that 4||#(D). Then, by proposition 4.5 and lemma
5.3, we have
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'\I"B(pB) = ‘/"B(pu)h(q) = \("B((\/F)) = (\I/’f ) sgn NBz\/F’

()= ()= ()= ()= (.o ome
Np,VB = Ny(—RB) = BB’ = p"@>0.

X

Hence %(ﬁ,,):(%)4. We obtain ¢A(QA)=(;>4 similarly. On the other

hand, as N &,=1, we have either p~1 and q41 or p#1 and q~1. By lemma
5.2, we have vr5(Ps)=1 and vy,(Q,)=—1 in the first case and rz(Pp)=—1
and 11,A(QAA):1 in the latter case.

Next, we assume that 8|4(D). By proposition 4.5 (b), we have

il = vl = () = (&) = (£),

P
Va(04) = val(Va)) = (\g )= (&)4 _ (g) .

If 8||k(D) and Ng&p=—1, we have pa~qa1, hence yrz(Pp)=v,(Q)=—1 by
lemma 5.2. If 16|k*(D), then, by proposition 5.1 and lemma 5.2, we have

Va(P)=vAQ)=1. QED.
Theorem 5.5. Suppose D is of type (R2) and 8|h*(D). Then we have

(a) 4lh(D) if and only if (“’“22"“’))4%)4:—1;

z__zh(4)> . X _ . . —~ .
( 5 )= 1 and <—q—)4— 1 if and only if p~1 and q#1;

—2h@)
(z 22 4)4: —1 and (%) =1 ifandonly if a1 and q=~1;
4

o . . 2—2h(q) . -:x; 1.
(b) SIIA(D) and Negp=—1 if and only if ( . )4_(q)4_ 1;

(©) 16|k*(D) if and only if (“”5"“’)4:(%)4:1;

where x, z are rational integers satisfying the conditions (c), (d) (R2)** of pro-
position 2.13.

Proof. If 4||k(D), then, by proposition 4.6 (a), we have

\”‘B(ISB) = ¥5((VB)) = (\/IBJB’ 2) sgn N,/ B

- (5= ().
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where (f}) —1if 8=1 (mod p}) and (pﬁ,)f—l if 8=9 (modpy). Since
B/4 B

B=1 (mod p4) and B’=1 (mod p}), we see that B=1 (mod p%) if and only
h
if (B—1)(8'—1)=2*9—z+1=0 (mod 16), so that %(ﬁg)—_—.(z—zz “’). The
4

rest of the proof can be done in the same way as in theorem 5.4. Q.E.D.

Theorem 5.6. Suppose D is of type (11) and 8|h(D), then

(ﬁ) — (_l)h(u)/s ,
qr4 '

where x is a rational integer satisfying the conditions (c), (d) (I1)** of proposition
2.13.

Proof. Since p~qa1, it follows from proposition 5.1 and lemma 5.2
that 11/-3(153) \IrA(QA) (—1)ke8, By proposition 4.7 and lemma 5.3, \p,i(QA)-~

x Q.E.D.
vavan=(%52)=(2),~(),
Theorem 5.7. Suppose D is of type (12) and 8|h(D), then

(x—zzh(-ﬁ)) — (__ l)h(D)/B ,
. 4

where x is a rational integer satisfying the conditions (c), (d) (I2)** of proposition
2.13.

Proof. Since p=~q#1, it follows from proposition 5.1 and lemma 5.2
that \[r,,(ISB) \,(rA(QA) (—1)*»/ By proposition 4.8 and lemma 5.3, we have

Va Q1) =Pa(V @) =<—\£3—2>, and we deduce that (\/E’ 2) =(x~2h(-”>4 as

Qs 2
in the proof of theorem 5.5. Q.E.D.

Theorem 5.8. Suppose D is of type (13) and 8|h(D), then

2%\ _ (__1ymoxs
(), = vren,

where x is a rational integer satisfying the conditions (c), (d) (I3)** of proposition
2.13.

Proof. Since paqas1, we have Yrp(Pp)= v (Q,)=(—1)"®", By pro-
position 4.9, we have yr,(Q,)= 1lr,,((\/a))—<———)= g—)=<—)4. Q.E.D.

For discriminants of type (I4), the above argument does not work well.
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An alternative method is therefore given in the next section.

6. D of type (I4). We assume that D is of type (I4) and 8|A(D) in
this section. It is easy to see that

K,= Kz(\/g) =Q(V—1, \/E) )

where §,=T-+U+/ ¢ >1 is the fundamental unit of B. The field K; has been
explicitly constructed by H. Cohn and G. Cooke [4] (cf. also [10]):

Lemma 6.1 (Cohn-Cooke).
Ky = K(V(f+V—9(1+vV—-1)Vs¢, ),
where e and f are rational integral solutions of
(6.2) —q = f?—2¢%; ¢>0, f=—1 (mod 4).

We let 7\.:(f—i—\/:—é)(l—i—\/._—1)\/g_q, so that K;=K,(\/)). As Py is
ramified in K,, we have Py=%? where & is a prime ideal of K,. It is easy
to see that the completion of K, at & is isomorphic to @,(/—1) and we may

fix the isomorphism by taking

(6.3) \/?Eq——;—l (mod p5) and \/5584;1 (mod P3).

We remark that P?|Pg|p5((2). Denote by Ogp the ring of P-adic integers,
then #=1—+/—1 is a prime element of Oy and its maximal ideal is zOg,
which is also denoted by &. Since the ramification index of & is 2, we obtain
easily:

Lemma 6.4. Let the P-adic units be denoted by Op. Then
nwEO% if and only if p=+1 (mod P5).
As A [7*€0%, we have

Lemma 6.5. The following conditions are equivalent:
(a) 161k(D);

(b) P splits completely in Ky;

(¢) A/z*=-41 (mod F).

By simple calculations we have:

Lemma 6.6. (a) f= _q_—gl (mod 8);

o) [HV =1 Jﬁ;l (mod ).
(4
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Theorem 6.7 (Williams [17]). Suppose D is of type (14) and 8|h(D).
Then 16|k(D) if and only if T=q—1 (mod 16), equivalently, (—1)*/* (%) =
4
(—1)"®8 where &,=T-+U-~/"q >1 is the fundamental unit of Q\/(q).
Proof. By (6.3) and lemma 6.6, we have

Mt = THY =4 = g e (54 @),
- 2 2

and so A/z’=41 (mod &%) if and only if

(6.8) §«;_1 = iq_szl (mod ).

As ¢=1 (mod 8) and &=1 (mod p5), that is, g=¢,=1 (mod ¥°), we obtain
(6.8) if and only if &, =g (mod P7), that is, if and only if &=g¢ (mod p5). It
follows from lemma 6.5 that 16|%(D) if and only if &, =g (mod p5). Since
&=1 (mod %) and &=—1 (mod p}), we have &=1 (mod p5) if and only if
(6,—1)(&,—1)=2T =0 (mod 32). Hence we deduce &, —1=T (mod P%).
Q.E.D.
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