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HOMOTOPY REPRESENTATIONS AND SPHERES
OF REPRESENTATIONS

Ixumitsu NAGASAKI

(Received November 6, 1984)

0. Introduction

T. tom Dieck and T. Petrie have introduced and studied homotopy re-
presentations in [7] and [8]. Let G be a finite group. A G-CW-complex X
is called a homotopy representation of G if the H-fixed point set XZ is homo-
topy equivalent to a (dim X#)-dimensional sphere for each subgroup H of G.
(If X¥ is empty, then we set dim X#?=—1 and S™! is empty.) A homotopy
representation of G is called linear if it is G-homotopy equivalent to
a unit sphere of a real representation of G. (See [7].) We denote the set
of G-homotopy classes of homotopy representations [resp. linear homotopy
representations] of G' by V*(G, k™) [resp. V*(G, {)]. These sets are commuta-
tive semi-groups with addition induced by join. Let V(G, ) be the Grothen-
dieck group associated to V*+(G, \) for A=/ or h~. We call V(G, k) the homo-
topy representation group of G and V(G, /) the linear homotopy representation
group of G. The group V(G, k™) has been studied by tom Dieck and Petrie
([71, [8]) and the group V(G, {) has been studied by many authors. (See [1],
[4], [10], [11], [13], [15], [18] and [19].)

Let ¢(G) be the set of conjugacy classes of subgroups of G and C(G)
be the ring of all integer valued functions on ¢(G). For any homotopy re-
presentation X, Dim X €C(G) is defined by (Dim X) (H)=dim X#+-1, which
is called the dimension function of X. Since Dim X#*Y=Dim X+Dim Y
(* means the join), the homomorphism Dim: V(G, A)—C(G) is induced by
the assignment X+ Dim X. This homomorphism is called the dimension
homomorphism of V(G, A). The kernel of Dim is denoted by 9(G, 7). tom
Dieck and Petrie have shown that ©(G, k™) is isomorphic to the Picard group
Pic(4(G)) of the Burnside ring of G in [7].

We are interested in the difference between V(G, {) and V(G, k~). We
observe the homomorphisms which are induced from the inclusion V*(G, )
-V*(G, h~):

I;: V(G, {) - V(G, k™)
ig: v(G, ) — v(G, k7).
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These homomorphisms are injective ([7]). We obtain the following results.

Theorem A. The homomorphism I is isomorphic if and only if G is a
cyclic group or a dihedral 2-group D, (n>2).

Here D,=<a, bl ' =0P=1b"ab=a">.

Theorem B. Suppose that G is nilpotent. Then the homomorphism ig
is isomorphic if and only if G is a cyclic group or a dihedral 2-group D, (n=>2).

T. Petrie has already announced the analogous theorem of Theorem A
for oriented homotopy representations in [16]. Our Theorems are the un-
oriented versions.

This paper is organized as follows. In section 1 we shall have the neces-
sary conditions. In section 2 and section 3 we shall compute the order of
9(G, k). In section 4 the proofs of the main theorems will be completed.

The author would like to thank Professor K. Kawakubo for many helpful
conversations and suggestions.

1. Necessary conditions

Using the results in [5] and [11], we shall show the following proposition.

Proposition 1.1. Let G be an abelian group. Then the homomorphsim
ig is an isomorphism if and only if G is a cyclic group or Z,X Z,.

Proof. It is known that the group v(G, 4~) is isomorphic to
HI;Iezlc/m*/{:I: 1} ([5])
and the group v(G, ¢) is isomorphic to
Il Ziom*[{1}  ([11]).
HCE
G/H : cyclic
Here Z\;/p* is the group of invertible elements in Z 5. Hence it is easy
to see this proposition since g is injective.

Let H be a normal subgroup of G and X a homotopy representation of G.
Since X# is a homotopy representation of G/H, the correspondence X+ X#
induces a homomorphism f: v(G, M) —v(G/H, \) for A=/ or k~. The following
lemma is elementary.

Lemma 1.2. Under the above situation,
i) The homomorphism f is surjective.
ii)  The following diagram is commutative.
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o(G, {) —S> o(G, k)

fl |7

o(G[/H, {) — v(G[H, h~)

Lo/u
iil) If ig is isomorphic, then igy is also isomorphic.

Proof. i): Let {: o(G/H, \)—>v(G, A) be the homomorphism which
is induced by considering G/H-spaces as G-spaces via the canonical projection
G—G[H. Then, the composition fo/ is the identity on 2(G, \) and so f is
surjective.
if): 'This follows from the definitions of f and 7.
iit): This follows directly from the injectivity of Z¢/4, i) and ii).

Let us apply lemma 1.2 to the commutator subgroup [G, G] of G. Then
we have:

Proposition 1.3. If i; is an isomorphism, then G|[G, G] is a cyclic group
or Z,X Z,. Furthermore suppose that G is nilpotent, then G is one of the following
groups;

(1) cyclic group
(2) dihedral 2-group D, (n>2)
D,=<a,b|la® ' =W =1b"lab=a"
(3) quaternion 2-group Q, (n=>3)
0,=4a,b| " =1, =d"" bab=a">
(4) semi-dihedral 2-group SD, (n>4)
SD, =<a, bla* ' =0 =1, b"%ab = a~ "%

Proof. The first half is clear from Proposition 1.1. Suppose that G
is nilpotent. We may put G=P,X--- X P,, where P, is a 2-group and P; is
a p;~group (p;: odd prime) for :>1. If G/[G, G] is cyclic, then G is also cyc-
lic. In the case G/[G, G]=Z,X Z,, P;/[P;, P;] is trivial for :>1. Hence P;
must be trivial for 7>>1, so that G is 2-group. Therefore, if G is abelian, then
G is D,(=Z,xZ,). If G is not abelian, then G is D, (n>3), O, (n=>3) or
SD, (n>4) by [9, Chap. 5, Theorem 4.5].

2. The order of the Picard group of the Burnside ring

The group v(G, k™) is isomorphic to the Picard group Pic(4(G)) of A(G),
where A(G) is the Burnside ring of G. In this section we compute the order
of Pic(A(G)). We recall the Burnside ring A(G). The set of G-isomorphism
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classes of finite G-sets becomes a commutative semi-ring with addition induced
by disjoint union and multiplication induced by cartesian product. The Groth-
endieck ring of the semi-ring is called the Burnside ring. Let .S be a finite
G-set. The correspondence S+ |S#| induces the ring homomorphism X:
AG)— TI Zg where Zy=2Z. As is well-known, the ring homomorphism

HHYEHS
X is injective and if we consider A(G) as a subring of I Z via X, then
UDEKD

AG) = {(dp)e OI!I) Zy| congruences (¥); for (H)e¢(G)},

where
Mg % |INHINHNNK |p(|K/H|)dg=0 mod |NH/H]| .

The sum is over the NH-conjugacy classes (K) such that H is a normal sub-
group in K and K/H is cyclic. ¢ denotes the Euler function and NH denotes
the normalizer of H in G. We can rewrite (*), as the following:

()i Sn(H, K)dx=0 mod |NH/H|

where each n(H, K) is a certain integer and n(H, H)=1 for any (H), (K)=¢(G)
such that K/H is cyclic. The sum is over the G-conjugacy classes (K) such
that A is normal in K and K/H is cyclic (see [6]).

We put ¢(G)={(H,), -, (H,)} and assume that (H;)<(H,) implies ¢
> j, where (H;)<(H;) means that H; conjugates to a certain subgroup of H;.
We set

R, = {dp)h<ick €Lty Zg, | (¥*)g,, 1<i<k} .
Note that Rj=2Z and R,=A4(G).
Lemma 2.1. R, is the subring of 11.%, Zy,,

Proof. It is trivial that R, is an additive subgroup of IT.%; Z,,. We
note that there exists (df,)i<i<s€A(G) such that dy,=dy, 1<i<k, for any
(@uh<isk ER,.  Let (dy,)<i<k and (eg,)i<i<x be any two elements in R,. Since
A(G) is the ring, (df e )i<i<n 18 in A(G). Hence (dyeq)i<i<i satisfies (**)g,,
1< j<k, since (dieh)i<i<n satisfies (**)y, 1<j<n. Therefore (dgen)i<i<
is in R,.

We define a map p: R, — Z\py,, WH,=NH,/H,, by
(@ah<issi-i—>—  2; n(H, H)dy, mod |WH,| .

7
1=I:H,-/H,, : cyclic

Lemma 2.2. p is the ring homomorphism.

Proof. It is trivial to be an additive homomorphism. For (dy,),<i<, [resp.
(exhi<i<t] ERy-1, we choose (dfr,)i<i<n [resp. (ek;)1<i<s] EA(G) like the proof of



HomoTOPY REPRESENTATIONS AND SPHERES OF REPRESENTATIONS 899

(2.1). Then
direh,= T*Hj/l%_‘.{cycncn(Hk, H;)dyen; mod |WH,|
d,=— > n(Hy, H;)dy, mod |WH,|
1:1:H',-/E,, : cyclic
e, =— ),  n(Hy, H))ey, mod |WH,]| .

1:H;/Hk @ cyclic

Hence p((dg.ea<i<e) =P(a)1<i<e)P((exi<i<i)
Let s: R,—R,_; and 7: R,—Z be the ring homomorphisms defined by

st (dg i<k P (Ag)i<isi
r: (dg)h<isi P Ay, -

We have the following lemma. (See [5].)
Lemma 2.3. The following diagram is the pull-back of ring.

R, _s_) R,

b

Z—>Zyy, (2<k<n)
q

Here q is the canonical projection.

Proof. It is easy to show this lemma from the definitions of R,, s, p and 7.
The next proposition is the main result in this section.

Proposition 2.4. Let G be any finite group. Then
Pic(4(G))| =2~ *
|Pic(A(G)] =271 AG@*| TI o(INHIHI),
where n=|$(G)| and A(G)* is the unit group of A(G).
Proof. The pull-back diagram in Lemma 2.3 yields the Mayer-Vietoris
exact sequence of the Picard group [6]. That is, the sequence:
0— R* — R, *®Z*— ZlWH,,l*
— Pic R, — Pic R,_, @ Pic Z — Pic Z\yy,
is exact, 2<k<n. Since Pic Z=0 and Pic Zpy,=0 by ([2], chap. 2, 5), we
obtain the exact sequence:
0—->R*—>R,_*PZ*— ZIWH,,I*
—>Pic Rk_>PiC Rk—l._>0 (ZSkSn) .
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Inductively, Pic R, has a finite order and then we have

[PicRy| _ @(IWH,|) |R:*| (2<k<n).
| Pic R, | 2 | Ryt

Therefore,

|PicR,] _ 1 |R*| &
|Pic R, | T |R,*| ‘=2¢('WHIEI) .

Since R,=A(G), Ri=Z and ¢(| WH,|)=1, the desired result holds.
Corollary 2.5. |v(G, b~)|=2"" | A(G)*| (1;[) (| NH|H|), n=|$(GQ)]|.

3. Examples
We indeed compute the order of Pic(4(G)) (i.e. v(G, k~)) for some groups.

ExampLE 3.1. Let G be D, (n>2) in Proposition 1.3. Then |Pic(4(G))|
=2V where N=(n—2) (n—3)/2.

Proof. Conjugacy classes of subgroups of D, are the following:
(D)
(Ka*>),i=0,1, -, n—1

(K, bY),i=1,2, -, n—1
K, abd),i=1,2, -, n—1,

and WH of these subgroups in G are the following:
WD, =1
W@y = Dipy,i=0, 1, -, n—1
Wla', by =2, i=1,2, -, n—1
W, aby> = Z, i=1,2, -, n—1.
Hence |¢(G)|=3n—1 and (I; @(|WH |)=2"»"D2_ We see that |A(G)*]| is
pJ
2#*? by Theorem 4.1 or Example 4.8 in [14]. By Proposition 2.4,
|Pic(A(G))| = 27@n=D x 2n(n=D/2 ¢ Dn+2
=2V,
One can show the following Examples 3.2 and 3.3 by the same argument.

ExampLE 3.2. Let G be Q, (n>3) in Proposition 1.3. Then |Pic (4(G))|
=28 where N=(n—2) (n—3)/2.

ExampLE 3.3. Let G be SD,(n>4) in Proposition 1.3. Then |Pic(4(G))|
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=2%, where N=(n—2) (n—3)/2.

ExampLE 3.4. If 9(G, h°)=0, then |G|=2" or 2°p,p, --- p,, where p;,
1<i<r, are distinct odd primes of forms 2°+1.

Proof. Put |G|=2"pf1 --- pir, where p;, 1<i<r, are distinct odd primes.
Then @(]G1)=2"(p—1)pis~" -~ (p,—1)ptr~%. If o(G, i) =0, then p(|G|)
must be 2-power by Corollary 2.5. Hence ¢;=1 and p;,—1 is 2-power for
any 1.

ExampLE 3.5. Let S, be the symmetric group on 7 letters, where r=3,
4 or 5. We have the following table.

G V(G, {) V(G, k)
S, z z
S, zs z
S; z Z50Z,

Z2"=ZDZD - DZ (n-times)

Proof. We note that V(G, A)=Dim V(G, A)®v(G, 1) and Dim V(G, \)
is a free abelian group, A=/ or A~. The rank of Dim V(G, {) is equal to the
number of conjugacy classes of cyclic subgroups of G by [6]. The rank of
Dim V(G, k=) is equal to the number of conjugacy classes (H) of subgroups
H of G such that H|[H, H] is cyclic by [7]. By these facts Dim V(G, A) is
computable. For the symmetric group on z letters S,, v(S,, £)=0 by [12]
or [6]. Now we compute v(S,, #~) for r=3, 4 or 5. In case r=3, the diagram
of conjugate subgroups of S; is the following:

Ss
/\
z, 2z,

\/

1
and WS;=1, WZ;=Z,, WZ,=1 and W1=S;. Hence |$(S;)|=4 and (l;[ @
pJ

(IWH|)=2. The order of A(S5)* is 8 by using the congruences (*) in sec-
tion 2. Therefore V(S; h°)=0. In cases =4 and r=S5, using the diagrams
of conjugate subgroups of S, and Ss in [14], one can show |o(S,, 2~°)| =1 and
| (S5, £~)| =2 respectively. Hence v(S,, £”)=0 and o(S;, r~)=2Z,.

ExampLE 3.6. Let G be the symmetric group on n letters. Then i, is
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an isomorphism if #<4 and is not an isomorphism if n>4.

Proof. By [12], v(S,, {)=0 for any positive integer n. If n>6, then
9(Sy, #~)=+0 by Example 3.4. Since v(S,, 1~)=0 (r<4) and o(S;, h")=Z, by
Example 3.5, the desired result follows.

REMARK. o(G, h~)=0 implies that the stable G-homotopy class of the
homotopy representation X is decided by its dimension function Dim X, where
homotopy representations X and Y are stable G-homotopy equivalent if there
exists a homotopy representation Z such that X%Z and Y*Z are G-homotopy
equivalent.

4. Proofs

We shall prove Theorem B by compairing orders of v(G,?) and o(G, k™).
Let m be the exponent of G and u,, a primitive m-th root of unity. Let I" be
the Galois group Gal(Q(x,)/@). T acts on the set Irr(G, R) of real irreducible
characters of G by (v-X) (g)=v(X(g)) for XEIr1(G, R), yET and g€G. We
need the following theorem in [4] and [6] in order to compute the order of
o(G, {).

Theorem 4.1 (T. tom Dieck). Let G be a p-group. Then v(G, ¢) is iso-
morphic to A®XI‘/FA, where X=Irr(G, R)|T" and T y={yET'|y-X=X}, (XE4).

Remark. For any group G, v(G, {) is isomorphic to a quotient group of
AEBxF/F"" (See [4] or [6].)

Lemma 4.2. For D,, Q, and SD, in Proposition 1.3, we have |v(D,,{)|
=27, |v(Q ¢)|=2" and |v(SD,, {)|=2""1. Here N=(n—2) (n—3)/2.

Proof. We need the real irreducible character tables of D,, @, and SD,.
By [17, Chap. 13, 2.], we have the next tables.

In the D, case:

a* a*b
0, 1 1
9, 1 —1
05 (=1t (=1t
0, (—1F (=1
X, Uk gk 0

Here 1<h<m/2, m=2""".
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In the @, case:

In the SD, case:

a* a'b
0, 1 1
9, 1 —1
05 (=DF (=1
0, (—=1)* (=1
X T 0
v | v 0

Here +r (a*)=2(ui7*~* +uy ek

1<h<m/4, 1<s<m|4, m=2""1,

a* a*b
0, 1 1
0, 1 —1
o, | (-1 (—1)"
0, (=1 (—1y
Xy Tl e 0
P VY(a*) 0

Here ,‘p\s(ak)=u(js—l)k+u;(2s—l)k

2= 251Dk g =(ml2~(25=10k
1<h<m|4, 1<s<m[8, m=2""1,

By the irreducible character tables of D,, @, and SD,, we have

X = Irr(G, R)T

j {6}, 4,11<i<4, 1<t<n—2} if G=D,
— 1 ({6}, 4, BI1<i<4, 1<t<n—3} if G=Q,
| {40}, 4, C|1<i<4,1<t<n—3} if G=SD,.

Here A,={X,|k=2""' mod 2%}

903
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B={,|1<s<m/4}
C= {4, | 1<s<m[S}.

Hence,
2+t if G= D,
LTl = |4 = ;
[T/T | [4,] 2#=%t if G=SD, or Q,,
IP/FBI — 2n—3
and
IT/Te| = 2"*.

Therefore, by Theorem 4.1, we have
EIA,I:ZN if G=D,
oG, )l ={ IBITL |41 =2" it G=@Q,
ICI:i:I:IA,|=2”“ if G=SD,.

Proposition 4.3. The homomorphism i is an isomorphism if G=D,, (n>2)
and is not an isomorphism if G=Q, (n=3) or SD, (n>4).

Proof. The desired result follows from Examples 3.1, 3.2 and 3.3 and
Lemma 4.2.

Corollary 4.4. In the case G=Q, or SD,, v(G, ¢) is a subgroup of index 2
of v(G, k™).

Proof of Theorem B. This follows directly from Propcsitions 1.1, 1.3
and 4.5.

Proof of Theorem A. Theorem A follows from Theorem B and the theo-
rem of tom Dieck and Petrie ([3], [7]), that is, Dim V(G, {)=Dim V(G, k)
if and only if G is nilpotent. Indeed, if I; is an isomorphism, then G is nil-
potent since Dim V(G, {)=Dim V(G, k~). Since i; is also isomorphic, G is
a cyclic group or D, by Theorem B.

Conversely, suppose that G is a cyclic group or D,, then Z; is an isomor-
phism and Dim V(G, /)=Dim V(G, k~). It is sufficient to show that I; is
surjective. Let x be any element of V(G, #~). Then there exists an element
u<9(G, /) such that Dim ¥=Dim ». Hence x—I;(u) is in (G, k~). Since
i is an isomorphism, there exists an element vEv(G, ¢) such that x—Ig(u)
=ig(v). Hence x=I;(u+v). Therefore I is surjective.
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