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Abstract
Let u be a biharmonic Green potential on the unit Ealbf R”. We show that

,lm(l _ r)nf2—(n—l)/pMp(u7 }’) =0

for psuchthatl< p < (n—1)/(n—4)in casen >5and1 < p < oo in casen < 4.
Further, ifn >5and(n — 1)/(n — 4)< p < (n — 1)/ @ — 5) then it is shown that

liminf(1— )= =97 M, (u, r) = 0.

Finally we show that these limits characterize biharmoniedd potentials among
super-biharmonic functions oB.

1. Introduction and statement of results

A function u on an open se® C R" (n > 2) is called biharmonic it € C4(R)
and A%y = 0 on Q, whereA denotes the Laplacian andu = A(Au). We say that
a lower semicontinuous and locally integrable function @ns super-biharmonic
in Q if every point of Q is a Lebesgue point af antPx is a nonnegative measure
on 2 in the weak sense, that is,

/ u(x)A2p(x)dx > 0 for all nonnegative ¢ € C(S).
Q

The open ball and the sphere centeredrxat  with radius are eterimt B @, r)
and S (c,r). We writeB £ ) =B (0Or ) ands r( ) 5 (0 ). We also denote Byand S
the unit ball B (1) and the unit spher& (1). We writé |%|"2x, so thatx* is
the inverse point ofc relative to the unit sphese

Let G2(x, y) denote the biharmonic Green function in the unit i&l(cf. [8]), that
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86 T. FUTAMURA AND Y. MizuTA

a, (|x—y|“" —(Iyllx—y*)*+"— %‘(1—|x|2)(1— NBIGI |x—y*|)2")

incase n £2 4

Ga(x,y)= —y \2
o <|x—y|“—"log(7|) +(1—|x|2)(1—|y|2)(|y||x—y*|)2—”)

|ylle —y*

incase n =2 4

wherea, t = 2(4—n)(2-n), forn £2 4 andy,* = (—1)y/?*'80, for n = 2 4. Hereo,
denotes the surface measure of the unit splgerEor a nonnegative measure &n
we define

Gaulx) = /B Gl y) du(y).

If uhas a densityf e LﬁJC(B), then we writeG, f instead ofG,u. The functionG,u
is called a biharmonic Green potential Gf,u £ oo.
For a Borel measurable function ofir (), we define the averagegral

over S () by

1
M(u,r) = ][ uds = uds,
S¢r) IS Jse

where|S ¢ ) denotes the surface measureSof (). por 0 and a Borasureble
functionu onS ¢ ), defineM,,(u, r) = {M(Jul?, r)}¥/?.

Gardiner [5] and the second author [9] studied the limitirghdwior of M, (v, r)
for (harmonic) Green potentials dd. We also refer to Stoll [13, 14] for invariant po-
tentials in the unit ball ofC".

In this paper we are concerned with biharmonic Green patisntin B.

Theorem 1.1. Let Gou be a biharmonic Green potential 0B. If 1 < p < (n —
1)/(n —4)in casen >5and1 < p < oo in casen < 4, then

lim (1= ry 202 M, (G, r) = 0.

Theorem 1.2. Let Gou be a biharmonic Green potential oB. If » > 5 and
(n—=1)/(n—4)<p< @— 1)@~ 5)then

lim inf (1 — rY' 2 0P ML (Gap, r) = 0.

Finally we give a characterization for a super-biharmonioction to be a bihar-
monic Green potential oB.
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Theorem 1.3. Letu be a super-biharmonic function d& If u satisfies
lim inf (1 — Y tMa(u, r) =0,
then it is a biharmonic Green potential d.

2. p-th means of biharmonic Green potentials

Throughout this paper, le  denote various constants intp# of the variables
in question.

We need the following fundamental estimates for the bihaimd&reen function
on the unit ballB (cf. [1] and [7]).

Lemma 2.1. There exist positive constanfs, 1 <i < 4, satisfying the following
conditions
(1) If n > 5, then for every(x,y) e Bx B

(1= 1xP*2 = [yP)? (1= 1x?)*(2 = IyP)?

0<C < Gax,y) <C .
lx — y"=4(lyl Ix — y*|)* lx — y"=4(lyl |x — y*|)*

(2) If n =4, then for every(x, y) e B x B

1= 1x12)2(1 — |v]?)2 2 ok
O<C1( [x19)%( |y|)|0<|y||x yl)

Iyl x — y*)* lx — yl
(1— [x[)%(1—|y?)? o (2|y| lx — y*|)
(Il lx — y*[)* Ix — yl ’

(3) If n =2, 3,then for every(x,y) e Bx B

< Gax,y) <C;

(1— [x12)?(1 — |y|%)? < Gl y) < Cz(l— Ix|2)%(1 — |y|?)?
Iyl lx — y*[) Iyl 1x = y*[)

Furthe in all cases

(1 P2~ Y122 _ _ o @ - P2
ik —yyr = Gy = G

By Lemma 2.1, we have the following result; see [7] and [10].

Corollary 2.2. Let u be a nonnegative measure & Then G,u is a bihar-
monic Green potential if and only if

(2.1) /B (L~ 1P duly) < oc.
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Lemma 2.3. If (n—1)/n<p<ocoandl/2<r < 1,then
1—r n—(n-1)/p
MG -, y),r) < M(L—r)> ety <m) (1 —1yI)

In particular, if n =2, 3and (n —1)/n < p < oo, then

1_r n—(n—1)/p
MG+ 3).7) = M@= e (220 ) s
oy

This follows from Lemma 2.1 and the fact that,Af< —1n , then
(2.2) ][( b=y dS() = M+ = Dol
S(r

where M is a positive constant depending onlyon  &nd
SetA¢)={yeB:(5r—1)/4<|y|< (¥ +1Y 4 forO<r < 1.

Lemma 2.4. Let © be a nonnegative measure @ satisfying (2.1). If (n —
1)/n < p < 00, then

lim (1 - Fy 2 e=1/p Mp(Go( -, y),r)du(y) =0.
r= B\A(r)

Proof. By Lemma 2.3, we obtain

(L —ry-2C=br My(Ga( -, y), r)du(y)
B\A()
1—r n—(n—1)/p
<M < ) (L— Iyl dr().
B\A() \ I — (] ]

Since (:r Y|r—|y|| < 4 fory € B\ A(r), Lebesgue’s dominated convergence theorem
implies that

lim (1~ ryr-2-e-lip ) M,(Ga( -, y),r)du(y) =0,

B\A(r

In casen =2 and 3, we can show by Lemma 2.3 that

lim (1 ry2-6-r /B Myp(Ga( - . y).r)du(y) = 0. O
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Lemma 2.5. Letl/2<r < landy e A(r). If n > 5, then

MG -, y), 1) < M(L—rP"+O=r(1 — |y))?

1 if n—1<p<n—17
4
o 1—r \Y7 i n-1
- <g|r—|y||) i
1—r n—4—(@n—1)/p ) n—1
<|r—|y||> tp> =y

If n =4, then
Mp(Ga( -, y),r) < M(L— P m+e-1r — |y|)2

Proof. Fory e A ¢) andr > 1 2, setting

Ly, r)=S0)\ B <y, 1—;) and L(y,r)=S()NB <y, 1; r) ,

we write

My(Gal - y).r) = — (/ | Gala ) asta) 4 /
1}‘<r

n—1
our L(y.r)

Galx. y)" dS(x))
= ua(y) +u2(y).

Since—np +n — 1< 0, we have

ui(y) < ML= rfr (1= |y / ol S
Li(y,r
< M(l _ r)2p+n,—1—np(1 _ |y|)212‘

On the other hand, ik € I(y,r), then 1—r < |y||x —y*| < 3(3—r ). Incasa > 5
we see that

Ga(x,y) < M(L—r)"2(1— |y])Plx — y|*,
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so that

uz(y) = M(L—r) (1~ |y|)2"/( - @ ds(x)
L(y,r

<M@—ry2@—y)?||y| — p| @1

< 1_r >n—l+(4—n)p. n—1 n—1
—_ if <p<—,
lr— 1yl n n—4
% log 1—r i n—1
pP=—7
Ir =1yl n—4
n—1
1 if .
p>n—4

Since (1—r )Y||y|—r| > 4 onA £ ), we obtain the required inequality.
Similarly, in casen =4, we find

ualy) < M(L— )P (L — |y])27 /

I
<M@A—r) &P - y)Pa-ry

(Iog 21~ ”)p dS(x)
.r) |x — ¥

Hence it follows that
My(Gof -, y).r) < M(L— P e=P (1 — |y| Y. O

3. Proofs of Theorems 1.1 and 1.2

In this section, we give proofs of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Let %X p < n(~ Il 4) when> 5 ankl < oo
whenn < 4. By applying Minkowski’s inequality for integrals,ewhave

M]J(GZMv r) < /BMP(GZ( : ,y),r)d,u(y)

(3.) = [ MG - y) ) duy) + / Mp(Gal - . 3). ) dpu(y).
B\A(r) A(r)

Thus Theorem 1.1 follows from Lemmas 2.4 and 2.5. O
Proof of Theorem 1.2. First, we give a proof in cageH{ /A <b)p <

(n—1)/(n —5). SetB =n— 4 g — 1p andlv x( ) = (+ |x|?) du(x). Here note
that 0< 8 < 1. By Lemmas 2.3, 2.5 and (3.1), we see that

(B2  (A—ry TP M (Gopt,r) < 0()+M(A—rY /A " Lyl —rl P dv(y).
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Hence it suffices to show that

(3.3) Iirrrlilnf(l—r)’s/ [yl —r| P dv(y) = 0.

A(r)
For this purpose, we see that
1-27 ‘
[ =it ar < mzien,
1—2-j+1

Hence it follows that

1-27 dr
[ (a=mr [ imi=nam) 12
120 AG) —r

‘ 127
< 216D / / yl = [ dr | dv(y)
(yi2-i-telo|y| <242y \J1—2-

<Mv({y: 277 <1—|y| < 2773,

Sincev B) < oo, we can find a sequende;}  such that 2 —1; < ~/*2 and

lim (1 — r,)ﬁ/ Iyl —r;1 P dv(y) =0,

j— 00
J J

which implies (3.3). Thus the case{ /W€ 4)p< n{ /£ 5) now follows
from (3.2) and (3.3).
Next, we deal with the casg = Ak 4). We see that

1— 1/p
(L —ry 202 M, (Gop, 1) < 0(1) + M (Iog : ) dv(y).
A() [yl —rl

In the same way as above, we have

1-27J 1_ 1/p d
/ / <Iog d ) dv(y) | -2
1—2- \Jag) Iyl —rl 1-r
) 1-27/ 1— 1/p
<2 / / <|Og ! ) dr | dv(y)
(yi2-iteio|y|<2-i2y \J1—2- [yl —rl

<Mu({y: 277t <1— |yl < 27773,

which implies that the left hand-side is zero by lettifng> co . $hhe theorem is
established. O

Remark 3.1. Our theorems are best possible as to the power-of 1
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To show this, forp > 1 andd > 0, we give an example of biharmonic Gree
potentialv satisfying

(3.4) lim(1— ry'=2=C=P= M, (v, r) = o0.

r—1

Letting
FE) = (@ = ey x — ea
wheree; = (1, 0,..., 0), we consider the potential

o) = /B Galx. ) F()dy.

Then [3(1— [x[)*f(x)dx < oo. Further, in caser > 5, we have

o(x) > / Galx. )£ (3) dy
B(x,(1-1x])/2)
> M(L— ]y — ea'" / I — y[*" dy
B(x.(1-[x])/2)

= M(1— x| %x — eq|T,

so that

1/p
M,(v,r) = M(L—r)t/2 < ][ Ix — el|1’(l_")dS(x)>
S(r)

> M(l _ r)l+5/2+lfn +@— 1)p

— M(l— r)2—n,+(n,—1)/p+5/2.
Thus (3.4) follows. We can show the remaining case in the saxaener.

4. Proof of Theorem 1.3

First we study the spherical means of super-biharmonictiomns.

Lemma 4.1 (cf. [6]). Letu be a super-biharmonic function d Then

1
> Z(rzz][ udS—rlz][ udS)
ry—rg S(x,r1) S(x,r2)

wheneverr e B and0 < r; <rp < 1—|x|.

u(x) >

Proof. Denote byK, the fundamental solution for the operataf in R”, that is,

o |x |4 incase n ~2 4
20, |x|* " log|x| incase n =2 4

Ka(x) = {
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Forx e B and O<r < 1— |x|, we can find a biharmonic functian kx,{ ) such
that

u(y) = Ka(z — y)du(z) + h(y)

B(x,r)
for everyy e B (x,r ), whereu =AZu. By the Almansi expansion, we have
2 2

h(X) - 2 : r2 ]é(x.rl) h(y) dS(y) a r2 - r2 ]{'(x.rz) h(y) dS(y)

rg—n 2 — T

for every O< r; < r; < r. Hence we have only to show that

r2 r2
41 K()> 2 2][ Kox — ) dS(y) — 2][ Ka(x — y)dS(y)
ry =711 JS(r) Iy =71 JS(r2)
for everyx € R" and O< r; < ro. We define
2 2
ga() = Ka(x) — — 2][ Kalx — y)dS(3) + — 2][ Ka(x — y)dS()
ry —7T1 JS(r) Iy =71 JS(r2)
and
g1(x) = —Aga().
We see that
2 2
01(x) = Kaw) — — 2][ Kix — ) dS(y) + — 2][ Ki(x — y)dS()
ry =TIy Js(r) Iy =TIy JS(rp)

where K1(x) = (n — 2) Yo, Yx|2" if n > 2 and Kq(x) = 0'2_1|Og(1/|x|) if n = 2.
Note thatg; & ) =g; &) for|x| =|x’| andg; € C2~1(R" \ {0}). Further we see that
gi(x) =0 for |x| > ry, g2(0) =0 if n >4 and g,(0) > 0 if n = 2, 3. Settingt =K(x),
we definef; {)=g; £ ). Then

0 if  Ki(oo) <t < Ki(r2),
2
r .
A= 3z ! rz(f — Ka(r2)) it Ki(rz) <t < Ka(ra),
21N
t— 1o if t> Ki(rp),

whereto = (r2K1(r1) — r2K1(r2))/(r3 — r?) and K1(r) = K1(x) with |x| = r. Hence we
see thatfi(r) < 0 on K1(r2) < t < fp and fi(t) > 0 ont > 1. Since f;/(t) = —c(t) f(1)
with ¢(¢) > 0 and lim_ « f2(t) > 0, we obtain f2(r) > 0 for t > K(r2). Thus (4.1)
follows. ]
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Lemma 4.2. Letu be a super-biharmonic function dd Then
1iLnlM(u, r) exists in (—oo, o).
In particular, if liminf,_; M@u*,r) =0, then
M(u,r)<M@A—r? for ro<r <1

Proof. Letu be a super-biharmonic function 8rand u =A%u. For O< ¢ < 1,
there exists a biharmonic functionn ~ dh¢ () such that

W= [ G ) ) (< B
Set
haayalx) + /_  Galr.y)du(y) i x € B(L+1)/2).
n(x) = B/ 2)\B0)
u(x) - f_ Galx, ) du(y) it x B\ B
B(r)

Then v, is well defined. Furthep, is biharmonic ah: (), super-bif@nic on B,
1,(0) < 00 and

.2) W) =u @) + f Galx,3)duy) G+ € B,

B()

In view of Lemma 2.3, we see that

(4.3) ][S(r) (/B(t) Ga(x, y) du(y)) dS(x) < M(1—

for t<r <1,

PB0)

where M is a positive constant independenttof and . By Lemmawelhave

2 22
M(vi, r2) = S M(v;, 1) — =——v,(0)
1 ry

for 0 < r1 < rp < 1, which implies that

o 1 1-rf
(4.4) liminf M(v;, r2) = SM(v;, 1) — —5
rp—1 r r

1 1

1,(0) > —o0

for 0 < r; < 1. Hence we have

liminf M(v,, rz) > lim supM(v;,, r1).

ra—>1 r—1
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In view of (4.4), we see that lim,; M(v,, r) exists in (oo, oo ], and so lim, 1 M(u, r)
exists in (oo, 00 ].
Moreover, assume that liminf; M(u*,r) = 0. By Lemma 4.1, we have

(3 — r2v,(0) = raM(v;, 1) — rZM(vy, r2) = raM(vy, 1) — rZM((v)", r2)

for 0 < r1 < rp < 1. Since ¢, J < u* and liminf,; M(u*,r;) = 0, we have
liminf,,—.1 M((v,)*, r2) = 0. Hence we obtain

(4.5) M(vy, 1) < vi(0)(1 - 7).
Combining (4.3) and (4.5) we conclude that
M(u,r) < M(L—ry for t<r<1,
where M is independent of . The claim follows. U

Remark 4.3. Letu be a super-biharmonic function d@h satisfyingu (0) < oo
and liminf,_.; M(u*, r) =0. Then

M(u,r) <u(@@—r3) for O<r<1
Corollary 4.4. Letu be a super-biharmonic function dh satisfying
(4.6) Iimipr(u*, r)=0.
Then the following are equivalent.
(1) liminf, 11— r)*My(u, ) =0 (resp < 00).

(2) liminf,1(1—r)*M(u~,r) =0 (resp < o).

Lemma 4.5. Letu be a super-biharmonic function d& and = A%u. Suppose
u satisfies

lim inf (1 — r) IMy(u, r) < oo.
Then(2.1) is satisfied and: is of the form

u(x) = Gop(x) + (1 = [x|?)h(x),
whereh is harmonic omB satisfying

supM;(h, r) < oo.

r<1
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Proof. By considering the function,,, in the proof of Lemma 4.2, we may as-
sume thatt (Okx co . Take a functionp  as in the proof of Lemma 4.%tRire show
that

4.7) O<|f1<f1v,(0) > —o00.

By Corollary 4.4, we see that limipf; M(u*, r) =0, and so (4 5) holds. Using .(4 3)
and (4.5), we establish

1
1_r2M(Ut7r)

= _1_1r2 <M1(M, r)+ ][;(r) (/1;(1) Go(x,y) du(y)) dS(x))

3 (st a9

v;(0) >

- 1-r2

= —1—1r <(1 —r) *May(u, r)+ M@ —r)

1(B(1))
t

r —

for t <r < 1. Lettingr — 1, we obtain
1. -1
v,(0) > —Ellml?f(l—r) Ma(u,r),

which implies (4.7).
By Lemma 2.1, we have

Cs [ W= yPPdul) < / G20, y)du(y)

B(t) B(r)

=u(0)—v(0)

<u(0)— inf v,(0) < 0
O<t<1
with the positive constanC; in Lemma 2.1. Hence (2.1) follows. In view of Corol-
lary 2.2, Gou is a biharmonic Green potential, and hence there exists arrhimic
function v onB such thatu =G,u +v on B. By Theorem 1.1, we see that
(4.8) lim inf(1 - r) IMi(v, r) < oo.

We note thatv has an Almansi representation (see [3] and:[11])

v(x) = g(x) + (1= x[Hh(x)
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whereg andh are harmonic d. If |x| < r <1, then we apply the Poisson integrals
of both sides and find that

Iirrn_jrl1f(1 —r)g(x) + (L - r?)hx)| < oo.
This shows thafg is identically zero iB. O
The above proof also gives the following.
Lemma 4.6. If u is a biharmonic function orB satisfying
lim inf (1 — Y IMa(u, r) =0,
thenu = 0 on B.
Proof of Theorem 1.3. By Lemma 4.5, we see that is of the form
u(x) = Gap(x) +v(x),
wherev is biharmonic o8 and
[ @=1ane) < o
By Theorem 1.1 we find
lim inf (1 — ry *My(v, r) = 0.
Hence we see from Lemma 4.6 tha= 0. U

5. Remarks

Suppose: is super-biharmonic & and setu =A% > 0. Further, suppose there
exists a sequencg;} ,9ry<ra<-.--<s <1, tending to 1 such that r{- dS}
converges weak-star to some finite Borel measure Sand

lim i?f(l —r) " *M((u — F[v]))~, 1) < oo.

Here Fplix) = fs F(x,y)dv(y) with F(x,y) = Dny(A,Ga(x,y)), where Dng
denotes differentiation with respect to the outward unitnma. Then, as in Abkar
and Hedenmalm [1]y can be represented as

u(x) = Gap(x) + F](x) + (1 = |x[)) P[A(),
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where P . ] denotes the Poisson integral of some finite Borelsmes. onS and

(1]
(2]
B
(5]
(6]
(7]
(8]
E)

(10]
(11]

(12]
(13]

(14]

/B (1— x[22du(x) < co.
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