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PERFECT CATEGORIES IV
(QUASI-FROBENIUS CATEGORIES)

Manasu HARADA

(Received November 8, 1972)

The author defined perfect Grothendieck categories and studied them [11].
In [12], [13] he developed [11] and determined hereditary perfect categories and
hereditary perfect and QF-3 categories.

In this note, as a continuos work we define quasi-Frobenius categories
(briefly QF) and generalize some properties of QF-rings.

Let A be a Grothendieck category. We always assume U contains a gene-
rating set {G,}; of small objects G,, e.g. functor categories. If every projective
objects in U are injective, we call A a QF-category. As we see in examples of
OF-categories, some important properties of QF-rings are not inherited to QF-
categories.

The object of this paper is to fill those gaps. We assume mainly that G,’s
are projective, then QF-categories are perfect. It is clear that all of results in
the category Mz of modules over a ring R with identity are not valid in perfect
categories A. However, modifying proofs in M, we sometimes succeed to
extend some properties in Mz to A.  All of theorems in this note are well known
in Mg and so we shall give often only methods how to modify proofs in M.

In §1 we generalize the notion of =-injective [5] and obtain [5], Proposition
3 in A. We define a QF-category in §2 and generalize results in [4] and [14].
In §3 we deal with a problem whether a QF-category has the following property
or not: every injetives are projective, (see [6]). In the final sction, we give some
supplementary results of [10].

In this paper, rings .S need not to have the identity, unless otherwise stated.
We refer the readr to [11], [12] and [13] for notations and definitions.

1. ZX-injective

Let A be a Grothendieck category. We always assume that 2 has a gene-
rating set {G,}; of small objects G,.

1) See [11] and [12] for the definitions.
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Let M, N be objectsin A and S=[N, N]. Then [M, N] is a left S-module.
Let M, be a subobject of M. By liar x1(M,) (bri.fly I(M,)) we denote the left
S-submodule of [M, N] whose elements consist of all f such that f| M,=0. By
I(M, N) we denote the set of such annihilator submodules of [M, N]. Con-
versely, for any left S-submodule K of [M, N] we denote the subobject
, QE Ker k& by ru(K) (briefly »(K)). Finally, by (M, N) we denote the set of

such annihilator subobjects in M.

The following lemma is well known in the category 9, of T-modules over
a ring T with identity and we can prove it by modifying the proof of [7], Lemma
1 in p. 136.

Lemma 1 (Baer’s condition). An object Q in N is injective if and only if
any fE€[G, Q] is extended to an element in [G,, Q) for any subobject G of
G,, a<=l.

Following to Faith [5], we call an object Q S-injective if any coproducts of
O itself are injective.
The following results are some versions of [1] and [5] in 2L

Lemma 2 ([5]). Let M, N be objects in N. We assume that r(M, N) is
noetherian. Then for any subobject M, of M there exists a small subobject M, of
M such that I(M,)=I(M)’).

Proof. Since (M, N) is noetherian, [(M, N) is artinian. From the as-
sumption M,= U M,, where M,’s are small objects. Then I(M,)=NIM,)=

r"1 (M), since [(M, N) is artinian. Hence, I(M,)=I( U M,,).

Theorem 1 ([1], [5]). Let N be a Grothendieck category with generating set
{G.} 1 of small objects and let Q,{Qg} ; be a set of injective objects in A. Then

1) If Q is Z-injective, v(P, Q) is noetherian for any small object P. Con-
versely, if r(G,, Q) is noetherian for all G, then Q is S-injective.

2) E’} @D Og s injective if and only if for any a I and any chain T\ S T, +--

G T,S - of subobjects of G, there exist n, and a finite subset J, of J such that
[Tyi1/Tw Oy]=0 for all n=n, and r J— J,.

Proof. We assume that Q is =-injective and 7(P, Q) is not noetherian for
a small object P. Let P,.<P,&--&P,&-- be a chain in (P, Q). Put
Py=UP; and let f;€l(P;)—(P;,,). Then f,(P,)=0 for j<i and f;(P,)=0 for
k=>i+1. Put f=IIf;€[P, [1Q]. Since f(P;)C>1PQ and Py=lim P;, f(P,)C

>¥PQ. However, P is small and so Im fC i @0, which contradicts to a fact
[l Ppir= 'ﬁ fil P& Em_‘, @0. Hence, (P, Q) is noetherian. Conversely, we
i=1l 1
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assume that 7(G,, Q) is noetherian for all a=I. We consider a diagram for a
subobject P of G,

0—-P-—>G,.
¥
Aty

Let 7y be the projection of 3% @O to the y-th compoment Q. From Lemma 2
T

we obtain a small subobject P’ of G, such that /[(P)=[(P’). Since P’ is small,
nyf| P’=0 for almost all yeJ. Hence, 7yf | P=0 for almost all v, which means

that Im fC fm‘__, @Q. Therefore, fis extended to an element in [G,, 2 DO,
1 I
since Q is injective. Hence, > PQ is injective by Lemma 1. We can prove
J

2) similarly to the case of modules.

Corollary 1. Let Q be a S-injective and small object in N. Then [Q, Q] is
a semi-primary ring.

Proof. It is clear from Theorem 1 and [10], Theorem 1.

Corollary 2 ([2]). Let {Q.}; be a set of Z-injectives. If ZI} DO, is injec-
tive, EI] DO, is S-injective.

Proof. It is clear from Theorem 1.

From Chase’s method [3] and Theorem 1 we obtain

Corollary 3 ([3]). Let A be as above. Then every injectives are Z-injective
if and only if W is locally noetherian.

2. QF-categories

We have many characterizations of quasi-Frobenius rings R with identities.
The categorical ones among them are

I Every projective modules is injective [5] and
II  Every injective module is projective [6].

We shall define a quasi-Frobenius category by taking the property I. Let
A be a Grothendieck category with generating set {G,}; of small objects. U is
called QF if every projectives are injective.

First, we have

Proposition 1. Let A be as above and G, projective for all ac1. Then A
is QF if and only if W is perfect and S \PG,, is Z-injective.
I
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Proof. We assume % is QF. Then G, is S-injective. Hence, G, is a
coproduct of completely indecomposable objects {P{} by Corollary 1 to
Theorem 1. Furthermore, since >3 @G, is injective, for any K, {P{},; is a

K

right T-niloptent system by [9], Corollary to Proposition 10. Hence, 2 is perfect

from [11], Corollary 1 to Theorem 4. Conversely, if 2 is perfect, 2 contains a

generating set {P./},;/ of small projectives and every projectives are coproduct

of some family of Py [11], §3. On the other hand >} @ Py is S-injective if so
I,

is g‘, @G, Therefore, A is QF.

We know many interesting properties of a QF-ring and in this note we shall
generalize some of them in . '
First, we shall give examples of QF-Grothendieck categories.

ExampLE 1. Let {K;} be a family of QF-rings. Then [N, is QF.
The following example is a slight modification of [18], p. 379.

ExampLE 2. Let K be a field and R be a vector space over K with basis
{e:, f}: R= i B(e; KD f;K). We define a multiplication in R as follows:

é;6; = ai,jeiy eif]‘ = 3;,,-fi,ffe,- = Bi,j—lfi and fif,- =0,

where §; ; is the Kronecker 8.

It is easily seen that R is an associative ring and R=>Pe;R=>1PRe;. Since
e;R=e,K® f;K is an artinian and noetherian R-module, M3? is a locally artinian
and noetherian perfect Grothendieck category from [11], §3. We shall show
that e;R is injective in M. Every e;R has only one proper submodule f;K. Let
g be in [f K, ¢;R]. It is clear that g=0 if ¢4, It i=j, g(f;)=f:k for some k
in K. Hence, e;k=[e;R, ¢;R] and e;k| f;K=g. Therefore, ¢;R is injective by
Lemma 1. Hence, M} is a perfect QF-category by Corollary 3 and Pro-
position 1.

Next, we consider gM*. Let g be an element in [Kf,, Re,] such that
g(fi))=e,. Then it is clear thatig is not extended to an element in [Re,, Re,].
Hence, Re, is not injective in xM*. On the other hand, all of other Re; are
injective as above. Thus, pfI* is a QF-3 perfect category from [13], but not
OF. Furthermore, R is a cogenerator in M, but not in M;.

This example shows that a perfect QF-category does not inherit some pro-
perties of QF-rings, Furthermore, the example given in [9], p. 331 is a OF-
Grothendieck category with generator and cogenerator object, however it is neither
locally noetherian nor artinian (this category does not contain a generating set of
small objects).

We do not know whether Q F-categories with generating set of small objects
are locally noetherian (or artinian).
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Let A be the category as above. Put G= 2 @G, and S=[G, G]=
];[ [G4, G]. Then S contains the ring R= 42,,; D[G.4, Gg]. Let 1;[ S 1;[ ga be
elements in S. Since G, is small, 2 f+gs1sin [G,, G]. Hence, (I f.)(II gs)=
ImI (?L_‘,f.,g,,,). If [Tg,isin R, g,—= 0 for almost all «. Hence, (11 f,)(IIg.)ER
and SRCR. For any subobject O of G we put l(Q)=Is(0)NR.

Lemma 3. Let G and G, be as above. For any subobject Q of G, we have
r(l=(Q))=r(ls(Q))-

Proof. Put G,=G,, G,= E QBGB and S;;=[G;, G;]. Then S= 2= DS,
and S;, are in R. [5(Q)= E S,2€B 2 (s(Q)NS;;). Then r(lS(Q))—r(E‘ éBS,z) n
r(T)=G,Nr(T), where T~ 2 (lS(Q) NS;). On the other hand, 1x(Q)=
(RN 31 ST and r(1x(@)=G: Nr(T)=r(is(Q))

Proposition 2. Let W be the Grothendieck category with G,. If G, is -
injective for all o and G is an injective cogenerator, then U is locally noetherian.

Proof. Let S and R be as above. Then 7(/5(Q))=0 for any subobject Q
of G by the assumption, (cf. [10], §2). Put R=[G,, G]D >} B[Gs, G]. Then
e
for any subobject Q’ of G,, [g(Q")=1(Q")N[Gs G]P ; ®[Gg, G]. Hence,
. @ ﬂ
Q' =r(Is(QN=r(UQN)=rlx(Q) N [Ga CDN7(ZB[GCs: C])=CaNrllica.c1(Q"))
=764(lica, c1(Q’)). Since G is Z-injective, G, is noetherian from Theorem 1.
Corollary. Let R= > @e,R= D) PRe, be the induced ring from a cate-
I I

gory.  We assume that M3, is OF and R is a cogenerator in WM}, If for a given
a, exRea=0 for almost all B 1, e, R is artinian and noetherian.

Proof. There exists an idempotent E=e,+e,,+---+e, such that e,R=
e,RECERE. ER is noetherian by Proposition 2. Hence, ERE is right
noetherian and semi-primary by [10], Theorem 1. Therefore, ERE is right
artinian and so e,R is artinian as an R-module.

The following theorem is a version of [14] in .

Theorem 2 ([14]). Let A be a locally noetherian category with generating
set {P,}; of small projectives. We put P= ) PP, and S=[P, P]. Then W is
I
OF if and only if
1) For any a<I and any finitely generated S-module | of [P,, P] l(r(1))=1.

2) For any a&1 and any subobjects P,, P, in P, I(P, N P,)=I(P,)+I(P,) in
[P, P].
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Proof. Let Q be an injective object. Then 1) and 2) are valid if we
replace P and S by Q and [Q, O] (cf. [10]). We assume 1) and 2) and show that
P, is injective. Let P, be a subobject of Pg such that P,=Im x; x&[P,, Pg],

/
We may assume x&[P,, P]. Let fbe in [P, P,]. x: P, > P,—> Pp and put
K=Kerx’. Then rp (x)=K. Since [(K)=I(r(x))=Sx and fx,€l(K), fx'=sx
for some s S. We may assume s&[Pg, P,]. Then, f=si and-s| P=f. Since

Pg is noetherian, every subobject of Pg is of form U Im x;; %, [Py, Pl. We
1

can prove, analogously to the case of modules, from 2) that every element in
[P/, P,] is extended to one in [Pg, P,], (cf. [10]). Hence, P, is injective by
Lemma 1. Since U is locally noetherian, A is perfect from Corollary 3 to
Theorem 1 and [9], Corollary to Proposition 10. Hence, 2 is QF by Pro-
position 1.

Let T be a ring with identity. If T is right artinian and self injective as a
right T-module, then T is QF and T is left artinian and self injective as a left
T-module. However, as shown in Example 2, this fact is not true for .

Theorem 3. Let R= ) Pe,R=DP Re,, be the induced ring from the
I I

category U. Then the following are equivalent.
1) My and KM are QF.
2) WMy is locally noetherian and R is injective in M}, and g™
3) M3 is OF and R is injective in R+,
4) M is OF and locally artinian and R is a cogenerator in M3, (cf. [4]).

Proof. We first show the following fact. If 3 is OF and R is injective
in xM*, then R is a cogenerator in M;. We may assume e,’s are primitive.
From the remark before Lemma 3 and the first part of the proof of Theorem 2,
we have 7l(t")=t1’ for any finitely generated right R-module t’ in [Re,, R]=¢,R.
Let t be any right R-module in ¢,R. Then /(x)= N{(t’), where 1’ runs through
all finitely generated R-modules. Since MM is perfect from the assumption and
Proposition 1, zgMM™* is semi-artinian by [11], Theorem 5. Hence, Re, contains
a unique minimal submodule S,. Since /(x)%0, /(t)= NIt")2S,%0. There-
fore, e,R/x is contained in R and hence, R is a cogenerator in ;.

1)—2), 3) and 4). Since IM* is perfect, M3 is semi-artinian. On the other
hand, R is a cogenerator in MM from the above. Hence, M} is locally neotherian
and artinian by Proposition 2. Therefore, 1) implies 2), 3) and 4).

2)—3) and 4). Since ¢,R is injective and noetherian, e,Re, is semi-primary by
[10], Theorem 1. Furthermore, we may assume that ¢,R’s are indecomposable.
Then so are the Re,’s. Since R= 2 @DRe, is injective, {Re,}, is a semi-T-

niloptent system by [9], Corollary to Proposition 10. However, e,Re, is semi-
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primary and hence, {Re,} ; is a T-nilpotent system. Therefore, gMM* is perfect.
Similarly, we obtain from Corollary 3 to Theorem 1 that M} is OF. Hence 2)
implies 3) and 4) from the first statement. 3)—2). R is a cogenerator in I3
from the first remark. Hence, M} is locally noetherian.

4)—1). We may assume that ¢,R is perfect for all . We note [¢,R, R]=Re,
and [Re,, R]=e,R. Since R is an injective cogenerator in M3, 7,,r(lr..(X))=T
for any R-submodule T in e,R and lg,,(7.,z(l))=1 for a finitely generated left
R-submodule I of Re,. Hence, Re, is noetherian by the assumption and artinian
from Proposition 2 and the above. Moreover, the above facts imply, from
Theorem 2 and the remark, that ;" is QF.

Corollary. Let R be as above. We assume that R is a cogenerator in M},
and g, and WM, is locally noetherian. Then the following are equivalent.

1) R is injective in g,

2) gI* is locally noetherian.

3) WMy is locally artinian.
In those cases M3 and g are QF, (cf. [17], p. 406).

Proof. We first show that M} is QF from the assumption. We quote
here the idea of Kasch [17]. Let E be an injective hull of R in M. We put
1=y Im f, f€[E, R], then 1 is a two-sided ideal of R. If t=+ R, there exists
s#0 in [R, R] as left R-modules such that =0, since R is a cogenerator in
M. Wetake an idempotent e, in R such that ¢,°+=0. Then for any fE[E, R],
0=(fles))’=(f(es) €s)’= fles) es"=f(e,°). On the other hand, R is a cogenerator
in M;. Hence, we have shown t=R, which implies that R is a retract of
EER E. Since R is locally noetherian, R is injective in M. Therefore, IMN;

is OF. Similarly, we can prove that M is OF if MM is locally noetherian.
Hence, 2) implies 1) and 3). The remaning parts are clear from Theorem 3.

3. Property II

In this section, we shall study a relation between the property II and a QF-
category. Faith and Walker [6] showed that a ring T with identity is QF if and
only if IT is satisfied. However, the following examples show that the above fact
is not true for Grothendieck categories.

ExampLe 3. In Example 2 we replace relations f;e,=3$; ;..f; and e;f,=f;
by e;fi=38;_.,:f: and f;e;= f;, respectively. Then R=321 Pe;R=3] DRe; is
perfect and locally artinian and noetherian. We can show that ;R for i>2 are
injective. Let E be an injective object in M3. Then E contains non-zero
homomorphic image of some ¢;R. Hence, E contains ¢;R or e;,,R as an isomor-
phic image. Therefore, Ex~ >3 Pe; R, since R is locally noetherian. Thus,

i22
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R satisfies IT and Y @e;R is an injective cogenerator in . . On the other
i?2

hand, e,R is not injective and hence, R is not QF.
In Example 2 an injective hull E(e,R/e,N) of e,R/e,N is not projective and
hence, M} does not satisfy II. On the other hand,

ExampLE 4. Let R be a vector space over a field K with basis {e;, f;} =
and define the multiplication in R in Example 2. Then MM} and M* are OF
and R is a cogenerator in M} and IM*.

Let 2 be a Grothendieck category with a generating set {P,} ; of small pro-
jectives. We assume U satisfies II. Then considering the induced ring from
A, we can show from [6], Theorem 1.1 that % is locally noetherian. Thus, we
have from the argument in Example 3

Proposition 3. Let N be as above. Then W satisfies 11 if and only if N is
locally noetherian and every indecomposable injective object is projective.

Corollary 1. Let N be as above. If N satisfies 11, P=> PP, is a
I

cogenerator in M. Conversely, if U is locally noetherian and artinian and P is a
cogenerator, then W satisfies 11.

Proof. We assume U satisfies II. Then for any minimal object S, in
My, E,=E(S,) is projective indecomposable. Hence, E, is isomorphic to a
retract of some Pgby [21], Lemma 2. Since P,’s are finitely generated, >3 DE,
is a cogenerator. Therefore, P is a cogenerator. Conversely, we assume 2 is
locally noetherian and artinian. Every indecomposable injetive E is the injective
hull of its socle. If P is a cogenerator, E is a retract of P. Hence, E is projec-
tive. 'Therefore, U satisfies II by Proposition 3.

Corollary 2. Let A be as above. We assume N is QF and semi-artinian.
Then P= }; @DP, is a cogenerator if and only if W satisfies 11.

Proof. If P is a cogenerator, U is locally noetherian, and hence, locally
artinian by the assumption.

The following lemma is essentially due to Faith and Walker [6]. However,
we shall give the proof as an application of [9], Theorem 1.

Lemma 4 ([6]). Let R be the induced ring from a category and let {E,},
be a set of projective, injective and indecomposable objects in WM3;. Then every
coproducts P of any family of E,’s are injective if and only if E(P) is projective for
all P.

Proof. “Only if” part is clear. We denote the cardinal number of a set K’
by |K’|. Let {=|R| and K a countably infinite set. We put M= 3} PE;;

iEK
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E.€{E},, (E; maybeequalto E;). Since E; is projective, E,~ f, R for some

primitive idempotent f, in R by [11], Corollary to Lemma 2. Let J be a set of

| J |=max ({,R,)=E& and put M= > PM; M~M. Then Mt= 3 D1 D
os.T

BEK 8&T g
(feR)®; (feR)®=~ fgR and | Jg|=E. Let E=E(M?). Since E is projective
by the assumption, E is a retract of a form >} @e;R. Hence, E~ > Pg.R and

eET
e,R=g,RPg,/R by [21], Lemma 2. Now, we consider those injective modules
in the category € of injective modules modulo the radical of € defined in [9], §1.

Then 2 2 B( ng)(‘”—Z‘, @g.R, where fgR and g,R mean the residue classes
of fgR and g.R, respectlvely Since fgR is minimal in €, g,R~> > B fsR®,

EepJ ﬁ'ce)

J&'(€) < Jp, which means that g,R=E( Z} Z‘ @D (fsR)®’). Hence, every element
@ in [5‘_, B(feR)®, Z B(feR)®] is extended to ¢’ in [g.R, g.R]=g.Rg,. On
the other hand, [zea(str” S OUR"I=I[HR®, T, ® (hRI"13
H _feRfs and &> geRg,I =2V ’B‘e" Hence, | J& (E) | <E<E. Next we take an

mdex B in K and consider the subset Tpg={¢| T, J§'(€)+$}. Since Jo=
L{. J&'(€), | Tel=|Js|=E>R,. Hence, for each B we can find an index &(3) in

B
Tg such that &(B)=&(B’) if B+B’. Therefore, >} Pf,R is a retract of E and
aEK

hence, M is injective. Thus, we have proved the lemma by virtue of the proof
of Theorem 2, (see [5]).

Proposition 4. Let U be the Grothendieck category with generating set {P,}
of small projectives. We assume U satisfies 11. Then the representative class {Sy}
of the minimal objects is a set. Furthermore, EC D S,)/(JEEIDSy))=2 B S, if

K K K

and only if A is QF and every projective contains the non-zero socle, where J( )
means the Jacobson radical.

Proof. “Only if”. We take the induced ring R from %. Let S, be an
minimal object (cf. [11], Proposition 2) and E,=E(S,). Then E,~ f,R by the
assumption. Hence, {S,}x isaset. Itisclear that UE,=> PE,and >DPE,

K K

is injective by Lemma 4. Therefore, EGD S,)=>] PE,. We assume any
Sa~E,[J(E))=fs/R[fs J(R). Let P be projective. Then P contains a maximal
subobject P, by [11], Proposition 2. P/P,~E,/J(E,) for some o by the
assumption. Since E, is perfect, E, is a retract of P. We consider the set of
submodules in R which are coproducts of some E,’s. Using the Zorn’s lemma
and the above fact, we know R=3)@E,. Hence, M; is QF and every
projective contains a minimal module. “If”. We assume the above properties,
then E= E(; DS, ~ ;} @De,R and every indecomposable projective P is iso-

morphic to ¢,R for some a =K. Hence, E[J(E)~>) BS,.
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We shall apply the above to a ring with identity.

Theorem 4 ([6]). Let S be a ring with identity. Then S is a QF-ring if
and only if 11 is satisfied in M p.

Proof. “Only if” part is clear from Corollary 1 to Proposition 3. We
assume II. Then >} @E, is a direct summand of S as the proof of Proposition
K

4. Hence, K is finite. Therefore, E[J(E)~>) BS,.
K

Finally, we shall consider the category of covariant additive functors (€, 4b),
where € is a small abelian category.

Proposition 5. Let € be a small abelian category. Then the following are
equivalent.

1) (€, Ab) is semi-simple (completely reducible).

2) (€, Ab)is QF.

3) (€, Ab) satisfies 11.
In such a case, every object in € is a finite coproduct of minimal objects.

Proof. Put A=(€, 4b) and H=[C, —] for CC, then {H } cc is a
generating set of small projectives of A. We assume U is QF. Then A is
perfect By Theorem 1. Hence, every object C in € is a finite coproduct of
completely indecomposable objects {C,} by [11], Proposition 5. Furthemore,
since H€ is injective in 2, C is projective in € by [15], p. 100, Proposition 2.3.
Hence, every C, is minimal and 2 is semi-simple by [20], Proposition 5. Next,
we assume U satisfies II.  Then U is locally noetherian by Proposition 3.  Hence,
€ is artinain. Let C be minimal in €. Then we can easily see that H€ is
minimal in %, (cf. [20]). Let CDC, be objects in € and C, minimal. Then
0—HC¢/¢1—HC —>H¢%—0 is exact, since H¢ is minimal. Hence, C, is a retract
of C, since H¢ is projective. Therefore, € is semi-simple and artinian,
which implies 2 is semi-simple from [20], Proposition 5.

We note that every perfect Grothendieck category U is equivalent to
(€°, 4b) by [11], Theorem 4, where € is a small amenable preadditive
category. Hence, if % is non semi-simple QF, € is not abelian.

4. Projective and injective objects

From the definition of a QF-category, every projectives are injective and
so we shall study, in this section, projective, injective objects in the Gro-
thendieck categroy 2 with generating set{G,},; of small objects. Which is
a supplement of [10].

"~ As a dual of weakly distinguished objects [9], we define a weakly co-
distinguished object. If an object P in 2 has a property [P, P,/P,]50 for
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any subobjects P, D P, of P such that P,/P,is minimal, then P is called weakly
co-distinguished. Since U has {G,}, if P is projective, then P is weakly co-
distinguished if and only if [P, P,]2[P, P,] for any subobjects P,2 P, of P.

Put S=[P, P]. For any subset T of S rs(T)={s| €S, Ts=0}, Is(T)=
{s| €S, sT=0} and TP= fLéTIm f

Lemma 5. Let P be projective and S=[P, P]. For any left ideal | and
right ideal t of S, rs()=[P, rp(l)] and ls(xP)=Is(tP).

Proof. It is clear that rs(I)PCrp(l) and rs({)S[P, 7p(l)]. Let f be in

[P, rp(1)]. Then [f(P)clrp(I)=0. Hence fers(l). The last statement is
clear.

Proposition 6. Let P be projective and weakly co-distinguished in U and
S=[P, P]. Then

1) rp()y=rs()P for any left ideal | in S.

2) P,=[P, P,)P for any suboject P, of P.
Furthermore, we assume P is injective and weakly distinguished, then

3) Ys(rs(D)=Is(rp())=! for any finitely generated left ideal | of S.

4) rs(ls(x)=r for any finitely generated right ideal T of S.

5) 7p(ls(x))=1P for any right ideal T of S.

Proof. We assume that P is projective and co-distinguished. We have
from Lemma 5 that rs({) S [P, rs(1)P] <[P, rp(1)]=rs(l). Hence, rp(I)=rs(l)P.
Similarly, we have 2). We further assume P is injective. Then Ig(rs(1))=
Is(rs()P)=Is(rp(1)) by Lemma 5 and 1). If [ is finitely generated, I (7p(l))=
I, (Theorem 2). Finally, we further assume P is injective and distinguished.
rp(ls(r))=7p(ls(tP))=1P for any right ideal r by Lemma 5 and [10]. Hence,
if T is finitely generated, t=[P, tP]=[P, rp(ls(r))]=rs(/s(t)) by Lemma 5 and
[8], Lemma 2.6.

Corollary. Let P and S be as above. Then P is artinian if and only if
S is right artinian. Furthermore, if P is injective, the following are equivalent.

1) P is artinian.

2) P is noetherian.

3) S is right noetherian, (artinian).
If P is projective, injective, weakly distinguished and co-distinguished, then the
following are equivalent.

1)~3).

4) S is left noetherian, (artinian).

5) S isa QF-ring. (cf. [10], Theorem 2, [16], Satz and [19], §3).

Proof. The first statment is clear from Proposition 6, 2) and [11],
Corollary 2 to Lemma 2. We assume P is injective. 1)—>3). Since S is
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right artinian from the above, S is noetherian. 3)e2). It is evident from
Proposition 6, 2) and [8], Proposition 2.7. 2)—1). S is semi-primary by
[10], Theorem 1 and hence, S is right artinian. Therefore, P is artinian
from the first statement. Finally, we assume further that P is weakly distin-
guished. 1)—4). Itisclear from Proposition 6, 3). Furthermore, S is left
artinian, since S is semi-primary. 4)—>1). P is artinian, since P is injective
and weakly distinguished. 1)«5). It is clear from the proof of Theorem
2 and Proposition 6, 3) and 4).
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