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Abstract
Let be a biharmonic Green potential on the unit ballB of R . We show that

lim
1
(1 ) 2 ( 1)

M ( ) = 0

for such that1 ( 1) ( 4) in case 5 and 1 in case 4.
Further, if 5 and ( 1) ( 4) ( 1) ( 5), then it is shown that

lim inf
1

(1 ) 2 ( 1)
M ( ) = 0

Finally we show that these limits characterize biharmonic Green potentials among
super-biharmonic functions onB.

1. Introduction and statement of results

A function on an open set R ( 2) is called biharmonic if 4( )
and 2 = 0 on , where denotes the Laplacian and2 = ( ). We say that
a lower semicontinuous and locally integrable function on is super-biharmonic
in if every point of is a Lebesgue point of and2 is a nonnegative measure
on in the weak sense, that is,

( ) 2 ( ) 0 for all nonnegative 0 ( )

The open ball and the sphere centered at with radius are denoted by ( )
and ( ). We write ( ) = (0 ) and ( ) = (0 ). We also denote byB and S
the unit ball (1) and the unit sphere (1). We write = 2 , so that is
the inverse point of relative to the unit sphereS.

Let 2( ) denote the biharmonic Green function in the unit ballB (cf. [8]), that
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is,

2( ) =

4 ( )4 4

2
(1 2)(1 2)( )2

in case = 2 4

4 log
2

+(1 2)(1 2)( )2

in case = 2 4

where 1 = 2(4 )(2 ) for = 2 4 and 1 = ( 1) 2+18 for = 2 4. Here
denotes the surface measure of the unit sphereS. For a nonnegative measure onB,
we define

2 ( ) =
B

2( ) ( )

If has a density 1
loc(B), then we write 2 instead of 2 . The function 2

is called a biharmonic Green potential if2 .
For a Borel measurable function on ( ), we define the average integral

over ( ) by

M( ) =
( )

=
1

( ) ( )

where ( ) denotes the surface measure of ( ). For 0 and a Borel measurable
function on ( ), defineM ( ) = M( ) 1 .

Gardiner [5] and the second author [9] studied the limiting behavior ofM ( )
for (harmonic) Green potentials onB. We also refer to Stoll [13, 14] for invariant po-
tentials in the unit ball ofC .

In this paper we are concerned with biharmonic Green potentials onB.

Theorem 1.1. Let 2 be a biharmonic Green potential onB. If 1 (
1) ( 4) in case 5 and 1 in case 4, then

lim
1
(1 ) 2 ( 1) M ( 2 ) = 0

Theorem 1.2. Let 2 be a biharmonic Green potential onB. If 5 and
( 1) ( 4) ( 1) ( 5), then

lim inf
1

(1 ) 2 ( 1) M ( 2 ) = 0

Finally we give a characterization for a super-biharmonic function to be a bihar-
monic Green potential onB.
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Theorem 1.3. Let be a super-biharmonic function onB. If satisfies

lim inf
1

(1 ) 1M1( ) = 0

then it is a biharmonic Green potential onB.

2. p-th means of biharmonic Green potentials

Throughout this paper, let denote various constants independent of the variables
in question.

We need the following fundamental estimates for the biharmonic Green function
on the unit ballB (cf. [1] and [7]).

Lemma 2.1. There exist positive constants, 1 4, satisfying the following
conditions:
(1) If 5, then for every( ) B B

0 1
(1 2)2(1 2)2

4( )4 2( ) 2
(1 2)2(1 2)2

4( )4

(2) If = 4, then for every( ) B B

0 1
(1 2)2(1 2)2

( )4
log

2

2( ) 2
(1 2)2(1 2)2

( )4
log

2

(3) If = 2 3, then for every( ) B B

1
(1 2)2(1 2)2

( )
2( ) 2

(1 2)2(1 2)2

( )

Furthe, in all cases,

3
(1 2)2(1 2)2

( )
2( ) 4

(1 2)2(1 2)2

By Lemma 2.1, we have the following result; see [7] and [10].

Corollary 2.2. Let be a nonnegative measure onB. Then 2 is a bihar-
monic Green potential if and only if

(2.1)
B
(1 )2 ( )
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Lemma 2.3. If ( 1) and 1 2 1, then

M ( 2( ) ) (1 )2 +( 1) 1 ( 1)

(1 )2

In particular, if = 2 3 and ( 1) , then

M ( 2( ) ) (1 )2 +( 1) 1

1

( 1)

(1 )2

This follows from Lemma 2.1 and the fact that, if 1 , then

(2.2)
( )

( ) ( + )1 + 1

where is a positive constant depending only on and .
Set ( ) = B : (5 1) 4 (3 + 1) 4 for 0 1.

Lemma 2.4. Let be a nonnegative measure onB satisfying (2.1). If (
1) , then

lim
1
(1 ) 2 ( 1)

B ( )
M ( 2( ) ) ( ) = 0

Proof. By Lemma 2.3, we obtain

(1 ) 2 ( 1)

B ( )
M ( 2( ) ) ( )

B ( )

1 ( 1)

(1 )2 ( )

Since (1 ) 4 for B ( ), Lebesgue’s dominated convergence theorem
implies that

lim
1
(1 ) 2 ( 1)

B ( )
M ( 2( ) ) ( ) = 0

In case = 2 and 3, we can show by Lemma 2.3 that

lim
1
(1 ) 2 ( 1)

B
M ( 2( ) ) ( ) = 0
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Lemma 2.5. Let 1 2 1 and ( ). If 5, then

M ( 2( ) ) (1 )2 +( 1) (1 )2

1 if
1 1

4

log
1 1

if =
1

4

1 4 ( 1)

if
1

4

If = 4, then

M ( 2( ) ) (1 )2 +( 1) (1 )2

Proof. For ( ) and 1 2, setting

1( ) = ( )
1

2
and 2( ) = ( )

1

2

we write

M ( 2( ) ) =
1

1
1( )

2( ) ( ) +
2( )

2( ) ( )

= 1( ) + 2( )

Since + 1 0, we have

1( ) (1 )2 (1 )2

1( )
( )

(1 )2 + 1 (1 )2

On the other hand, if 2( ), then 1 3(1 ). In case 5
we see that

2( ) (1 ) 2(1 )2 4
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so that

2( ) (1 ) 2 (1 )2

2( )

(4 ) ( )

(1 ) 2 (1 )2 (4 ) + 1

1 1+(4 )

if
1 1

4

log
1

if =
1

4

1 if
1

4

Since (1 ) 4 on ( ), we obtain the required inequality.
Similarly, in case = 4, we find

2( ) (1 )(2 ) (1 )2

2( )
log

2(1 )
( )

(1 )(2 ) (1 )2 (1 ) 1

Hence it follows that

M ( 2( ) ) (1 )2 +( 1) (1 )2

3. Proofs of Theorems 1.1 and 1.2

In this section, we give proofs of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. Let 1 ( 1) ( 4) when 5 and 1

when 4. By applying Minkowski’s inequality for integrals, we have

M ( 2 )
B
M ( 2( ) ) ( )

=
B ( )

M ( 2( ) ) ( ) +
( )

M ( 2( ) ) ( )(3.1)

Thus Theorem 1.1 follows from Lemmas 2.4 and 2.5.

Proof of Theorem 1.2. First, we give a proof in case ( 1) ( 4)
( 1) ( 5). Set = 4 ( 1) and ( ) = (1 2) ( ). Here note
that 0 1. By Lemmas 2.3, 2.5 and (3.1), we see that

(3.2) (1 ) 2 ( 1) M ( 2 ) (1) + (1 )
( )

( )
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Hence it suffices to show that

(3.3) lim inf
1

(1 )
( )

( ) = 0

For this purpose, we see that

1 2

1 2 +1

2 (1 )

Hence it follows that

1 2

1 2 +1
(1 )

( )
( )

1

2 ( 1)

:2 1 1 2 +2

1 2

1 2 +1
( )

( : 2 1 1 2 +2 )

Since (B) , we can find a sequence such that 2 1 2+1 and

lim (1 )
( )

( ) = 0

which implies (3.3). Thus the case ( 1) ( 4) ( 1) ( 5) now follows
from (3.2) and (3.3).

Next, we deal with the case = ( 1) ( 4). We see that

(1 ) 2 ( 1) M ( 2 ) (1) +
( )

log
1 1

( )

In the same way as above, we have

1 2

1 2 +1 ( )
log

1 1

( )
1

2
:2 1 1 2 +2

1 2

1 2 +1
log

1 1

( )

( : 2 1 1 2 +2 )

which implies that the left hand-side is zero by letting . Thus the theorem is
established.

REMARK 3.1. Our theorems are best possible as to the power of 1 .
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To show this, for 1 and 0, we give an example of biharmonic Green
potential satisfying

(3.4) lim
1
(1 ) 2 ( 1) M ( ) =

Letting

( ) = (1 ) 3+ 2
1

1

where 1 = (1 0 0), we consider the potential

( ) =
B

2( ) ( )

Then B(1 )2 ( ) . Further, in case 5, we have

( )
( (1 ) 2)

2( ) ( )

(1 ) 3+ 2
1

1

( (1 ) 2)

4

= (1 )1+ 2
1

1

so that

M ( ) (1 )1+ 2

( )
1

(1 ) ( )
1

(1 )1+ 2+1 +( 1)

= (1 )2 +( 1) + 2

Thus (3.4) follows. We can show the remaining case in the samemanner.

4. Proof of Theorem 1.3

First we study the spherical means of super-biharmonic functions.

Lemma 4.1 (cf. [6]). Let be a super-biharmonic function onB. Then

( )
1

2
2

2
1

2
2

( 1)

2
1

( 2)

whenever B and 0 1 2 1 .

Proof. Denote by 2 the fundamental solution for the operator2 in R , that is,

2( ) =
4 in case = 2 4

2 4 log in case = 2 4
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For B and 0 1 , we can find a biharmonic function in ( ) such
that

( ) =
( )

2( ) ( ) + ( )

for every ( ), where = 2 . By the Almansi expansion, we have

( ) =
2
2

2
2

2
1 ( 1)

( ) ( )
2
1

2
2

2
1 ( 2)

( ) ( )

for every 0 1 2 . Hence we have only to show that

(4.1) 2( )
2
2

2
2

2
1 ( 1)

2( ) ( )
2
1

2
2

2
1 ( 2)

2( ) ( )

for every R and 0 1 2. We define

2( ) = 2( )
2
2

2
2

2
1 ( 1)

2( ) ( ) +
2
1

2
2

2
1 ( 2)

2( ) ( )

and

1( ) = 2( )

We see that

1( ) = 1( )
2
2

2
2

2
1 ( 1)

1( ) ( ) +
2
1

2
2

2
1 ( 2)

1( ) ( )

where 1( ) = ( 2) 1 1 2 if 2 and 1( ) = 1
2 log(1 ) if = 2.

Note that ( ) = ( ) for = and 2( 1)(R 0 ). Further we see that
( ) = 0 for 2, 2(0) = if 4 and 2(0) 0 if = 2 3. Setting = 1( ),

we define ( ) = ( ). Then

1( ) =

0 if 1( ) 1( 2)
2
1

2
2

2
1

( 1( 2)) if 1( 2) 1( 1)

0 if 1( 1)

where 0 = ( 2
2 1( 1) 2

1 1( 2)) ( 2
2

2
1) and 1( ) = 1( ) with = . Hence we

see that 1( ) 0 on 1( 2) 0 and 1( ) 0 on 0. Since 2 ( ) = ( ) 1( )
with ( ) 0 and lim 2( ) 0, we obtain 2( ) 0 for 1( 2). Thus (4.1)
follows.
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Lemma 4.2. Let be a super-biharmonic function onB. Then

lim
1
M( ) exists in ( ]

In particular, if lim inf 1M( + ) = 0, then

M( ) (1 2) for 0 1

Proof. Let be a super-biharmonic function onB and = 2 . For 0 1,
there exists a biharmonic function on ( ) such that

( ) =
( )

2( ) ( ) + ( ) ( ( ))

Set

( ) =
(1+ ) 2( ) +

((1+ ) 2) ( )
2( ) ( ) if ((1 + ) 2)

( )
( )

2( ) ( ) if B ( )

Then is well defined. Further is biharmonic on ( ), super-biharmonic on B,
(0) and

(4.2) ( ) = ( ) +
( )

2( ) ( ) ( B)

In view of Lemma 2.3, we see that

( ) ( )
2( ) ( ) ( ) (1 )2

( ( ))

for 1

(4.3)

where is a positive constant independent of and . By Lemma 4.1, we have

M( 2)
2
2
2
1

M( 1)
2
2

2
1

2
1

(0)

for 0 1 2 1, which implies that

(4.4) lim inf
2 1

M( 2)
1
2
1

M( 1)
1 2

1
2
1

(0)

for 0 1 1. Hence we have

lim inf
2 1

M( 2) lim sup
1 1

M( 1)
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In view of (4.4), we see that lim 1M( ) exists in ( ], and so lim 1M( )
exists in ( ].

Moreover, assume that lim inf 1M( + ) = 0. By Lemma 4.1, we have

( 2
2

2
1) (0) 2

2M( 1) 2
1M( 2) 2

2M( 1) 2
1M(( )+

2)

for 0 1 2 1. Since ( )+ + and lim inf 2 1 M( +
2) = 0, we have

lim inf 2 1 M(( )+
2) = 0. Hence we obtain

(4.5) M( 1) (0)(1 2
1)

Combining (4.3) and (4.5) we conclude that

M( ) (1 )2 for 1

where is independent of . The claim follows.

REMARK 4.3. Let be a super-biharmonic function onB satisfying (0)
and lim inf 1M( + ) = 0. Then

M( ) (0)(1 2) for 0 1

Corollary 4.4. Let be a super-biharmonic function onB satisfying

(4.6) lim inf
1

M( + ) = 0

Then the following are equivalent.
(1) lim inf 1(1 ) 1M1( ) = 0 (resp. ).
(2) lim inf 1(1 ) 1M( ) = 0 (resp. ).

Lemma 4.5. Let be a super-biharmonic function onB and = 2 . Suppose
satisfies

lim inf
1

(1 ) 1M1( )

Then (2.1) is satisfied and is of the form

( ) = 2 ( ) + (1 2) ( )

where is harmonic onB satisfying

sup
1
M1( )
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Proof. By considering the function1 2 in the proof of Lemma 4.2, we may as-
sume that (0) . Take a function as in the proof of Lemma 4.2. First we show
that

(4.7) inf
0 1

(0)

By Corollary 4.4, we see that lim inf 1M( + ) = 0, and so (4 5) holds. Using (4 3)
and (4.5), we establish

(0)
1

1 2
M( )

1

1 2
M1( ) +

( ) ( )
2( ) ( ) ( )

1

1 2
M1( ) + (1 )2

( ( ))

=
1

1 +
(1 ) 1M1( ) + (1 )

( ( ))

for 1. Letting 1, we obtain

(0)
1

2
lim inf

1
(1 ) 1M1( )

which implies (4.7).
By Lemma 2.1, we have

3
( )

(1 2)2 ( )
( )

2(0 ) ( )

= (0) (0)

(0) inf
0 1

(0)

with the positive constant 3 in Lemma 2.1. Hence (2.1) follows. In view of Corol-
lary 2.2, 2 is a biharmonic Green potential, and hence there exists a biharmonic
function onB such that = 2 + on B. By Theorem 1.1, we see that

(4.8) lim inf
1

(1 ) 1M1( )

We note that has an Almansi representation (see [3] and [11]):

( ) = ( ) + (1 2) ( )
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where and are harmonic onB. If 1, then we apply the Poisson integrals
of both sides and find that

lim inf
1

(1 ) 1 ( ) + (1 2) ( )

This shows that is identically zero inB.

The above proof also gives the following.

Lemma 4.6. If is a biharmonic function onB satisfying

lim inf
1

(1 ) 1M1( ) = 0

then 0 on B.

Proof of Theorem 1.3. By Lemma 4.5, we see that is of the form

( ) = 2 ( ) + ( )

where is biharmonic onB and

B
(1 )2 ( )

By Theorem 1.1 we find

lim inf
1

(1 ) 1M1( ) = 0

Hence we see from Lemma 4.6 that 0.

5. Remarks

Suppose is super-biharmonic onB, and set = 2 0. Further, suppose there
exists a sequence , 0 1 2 1, tending to 1 such that ( )
converges weak-star to some finite Borel measure onS and

lim inf
1

(1 ) 1M(( [ ]) )

Here [ ]( ) = S ( ) ( ) with ( ) = n( )( 2( )), where n( )

denotes differentiation with respect to the outward unit normal. Then, as in Abkar
and Hedenmalm [1], can be represented as

( ) = 2 ( ) + [ ]( ) + (1 2) [ ]( )
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where [ ] denotes the Poisson integral of some finite Borel measure onS and

B
(1 2)2 ( )
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