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  CHAPTER I

        '
INTRODUCTION

     Since the presentation of inventory model which was proposed by

Wilson in 1915, a number of papers have been published concerning

mathematical modeis and analysis of inventory. Zn these models, it was

assumed that the inventory was nonperishable in natuurer that is, onoe they

are stocked, it oould be used to satisfy (tmnd at any time in the future.

 Little consideration was given to the case of orderirtsg stocSc where the

oommodity could be used to satisfy (tmnd only for a limited amount of

time after it was received intD storage.
                                                   '
     Recentlyr hctwever there has been considerable interest in developing

rnathematical modeis of inventory for describing optima1 inventory policies

with respect to perishing or decaying cxxnmodities. caruaodities can be

classified into two types taking account of their quality level ; one is

the cxxmpdity with a maximum uLgable lifetime <perishable items) and the

other is the commodity whose lifetime is decreasing with a fixed deoay

oonstant (decaying items).
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     Ghare and Schrader [6] developed an EPQ(EconefrLLc Ordering Quantity)

model. `I'hey assuirxul the comrTx)dity whose lifetime is decreasing with a

fixed decay constant. Covert and Philip [4] obtained an EPQ TrDdel for

items with a variable rate of deterioration by assuming the two--pararreter

WeibuU distribution for the progress of the item deterioration. Philip

[16] discussed a moclel by assuming the three--pararTtseter Weibull

distribution Eor the progress of the item deterioration. Shah [20]

developed a model in which shortages are perraissible. They are

generalization of the works of Ghare and Sehrader [6j and of Covert and

Philip [4]. Cohen [2] has considered the problefn of joint ordering and

pricing decisions for decaying inventory under known dernand. In above

rnodels the dernand rate is assumed to be detertEiLnistic. Shah and Jaiswal

{21, 22] discussed periodic review inventory !tDdels for deteriorating

items with stochastic dernand. Nahndas ,and Wang [10] considered the

leadtime with respect to decaying itnms. Nose et al. [ll]•discusses a

(a.?) inventory control system with .finite varying stochastic procurernent

leadtiTne for exponentially decaying cunmodities.

     Recently, rernarkable researches have been worked out for obtaining
                                                  '
optinva1 ordering policies in case of perishable oorm)dities. In such a

caset when demand is deterministic, the problem has a trivial solutiont

that is, place an order so that no item perishes. Howevert the solution

is much more corrgplex when demand is random. In this case it is not

possible to order so that no item will perish. Hence outdating bec(xnes an

iinportant Åíactor fgdr plaeing an order. Bulinskaya [1] considered a case

where the lifetime of an item was exactly one period. Tbought his work

was concerned with an extension of the previous analysis of nonperishable

oommodity's inventory model to the analysis ef a sjJTgple inventory model

for perishable coirmodity. This analysis is a sirnple extension of the

inventory ftDdels for nonperishable (rmrx)dities to perishable ones.

                                -3 --



     Analysis of a single item inventory rTDdel with a lifetime.aff exactly

two periods was pioneered by Van Zyl [23]. He restrieted his attention to

only shortage and ordering costs. His model does not include a perishing

cost as try werk do, so that the perishability feature is included oniy

throngh the transfer function. Mhrnias and Pierskalla [8] have developed

the trx)del with an outxlating oost which is incurred at the time when the

order is placed instead of the time the lifetime of the ordered cmmodity

reaches to the specified lifetime.

     The earlier frDdels with a lifetime of only two periods have been

extended for an itern with predeterrnined rnaximurn ZifetinE of m periods by

Fries [5] and Nahmias [9]. rn the single period rrDdel of Fries [5] the

expected outdating cost is irrelevant to whether one places an order or

not, so that the eptimal ordering policy is the satre as the case of

nonperishable commodity'$ inventory probiem. Thereforet it •is no good as

the optimal ordering policy for perishable omrmodity's inventory probletn.

On the other hand, Nahinias [9] includes in an explicit way trxi effect of

outdating . He noted that the number of units of the current order that

will outdate without meeting ary demand is a randorn variable that deperxls

mpon both the age distribution of inventories on hand and the realizations

of the demands over the next m periods.

-4-



     A]most of those nodels mentioned above assutTKe that their remaining

li,fetimo is predetermined fixed when the reordered D.erishable commodities
                                                   '
are received. Houever chis assu[gption is not realistic in many actual

circumstmces. Therefore it may be reasonable to assurne that if the

procurement leadtime varies, the value of cxxrmodities may also be

changeable. Ishii et al. [7] discussed the model for a perishable

cottifnodity with the stochastic procureraent leadtime. Furthermore, Nose et

al. [12] derived some properties of optimal ordering polieies for a

perishable oo[rmodity with the stochastic procurement leadtirne. Nose et

al. {l3] is a generalized mode]. of [7] and U2] incorporating the

discriminating selling prices.
                                    '
     On the other hand, most of the previous works have been discussed

with customers who l)ad no control over the depXetion oE inventories. Iihat

is fi`IkeVJ (First-In-First•-Out) issuing which is assumed that the older
                                                               'inventory is always used first to meet dernand. One of the most

interesting studie$ is that of Gohen and Pel<elman [3] in which they give

attention to custcrmer controlled depletion. Given ccmmodity information

such as an expiration dater it may be reasonable to assuuvE that cus'torr)ers

wiU select the newest available itern on the shelf iff ali iterns are

equally priced and if no search cost is invoXved. Also, whenever high

reliability is needed, the newest first issuing may be desirable. The

newest first issuing docterine is' equivalent 'to a LIFO (tast--In-First-Out>

issuing sequence. NLose et al. [i4] discusses an inventory control for

.Derishable cQ[nmodity subject to stochastic procurement leadtime on uFo

and F!tsb issuing sequences resp.ectively.

-5-•



     Qptirnal allocation policies for perishabie crmmodities were analyzed

first by Prastacos [17] [!81 [l91. These mxiels were discussed under

charging cost only for shortage and outdating. But, if we discuss the

allocation probletn, transportation cost should be also an-important

factor. Nose et al. [IS] discussed a single period allocation problern of

perishable corrmodities based on a LIFO issui tsg and a rotation allocation

policies oonsidering shortage, ouedating and tran$portation costs. •

     Chapter IX constructs a rnodel for perishable commodities subject to

stochastic procuretnent leadtime and the optimal ordering policies are

derived. And the chance constraint for shortage is added and the optiTnal

ordering poiicy is again derived. iivrthermore, the influer)oes of

leadtimet rate of excess perishability,and on-hand stock upon the obtained

optimal ordering policies are discussed.

    Chapter III discusses a mociel for a perishable product with the

stochastic procuretrent leadtime and discriminating selling prioes. And

the optima1 ordering .DelicY and its properties are analyzed.

. In Chapter rV, an inventx)ry control for perishable oQrrunodity subject

to stochastic procurement leadtime Qn both LIro and FIFO issuing policies

is considered under zero or l unit leadtime. Qpt"va1 ordering policies on

both UFO and FIro are derived and the influences of the change of

o.robability of occurring leadtime 1, on-hand inventory and costs of unit

holding, shortage and outdating mpon the optima1 order-xp-to-level are

investigated on both issuing policies, respectively.

•- 6-



                                       '
     Chapter V describes a (Q,or' ) inventory control system for decaying

ccrmK)dities with finite varying stochastic proeuieiT}ent leadtirre for

expenentially decaying cxxrmodities. Characteristics of optimal ordering

decisiont i.e., optima1 orderir)g quantity and reorder point are derived

under given probability of stK)d<out occurrence and their sensitivities of

                                    'changes in decay are also clarifiede

    Chapter VI discusses a single period alloeation problem of perishable

commodities based on a LIFO issuing and a rotation allocation polieies

considering shortage, outuating and transportation costs. Firsts t:he

existence ofi the optima1 aXlocation policy is clarifSed. P"urthermore, an

algorithm oÅí obtaining the optimal allocation pelicy ior a perishable

ccrmodity is effered. FinaiZy, we note Figure l-X summarized this chapter

visually.
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I iM' VENTO RY

LEADTlME

        CHAPTER II

 CONTROL SUBJECT TO STOCHASTIC

FOR PERISHABLE COrxllVIODITIES

2-1 intiodmiM

     1`here exist so many commodities whose value does not rernain constant

over titte during transportation, holding in stocSc, etc.. Bulinskaya [l]t

Van Zyl [8], etc., treated the cases where lifetimes are one or two

periods of time. But they did not refer to the perishing cost for the

determination oE eptimal ordering policy. Ltmas and Pierskalla [7]

introduced perishirtsg cost into the determination of optima1 ordering
                                                          'policy for the two periods lifetime dynamic inventory model. tater, Fries
   '                                          'E2] and Namias {5] generalized their rnodel tD the m periods lifetime

model.
                                                              '
     But most of those rrD(iels asswe that the iraximum lifetime oE the

product is fixed when the reordered perishable corm)dities are received.

However this assurrption is not realistic in many actual circurRstances.

-. IO -



     EIherefore it is reasonable to assutrE that if the procurement leadtitr}e

varies, the value of rmities may also be changeable. Taking the above

view point into consideration, this chapter discusses the inventory

control for pgrishable commodities under a certain maximum lifetime and

the stochastic leadtime. Particularly the case of O or 1 period leadtirne

is considered and its optima1 ordering policy is derived. Further the

infiuences for eptitnal ordering policy of s(me kmportant factors, i.e.,

tbo probability of leadtime O or lg the rate of excess perishablity under

the occurrence of ieadtime i and the status of inventory on hand (netver or

older), are anaiyzede

     Nextg eonsidering the fixed ordering costs scirte other characteristics

of the ordering pelicy are obtained. Note that the rTp(iel in this chaptex

is a generalization of the one peried borizon modei of Nahrndas (4j.

     Section 2.2 states the assumptions and the notations which are used

throughout this chapter. Subsectien 2.3.1 formuLates the frDdel and the

optimaL ordering peUcy is obtained. .
     Iivrthermore the proposed model is compared with the Nahmias' modei.

     In subsection 2.3.2e the char}ce constraint for shortage i$ added and

the Qptknal ordering policy is again derived. rn subsection 2.3.3, we

give an exaimo.le in order to iUustrate the results of subsections 2.3.l

and 2.3.2.

     Subsectien 2.4.l diseusses che influenees of leadtime, rate aÅí exoess

perishability and on-hand stock mpon the obtained optimal ordering pelicy.

Subsection 2.4.2 gives a nimerical exampie in order to illustrate the

results of the subsection 2.4.l.

     Section 2.5 concludes this chapter and discusses Eurther reseEurch

problems.
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2.2 Assmpticns of invenua nndal bor perisibahle rmdities

    A periodic review inventory model is considered,for one planning

period horizon and single itern. That ist ordering takes place at the

start oE a period and costs are incurred during a period, rather than

continuously. The period length is predetermined fixed constant with unit

length L . Arxil the followings are assufrEd throughout this chapter'
.

(1) Maximum lifetime of the perishable coimodity (tiscussed in this

chapter is m finite periods. rf the oogmodity has not been depleted by

dernand untSl the period it reaches age m, then it perishes and rnust be

discarded at a Erpecified per-unit cost ie.

(2) Demands DJ. m'  suÅéce$ive periods j=1.2,••. are independent nonnegative

randoEn variabies with known distribetien function F.r'J and probability
                                                 o
density f.(e].
         J
{3) After cofmmodities are placxx] into stockt deterioration proceeds

monotonicalXy one stage in each period and inventory is depleted by demand

at the start of each period according to a FIFD policy .

{4) When procuretcent ieadtime Åí is Oi the stpdk arrives new, that is,

mmum lifetiiTE m, and when2tt.1t the stoek with lifetime m"1 or m-2

arrives. Leadtime O occurrs with probabi"ty 2oand 1 with 21t where 2o+21"1

,ko>O r elZLO , arxa when2nlt the stoclc with lifetime m-1 arrives at a

constant rate a (Osas) and m-2 at 1-or. Heret 2ra corresponds to the rate

of exeess perishability urrder the oe( urrence of leadtime l.

     Zn stoeking perishable oormpdities, it is neces,sary to keep track of

the aiTpunt g.f inventory en hand at eaeh lifetime ievel. Ooncentrating on

our moclel, we define the following notations;

-- 12 -



      x .;the amount of cxxnfrpdity on hand with i periods of usable lifetime
        z
        ' left,
      Xp ;inventory level in stodc, i.e., XpA Cx p ,x p-1 ,...,x 1 ), 2;<P.<.rn-1.

      PA, ;dernand during g'th period
       v     'B. ;the total unsatisfied demand until the end of the .i th period

          after depleting al.1 the oommpdities X Je , X .J•"1 ,''r,.X 2 ,ieeee

 BJ'"tDJ•' ;F BJ•-i -x.J• ]t ,1 :Åí. J' .<. m-i . . . (2•1)
                                                  t.     where Bo.o arXil [b)tNmax (b,O). . '
                        '  Figuie 2.1 iilustrates this rrp(leZ.

Qn<ul Xn-1);the probability that Dn + Bn-1 is less than a real number u,

           i.e.t

          Qn("e Xn-1) " P"{Dn+Bn.15"}, 15."tu<M (2.2)
                                     '        '
      wheret if uÅíOt chen Qn(ul Xn"2)A O.

     A(Xm"1.y);the total expEx ted cost when y is ordered under the current

               stocS< level Xm.1 t i.e., including the fixed ordering,

                 purchasingt bolding, sbortage and ouedating costs, i.e.t

       K ;fixed ordering cost/order,

       e ;purchasing oostlunit, h ;holding cost!unite

       P ;shortage cost/unit, r ;ouodating cost/unit,
       x 7total anpunt of inventery on hand, i.e.tx'AE!:1i xi ,

     • ei ;i•-th unit vector, i.e.t ei A (o, .., ,1,O. ... )O). i-1,2. ... .. m•-1.

    L(Xm-2.y) ;the tetal expected cost excluding the fixed ordering cost

              fran A (Xm-2 ,Y) ,

-- 13 -



vo
-rl

p
pt

pt

pt

a
•H
u

leadttme O

  '

     '

       '          '
 lst period

 2nd period

'l      l
    '      f
J'th period

      l/

 '

 (m-1)th period

mth period

 leadtirne 1

   '

 lst period

       '
 2nd period

      e   tt      l
          '
g'th period

    '

      E

        t ttt
  '
 (m-1)th period

 mth period

 '

       ,     Flgure

                          '

 lifettme
--------h--

    1-

y X(m-1)X(m-2)

y Xim.1)

l

J
l

s y

 X(3)

 X(4)

X(J'+2)

X(2) X<1)
  Bl

X(3) X(2)
  •2 IBI

Xti+O X(J')

F;L-----F:m

                 I/

              '
   outdatings of '

  ordered quantity y

          lifetime
         -----------m-2 . 3

      • iBii..1
   L-----v--"--'r'

    y X(m•-1)
          :B     m-1 ,
              '    v
           y
V IBm-1'
      '

    21     'm:Li-ii!:ILH -
F tE:L{-bE!:EZr+X(m-1) X (m-2) X(3) X(2) X(1)

'

:

   xg

(1-a)y

6

X(m-1)

    ,
ct I
 (1-a)y

X(4)X(3) X(2)

B2 ;Bl

  Bl

X(J'+1) X

.iV

1

t

'

X(m-1)x
      (U'+2> (J')

2.l Inventory

         -

aU X(m-1)

Bm-1! iBm-2

  gutdattngs of
  ordered quanttty yV
                    '                   t.   '                 '

         '
modal for perishable

14 -

BJ•-1: B .

      (1-or)y

       il

       , m- .

  '
 ccmnodities

demand
D 1".

demand
D2

demand
Dg'

demand
Dm-1

demand
D
 m

demand
Dl '

demand
D2

demand
DJ'

     '
demand
Dm-1

denand
D
 m



2.3 epmial on]ering palicy subiect to,stpcl)astic ]eadtine and stn(*out

oonstraint

2.3.1 1meitory mxial. for periShahle (xmndities

     Fram the definitions (2.1) and (2.2), the distribution function of

the amount of nov order Y that perishes is

    Ptr'{ [Y'" (Dm+Bm-i) ]+ E tt) "1- Q. cy-u lx. -.1). ' (2' 3)

Note t:hat y,is a decision variable which represents the airount of ordered

commodity. Then, ainong the incoming arnount Y of new coumodity, the

expected airpunt remaining until the end of m units of period and t:hus to

be abandoned eventuaiiy is described as in the following formula [4]; from

the definitions (2s2) and (2•3).

                                                              '     IocotcdU'Q. <y"rt-tlX.-i)}"JYo Q. (;4lX....i )du• (2•4)

Then the total expected cost A(Xm..1, y) is established as the equations

(2.5) arxl (2.6):

     A(X.-1,y)m K'6<y)+L(X.-.i}y), (2.5)

where

     '6ig)"(i l' yY.'oO.l

                                -ua iS -'



And,

   'L(X..1 , y>"c•Y+Åío [hfZi"}Y(sty-u) efl (tt)du

                 +p J lllFy (u"x-y)'fi (")d"+""J ZQm ("l Kn-ijdu]

                                                     '                +2i [n' J : (x -u ) ' fi (u )du -tp J .co (it-c ) •fi (u )du

                                      '                + .J ;i '-a)Y'ta' m'2 Q.-2 cu l X..2 )du

                       m-1
                + rJ aoY Q.( utx.- 1+(1-a) y• e.-1) du] • (2 .6)

                                                           '                                                      '

     Now, we show the convexity of the cost function L(Xmdl,y), described

above, utilizing the IEmuna due to Nahrnias in the literature [4], where

Qn(u:Xn..1) is derived recursively by using the convolution of enml with
   'f.(") , namely
    Q,i("iXn-.2) "j"o Q."1 (v+x ...2 lX.-2) fl. (u-v)dv,1 En ii M (2'7)

and Qo(u)- Z. '
Especially, the integrand ef last term of the equation (2.6) is derived by

the following, 1am, i.e.t

     tm 2el
     Qm (U I Xm .. i+ (i -- ct) y' e.-i) .J Uo Q." <v-}x ."2 ,+ <2 -a)y l X.-2) f. <u-v) dv

                                ' . (2e8)
and Qo(U) " 2,

    Iemua 2.2 ([4]) Assu;re that each demand distribution function Fk(d)
   '
possesses (fensity function fk(d)'which is continuous in dhq. 1her) the

funCtiOnS aen(Xn)/ex l are continuous over n dimensional real space R" .

If fn hasajump at O, then een(X)IOX.i are all continuous over Rn for

"n-1 and eQn(Xn)/ex n is continuous in all its arguirtsents except a

                                      ''

                               - l6 --



    Alrplying Zemia 2.1 to che last integral in equation (2.6} and

differentiating L(Xmnl.y) with respeet to y,

                 'eD . ()lm-1. Y)
   ey m c + Åío [(h-P)Fl (`C+Y)eP+rQ. (Yl)S,-z )]

            + 21 [(1-et)re..1(x .nl•+(1-or)ytX.-2)C1-F.(ay)}

            +rroY e.-.1 (y-"Åë ..1 -utx.-2>f. (u)du] =o. (2.g)

is obtained.

    Next theorem dervK)nstrates the existence of an eptima1 ordering pelicy

.y'(X...-i) under inventory level X.-i .

    1tuen 2.1
    L(X.-i,y) is a convex function of y and there exists y'(X.,-i) in (-co, co>

which minimizes the vaiuke of L(X.,-t,pt) i.e.r

       L(Xm -- l,y'( X. .. I)) =: rnin[L(X.,-!, pt )]. •(2 '10)

                                          '
    Proof.

    First ,note that by setting t==v,s=u-v,

                            '     fe"rfo"g.-i(v+x. .. i + (l - a) .y l X.,d2 )f.( tt -e v)d vda

       =.LoiarfoaY-"4.-i(t+ x., .- i + (i r a)y l X.,.-2)f.,(s)dtds

       = .Lola'rf.,(s)e.,-iO' +x,.di -s l X.,-.2)ds- Q.,-i(x.-i + (1 - a)y l X.,-2)F.,(ay.)

                                                        (2.11)

and by setting t=a),--v,
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                    .tt tJ6""C.-i(v+ x.,-i + (i -' a)>' t x."2).IC,.(a.}, -- v)dv=foa"

    '        '

Then

e", -- i(7 + X,.-i -' t l X., -2 )f.,(t)dt ,

a2L(.X.,-t,Y)
         = 26 [( h +p)A(x + pt ) + rq.,(r i X.,-- t)]
   apt2
                       '      ' ' +Åí ,i Kl -g)2rg.!-,((1, '- a)7+x.-, l X.,..2){l -- jF.T ,(ay)}

           + a2rQ., .. i((1 - a).v + x.,-i 1 X.-2)f.,(ar)

           +rfort'g., .-. ;(y+x.,.i -tt X., --2)f.,(t )d t] >O• ' (2. 12)

                '
 Since all the terms are cmmposed of nondanegative values.

This itnplies the convexity of L(X.-.,,r) ,[3]. 1!breovert

                       '
                              '
             '    eL(X.,-,,Y)7]Lm. ept =c+2o(h+r) +2,[(1 -- a)r .

                                   '                                                         '  + .lam. (1 -- a)rf,arf,"gh-,(v+ x.-, + (1 - a)71X.,-,)f.(u- v)dud v] > O, (2. l3)

    '                                   tt     eL( X. .-. ,,y),liM-. o7 =-p%<O• . (2.14)
  '                                        ' :nequalities (2;12)-(2.14) together prove Theoretn2.i. ' O

     The equation (2.10) guarantees the existence of an eptima1 ordering

quantity y(x.-i) under inventory on-hand steclc level X.-1 .

     tueN 2.2
     wt)en x,,,-t=Or che following critical order policy is eptimaZ:

        '            order, if x<xt •          {
                                                           (2.15)            not orderf otherwiset •                                    '
where the critical order peintt x$, i's obtained uniquely as follows:
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 xt=Ii: otltF,;,!;Xil"i)se"'-=.(;tLEL+)-p)2Cea'idC<PIO' (2.16)

                       '

When x.-i>O,

   fe.'.29r..sS;-'.`.X;;'}:,(.X.";-2" ,,.,7)

                                                      '
is cptima1 where the criticql order point X.f-!(X.,-2))Q                                                   is derived based

on the solution 2.,.,(x.d,,) of the mption (2.19) :

 x",-,(x.-,)={g;N-i(Xnt-2)' tftlig a;,i(,X,"t-2)SatiSfYing(2,19)exists, . <2. Ls}.

 c+Åí'o[hFi CIS',3 xi +Snt-i(Xm m"l)) n:p(1 - j[ 7( 1:,2xi +xm •- i( Xn:-2))lj (2. Ig)

  +(1 -- a) iei e.-;(•Åí.,- i(X.,---2)IX. --2) == O• ' '

    Prbof.

  (Case-r.,-i=o}: If JPeo <xc ,then for al1 X.,mi, AL(X.,-i,.),)le.},1..-.-o >O boldsr that

iSt for all X.-i,, t=o is optirnal giving MV.iL(X.,.-i,y) , because of the

monotonicity property of aL/e7 with respect to .y. 1!herefore xX nurst be O.

Zn case of p.k>c , then there exists xksatisfyir)g

eL( x.- i ,7)/ey l ...o = c +e,[h F, (xD --• p{1 -k- i T, (xe)}] = o,

                                              '
t hat is, st is equal to F-i(( p2, -- c5/(p+ li )<,) . Since eL( X. .. !, pt )/e7I..o <O

for all Xm-!.such that x<x,ft., again by the monotoniciby property of aL/apt,

 ,y satisfying eL(X.-,,])/o7=o must be pesitive, that isr scrne arTpunt of

the product must be ordered.

    on the other hand, ifx)xk, then eL(X.-,,y)/eyl,--o>-O., that is, not

to .order is optima1.

                             -- l9 -.



    (Casex.,-i>O'): If 1.-i(X.-:) satisfying (2.19) does not exist, then

    eL(X.-;,),)/071,..,>O for all X.-i by the smilar argutrent to the case

  X.,-i=Or x:-i(J\.,-2)=O• In case that e.-t(Ar.,-2) satisfying (2.19) exists,

  then aL(X.,-i,pt)/eylrse =O for X..-i such that x.-i= v:f,-i(x..2). Again

  by the silnilar argment to the caseX.-1 =O , for x.-.I such chat

x.-i<x:-i(X.-2) t sQfre amunt of the product must be ordered and for

     x., .-i S; X.-, .- i( X..2) t not to order is Qpt imaZ. O

    Equation (2.19) would be able to be solved with respect to the
                          '
distribution functien Fi . Then the following relation is obtained:

                              '
Fi( ",tiii',2x, +x.k,.. ,(x.,-,)) = P2o '- C -W'(i La)"(2h"thÅ};()Xse,A-i(Xn,"2) I Xm-i) $ pp' +- i .

                                       '

Further, tbe foZlowing inequality is bold.

"ltL,2 x, +xi,-,( x."2) s:F`' i( 'pP if)• ' (2. 2o)

The right-hand side ofi the above inequality represents the critical order

point oE Nahmias [4] which dk)es not take account oE stochastic leadtime.

    Vta conclude this section by discussing che effects of a . It is

easily shown that S'.,-i(X.,-2) is a monotonica11y increasing function of or

                                                         '
                                                          '
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    Prepositien 2.1

  L(X.-i,7) isanondecreasing function of ct. '
    Proof.

    The partial derivative of L(x,.-,,7) with respect to ct is as follows.

           '   9:tES.l :-!-!•Z2-(X":i-i'J') = -2;o,(g.,.i((1 -a).y+x,.di l X.,.i) '- eni(a..y l Xm-i +(l '- a)•Yem-i)

              -l- Jo"7/o"q.,.- i(o+x.,.T + (1 -- a).y I X..2)]7.(u- v)d vdu1

(by applying (2.U) to the third tenn in the above brace >

                                             '
            == -Åí117(ent-1((1 -- at)Y+Xnt-l 1 Xm-2)

              -.lo[are.,-i(v+x.,.i + (l - a)y l X.,-2)f.,(ay -" v)dv

              +fo"'f.,(s)e.-i(7+x., -. i -- s l X,.-2)dsd Q,..i((i -- a)y + x..tl X.-2)jC.1 (ar))

            =-Åíiry9.,-t((1 'd a)7+X.,-2!•Jr.,.#2)(1-F.(ay)) s;O '

  '

(by equation (2.12))• O
2.3.2 1be cptim1 cndering policy urrier an added ehanee eonsmint

    rn order to aompensate sbortage under varying procurement leadtirner

optimal ordering quantity should be determined taking aecount of the delay

oE product's arrival ordered. Bbr this purpose, the following chance

constraint is added so as to keep Zhe occurrence probability of shortage

less than a given leveltl-Bt [7].

        '

   Pr{x•-x, +7-(Di-xi)"-D2 sSIO} <N1-B. ' (2.21)

.- 2i -



    Zn other wordsr tl)e above inequality mms that the probability of

whidh the second period's demand plus the remains of first period's demand

exoeeds (x-x,)+>• is less than 1-B.

    First nete that inequality (2.21) is equivalent to the folloving
ineijuality of service ievel:

                             '
                                                           'Pr{x"+y-(Dt -xi)' ---D, ;) o} ?s B. (2.22)

Inttlier (2.22) is equivalent to the conditien that y satisfies at least

pne pair of inequalities (2.23} and (2.24) when Bi changes within the
          '

Pr{D2 'S;X+)''xi}ePr{D, ${x,) ;;),B,, (2•23)
                  'Pr{D2 <N x +7 -- Di, D, > x,} -> p - B,. (2. 24)

(2.23) and (2.24) are transformed as follcms:

y)'  Fi- i(Bi /Fi(xi)) -x+xi, (2. 25)
J.Xl%2 (xÅÄy-di )fi(di ).ddi e p(y) L> B - B,. • . (2. 26)

rn (2.25), as Bi inereasest lower bound of y increases. For p(y) in

(2.26),

9tt  Yi( ).) ,. J.X'92 (x+g-di )f,( d." ), dii >- o e

                                                               (2.27)         1

From (2.27), in (2.26), lower bound of J decreases as p, increaSes.

((2.25) and (2.26) are iUustrated in Figure 2.2.)
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lhus ,we obtain

      y >- z(B), (2•28)
where

                                        '                             '      '     i(B)=fim,ln.. rriax{F"'(P,/1:T,(x,))-x+x,.p-i<B-B,)}

and

            '     s :llll {B, lo N< B, $! rhax(B,•Fi(x:))}:

!nequality (2.28) iJnplies that in order to maintain the sGrviee level B,

at least the quantity z(B) rnust be ordered. Thereforee the optimal

orderiftg pelicy under above oonstraint (2.28) is surrmarized as the

following Theorem 2.3.

     ISBOreii 2-3

     Qpttima1 erdering quantity ro' under che consideration of chance

constraint is given in (2.29):

     7o' -- max{.}"(X.t-i), Z(B)}'
                                                                 (2. 29 )

 Followir}g propositions clarify the influmce of xi and B on s(B)

respectively.
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    Prcpositu 2.2

    2(B) is a monotonically (Secreasing function of xi•.

proof. since x--x!=E;.-2'ki. we have

      e(p-'(jt3-Bi))
                  = o.           ex1

Iiurther ,

      e( F2'- i(Bt/Fal'(.X, i)) ' MiS,i X ) . e( F2- '( Be.' <F'(Xi))) = •-' illj,' l/iÅíf)'))2 f,( F,- ,(Bl/F,(x,))) `N'O

Arxl equality bolds if arxl only if x,=O . This implies z(B) is

monotonica11y decreasing function oE xl. O
    Proposition 2.2 iiTplies optima1 ordering quantity decreases as
   '
increase of the oldest inventory xi.

    Pruposition 2.3.

   z(B) is a nondecreasing function of B .

    Proof. Letting rc=P-'(i3-Bi),

    il'i;K = dpl(.) = f,(x+.-x,) F,(x,)+fo`""-Xif,(d,)f,(x+.-d,)dd, ;)o

                                        '          dK
                                            '
                                               '
arxil F2L'(Jei/Fi(xi)) does not oontain ,e . This proves Proposition 2.3. 0

  preposition 2.3 ineans y8 is nondecreasing funetion ef service level B.

    ThEx)rem 2.3 and fo11owing Propositien 2.3 together stm that if the

service level B becxmies high, more quantity thari that of minimizing the

total oost':must be ordered.
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2.3.3 Nuuriml exagpte '
    This subsection gives an exafnpie in order to illustrate results ef

subsection 2.3.1 and 2.3.2. rn equation (2.5), an experimental datum was

cbosen; the cost paraireters (C,h,Pir )=(40,10t200,40), the Ieadtime

probability 2, at four levels (2'o=O.4, O.6, O.8 arxi 1.0) and the rate a at

three levels (a=O.O, O.5 and 1.e). The (lemand distribution function is

assurT)ecS to be e)qx)nentia! with mean 20.0. For this datum,'  eaeh L(X.,.;,y)

 is illustrated in Figure 2.2 (m=3 in this case). 'rable 2.1 shows

obtained results and foliowings are observed:

  (1)lhe optimal ordering quantity with takirtsg the influence of stochastic

leadtime into consideration {Åío=O.4, O.6, and O.8) is more than that of

Nahmias I4], i.e., seo =l.O. (Inequality (2.20) indicates this
                                  '
inclination.)

  (2)'Ihe tota1 expected cost L(X.,-i,y) increases as 2, dee,reases.

  (3}At each level of g,< 2o =O.4, O.6 and O.8)t L(X.-i,y) increases as

a' decreases, but the significant differences <ik) not appear among the

optima1 ordering quantities.

     Iimrthermore, under the chance oonstraint (2.21)t re)gions of feasible

solutions are obtained with respect to 6 at three levels Cz?=e.85, O.90 and

O.95). rable 2.2 shcms optima1 ordering quantity under the above chance

censtraint. (For example, in case of Bzae.85 and 2, mO.8, using [rheorem 2.3,

the optima1 ordering quantity is 35.36 and the totaL expected oost is

about 2750 in ease xj =K2 = 5.0.} {see Figurb 2.3.)

     Note that using the chance constraint (2.21)r remarkably more

quantitieS are to be ordered than the eptima1 ordering quantity obtained

in the equations (2.l5) to (2.l8).
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Tabie 2.l Optimal ordering quantity

2o = o,4 2o = o,6

Xl " O,OO
X2 za O.OO

Xl " O.OO
x2 = 5.00

xl =5.00
X7 = O.OO

xl = 5.00
x2 = 5.00

x! = o.oo
X2 = O.OO

X1 = O,OO
x2 = 5,OO

xl = 5,OO
X2 = O•OO

xl = 5.00
x2 -- 5.00

i

N"
i

a= o.O
a= O.5
a=1.0

l1.57
12.36
12.47

6.58
7.28
7.50

6.78
7.44
7.61

1.82

2,35

2.72

18.03

18,85

18,96

13e03

13,81

13.97

33,18
13.96
14.10

8.22

8.93

9.17

ko = O.8 Åío =1.0

Xl ts O.OO

x•it = o.oo

X1'' O.OO
 'x2 = 5.00

xj :5.00
X2 = O,OO J

xl --- 5.00

x2 z 5.0D
xl = e.oo
X2 = O.OO

Xl = O,OO
x2 = 5.00

xl = 5,OO
X2 = O.OO

xl -- 5.00

x2 = 5.00

an O.O
a = O.5

a=1.0

22.72
 '23.21
23 ,26

17.73

18.19
18,27

17.86
18.33
l8.4O

1290
13.34
13.45

26.46
26.46
26.46

21.47
21.47
2l.47

21.59
21.59
21.59

16.63

16.63

16.63



2.4 Sae Ipmerties of peristiable inver!tory cxxitral far periShable

ormndities

2.4.1 1!ncperties cm be aptigal ordExing ptilicy

 First, QmCi)(ylX.-1) is defined as follows: '

       Qm`"(yixm'i'"IQi/'.'I/l,i-ll lli, .

Next inequality (2.30} which is presented by Nahmias [4] wiU be used in

erder to prove the followings :

    e.(i) (ylx.-2) ,z efi"1) (ylx.-1) (2.3o)

   This inequality (2.30) and the preceding !emna 2.1 tz)gether srww the

following reZations.

   Prepositim 2.4

   If a =O er 1, then

    -i :i .y (i) (X.-i) s y(th'i)(x.-i) E O; i" 2, ...,hi-2, (2.3z)

                'bo1(is. If O < a5 f,

                   '                                                    '    --2 sy(i) (X.-1) E y(Ul) (X..1)sO;in lr, ..., m-2, (2.32)

is obtained, where y(i)(Xm-1) is defined as fo11ows:

                         '    y(i) (x.-i) - illtllllizEil2-;X,m--ii) , i pt i. 2, ... ,' m-i.
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( gtrl=5.0. x2---5.0 )

Table 2e2 Optimal ordering quantity under ehance constraint ( ct=o .5 )

Xl

X2

= o.oo
= o,oo

Xl = O.OO
x2 =5.00

.xi ;= 5.00

X2 " O.OO
xs =
X2 =

5.00
5,OO

B

B
B

=
=
=

e.85

O.90
O.95

67 .44

77.79
94 .88

62.45
72.79
89.88

40.36
44.33
48.89

35.36
39.33
43.89
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     Proof:

     Wrx)n y(X.-2) is eptimal quantity obtained frcxtt the equation (2.9), the

  partial differentiation of the equatian (2.9) with respect to x.,-i

(it2, .... nt-2 ) becpmes as fellows:

  2:21E-Eglleitil21:l2LL(aXm.iiYi,()gi"i))•-2e{(hÅ}p)fic:-ki()9n-i))(2'Y(i)(Xm-i))

                 +r(?h5i+i) <y ()s,.i)tx.-i)'r'eEi)(u(X.,-2)lX.-i)s (i) (X..i)

                 +22{(2"cDrfQiStll((i-a)y(X.-.i)+x .-i t )9n-2)

                                                '                 "qm-i ( (i '")Y()9n-2) 'it m-i i )9n-2)Y (i) ()Sn-2 ) ] (1

                 -F. (czy ()1..2 ) ) ]- (1 'a> ctrf. (cry (X..2 ) )y (i) (X.-2 ) Q.-1 ( ('1

                 -or)y(X..i)'it .-i l Xm-2)}+ti{rue..i((i-a)y()9ri-2)

             ' . 'kr m-1 1 X...2)f.(ay(X..1))y(i)(X.-1)

                                 '                +rfoY(XM'i){q.-i(y(x.-i)+ce .-i 'ul x.-2)y(i)(Xn,i,.a)fm(")

                   <i)                 +Qm-i(Y(Xm.i)'Ke m-i -ul Xm-2)fm(u) du=o .

                                                        (2.33)

Solvir)g the equation

  y(i)(x..i)" ' -E"

    t

(2.33) with respect tO y(i)(X.-1)

'

(2.34)
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where

   z= 2o{ (h+p)f2 (x+y(X..1))+rg. (Y(Xm-l)l Xm-1.)}

     +22{(i-ct)rq.ei((i-ct)y(X.-i)'iÅë ..i I X.-2)[i-Pm(aY(Xm.i)>]

     •tct2rf.(ay<X.-?)e..i((2-a)y(X."2)+v ..i l Xm-2)

     +rlaZ(Xtn-i)qm.i(y(x.-i>+x ..i -ue xm..2).f.(u>du> o ,

  E' 2o{ (h'+p)fl (eq+Y (Xm.1>)+rQm<i+1)(Y(X.-1)l X.e.2)}

                                                     '
      +22{(1-ct)r'`?ÅíZ.'.)z((2-ma)y(X.-1).x .m2 l Å~.-2)[1-F (CY(X.-1)>J

        ati(X.-1) (i)     'h'fo .em"i (y(X..aj2ic •.-i. "ut )Sn.2)J9. (u)du} >o•

Fmm (2.34), (2.35) and (2.36), the inequsality

   Y(i)(X.-1) : O

is easily obtained.

Besi(ilas, using inequality (2.30) for each term of the equatiens

(2.36), the inequalSty

   y (i)(X.-1) 2:, -1

                '

is aiso obtained.

(2.35)

(2.36)

   (2.37>

(2.35) and

    '

    (2.38)
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Representing the nurrerater of y<i)(X.-1) and y(i+1)(X.-2)by E(

respectively and usi trg inequality (2.20), the rel.ation between y

Ji (i+2)(X.-2) is obtained as follcJws:

,y.(i)(X.-i?-y(i+i)(x..i)" •- ES/2:2E.!LilÅ}ai)- E(i+2> g o

 wheret

  and Eo
(i) <X.-1)

•(2.39)

(i+z)

and

E(i)- E (i+1)
= Åíor{eJii"i)(y(x.-i)e x..j)- QhSi+2) (y (x.-i)t Xm-7))

                          '                       .  +21 { (1 --ct )rP-F. (ay (X.. 1) ) ] [esc. )2 ( (1 --a )y (X.- 7 )N .- 1 1

  '
    <i+1)  '-e.-i ((i'-Ct)y(X.-i)+t.-i,l Xm..2)]

  +,, [Jo"Y (Xm"])ei-il (y-tc.-i -ulxin-2).fr. (u>du .

  -Ioay(Xm-1)oftll>(y(x..-1)+. ..1 --.l x.-2)f.(u)duJ} g o

                                  '

Xm-2)

                        (by inequality (2.30)).

Frou (2.37), (2.38) and (2.39), (2.31) can be derived.

when Lisi , the partial derivativee a2L(Xm.1, y<Xm-1))/(ay•ax m-i.

equation (2.9) with respect toX m-2 , is obtairyed similarly.

becames as foilows:

),t of the

Then ,y (i)<X.-i)

y (1)(Xm-1)  e'
E
 t
z

(2.40)
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where,

  t'
z = 2o{(h•+p)f2 Cc+y (X..2)>'heq. (Y (X,,.i)i Xm-i)}

    +g]{(i-a)2rq.-2 <3 .-i +(i-a)y(X.-2)lX..2)[i-P. (aY(Xm-i))]

    +a2rQ..i e .-i + (i -a)y (X."i)I X.-2)fm (ay (Xm-.i))

    t?jC (XM-i)q..i <y(X.-i)'+= .-i "ul X.-2)f.(u)du) iO, (2•41)

 E't2e {(h+p)f2 (x+y (X...2))'ftt'QhS2) (Y(X..2)lX..-i)} '

                                            '                                         '
          '
    "21{(1-ct)rq.-1 Cv m-1 + (2ba)y (X.-2)l X..2)(1--Fnt (CnJ(X.-1))]

                                      '    +rloaY (XM-i)q.opi (y(X.dl)+x .,-1 m"uiX.-.2)fr. (u)du} k O " (2.42)

From (2.40), (2.41) and (2.42), the saice inequality as the ease for i=2,3. ...,

m-1, is obtained, i.e.,

 y(1](x.-1)g a• (2. 43)
But the similar relation to (2.38) could not be obtained fori=1. 0nly for

the case a=o,1 and O<a;112, (2.3X) and (2.32) held respectively. O

    lhis preposition ixrplies that the aptimal ordering quantity is more

sensitive to the inerease of newer on-hand inventory than that of the

older en-bhand inventOryt ancl also ifTplies that the inerease of on--hand

inventory by one unit induces the decreatse of order quantity by less than

one unit as shown in inecpual.ity (2.31)t or by less than two units as shown

in inequality (2.32).
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    Prvpoiesiim 2.5

     a2i (LS(l!llilf!-"'9!'IXMyi Y)) y.y (x.-i)'>O ' (2'44)

    Proof: Zjety (Xh,-1); satisfies

    eL(Xmde-yl'"Y) l y.y <xin..1)tuO'

    'then the folloving is obtained by the use of equation (2.9).

                                                  '  -sl:; (aZ(Xingly' Y)) y.y (xi,,-1)= --[(h.Tip)Fl<x+y (K,-2))-p+rQ.(y (x...1)lx.-1)]

                                      -            - +[U-a)re.-.i(Åë .-i +(i-ct)y (Xin-i>l)S.-2){i

                           -F.(cy ()s,-2))}+rfCIY (XM-i)e..1cy (x.-1)

                          -KC .-1 -UiXh,d2)f. (U)du]

          1        " 'zu {c+ 2o[(i-ct)rQ.-i <x.m.i +(i-ct)Y<X.-i)lX.-2){i"F.(ciU(X..i))}

                                           '                                                    '
             .n,J[IY(Xhi-i)Q.-i cy(x.-i)+x .-i -utx.-2)f (u)d"]}

                    '             +[(i'ct)rQ.-i(x ..2 +(i-ct)Y(X...i)IX...2){i-Fm (ay(X..i))} ,

             +.iaYo(Xm-1)Qm-1(y(x..1)+x .-1 -utx.-2)f.(u)du]

                                       '             .= fu {e+[(i-a)rQm.i(x .-i +(i-a)y(X...i)lX.-2){i--Fm(ay

              (X...i))}SYo(XM-i)e.-i(y(X.-i)-it .-i•-ulX.-2)f.(u)du]} >•o

                                  '
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It may be interpreted that che increase of the probabiZity of occurring

procureruent leadtime 1 enlarges the partial derivative of L(Xh,.1,y) with

respect to the o.otima1 ordering quantity. Ity direct caiculation, we have

inequality (2.45).

     Pmpsttioo 2.6

     aL(X...1, Y)                                                            (2.45>
        aa-a)

This propositien indicates that when u.ct) ,i.e., the rate ef excess

perishability under the occurrenee of leadtime l, becQrtms closer to 1, the

total expected cost increases.

    1]duiiiEL 2.3. ([4])

           IZQiSi> ("IXm-1)d""Qm (YlXm#?-EJi'-zaiQm=J' (Xin.-j)Hj (Y3XiJ' ), i--2,3,' '' ,M'

                                                                  'where Xi v'--' <x mm! ,x md2,•••,xm-J•+i.), and . (2'46)
                                                 '
            Hl (y)= Fj (y)

              :.
            Ha• (ysxid)=JYoF.(y-v .-i )JoV 'M-2 'f`C M-i fm-i(v •.-2 ttc ..i -v m.2)

                    e • • I eV 'M '"'+2 'kV 'M- J'+2 fm -J' +2 (V m-j +2 .. 'tc "'"j+2 ptV M-J' +1 >

                                                    '
                         fm-J'+1 (V .m-j+1 'tcC m-a'+2 )dV .m-J'+1 ''' dV ..1 '

                         '

Now we define L(i)(X..1, y) as follcms.
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L(i)(X,,...2, Y) "

eL(Xrn-1' Y)

  ax .   'm-z
BL(X..1, Y)

  ay

; i"1,2, e.., M"1

; i "m

   Mn 2.4.

   L(i)(X.-1, y)"L (M)(X.-i, y)-e-2orZJi•.ie.Tj(Xm-e')HJ• (YlXih"-j)

                                        '                         -                                      x   +21{(h+P)17.(X)'-P-r[Åíai:iO.-J'-2(Xm.-j-.1>HJ'((1'-")Yhr m-1 IXm-•j--1)

   +IoXM"i Q}S2(utx..2)du-ctQ.-i(x md.i,+(i'a)YtXm-2)

   +ZJi•--2e.-J•(<.-j)H"• (ctYIi(ill-J•)-+ue,,-1 (x .-a, +(i-ct)y•1X.-2)F.(ay)]} ' (2'. 47)

                                '

     i
where 5m.J. ; rewriting form of X,m-J• when X...1 is repiaced by X.-1+(1.-a)y.e.-1•

     XmX-J.. ; rewriting form of Xm.J• when Xm-1 is replaced byXm-1+(1-a)y.em-1,

   prooE: For i=2,3, h., m--1,the partrial derivatiVe Of L(X,,-1, y) Wi'th

respeat to x.-i is obtained as follows: '' .

                            '
L(i)(X.-1, y>"2e[(h+p)Fl (x+y)--p+rJZQ}Åíi+1)(ui X.-2) du '

                              '                               '         +2i[(hfp)p.(x)-ptr J i]illYi Xmmi e(i)(uex.-2)du

                       '         +rloroYQi51i+i) (ulx.-2+(i-ct)y e.-i) du] . (2e4s)

                 '

'

e
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Ancl substituting the partial derivative G("I>(x.-1, y)of L(x..i, y) with

respect to y,i.e., (2.9) into (2.48), the equation (2.48) is rewt7itten as

follows:

  L< i) (x.-i, y) =L (M) (x.-z, y)-c+ 2or [J Yo e}lii+i) (ut x.-i) du' Q. (yt X.-i)J

          ' +2i[(h+p)F.(x)--p+rj iijlilY'ix "'Ti Q}Sl'l(utx.-2>du .

              +ri"oY QEi+i) (ul x.- i+(i-a) y. e.-i) du

                 '              -(i-a)r'Q.-i(x .-i +(i-or)YiX.di2){i-F,,(ay)}

               '              -ri:YQ.-i(v+a: .-i +(i-a)ylX.-2)fm(cry-v)dv

             mL(M)(X.-1, y)-c-ÅíorEti•.2e.-j(X.-j)HJ•<YeX;-a')

              +2it(h+p)R.(x)--p-r{ZJi•;iQ.-j-i(Xm-J•-i)HJ•(<i-a)Y'la m..i tXm*w'-i)

              +j: M-2 q:.ii) (u:x.-2)du-aQ.-i(x ..i +<i'a)Y:Xm-2)

                •! !              +EJT•.2Q.-J•(X.-j)HJ•(czy: X.X"j)+aQ.-i(x m-i +(i'a)y:X."2)F.(czy)}]•

                                                            (2.49)

                                           (by using 1emma 2•3) U

    r"Ma 2.5.

               '    L(i'M)(Xm.1, y) z, O, i,tl,2, ..., in.

        '

where

         '                     .    L(i.m)(x.-1,y).S!fLl::.:-Slizl:,L!-l2(Z)(Xym2,Y)
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    Preof:

    For i=1.2 .... m-1 r

        foCXYmÅíi. ?y- Q.("i)S,-i+(i-a)y•e.-.?l du

                     '
       =JgY':ffÅíi9i-{sg. eyf: Q.-i (v+x .-i +(i-ct)yix.-2)f.(u-•v)dvdu

                                   (by the equation (2.7))

     =(i-a)I oUY e. 2-i IZ q.-i(v-la .-i +a-a)ylx.-2)f. (u-v)dvdu

                             '             '                   '     =(1-or)I 1 a,,, il-i faoili-.1 (s+x ra-1 +(1-a)ylx.-2)f.(t)dsdt

                                  '
                                tt     = a-ct)f oCXY Q:iel(y-+x .-i •-ttX.-2)f.(t)dt- a-a)QSZ.'.)i(x .,.i +(i'-a)ylX.-2

      '

                                   (settirlg t"u-v ,s--v ). •
                              '
Differentiating, both sides of the equation (2.49) with respect to y t

   L(i'M) (X...1, y) = 2o[hfl (:+y)'ipfl C -nJ)+rQ.(i'1) (ylX.-1)]

                  +Åíi[(i-a)rQhSl'i)((2"ct>y+x m-i tXm-2)

                  +arQ}lii+i ) (cty t X.-i+ (i -ct)y• e..i ) '

                 '
                 +rl:iY. 'siF-iliFE'-iig. ey Q. (uex...i+a-ct)y•x.-])du)

) F. (ctY)

 (2e50)

(2.51)
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 Substituting the equation <2.50) into the last term of the equation

        L(i.M) (X.-2, y)4 Åí"(hf2 Cx+y)-}pf2 Cpty)trQiÅíi+1) <yIX.-1)]

                      + Åíi [ (i "a)rQ:2 < (i -oL) y+x ..i i X... 2) {i-F. (ay) }

                      +co.(?}fii+i ) (ay t X.. i+ (i -a)y • e.-2 )

                      +a-a)ri:YQ:9(y-ta pt-i -tiX.-2)f.(t)dt] 2: e •

  For i"mt differentiating both sides ef the equation (2.9> with respect to

   y;

                              '
   L (M' M) (X.-2.y)= Åío[ (h-p)f2 (x+y)+r'Q:ii) (ytX.-i)]

                 - Åíi [ (i-ct) 2r'Q.(.i.2) (x .-.i ,+ (tr -ct)ytX..2) {i-F. (cry)}

                      '                                    '                 +ct2rQ.-2(t .-2 + (1-c )ytX.-2)fm (qY)

                 -la,JoCR{Q.a-2) (y-ts ..1 -uex.-2)f. (u)du] lo • O

      Given the fixed ordering cost K, andy(X."1) rthere exists s(X.-1)

(:L y(X.-1)) satisfying the equation (2.SO).

  L(X...1 ,S(X.-.1))" L(X...1 ,y (X....1) )+ X (2. 52>

                                          tt                                                ' Here, if s<X..1)>O, y(X.") sbould be ordered arKl if 8(Xm-1) so , the

 epitraal peiicy is not to ordesc .
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    Differentiating

and noting

LQ")(x.-i. y<X..2))" O

is otcstained.

both sides of the ecpuation (2.52) with

from equation (2.9), the following

respect to x m-C

equation (2.53}

 <i)s (K7t-i)"

  .L (Z ) <X.-1 ' y (X...1))-b (i)<X..1, S (X.-1))

L (M)()s,.1, s(Xin-1))
)

(2.53)

where s(i>(X.-1) is defined as follc)ws:

S'
 (i') (KTT-1) = IS,,(XMil) ' irck,2, "•, m-1.

 ' .mn
     Pmpsttinn 2.7

 (i)
s

         (i+1)(X.-.1) < S (Xm-2) < O, i=1,2, ..., m-1.
s

(2.54)

The twe cases of lower bounds for B(i)(x....i) are  'glven as foliows:

 (1)
B

 (1)
s

(X.") 2: "1 ;au

(L-2) i -2 ;o<

O,1.

a g 1/2. (2.55)

    Proof:

                     ..1> from the equation (2.52) and L(i)(X.-1, y) is    since y(X..1)>s(X

increasing function from LetrgTa 2.3, the nmerator of the equaticm (2.53)

                                                                'is larger than or equa]. to O. sinceeQ")(X..7,y) is also increasing function

fra(n Letma 2.5r considering L<M)(xm"1,y(X.-2))=D tthe denafninator of the

equation (2.S3) is iess than or equal to O. 1!hus,
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g(i) (X.-1) so (2.56)
bolds.

Further the•relation between s(i)(xm-2) and s(i-2)(x.-2) is obtained as

,followes:

                    '
,e
 (i)(X."])"'B (i"'i) (Xm-i)'" L(m) (x.-lf ,(x...2j) ' , (2e57>

                                                 '
 where

                                '                                         1A " s(i) (X.-1, y (X.-1))-L (i-1) (X..1, y (X.-.1))-L(i)(X.-.1, s (X...1)).

  +G (i-2)(x.-2, s (X.-1))

                     *h " 2 ore.-i(X..-i){Hi (s(X.-2)l X..i)-Hi (Y (Xm-i)i Xin-.i)}

                                x  +21r(?...i (X.-i) {•Hidl ( (1-a) s (X.,-1)+n(...1) eX.-i)

                      k  -ai-1((2-Ct)Y(X,."1>+X .-1 iXm-i))}

         ! k /x  +21rQ.-i(X...1){Ha(as(X..1)SX.di)-Hi(ay(X.-1)iX.-i)} < O

                      '                                      '

                               (usir)g Lerma 2.3 and IhEmr}a 2.4).
Taking the fact that pOn)(Xra.1, s(X.-1)) :g O, into consideration, the foliowing

relations are obtained:

s(i"1) (X,,,-1) < S(i) (Xm.1) ' (2.5s)
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In ordqr to obtain the lower bound ofs(i)(X.:1) , it is sufficient to

examine the lower bound of sa)(X.-1) .

    s(1) (x.-.2) " "V'y

                                         (2.59)
where

    v u -L (M) (x..1,s(X.-2))•-.ear e.-2 (X."1){Fl (y (X..1)'P (s (Xm...2))}

      +eli.a{(i-F. (ay(X.-1))Q.-i (x ..2 +<1-a)y(X.-1)IX.-2) - '

      "(1-F.(as(X.-1))))Q.-2 (2 .-1 +Q-a)8(X.-1)tX.-2)} ,

    " . L <M)(X.-1 ,s <X.-1))

                         '
     " Åíof <p+h){F2 (x+e <X.-i))-Fi (:"Y-(Xm-i))} '

      +r{Q..1 (X.-1)i'. (B (X..1))"Q..1 (Xm•-1)Fm (Y (Xm-1))}

      +r{JSo(XM'i)Q:i2 (v+e ..-.i tX..2)F. (s (X.-i)'V)dV

      -JZ<Xm-1)Q.(-21) (.-la ....1 tx.-2)F. <y (X..1)-v)dv}) ,

      +2z [r (1 -a){ Q.-1 (t mdl +(1 ny'ct)s (X.-1) I X..2) (1"F. (CrB (X.ny1)))

      -Q.-.1 (x .-2 +(1-a)y(X.-2)tx.-2)<2-F. <ay Oc.-1))))]•

                     '
It is easily shown that in equation (2.59),

  s<i) (Xh,-2) > -1 , if a '= O Or 1,' '( 2. 60)

                            '                                '
          '
            '                           '

                    -42-



and

                                       '

       s(i)(X.-1) >-2 , if a;:g S. (2• 6i)
                      t.                           '
But for l < a < 1 , the lower bo und of s(i) (Xm-1) could not be obtained.

Inequalities (2.56), (2.58), (2.6e) and (2.61) prove Proposition 2.7.

    "t`his prqposition means that the increase of newer on-hand inventory

reduces the optimal ordering quantity more than that of the older one.

This proposition is very sknilar to Prcposition 2.4 with respect to y(i)(Xm..1)

                                                                 '
    and implies that the increase of on-hand inventory by one unit leads

                       ) by less than one unit for a=0.2 r and by lessto the decrease of 6(X                    m-1 :than two unibs fOr O<ctg1!2. 0
    Prqpesiticn 2.8

    For S(X.op1) 2; O,

                                    -K     Y (Xm-1)d-S (Xm-1) i c+ Åío (iH'p )Fl Cx)-p + 21 (2 -q)rQ..1 (X.-1) e (2' 62)

      '

    Proof: From the convexity of L(X.-1.y) , it is d].ear that the

foliowing inequality holds.

                                              '
    y(x.-li-Ks(x..2) .l L<M) (X.-2,s(x.-?). (2•63)
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Since qn order is placed when s(x..1) ) O, the following relationship is
       '
established:

                                                                (2e64)
      b(X..1,O) > L(X.-1,y(X.-1))+K •

                                                            '
So an interesting relation between Y(Xm-1)-S(X.-1) and 2-ct is derived

as follows:

                            -K d-K•     y(X.-1.) --S <X.-1)• -> b (m)(xin-1 ,. (x.-1)) k L (M)(x.-1 ,O)

                                    '

                    "iiifitT(rr:-itp)itr)p Ki Q )rQ.-i(m.i) '

                                   '
The last equality cxmes from Leirma 2.3.

     Inequality (2.62) clarifies the following relation betWeen y(X,,.1) -

  s<Xm-1) and 1-a ;

if the rate of exoess perishability, 1-ct t inereases, the lower bound of

 Y(Xm-.1)'-8(Xm.1) aiso increases.

          '
2.4.2 'Nuierica1 e,vampae

     This subsection provides an amle in order to illustrate the

results of subsection 2.4.i. The cost paraaeters (c, h, p, r> =(4e,10,200,40)

and the maxMnum iifetimem=3. [[he demand distribution function is assmi

to be gairma with parameters A and y in equation (2.65).

                                    '
                                   '                                                                 tt
     f(x) " rlsA) xN-le rp (- yx) ' ' ' (2' 6s)
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     Table 2.3 represents the relations between on-hand inventory and

optimal orderirtsg quantity whena=O.5 and kl=O.4. Figure 2.4 illustrates

the total expected cost for on-hand inventoryx O, 2 and 4 whenX=l and

Y=O.05. Figuire 2.5 illustrates the relation between the age distribution

oÅí inventory on hand x and optima1 ordering quantity y(X2) for x"4t i.e.,

  (X2t tl)"(Ot4•O),(l.Ot3•O),(2.0,2.e),(3.0tl.O),(4.0,O) whenA =1 and

Y=O.05. Result asserts the increases of newer inventory on hand makes

more influences upon the decrease of the eptima1 ordering quantity than

that of older one.
                                    '
     Table 2.4 represents the relation between the leadtime probabUity

and optimal ordering quantity for ct=O.5 andCx2, xl)=(2.0,2.0). Figure 2.6

Ulustrates the case of A=l,Y=O.05 in [[able 2.4. As Åí1 increasesr the

totai expeeted cost increases and eptimal ordering quantity reduces.

     Table 2.5 represents the relation between the rate of excess

Perishability u--a) and the optimal ordering quantity forÅí1=O.4 arxl

 <x2, Xl)=(2•O,2.0)• Figure 2.7 illustrates the case of X=l,Y D.05 in

Tabie 2.5. When (1-a) increases, tota1 expected cost increases and optimal

ordering quantity dÅécreasese but the significant differences are not

observed when (1-a) ap.oroaches toO.

-45-



Table2.3 The

hand

relation

 (Xl, X2)

between the

 and optimal

age distribution of inventory on
  '
'ordering quantity y(X2)

Y( 2)

x (Xl' X2)  A=5
(u=20

y=O.25
  o=9)

x=i
(v=2o

Y=O.05
  u=20)

o

l

2

3

4

(o,

(1,
(o,

<2,
(1,
(o,

(3,
(2,
<l,
(o,

("s
(3,
('2 ,

(1,
(o,

o)

o)
1)

o)
1)
2)

o)
1)
2)
3)

o)
i)
2)
3)
")

21

20
20

l9
l9
19

18
i8
le
i8

i7
i7
17
i7
i7

.793

.789

.7SU

.B06

.795

.790

.804

.goo

.788

.780

.8iO

.804

.80"

.796

.796

i8.

17.
17.

I6.
i6.
i6.

i5.
i5.
i5.
i5.

14.
i4.
i"'
24.
i"'

855

861
B39

85B
846
838

88"
84"
834
826

9X"
873.
8"5
833.

B12
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Table 2•4e  The relation between the leadtime probability 21

and optima1 ordering quantity y(X2J

2
i o,o O.2 o." O.6
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Tabie 2.5. [ihe reZation between the rate of exoess perishabiZity ecKurring

(l --a), and optimai erdering quantity y(x2) when leadtime 1.

'1-ct 1.0 O,8 O.6 o.t" O.2 o.o

y(x
  A=s
 )(v=20
2  XFi
  (v=2o

y=O.25
  v=9)

y=o.os
  o=20)

i7.6Ult

lij . 056

V.75U

iU.477

17.802

IU.755

17.8o6

IU.908

17.B06

ig.963

17

i" .

806

993
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 2.5 (tnclusicn

     In this chapter, we discussed the (letermination of the eptima1

ordering policies and their properties with respect to a perishable

c(moitity with pre(icterndned fixed lifetime subject to <O or l)

procurement leadtime.

     It was shown that the critical ordering peint under the stochastic

leadtime is less than that of the ordinary iTK)(lel without taking the

stochastic leadtime into consideration. In addition, the probability levei

that the shortage (iloes not occur is given and the optima1 ordering policy

was again derived. ]ntther influence of the ol(ilest inventory x, and B on

the optimaL orderi tsg policy was clarified.

     Sensitivity of sofne important factors such as the influences of

leadtime probabilityt the rate of excess perishability and the status of

inventory on hand irpon the eptima1 ordering policies were analyzed. Next,

set--xp cost for placing an order was introduced and so(Te characteristics

     It is imprtant to consider with respeet to more general assurrptions

of procuiement 1eadtime and excess perishability, though its

generalization may make arulysis more (xxmpiic{ te(il and difficult.

     Inventory depletion pelicy discussed in this chapter had been assurtxxil

to be FIbV issuing. Butr in arder to cx)pe with the increase of customer

serivice in needt custma-oriented inventory depletion policies, e.g.,

LImo and etc., might be better than FIbTO. E)rom these point of view, we

could develQp our theme in using LIR) issuirtsg policy for more general

stochastic leadtime and stoehastic excess perishability.
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                   CHAPTER Iil

iNVENTORY CONIROL FOR PERISHABLE COMMODITIES VIITH

STOCHASTIC LEADTIIVIE SUBJECT TO DIFFERENT SELLING PRiCES

3.1 1ntntndca

     In the recent situation of iow econcmic develolFxrent, cumpetitions

arnong (xmpanies are becQrning severer. Under these circumstancest

manies must consider rx)t only the quantitative stprvice but also the

qualitative one when we discuss the problems of rninimizing cost or

maxS:mizing profit. As for inventory probierns, especiaZly when taking

account of freSh (rmodities or process foodst the quality of cormpdities

has be(x)rne an important factor as well as the anount of their inventory.

Bulinskaya [1], Van Zyl [6], etc., treated the cases where lifetitrves are

one period or tm, respectively. Nahrnias i3] introduced perishing cost

into the determination of qptima1 ordering pelicy for m periods lifetirr)e

modei. Ishii et al. [2] and Nose et al. {5] generalized tbeir model with

respect to the relationship between the length of the procuretmmt leadtime

and the value of the cxxTmodities aooepted. Generalizing the one period

horizon models of rshii et al. [2] and Nose et al. [5], this chapter

discusses an inventory managertEnt for perishable oorrrrpdities under two

     'diEferent seZling prioes and O er. 1 ieadtime in order to obtain more

realistic eptima1 ordering policy arKil to derive its properties.

--  55 q'



     Section 3.2 states the assuirptions and formu]ates our tvpdel. In

Section 3.3r the optind ordering pelicy is obtained. Section 3.4

discusses the influences of leadtime, rate of exoess perishability and

omhand stodk urpon the eptima1 ordering pelicy. Section 3.5 gives a

nurrerical exart!ple in order to illustrate the results of Sections 3.3 and

3.4.'  Fina11y, Section 3.6 concludes this chapter and discuss6s further

research problerns. ' -
                                                                      '
    '
3.2 Rroblat fioumintim

      t.

    The fo11owing assurrptions are made throughout this chapter:

(l) A periodic review inventory model is considered for one planning

 '    period and single itern. [Ilhe period length is arbitrary but Eixed.

(2) Ordering ta]<es plaoe at the start of a period and unit purchasing cost

    is charged. .
(3) Maximum lifetine of the perishable mmity discussed in this chapter

    is ra periods. If the commodity has ncrt been depieted by deinand until

    the period it reaches age m , then it perishes and must be discarded

    at a specified per-unit cost r .
                                                       tt
(4) Stpdk is <ilepleted by (icmand at the start of each period according to a

    FIFO policy and afteir cxxrirrc)dities are placed into stockr deterioration

   proceeds by one stage at each period. ,
(5) DemEnd PJ• z'n successive periods j=1.2.... is independent nonnegative

    randorn variables vith known distribotion function FJ•C'] (F,i(0)lO) arXl

   density function fJ.(,) that is continuous everywhere.
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  (6) When procurerTent leadtisfe 2 is O, the fresh sto(Sc with mximum

     lifetime m arrives and whenÅí=a, the stock with lifetime n7-1 or m-2

     arrives. IRadtime O and i occma with probability 2o and 21 ,

     respectivelyt where Åíd21=1,• 2o>0, 2110t and when k--.7, the stock

     with lifetime m-1 arrives at a oonstant rate arOEctE12• and m-2 at1-a.
     .
     Here, 1-a corresperx]s to the rate of excess perishability under the

     occurrence of leadtime 1.

 (7) Sbortage cost p and bolding oost h are dwrged fer unit sbort aad unit

    carried over, respectively.

 (8) 1!he cxxmodity whose remaining Zifetime is only one period is sold at

    selling prioe Rl and the other (xmrnodities are sold at R2 .

    rt may be reasonable te assuire R2 2} Rl .

In sto(Scing perishable ceirmodities, it is necessary to keep track of the

amount of inventory on hand at each lifetime level. Wki list the

 following notations; `ci ,>{zp tBp ,anrUIXh-17 and Lr>g,.-1.y7.

  Åë. ; the arrr)unt of (xxrmodity on harxl with i periods of usable lifetime
   z
       leftt

  Xp ; inventory level in stock, i.e., XpS(xlsX2{..•,Xp)Jp=1.2...•.m-1.

  Bg• ; after depleting all of tl)e oo(Tmailities xj.xj-1.•••.xl, the totai

     unsati$fied demand until period J' which should be satisfied by the

      inventory oarrupdities whose remaining lifetines are greater than j,

      .      i.e.t
                                                         '
                        '
      '
        •B"•---'[DJ•+BJ='1-XJ•]', J•.1,2,....,." , (3.1)
                                            v
                                                          '
                where Bo--o and [b]+=maxrb.O).

                                           'Q.(ujX.-Y ; the probability that the sum of D. and Bit.-1 is less than a

            real number u , i.e.,

       Qn rUIXn.1)=Pi'{Dn+Bn-lgU}, n=1,2,'''')M ' (3.2)

                                -- 57 -



 ZrXm-1.y) : the total. e)qpc teci cost funetion,

UrX.-1.y]; the expected saies function.

The expected outdating quantities are obtained for the cases of 2=o and

2 --1 from the literature !2] as follc)ws:,

   '                  '(I) The case of Åí=0 : Using the equation (3.2), the expected number

ot' units of y scheduied to perish after m periods is derived;

            '      j:la{l-Q. ry --'u lx.dl))==IYo. Q. ru•fi x."ydu • (3. 3)

                 '
                                                          '                                                 '
(:I} The case ofÅí=1: litun che assuirptions (6)t rEmaining lifetirne of

     cty is m-1 periods and that of r2-a]y is m-2 periods.

        tt(i) the arrivals pf m-1 periods lifetime oarnmodities; [Ehe e)qpected

     nuraber of units, cry, sche(bu1ed to outdate after m.1 pdriods is

     derived as fellows :
     JaoY'e. rcry-u f x.-i+a--a2yei,-•ydu=j"oY (?m (u F X..i.+(i-ofye.-i)du i

                                                        '         '                           m•-•1 ' ' (3.4)                 •• v       where, em.1= rO. 0. .. •. 2] ' . '
                                                      '                                                  '                                    '                      '(ii) Tlre arrivals of m--2 periods lifetime mmities; Ihe expe(ted

 ' number of units ef r2-a]y scheduled to outdate after m-2 .periocis is

                                                       '             '                 '                 '
     Jori-a]YQ..irq..2y+, .-i-uIx.-2]du=J.(i-")Y+Xm-ie..i rutx.-2]du

                                 . m•-1
                                                              (3.5)
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!then the tota1 expected eost function is expressed frem the equations

(3.3) to (3.5) together with the other costs as fellcrws:

   L (x."i. y2=cy+2o "zJoX+Y r•:":vLy-u)f2 (u]du+pl,1.,,7 y{u- (a +ynfi ru]du+rfZQ. (u lX..i2du

            f2i fhJ:rx-u]fi ru2du+pr.ru-x2fi ru?du+2,J;i-")Yta'rrt'i e.;i ru tx.-2]du

                                               m-•2
            +rl"lem (utx.-i+ (i--aJye.-i)du] . (3. 6)'

    where, al:-zq-i x.
             2r'-1 Z'

    rn cntder to obtain the profit function , we begin whth oonstructing

the sa1es function urXm-1.yJ . First of allt twe cases of Åí--oarxl 2m7 are

distinguishecl to constitute urXin;7.y) and U2ru22 is deEined as the sales

quantity of y whose rernaining lifetime is one period : (greater than or

equal to two periods).

(1) The cnse of2=O: '
    U2 and U2 ef chis case are denoted with fl and ift respectively.,

                     '
    u2ot(I m-i--fDm-2+Bm""2-Xm-iJ"l BBmM:2i:Yy . ' (3.7)

    The curnulative distribution function of uO is
                                         2

      Rp(UO2 tu<,U) Qm-1(U+Xm-I Xm-2)• (3.8)

    1!hen, the expecbed sales quantity of ue is expre$sed as follcvws :
                                      2

                              '     E[u20j-=-iy-iZg..-lru+x.-llx.-2)du , • (3.g)

                                            '
             '

                       '
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    Arxi the oorresponding expected sales quantity of which the lifetime

of (xmmodity is one periodrEIulq] , is shown as follows :

    E[ulO] y-E[u2q1•-iYoe. rulx.-1Jdu

                                                            '         .=JYoe..1(u+x.-1•ix.-2)du-IYoe.(ulx.-7du.• • (3.lo)

                                           '
(Zl ) 'M)e ease of Åí =1 :

    To obtainir}g the expe( ted outdating quantity in the case of2=1 t tmo

types, i.e., m-landm-2 periods lifetime eouttx)dities' arrivais are

forrnulated each other.

(i) lrhe arrivals of m-1 periods lifetime ocxmodities ;

U2 and U2 of this cnse are denoted with ui and f2 respectively.

tN -binoe

    u.211 = II g::-i=[Dm-i+Bm-2-'Xm-i-(i-a]Y]+'' B"7-ie-`'"Y (3.n)

                                                       '                                          1.,    the eumulative distribetion function of U2 IS

                                               '
                           '       1    El?(u2 .;l:u)=Q..1rrl--a)+`.-1+UlX.-2)' <3.12)

    Then, the expected sales quantitytEIzi2I]r is expressed as follcvws:

    E[uS ' ]=ay--IctoY e.-/ a-cr ]y+x.-iiLul Xrn- 2J du (3. i3)
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   Arka the expected sales quantityrEIul!], is shown as follows:

     E[ui ']-=-:ay-E[u21 ]-Jo"YQ.ruix.-1+r1-ct]ye.-vdu

                                       '          = JoaYQm- 2 r rl- ofyiLa.. fu4 x.-2] du-Io"Y e. ru l x.-2+ a- a]y e.- 17 du •

                                                   ' (3.14)
(ii) The arrivals of m--2. periods lifetime corrErK)dities;

    In this oase, Ul and U2 are denoted with U22 and U2;, respectively.

                                                '
             . . Bm-2$Xm-1
     2    U2 - Bm-2--xm-1 . xm-1<Bm.2;!xm-1+(1"a)y

        rl-a)y •. Bm. 2> r,n- 1+(1-a)Y
                                          • (3.15)

The curnulative distribution function of U22 i's as follows;

  PT(U22 .;2`)=e.-2ru+c.-21X.-3) . (3.l6)
                                                          'TheRr the e)qpected sales quantity E[u{21] is shown as follows;

   E[v22].,rl-ofy..Iiljl]l)YtiL`CM"1 Q.-2(""`Crn-2. Xm-3)d" ' (3.17)

And the expected sales quantity of EIu19] is obtained as follows;

   E[ui2]=ri-aiy-E[u22]• -J;i-")Y+XMhi Q.-irulx..-2)du

                        m--1
        =I lilll)YtaM"i •Qm-2ru+x.-21x..3)du-Iljl':)Y+XM-i Q.-irulx..-2)du •

                                                            (3.18)
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  'Taking account of the price assumption (8), from the equations (3.9),

   (3.10), (3.I3), <3.14)t (3.I7} and (3.18), the expExted sales function

U(Xm..2.y] becornes as Eollows;

       UrÅ~.d1.y2= 2o{R2E[Uq2]+RIE[Uql])+21{R2rEIUg2]+EIU2{lV

      . +Ra (E [UiJ+E (U9 V ) • (3•19)

  Thus, the expected profit function tTrXm.1.yJ is wtritten as follows;

         e7rXm-1.yl---urx..1.y)-Lrx.-.1.y7 ,

                                                        (3.20)

  where u and L are given in (3.6) and (3.9) respectively. '

   3.3 1be aptinal (nddrby pcuicy

                                          '

       !n order to prove the concavity of the proÅíit function (3.20), i.e.,

 J(Xm-2.y), tlx) following Theorem 3.1, Oorollaries 3.1 and 3.2 are fully

  utUized. And next proposition dettonstrates the existence oE an optima1

  ordering quantity y(Xm.1? under inventory level Xm.1.

       Theorem 3.1 ([3])

          en ("4Xn- 1)=IoU Qn-1 (V+X.-1'I Xn- 22, f. rU- V)dV. ' (3. 21)

                    n-"--1) 2. .... m,

       where Qoru]=1.

       Coro11ary 3.1.

     Qm (ul Xm- 1+rl-a]y,, e.d.11 ----fo"e.-1 rv+xm-1+a-a)ytX.- 2] l:I. (u- v) dv . (3. 22)

                                  '
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     Corol1ary 3.2

         AssutTe that each demand distribution 7k possesses density fk

     that is continuous everywhere. Then the functions BenrXn2/e% are

    continuous overndiiTensiona]. rea1 spaceRn. rf fn has a jmp at Ot

    then eenrXnVD:i are all continuous over Rn fordEn-1 and aQn(Xn)leXn

    is oontinuouts in al1 its argurrents but pessesses a jurqp at O.

                                                        '

PreposttiQn3.1

    When ct=,o and l,the expected profit function, eT(Xmel.y] , is a ooncave

function of .or. y(Xm-1) maxirnizing g(Xm-1,y) exists in r-oo,co), that is

        J(x..d,ytx.-1"-•- mczx rJrx..-1.yn .

                                                            (3.23)

Proof:

   The convexity of che total expeeted cost function, LrXm.1.Y) , has

   been already proved by Ishii et al. [2]. Thus, only the total

   expected sales functionr UrXm-1,y) , needs to be considered.

                '      .e!tLfZl!k;ztyLrXm-1.y)=Åío[R2{1-Q.-1ry+t.-1ix..2)} '

                '

                 +Ri {e..] (y "x.: ilX.. 2)- Q. (y1 X.- i) )]

                 +Åí1 IR2{1- Q..1 (Y +Xm. .1i Xm- 2)

                 +(i-a) Qm.7 ((i- ct ly +xm-'2 ! X.- 2J

                -• "-a1 Qm-2(r1--ct)y+xm- 2+xm.2I Xm.- 3) )
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  +Rl { e.- 1 (y +x.- 1 l X.. 27- rl -- al e.-1 rrl-ct]y+a ..- 1 l x.. 22 r2•- F. rory"

   ray
  -jo em-1ry+x.-.2-ulx.-22f.ru1d.

               '
  +(1-or) e.-2((1-aJy+x.-1+xm-2 I' X.- 37 )), ' (3. 24)

Note that the equatien (3.24) is already arranged by che aid of

CorolZaries 3.1, 3.2 and the fellowing transformation:

    IZYI:q.. 1 rv+xm.-1+ a •- od y i xm- 2J fm ( u- v) dvdu

                                       '    r-i ZYf. (u] Q.. i (y-x.- i --u l Xm- 2) du- Q.. i rx.-t(i-ct]y j X.d2) F. ray )

lhen,

     B2u(x..i,y2
         2 --• 2o[-R2q.-lry+x.-llX.-.2]
        By

              +Rl {q...1 ry +x.-1IX.-. 2) -- q. rylX..1) }]

              + 21 [R2{-qm-1 ry+x."1lX.-2J

                             '
              + ri-a) 2qm-i (x.-i+ (i- ct2ylX..2J

              - "-a) 2q.. 2r "-ct]y+xm-2ÅÄxm" 2'l Xm... 3) }
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         +Rl {q.- Yy+x.-1l X.-2?

        - r2- ,F'm (ay" ri- crJ 2qm.- 7 r "- ct )y+a m- 7 l X.. 2?

        ' I:Y Qm-i Cy+x.- i-u1 xm- 2) f. (u) du

       +r1-a) Qm-2rr1•- ct)y+xm-1+ :n?-.2i Xm- 3?

                                         '
       +.r2-a2 2q.-2r(1--a2y+x...ltt t...2lX... 37 }] (3• 25)

By the relationRl=<.R2, the concavity of VrXm-2.y2 has been proved with

respect to tl)e case cr=o7 1.

After all, the concavity of JrXm-2.y) has been proved frcxn the knowledge

of tl)e convexity of L(Xm-1,y) [21. tvloreover, from the equation (3.26}t

                                                                '

   \'i(>in-i'Y1=2o(R2{i-Q.-2(y"f':m-ilXm--2)}

                            '
                                                      '                                           '
              +Rl{Q..-1(y+x.-.1 X...2)-Q.CylX.-1)}l .
                              Å}
                  '                  '
              +21 [R2{1•- e.-1 ry+ :.-1 i x.-2)+r7--a)e.-1 (r1•-a)y+x..1•j X.-2)

                        '                     '
              - (2 '- ct] Q.- 2C C1 '-")Y'it'Xnr,. 1+Xm-2 l Xm; 3] )

              +Rl { Qm. 1 (Y +Xin-1 i Xm-- 2J- (1- ct) Qm-. 1 ((1 "' ct) Y+X.- 1 i X.-2) ( 2- F. CaY

                                         '
                                             '
                             - 65 --
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- IoctYq.-1 ry+F.- 1-u1 x.. 2) f. ru) du

       '

+(1-a2em..2(r1-aly+x.-1+xm-2iXm-3]})

-c-2olh Ili+Yfl tu) du-pr,,+yf2 ru) du+ie. (y I X.- 1) ]

    '                                     '                 '
-Åí1 Iri-a)re..i("-ct)Y+Xrn.2l Xm.2)

+ar
lZYQmpt•i rv+- r.- tri-cr2yl X..2) Åímray--v2 dv

+ri-d2 rJoaYIo"q.d i rv+x,h. f(i-a]yl x.-2) fr. ru-v? dudv ]

  the following inequalities (3.27) and (3.28) are

              b\'isl?:JI.Åíll!ggzlt.L('Xm-i'Y)<o.

               '                   e,TrX.-1,Y)
               lira                             >O h               y-ÅÄ- co ey •

 Inequalities (3.27>, (3.28) and the concavity of

prove Proposition 3.1.
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Preposidn 3.2

    'rhe configuration of the eptima1 ordering policy is described for

cases of a=1 and a=O.

(1) The case of a--1 :

   'rvhen xm-1=Ot the iollowing critical order pelicy is optimal;

          ordeir, if c;IER2-h2o Or

                         e>RihÅío x<XX, (3. 29)

          not order , otherwise t

    Where the critical order-point,x*, i's obtained uniquely as follows:

       x;{I ] .Stfh'.F,i..r.i .].=.rRie+Peo]/{2o(8+P)} and e`'R2+p2o . (3. 3o)

                                                        '

    W'hen Xm.1>O )

           order, if cERI-h2b or c>Rl-k2o and
                                                 '                         xm-1< xi;.lrXm-. 2) - (3. 31)

          not order .                          etherwise .
                                     '                        '                                                           '
             '

    is oo.timal where the critica1 order point xin'-lrXm-2)kO is deriVed

    folZows;

                  !I>m.lrXm.2J , if !i>m-lrX.,-2) satisfying

       x.t-irx.-2)= edCXTgJ'Y? ly--o--o ..i.t. .

                  O , otherwise ,
                                                            (3.32)
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as



(2> `rhe case oE a=e:

   In this oase t

      order, if cgrRl-h)Åío-r21 ar

                c>(R2-h]2o-r21 , arxl,

      not order, otherwiset

   ••where

               5}m-1(Xm-2)' if Xm-1(Xm-2)

    xfi-lrx.-2)= aJ(XTf.y)

                     '               0 , otherwise,

    is the o.Dt"nal orddring po. iicy..

Proof:

  (1) Case of a=1
            ..
     z-1') :ne1=0 :

           -11 •

    Aq long as the relation c<R2-hlo•

(3.34) is derived frctn the equation (3.26)

  '               '
               '
    ag(x.-1.yJ

       ay              a=1
              Xm-1 'O

             y=o

  Frem the inequvality

ordering policy is te

On the ether hand, as

satisfy the relation,

=m-1<xt
 m-1

rx.-2)'

 satisfying

   ---O, exists,
y==0

(3.33)

                  bolds, the folloving inequality

                             '                          '                  .

 >o
 ,st -

                              (3.34)

(3.34) and the coneavity ef J(Xm-1.y] , the optirnal

orde! yrX.-.v so as to satisfy B,T(X..1,yVey=O •

the relation c>R2--hÅío boldstÅí is defined so as to

                '
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         BJ rx.- 1, Y)
                    ct,,,1 =0 ,.
           BY
                    Xm- 1=O
                    y=o

that is,

           F.lrÅí)-- RÅí2"(Ch;;)ÅíO . (3.3s)

                                  'considering the property of distribution function, 0;sFlrS];E,1 t the

followirtsg condition is obtained.

            R2"hko`e<R2+PÅío. , (3•36)
                               '
As the case R2+p2o>c r there existsi. Furthermre, when x<a , the

inequality {3.34) holds. This means that the optinval ordering pelicy is

to order Y(Xm-1) . In turnr when xpt , the eptimal ordering policy is not

to order.

As the other oase,R2+p2o!!•e, r the value of the left side in inequality
                       t(3.34) is always to be negiitive. So there (iose not exist ii. This rtEuns

that the cptimal. ordering policy is always not to order.

  I-2) Xm.1>O :

    Settirtsg a=i and y=O in the equation (3.26), the following equation is

                                   '       B`i<,XkyFi'Y) ya.---pi --"t2+(Rl-R2]Qm.1CXm-1t5m-2)

                      '
                       - [c-p2o+Åío rh+p)Fi (x))

                                                       (3. 37 )
                     =o.
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   And. the partial derivative of the equation (3.37) with respect to Xm-1

is as follows.

             B.;-1 (aCXaMi2'Y] gilp)<o (3.3s)

   As Cm-1-'aD, the equation (3.37> becomes to be

       .,,.iiirn.,co<aJ(X:gi'Y] y.o) --- Ri{c+h2o}. (3e39)

     '                                   '
   D'rom the inequality (3.38) and the equation (3.39}, the optimal

     ordering policy is obtained as fo11ows:

   As long as d)e relation eERI-hÅío .holds, the left hand side in the

  equation (3.39) is positive. .
   •This mans that the optimal ordering policy is tD order YrXm-7 so as

   to satisfy the equation (3.26) inor=.1•

   on the other l)and, as the relation c>Rl-h2o hoidsfEm.1(Xm-2]eXiStS

   so as to satisfy the equation (3.37>.

  FUrthermore, if Xm-1ofrn-lrXm-21 r taking the inequality (3.38) into

consideration, y(Xm-t2 is ordered. And if xm-lltm-1(Xm..1) , the optima1

ordering policy is not to order.

 ' (!I) Case of a=o

    substituting a=O at)d y=O in the equation (3:26), the following

equation is obtained:

    e.r ( X.-1) Y]
        ey g:0v - 2o iR2{i-Qni-irXnF.ilXm-2]}+RiQm-7r`Cm-iiXmd2))

                   f 21 (R2 {1- e.-2 rx.-. 1+x.-2•i X.- 3) }
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+Ri {-• Q..- i rxin- i l X.- 2J 'jLQ.- 2 rxne i +a ,,- 2 l X.- 3J } ]

- [e+ 2o{ rh+p)Fi (x)-bp}+21•rQ... i (x.- i l X."2) ]

   And

Xm-1 iS

the partial derivative of the equation (3.40) with respect to

as follows:

        e
      Bx        m-1

As Xm..le'eO, the

(eJrx
m- 1' Y?

   ey

     `equatlon

<0

x;;I e... (B J (XTf • y ]

cr7-O

y=o

(3.40) becomes as follows :

N
yain:- oO7= R22o- rc+h2o+r2/ .

(3e41)

(3.42)

  Frcrn (3.41) and (3.42), the optitnai ordering policy is sumnarized

as Eollows :

  As long as the relation CÅí(Rl-h)Åío-r21 bolds, the eptimal

ordering poiicy is to order yrXm.V so as to satisfy the equation

(3.26) in ct=O .

  on the other handr as the relation e>(Rl-h)Åío-r22. bolds, there

existS im.1(Xm-2) so as to satisfy the equation {3.40).

                    AIFUrther,more, if Xm-1<tem-lrXm-2Jt taking the inequality (3.41) inte

                                               A consideration,yrXm-V is ordered. And if xm.2.>.xArXm.1], the

 optima1 ordering policy is not to order.
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3.4 Preperties on the aptima1 (Miering palicy

First, Qi;i2(yjX..-i)      ("        (Xt,:.1) are definedand Y

  eQ. ryl X.-1]

              .

          ri2        e. (yiX.-i2'

        yrV-rx..V'-'

tNext ineluality (3.43)

order to prove the

            Ql;iJ

Prepostticn3.3

 When or=o or 1, then

              a
          -1!y

and

           rv          Y (X..1]EO

            ' hold.

ae
 m

 ay

(yl Xm-a)

    ay(Xm.1)

     ex

  following

(ylXm-i]

        ri+v)             (Xm-1 (Xm-1):`Y

. a cm-i +1

           ' m-i

which is presented

           ,     propositlon

   (i"v 2 e. (yi X.- V

'

          .

            as follovs;,

 . i=1

 : i=2) .-..)m

   i--1. 2. ...,m-1

      ,by Nahtnias [3] will be 'used

 ' 3.3.

                        (3.43)

                         '

)LsO . i--2. 3. .. ., m-2

                       (3.44>
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ax
e

m-i

   Proof:
   (I} Case of a=1

     Since JrXm-ryJ achieves its !raximum va].ue at Y-=-:Y(XrrFl) , the

   foUowing equation is obtained with respect to i=2. 3,''',m-1.

 '(.9:ttG!!r:-!l-(Xm-i'Y] y.y(Å~.-i) =,seof-R2e.(.i-iryrX.-i)+:..2iX..27

            -R2q..1 ry (x.-.y+x.-2 l x.- 2)y r" rx.- /

            +R2 Qkl(y(x..i)+x..iiXpt-2i

            +q..1 ry <x.-l+x..1lx..2)y ri2rx.-1J

            "Q iiN) (y ( x.pt1) l x.-1J-QIII) ry rx.-y t x.-2)y rV ( x.-j

            +• S(-R2QiS?1 (y (X.- 1]+x.-. 1 l X.- 2)

            -R2q.di ry (X...i)+x.-i l X,,-2]y (iJ (x.-. i)

            +Rl {eot?1 ry rXm.1):la ,,.2ti Xm-2)

            'ft7.- 1 (y rX.pt 1]+ r.,- 2 •l X.- 2)y ri) (X.. 1)

            -Q...i (x.- i •1' X.- 2) f. Cy CX.- iJ2y ri) cxh.. i)

                                   '             (Xm'i2 {qm-i (y rx.--+x..i-u1 x.-2?y (i) rXm..i2 fm (")

                '               '                                '
           +eSl' l ry rx.. 1j +x.. 1-u1 xm-2] fm ru) du}]

           -- !Åío{ rh+p)fl rsty (x.-1" c1+y (i'? (x..1"

           -.Qi:i +i) (y (x.-v l x.-i)+rt?Ii2) ry rx..- lx.. i2y rV (x.-i

                 -- 73- '
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+Åí 1:r{ e.pt 2 rx.-1 l X.-22 f. ry rx.-v Jy E) rx..y

                  '+IYo ( Xm-iJ rq... a (y rx.-i) +x...i-pu 1 X.- 2)y (i ) rXradi i)fn? ("]

+Q,;V (y (X.-2)+ :... 2-u•l X.- 2J f. ru) ] du ) ] ,

                                 (3.45)

       Solving the equation (3.45) for y(i)rXm.Y' t

gained :

        y("rXma.2]= - lllt' ---'` 'oi

                   a

   where,

       z1-- Åío[(Rk-R2]q.-.1 ry rx...1?f c.-1l X.- 2)

         --R2q. ry rX.-V l X.-.Y •-- rh+p]fl rx+y (x..V J

                        '         -- rq. ry (X.-. 1] l X.ijY ]

         +22 [ rRl-Re q...1 ry rx.- 2] im.... 1 •i X."2)

         -Rl e... 1 rx. ve. 2 •l X.-. 2) f. ry rX.-. 1] ]

                        '         --R2 IYi r XM- ir anv 2 ry rx.e1) +xm-2-ul xm-2) fm (u)du

                       -• 74 -

the following is

     '

(3.46)



         -r Q.- 1 rx.-1I X.-2) f ry (Xm- 1))

         -rJYo (Xm- i2q .. i (y rx.. ii +x.- i-u l .x.-2) fm ruJ du ]

         <O (;'RlÅíR2J, (3.47}

       El---• 2o[rRl-R2) QIiV ryrX..12+x...1lX.-2]

         -RlQ ii+1) ry (x.-1)lx.-1)- (h+pJfl rst-y rX." V]

         .rQ};i+i) ry rx.- i)l X.- Y]

                                 '
         -2'1[CRI•-R2) QfiV (y(X.-1) +x..1I X.- 2)

         - (Ri+r] IYo (XM- i) qSV ry (x.-i) +x• .-i•-ulX.- 2J f. ru) dui

         ;IE, o r:'Rl.<,.R2)

                                        '( 3. 48 )

                                             '
   iitan the inequalities (3.46)arxl (3.48), considering the following

      relationship by Nahmia$ [3],

         Qii) rylX.-Vlg}Si+i) (yt X..2) , (3• 49)

            '
     the inequality (3.50) is Obtained.

         yrV (X..1)l-1. (3• 50)
                                         '                                     '                           (v                                      (i+1)                             (Xm-•V and y                                          rx.-- by E     Representing the numerator of Y
   (2'.+1 Jand El respectively and using inequality {3.49), the relation between

             (i+1)  cv Y rXm.V and Y (Xm-Y is obtained as fellows:

                      -- 75 -
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 ya)rx.-i2-y ri+v (xm-i)= - Ei(i7-zEi Si+i2 Eo . (3. si)

[thus, together the inequalities (3.46)t(3.50) and (3.51)t

 the ,following relations are obtained :

   '

   -IE<y r" cx... vJ< (i+1) (x.. 1);so 7 i=2, 3, .. .. m-- 2. (3. s2)

'rhe relationship for the remained casei=1 is obtained as follows:

      yit)(x.-.i)--- - ill/l Eo ,

                   2

 wi)ere, '

      z9= 2o(r.Ri--R2J QA-i )i ry rX.. V +x.-il X.- 2)

        -R2 ei;i2 ry (x...v 1 x.-y- rh+p)fi (nty (X.-Y2

         '           rv        --r'{?. (y(X.ptViX.-V) ' '

        "+ Åíi irRi-R2)Q};:il2 (y (X.-i)+xm.i'ta m.-2l Xm" 3] .

                                          '            "7        •-Rl Q.. 1 ry r x.-v +x.-1 I X... 2)

                '        -rQ};li ry (X.. i)+xm-itX.-2)]<O,

        tt                         '      Eg---' Åío!CRI-•R2]Q};l)1ry(Xin.1)+x.-1lX.-2)

        -RlQi;2) ry (x.-1) lx.-1J- (h+pJfl r v+y (X.-1)J

         /
       '
       tt ttt
      '

       , ,, - 76 -



         .-re,;2i ry (x... i) l X."7 ]

                    rv         +21 I rRl -R2] e..2 ry rx.. 1)+ t.-1+xni- 21 X.; 3)

         -.RlQ};li ry rx.-V+x.-1 I X....2)

            rl)         -re.-i ry rX,. 7+x.- i i X.-.2J ] gO •

                                   '
This propesition itrplies that the optimal ordering quantity is more

sensitive to the increase of ncmer on-hand inventory thari that of the

oider on--hand inventory, and also implies that the inerease of on--hand

inventory by one unit derives the decrease of ,eptimaL order quantity by

less than one unit. ,
                  '

Pncpositicn3.4
                    '
    Expected profit increases according to the increase of the ratio ct .

Proof:

   Froift the equation (3.22), the relation

  Q.-.1rrl-'ody+x..1lx.-2] ;, Q.-2rr7-a)y+x...1+xm"2•!Xm.3) 1

                                                       (3.53)
   is obtained.
                                            '
  From the equation (3.20) and the inequality (3.53),

                                  ttt
         '3 c7 ( Xm.m l. Y) >o.

                    .,, (3. 54)              aa
             '                             '
   '
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    This proposition indicates that when 1-or t i.e.t che ratio of excess

perishability under tn'e occurrence of leadtime 1, becoatses closer to l, the

expected profit, J(Xmdl,Y) decreases.

Given the fixed ordering cost Kr and the optima1 order quantity yrXm.1] t

                                                                 tlthere exists srXm-z) r:<yrxm-1" satisfying the following equation,

                                                            '
        cT(X.-1,SrX.in1)]geTrX.-1.y(X..2]2-K (3.55)

Here, if srXm-V>0 r then yrXm-1) should be ordered and if srXmLl)--..<O t

then the optimal policy is not to order.

                                             '    Differentiating both sides of the equation (3.55) with respect to Cm-i

              eJrX.- 1. y2
                  By -Y-=-:IY(X..1)=0

the following

     (i]
    s

     .equatlon

rx ]- g

 (3.56) is obtained.

ri)                 a)  rX..1,yrx..1))--J rx m•- 1j srx
m-1

)]

where s

s

("

ri

 a]J

]

(X..1

r X.t4 2

rX.. 1.

 m- 1 g rm) (x.-1, s (xm-1"
                                          (3.56)

) and cTri?rXm-1.yrx.-v] are defined as follows:

                            '

   as rX ] -      m-1]--- ax . , i=1.2,•..,m-1.
     m-z
                              '                       '

.rx.-i]),. D`7rXm-
e-

,i,'S IXm-2]] s i.i,2.....m-.2 .

                m-z
     '
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 Prepositien 3.5

wt)en a=O or lr then

   . -1=<s (i) rxm- v; Ls ri+0 rxm-1)Eo ' ,, i=2, 3. .. .. m-2

         'and

                                             '                               '      (1]                        , (3.57)    s rXn.V:0

hold.

prdof:

 <I) Case eÅí a=1 :

   - Since the relation,

                       rm)     ,T (m) m) rx.-. 1. y)E aJ ilm- 1, y)

                  ' = rRl -•R2] Q: )2 (y +x.d 2 l X.-. 2) -RI QSI) ry i X.-. ]2

                                      a)                    -2o!(h+p)firx+y)+rQ. (y•lX."i)]

                   -2flY.QSIl(y+z..i-uiX.-2)f.ru)du Eo7

                               , (3.58)
                     '                                            '
           (m2              (Å~                   ,y2 is a non-increasing function with respect    holds, V                m-1
       On the other hand, since the relation,

                                              '

                                     '       J(i'a, M) (x.-2.y)=' (Rl•-•R2)Qi;?1 (y+x.-1lX.-2J"RlQ}:i+1] rylX.-1)

                                             (i+1)             •, .., -2o [hf2 rar+y)+pfi (x+y)+rQ. (ylX.. Vi

               '                      -Åí2rQ}Si+i) rylX... i).<,.0, . '

                               • (3.59)
                              '
                               - 79 --
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 is dterivted, JM)rXm.2.y? is also a,non-increasing function with

 respect to y.

    Frcrm the equations (3.58) arM] {3.59>, using thp relationship

   Y(X..1]IS(X.-V and the ecluation.<3.56),

             '       s(i)(X.-1]Ee . i--1;2,t''sM-1, (3.6o)

 is derived.
                                                    ' withllUil2i)eilll16:e, denoting the nusrerator of sri)rxm-1].sri-v(xm.1]

                                           '
                                        *  A7 = R2 e.. i (X.- V { Hi ry (X.- V l 'Xil)-. V-RYs rX.- V i' X,,,,..Y }

      +re.-i rX.- 1) {Hi ry rX.- 11) X.-. V-Hi rs rX,,- 11l X.. 21)>02 .

                                           (3. 61 )

  is derived from the equation (3.56)t

  Where X);-i'(xm.1)xm-2....,xm-i+1]. and lla is the same meanings

  in the Lemma 2.3.

    From the equations (3.58) and (3.59)t

                ri -- v      srV rxm"1]2-s cxm-IJ , i=2, 3,...,m,
                                           (3.62)

 is obtained.

(U) Case of a=o:

   Smilar to the case of ct=1, since che relation
                                            '
           J rm) m) rxm-.2, y? .<.o p (3. 63)

        (m)           rXm-2.y] is a non•-•increasing function with respect to y . holds, J

   On the other hand, since the relatione

            Jri, M) (x.- 1,y).ÅíO) (3. 64)
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                          (i2bolds similar tD the case of ct=1 tJ (Xm-1.y) is also a

non-increasing function with respect to y.

  From the equations (3.63) and (3.64)t using the relationship

  YrX..VIS(X..7) and the equation (3.56),

   '                                            '   s(i) (Xmd lJEO ,' i=1, 2. •• •. M-1 , (3. 6s>

is obtained.
                                       (i-'12                               (i)                                               )                                           rx                                     )-s                                 (x  I?urthermore, denoting the numerator of s                                            m-1                                   m-1 .
with A , again
    o

Ao= Åío[(R2-Rl)Q.-irx.-v{Hi-2 ryrx..2Jlx.-y '

                               '                                        '
  -Hi"1 (s rx.- 1J i x..- 1) } +RIQ..i (x.-.v {Hi (y rx.-y l x.-v

  --Hi (s (X..i21 X.-i)}] '

  +2•1 i (R2-Rv Q.-i rx.-y {Hi-2 ry (x.-7]+ :.- 1 l Xin-i)

                 '
  -Hi-2 (s (x.-1)+x.- 1l x.- 2) +RlQ..irx.-y{Hi.1 ry (x.. 1)+x.-1i x.-Y

  -Hiw1 (s (Xm- 1)+x... 2lX.. 1)))

 +ÅíorQ.-i(x.- y {Hi ryrx.-1)l xA.y -Hi rsrx..- 1)l x.X. 1J)

 '                           ab . +2 2rQ.-i ( X.- V {Hi-1 (y r X. .. V +x.. 1 •l ' X..Y

 .Hi.-2 rs rx.- V+ c.-2 LX."-. iJ }'O ' ' (3. 66 )•'

is derived from the equation (3.56) sjmilar to the inequality (3.61).

  Frarn the equations (3.63) arxrl (3.66),

                   ' s(i) rx.-.ylis (i "-1) rxm. V. i=2j 3J •• •. m} (3. 67>

                                           '
is obtained.

                    -81-



t 3.5 liCvaitpil`e

     This section provides an exemple in order to i.llustrate the results

of sections 3.3 and 3.4. The price and cost paraimeters are rRl.R2.c.h.p.r]

 =(300,350,100,10,IOO,20}tÅí2 ":'=O.3 ar}d the maximum Mfetime is m=-;3 . The

 dernand distribution function is assurned to be exponential with mean 20. •

      Figure 3.1 illustrates the total expected profit for on-hand

 inventory C2=15 and x2=5 when or=O.2, O.4, O.6 and O.8. The result shows

 the validity of Propesitions 3.1 and 3.4. That is, the inerease of a

 derives the increases of the expected profit and the optimal ordering

     Figure 3.2 illustrates the validity of Propesition 3.2 on the

 restriction of ct =ltX2=O and rRh.R2,hj =(200,250,250). In this case, the

 optima1 ordering pelicy is deterndned by taking the inequalities <3.29)

 intD consideration. Since the inequality, c=100>R2-h2Q=25 , holds, the

 order of quantity Y(Xm-1) is placed according tD the equaMty {3.30>

 iff x<XtC.i50). Tl)e result shows that the optima1 ordersyrX2)=l8 and il

 are placed When xl =5 arxii l5 respectively, and that no orders are placed

when xl=50 and 60.

     Figures 3.3r 3.4 and 3.5 illustrate the relation between the age

 distribution of inventory on-hand x and eptimal ordering quantity yrX2)

 f9r = =20 ,i•e., (X2.Xl) ={O,20},(5,15),(15,5),{20tO) with respect to a=op

O.8 and 1.0 respectively. These figures assert the ihcrease of newer

 inventory on-hand makes more influences mpon the decrease oE che qptima1

 ordering quantity than that of older one. T'he results eoincide with
    ttt

                                                                      '                tt
     Figure 3.6 illustrates the validity of Propositions 3.3 and 3.5.

 From the results of this figure, we can observe that the inerease of oider

on--hand inventory makes more influences urpon the increases of yrX22 and .

s(X2) than tl)at of newer one. And the discrepanqy between yrX21 ands(X2J

  '                     '                   . -82-



inclines to decrease aceording to the increase ofi the proportion of the

older on-hand inventory to the newer one. In addition, the solid line in

Figure 3.6 shows the acceptable tTaxirnum fixed ordering cost for releasing

order of quantity yrX2). This curve shows that the. increase of newer

on-hand inventory irakes more difficult to raise fixed order cost than that

of older one.

3.6 Cto!ntusicn

     In this chaptert we discussed the determination of the optiinal

ordering .oolicies for perishable comx)dity under diEferent selling prices

and stochastic leadtime. Scme properties of this irDdel such as the

existence of the optimal ordering poliqy and its conditionst the

influences of the rate oÅí excess perishabllity, 1-ct t and the status of

on-hand inventory upen the qptimal ordering policies were analyzed.

Surthermorer a fixExi charge cost for piacing an order was introduced as a

set-mp cost and some additional characteristics were'obtained. • But

unfortunately, except for the Proposition 3.4, any useful results could
                                                 'not be obtained with respect to 0<ct<1.
                       =
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                          CHAPTER IV
        '

   LIFOIFIFO ISSUING INVENTORY CONTROL FOR PERISHABLE

   COMMODITIES SUBJECT TO STOCHASTIC PROCUREMENT LEADTIIVIE

 4-1 introdlXrt ion

     Problems associated with the perishable products arise in rvany areas

of inventory and production rnanagement. Itmportant works have been done

for describing optima1 ordering policies for itern with predeterrained

maximum lifetime. Natmias [2] has incluqe(l explicitly the eEfect of the

expected auDunt of perishable items atTDng the ordered incoming cumpdity M

 periods ahead, by noting the above expectation depends upm the age

distribution of inventory on band and the realizations of the (icrnands over

the next m preiods. Ishii et.al [1] and Nose et.al [3] described the

model for perishable product with stocl)astic leadtime under che assuirption

of FIFO issuing pelicy. We have not discussed LIro issuing pelicy for

perishable inventory with stochastic leadtisnp-.

     Zn this chapter, inventory control policies for perishable

(xxriipdities are considered with zero or one period stochastic leadtime on

both LIEO and FIb70. Blood, photograhic .Eilm and fresh cotrmodities are

typical exar"ples ofi our model. In Section 4.2, we describe so(ne

assurTptions and notations which will be used throughput chis chapter. In

Section 4.3, s,re establish the LIFD iTodel and clariEy the existence of the

uniqve optimal ordering poiicy. .

                             '.

                  '
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    In Section 4.4, we establish FIFO npdel and derive the sindlar

properties with LIID model. In Section 4.5, infiuences of fluctuation of

the probability of leadtine Åí 1 , inventory on handt cost of unit holding,

shortage arxil perishing of cerm)dity in connection with the optimai

ordering Eor alevating mp to the desired levei, are inve$tigated pn both

L,:ro and FIFO issuing pelicies.

4.2 IRrelininaries

     The folloving assurnptions are irade chroughout chis chapter.

(1) Llro and FIFD issuing policies fer a perishable oomnodity are

considered subject to one tima planning per cycle with respect to singie

kind of comrpdityt assurning periodic review of ordering.

(2) Vnit putrchasing oost er unit bolding cost ht unit shortage costpand
                                                                     'unit perishing cost ? are introduced. Ordering is given at the starrt of

each period, while other costs are incurred during each period.

(3) fttaxjmum lifetime of the perishable commcxility is assumed to be 2

                                                    'periods in this chapter.
                                                  '<4) Maximum inventnry level is z and erder i$ gSven so that tine inventory

level is kept to be g.
                                                          '
(5} Each demand in suecessive periods is independent and identically

distributed nonnegative randcm variable with kncwn distribution function F('>

with continuous probability density f(').

(6) When 1eadtime 2 is O, nev stocSc arrives with maxiittum Lifetime 2r and

when Åí=1 , the sto(Sc arrives with remaining lifetixwe 1. Leadtime O occurs

with probability 2.. and leadtima 1 occurs with 21, where 2o -+ 21 =1•,

                                                                ' 2o >0l•21 >0 .
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{7) 'I`he,stocig remained at the

monotonically.

(8) tto backlogging is permitted.

end of each period puts on Qne age

    W'e list the following notations;

         x. : the anount of ccmunodity on hand which wi11 perish at the
          0
             end of g' th period.

        z-x.: the amount of new crmodity whose iifetime is two periods.
           g
The following canbinations are possible frcxn the jth period to g'+1 st,

concerning the leadtirne required, i.e., leadtime O orr ZeadtinE l.

Table 4•1 Modei of occuring leadtime

g"th period g'+lst period Case Probability
of occvrence

2o

Åí)

Åío

Åí1

S!• D

Åí1

Case i

Case 2

Case 3

Case 4

 Åí2D

SL,DÅí1

Åío2i

 Åíf

R9 (g.

 z
x .?

g
: r.v. representing the arrount of neinT camrTpdity g-cog•

wiU be perished if remain unsold at the end of

period, using policy q(LZro or FIIrc}) for case i.

 which

g'+1 st

( tC7. (u

 t
lg, xg.) = pr{R.9 rg. xgo seu}).

ER9(g, x
  z

 J:expeeted outdating
j

of R9(g.
   z

x.?.
g
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  4.3 IX[ro modal

            '
      The LIro assurrption is equivalent to the freshest eo((inodity first

 issuing doctrine. LIro issuing pelicy gives the fo!1oving' transfer

 Eunctions :

        '

               [(z'-x.) --D.]+ : leadtlme O
              , J J      XJ'+2= ' (4.1)
               Z-x". : leadttmel

 where, (a)+ " ma)c (a, 0) .

                                             '                                        L.TFO                                                      L.TFQ.      By the use of the equation {4.1), Ri (ZI Xj ), Gi (yj2, :j) and

ER.LJFOrg,x.) with respect to case i(i=2.....4) are obtai'ned as Eoliows:

 Case 1:

                             '          R2L17FO (z. vj ) -- [xJ•+i-' {Da'+1- (g-XJ'+i)}+)+

                                         '                   '                 '
                           = ((z-xj-DJ•)+ --{DJ•+1'n+(Z-XJ'-PJ')"}+]+,

            L.ZTFO          GI (ul z. xJ-) = 1 - F(z--•u)F(z- :iu).

       ER,LIFO(z. xj) =ie-XJ" F(z-u)F(z-xJ•-u)dti.' (4.2>,

                                                 '

 Smilar to the Case it the other cases are gained as equalLities <4.3) to

 (4•5)e
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Case 2:

 ER2LIFO(., x.a. ).SZo-Xg' SZo-XJ""rz-xj-u-dJ•)frd7ddg•du . (4.3)

Case 3:

  ER3LrFO(..xJ.) =Ij'XJ' F(z-u) du, (4.4)

                                       '

Case 4:

  ERgLIFO(z) xJ:) =SoZ-Xj Fi(Z-Xa'-")d". '(4'5)

                            '
!mpsttu4.1

                       '   Each ERiLiFO(z,x/, i---i,....•, 4. is an increasing convex functien

wich respect toz for aii xJ•e[O,co1. '

                                    '
   For the casei -- 1, pertially differentiating the equation (4.2) with
           L
respect tog once and twice result as follows: '

 gl.r ERiLiFO (z. xj) = g!ilZo"Xg'{ Fca-u)F(a-xg.-u)}du

              =F(z)F(2-x .) zO. (4•6)                      J-

 a.a,2. ERILrFO •<z. xe.)= f(a)F(2-xJ•) + F(z) f(z-xi) .' O' . (4•7)
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      Iior the casei -- 2 partially dlfferentiating the equation (4.3) with

 respect to q once and twice result as folZows.

                       ' 2-x . Z-X .-u'  gl.r ER2LZFO (z. xg.)=gl.r {So Jjo J F(z-xfu-dJ•)f(4J•)dda•d"}

                   = IZ-oXJ' frdsi.Frz-xidJ-]ddJ• >...O. . (4•8>

           '
                      z--x . 5a.2, ER2LfFO (z. xa.) =So J f(z-xj-.dg•)f(dj)die•+f(z-xJ')P(O)lO' (4•9)

      For the casei = 3, partiaily differentiating the equation (4.4) with

 respect toa once and twioe re$ult as follows:

                        z--x. ' i9.r ER3LrF9 (z. :j) = gli- >o a F(z-e)du = F(z).> o.' (4.io) •''''

    '                                                             '
 B2 2, ER3L rFO (z. ej) = f(g) .> o. . . (4. ii) •' '

                                    tt                                        '                                                            '
                                               '
                             '      '              '                     '
  '      lior the case i' = 4 , partially dift-erentiating the equation (4.5)

with respect to z once and twice result as follows:

  a       L.TFO T. ER4 (z. xJ•) -- F(z-xJ.) .> o. •{4.12)

 a.a22 ER4L{FO (z. xJ.)=f(z-.x".) z. o. '' (4'13)

                                                           '                                                            '
      rnequalities (4.6) to (4.13) ocmpZete che proof• O
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        Then the total expected cost functien for the LrfiO rodel beccxmes as

    follows frcrn the equations (4.2) to (4.5) together with other costs.
                             z--x .LLiEO (a. xj) =c(z-xJ•) + 2e[hSo a(z'xfda•)f(dj)diJ'

                    co               + pj. (dJ'-Z)f(dJ')diJ']

                     co               +ÅíiPl.. (dfXj)f(dj)ddj '
                      l-x.
               + Åí; rlo J F(z-u)F<z-xfu)du

                        z-x. z-x.-u               + Åío2i r So J So J F(z -- xf u- dJJ fr dJ•] dijdu

               . Åí,2, .IZorXJ' F(,..)d. .,/i ,.,s Z-XJ' F(.-.i.)du' (4.14)

       zn order tD show the convexity of the eost function LLTFO (z.x.) ,
                                                                   Ur
    predescribed Proposition 4.i is ful.ly utilized.

    1mpsitu 4.2
   LL'TFOez. ad).is a convex function of g under the assurTptions of

  x"• < 1?-2t(pÅíD-e)/(p-r,ÅíZ+rÅí,)) and 1 2i. 2o > c/p > O•

   zt minimizing LLIFOrz,xJ•] exists in [xjJ "']t that is

          pLrFOr.A..jJ =.III321 IJ. [LLrFO (z,xj]]•

                                '
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    Proof.

    The partial derivative of the equation (4.14) with respect toz is aus

                 'follows:
                                                '                                            .tytilll;se.-zi2.LZFi(z.xi)..+'2.[hF(.--tj)-pa-7(zj)] '

                                      2-X .                 + 22o r{F(z)F(z-x;.) + 2So J F(z-u)f(z-xfu)du)

                                                '                             '                        z-x .                 + 2,ÅíirS o a f(dJ•)F(z-xfdJ•)diJ•

                 + 2DÅía r {F (z) + Åíi r F(z -xa•) }. ' (4• l5)

                                                        '

                                           '                               '
    Differentiatir)g the equation <4.15) wi,th respect tD z once moret the

following is obtained: ' '
                                                       '                                  '
    '
                      '                                                  '
                                              '  B2LLrFO r.. . .)

  '-'--':a;m-:-'-iZ--. "2olhf(z-xJ-)+pf(z)] • .-,

                              '
                                                            '
                   + 2Z rlf (Z)F(Z"Xj)+F(Z)f(Z-Xa')]

                    + koÅí,rjZ-oXJ' f'(z-xfdJ•)f(4J•)ddJ'

             , + ÅíoÅíirf(z) + Åífrf(Z-XJ•) IO. (4.i6)

                                                        '
                                                  '                            L.TpuO[Ehis implies the convexity of L                                .(zn •XJ')'
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i"oreover,

       BLL.r170 (..x.)
zii..m

,,
j"B. =r-rÅí2+rÅío+p)Frxj2-pÅío+e<o (4•v)

is ebtained , when the following two inequalities are held.

x3• < F'7((p2e--c)/(p-r2Z+rÅío)) and 1 2L Åío > clp •> O•

                                             '            LXiFO                (z. =.)    iÅ}rn eL
   Z'co -"---'---'i;Et:m":-d2'Ld-"C+2oh+r'>O. (4el8)

     Znequalities (4.l6), (4.l7) and {4.l8) complete the proof. O

?mpsttu 4.3
     As the occurrence probability of 1eadtime O                                               p 2o. increasest the

optirnal order-urp-to-levelt z,, increases. '
     Proof.

     From the equation (4.l5), the partia]. (ilerivative wLth respect to a of

the partial derivative ofLLXFO (z. :j) with respect to 2i is obtained as

follows: .         '                                              '                                        '                         '    L.z7Ll5o
 2ti!gglii:LiEil.Lz,a:X).hF(z-x'J.>-zp-g.-F(z))+2ÅíorF(z)F(z--xj>

   ' ÅÄ(1'22o}rlo JfCdJ•)F(z-xj-dJ•)dda•+(1-22o)rF(z)

  '
               - 2 (1- Åíe} rF (z-XJ•) . (4. 19 )
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ERi

 .aLgrFRoor(rr..i.ttt'Jll9B.Soe. abOVe eqUation by the use oE the reiation )

                                            '                                                 '          = korF<z)Fcz-xj)-2orlZo'X"'f(dj>](z-xJ•-dJ•)ddJ•

           -2t1-'2o)rFcz-xj>-2Dr?F{z)-- f,- -!Zl:l}:2-:,:o)2 F(z-,,j)

          <ÅíorF(z)-(F(z-x.)-7) -< O.
                       J-                                                              Ll

  4e4 1?1ro iMdal

     The FTro assuiTption is equivalent to the oldest ocmmociity first

 issuing doctrine. FIro issuing policy gives the following transfer

 function:

      .J+1 .Iiiil[IJ- (DJ-XJ)+]+ l.ea.ddttl:: 10 (4 2o)

     ity the use oE the equation (4.2o}, RiFiTO(z,xj'). GliFOcuiz.xa•) and

TITO    (=.• XJ• )with respect to case i (i=], ..•.,g> are obtained as follows:

                                               ' Case 1: Case 2:

     RIRITRO (.. .J.).R2FlpuO (.. x".)

        '                    = fXu•+2 - DJ•+2]+

                    F l(z--xj - (Da••-xj)+)+ -- DJ•+1)+.
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    F.ZTO                FTiFtO  GI. (ulz. rj)n G2 (ulz.xj)

                          z-x .-u          " lqF(xe')F(Z-Xjpt".) ptS J f(Z-da'+1

                          o
   FLZIFO'                 PIFO ER7 (2. xJ• >=ER2 (z. Xi)
                             '                z-x.             .=So JF(dJ..7>F(z-dJ•.2)(taj+1 .

Case 3: Case 4:

  R3F'ZFO (2. :,i )=RgFXFO(z, x"• )

               = (x""ÅÄ2 ew Pg-+1]+

                          +               --- [zk'tj w Do"+2] e'

               FfFO.   F'jrFo  •G3 (uiz, :j)= % (u,l2.xj)

          = Z - F(z--x . -- u)
                  J"

                   FX2'O    p rFo  ER3 (z•, xj ) ut ERg (z, atJ' )

                 a--x -               ='Se eF(Z'"cj -- u)du ..

-u)F(de'+1 ) dia'+1

(4e21)

(4e22)

.
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      Prcpositim 4.4
          Each ER.FXFOrz. a.J, i = 7. .... 4. is an increasing convex function
                1J
     WIth ;:g6p;;f.rt tozfor all x3-e[O, co)• ,

          For the case i=1 and 2, partially differentiating the equation

     (4.2i) with respect to -z onoe arxil twice result as follows:
                                                             '

                                       'gltr ER2Fi'FO (z. xJ.)=-iil.r ER2FLrFO (z.,xa.). .

                  --'p(z-xJ.)Fcxa.) + JZo-XJ'Fcdj.i)f(z-dJ•.?diJ•+i z o. (4•23)

'ae ,2 , EiTiFiFO (z, xj) = aB.2, ER2FjrFO <z,zj) '

                  -- frz-xJ.?Frxy + IZo-XJ'frdj+.]Jfrz-dj+1)ddJ.N l o. (4•24)

         For the case i=3 and 4, partially differentiating the equatiop

     {4.22) with respect to z once and twice result as follows:

                      '

   gl.7 ER3FifO (.. xj) = gl.r ER4FiFO (z. xJ•) <4.2s)

                  - = F(z-xJ•) 2; O ,

  Ba.i ER3FIFO (z. xa.) = Ba.2, ER4FIFO (z, =J.)

                                                            <4.26)
           ' =f(z-xJ•) kO.
                                                            '
                                                                o
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      TIEn the total. expected cost function for the FrkTO rrDdel is (icrived

  as follews from the equations (4.21) and {4.22) together with the other

  oosts.

LFTFOJ (z. xj) = e(z-tj)+ Åío[hS:J.(z-dJ•)f (dJ•)ddJ'+hrz-xJ-)f:J'f(dYdiJ'

            +pS.co (dfz)f(d".)ddj + rSao-XJ'F(d".+1)F(z-dj+1)ddb•+1]

                    co z-x.            + Åí:[PS.J.(dj'xg•)f(dJ•)cZdj+ rlo JF(z-xJ•-u•)du] . (4.27)

         '

       ln drder to show the convexity of the cost functionLFiTO (z,xj).

  predescribed Proposition 4.4 is fully utilized.

   Prepositi,on 4.5

       Assurni ng xj< F' 1( (pÅí,-c) /( (p +h) zp)) and 1 2; 2o > c/p > O , then

   LFIFO(z.x.) is a convex function of z. zt minitnizing ,LFXFOrz.x.)exists

  in [xj.cD) t that is LFTFO(za,xi)., trl}ELFrFO(z.xj)).

       Proof. J
       The partial differentiation of the equation (4.27) with respect to z

  becomes as follows:

      FIFO    BL (z. x.                )
   -. `=c+2ofh{F(z)-p{Z-F(z))
                  +rJZo-XJ'f(dJ•+2>F(z-dJ•+-1)ddJ•+1]+ 2irF(zrxj)• (4.28)
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    Again, differentiating the equation (4.28) with respect to2,

following is obtained: -
   RZ'll[;ÅíkSEt-.Eliz2-L7rF.O,(z.x2.Åí,l(h+p)f(.)+r(f(z-xj)F(x3•)

                            '                  .I oZ-XJ'f(dj .1) f (z- dj.1) ddJ•.1>)

                     + 2i rf(Z-Xa') >-- O , (4'29)

    This irqplies the convexity of LFIFO (z. aj)1

  Llvioreover t

          FLTFO        BL               (Z3 X .)   lirn    z-, cj. ------iii.;--:--Z: =((p+h)F(xJ-)-p>ÅíoÅÄb <O , (4.3o}•

is obtainedr when the following tm inequalities bold,

     xj < F-'1((pÅío-c)/(Åío(p+h))) Ey:d 2kÅío> elp > O•

                                           '
         ii. aLFLTFO(z. xi)

      '-z+a Yz " c+2oh+r >o. (4.31)

    Inequalities (4.29), (4.30) and (4.31} (xmplete the proof. O
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Pzrposiim 4.6

    As the oceurrence probability of leadtime 1, 21 ,

Qptimal order-•vgp-to-level z increases.

    Proof.

    Frern the equation (4.28), the .oartia]. derivative with

the partial derivative of LFtFO (z. c.) with res.oect to 2i

follows :

   2:2E -ilill:--iEiLLFIil:ii'XY= hFc'z')-a-F(z))p+rlZo"Xjf{dj+i)F(z-dJ'+2

                  -rF {z-x'.) .
                         J

increases, the

respect to 2of

is obtained as

)dd"•.1

(4.32)

 The above equation is rewritten by thq use of the relation,

eLiF7LriFrOrz. x.vez = o.

          J

               = -rF(z-xj)(1+(1-2o)12o)--c12o < O. O

4.5 Prcperties af Zlro/MiO 1tode"s

    In this section, the preperties eÅí the eptima1 order-mp-to-levels on

both Lrro and FIFO modeis are investigated with respect to on--hand

inventory tXj r and cost parameters.
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   Prtpositim 4.7
                      '
       As the increase of on-hand inventory XJ• the                                                              eptimal

   order-xp-to-levels on both IslFD and FIFO rncxilels increase.

       Proof.
       Fmm the equkation (4.Z5), the second partial derivative of LLZFO(z. .aj)

   with respect to g and xJ• js obtained as follows:

               ' a2LLrFO (z. ,e .]
   a..B.j. J = -Åíohf(z-xj)''2:r,F(z)f(2-xa•)'`'ÅíoÅíir'IZ-`7jf(dJ•)f(z-xJ•-dj)diJ•

                                               0

               -Åíirf(z-x3•) .< O. (4.33)
                                                             '
                  '
       Ftum the eciuation (4.2s), the second partial derivative of tfLTF9 (z. x.i)

   with respect to z and Åíi is cbtained as follows:

  FIFOa2L- (z. x.)
  B.. a.. J --- -kor'Jf (z -xJ•) Fc tj)- se ir f<z- xj) .K. o. <4. 34)

      J

       Irmaities (4.33} and (4.34) cumplete the prodf. D

       Next, the influences of the cost parametersr i.e.t costs of hoZdirig,

   shortage and outdating are investigated vpen the aptimal order-up-to-1ovel

   for both LIFO and FIro issuing pelicies.
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Prepositinn 4.8

    As unit holding cost h increases, the optima1 order--up-to-levels on

both LIED and FIFO rnodels decrease.

     Preof.

     Freia the equations (4.15) and (4.28), the seeend partial derivative

ofpLIFO(z. ,,j) andLFrFO(z. :j)with respect to z and h are obtained as

fellc"vs :

                 '
    b2L L•TpuO ( z. x .)

    rfL-eh =2oF(z-:if).>O. <4.3s)
     E!2ill:gi5ÅíftEiz2rpLFX.F.OaÅíZX).Åí,F(.).>o. (4'36>

                                                               a

Prepositina 4.9 '
    As unit shortage cost P increasesr the o.ptima1 order-urp-to-levels

on both LIro arxil FIfiD rnodels increase. '
    Proof.

    Frcm the Exluatiens (4.15) and (4.28), the second partiaZ derivative

of •zLreO (z. xi>•andLFIFO (z3 xe.) with respecrt to z and p are obtained

                                           '

      t.    w2LLIFO(z.xl).p.Åí,{]dl,,(.)).<o. (4'37)
        Bz.ap

             '                                         '    2:2ILIiiiÅíEt.--iEQ2.LM.F.OaiZX).-.Åí,{i-F(z)}so. ' (4'38)

                                                  '                      'o
                        '                                    '
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    As unit perishing cost T increases, optirnai erder-up--to-levels on

both L!Fe and ft-'IliO models decrease.

     Proof.

     From the equations (4.15) and (4.28}, the second partial (ikerivative

ofgLiFO(.. xj)arxitpFLTI'O(2. xj)with respect to z and r are obtained as

follows:

 2:2Elii.5fi=Zzl.LLt.F,Oe;ZX)--ÅíiFf.)F(.-.j)+2,2iiZo-X3'f(dJ.•)F(z-xj-dJ•)ddJ'

                                                                   '
              '
                  +ÅíoÅíiF(3)+Åíl.F(3-xJ•) '.> O. (4.39)
    '                                                '
 e2Lilllgi/F' `Cj) .Åí,Iz'XJ'f(da..IF(..dJ.h)ddJ•.1+2iF(2-xJ•} l o.(4•4P)

                              'o
                                                     '
                                                  '

 4.6 OorxSusion

     In this clvapter, an inventory oontroi for perishable cxxnmodities

subject tD stochastic leadtime on both LlbrO and FIro issuing policies has

discussed under zero or one unit leadtime. The existence of the optiinal

ordering policies on both LrbD and FJbTe has been clarified and their

uniqueness has been proved. Iimrthermore, the influences of the change of

occurrenoe probability ofi leadime lr on-harxi inventory and costs of uniL

holding, shortage and outdating upon the optima1 ordering policies have
         t
been considered on both LIFO and FII!e policies.

                              - 108 -



[1]

[2]

[3]

                        RabenEmoes

Ishii, H.r Nose, T.t Shiodet S. and Nishida, T.: "Perishable

inver)tory managerTKmt subject to stochastic leadtime" Eurepean J. of

Qperational Research, 8 (1) (1981) 76--85.

Nahrniast S.: "Qptima]. and Approxirnate ordering policies for a

Perishable Product subject to Stx)chastic Denand" Unpublished Ph. D.

dissertation, Northwestern University (1972).

Nose, T., Ish"t H. and Nishida, T.: "Sane Preperties of Perishable

Inventory Control subject to Stochastic Leadtirre"' J. of the

Operations Reseeuch Society of Japan, 24 (2) (1981}, 110--135.

- 109 --



                          CHAPTER V'

                                  '
     INVENTORY CONTROL FOR DECAYING CO.IVIIVIODITIES t3UBJECT

     TO STOCHASTIC LEADTIIVIE AND STOCKOUT CONSTRAINT

                                                          '

 5.I Irrtmhuction ,
     When we discuss tine inventory proble:ns for deteriorating iterns,

copir)g with the stockout dutse to deteriorations becornes important. There

are tm types oE deterioration, i.e., perishability and decay. [[he ÅíortrEr

type of commodities possesses a maxirnum usable lifetime aod the latter

does not. As for perishable mmities, eptitnal ordering policies under

the chance constraint of shortages were studied by Ishii et al. [3]. But

almost none of works had been ooncerned with decaying o(rmdities subjeet

to stockout constraint when procurement leadtne varies.

     In this chapter, a Q,r? inventory control system [2] with finite

varying stochastic leadtime is considered for exponentially decaying

mmdities whose deeaying ratio during che n--th period to the inventory

level at the end ef the(n-1)th period is equa]. to a constant.

Characteristics of optimal ordering decisionr i.e., eptima1 ordering

quantity and reorder peint, are derived under given probability of

stockout occurrence and their sensitivities of changes in decay are also

clari.fied.

     Xn addition, che eptimal permitted probability of occurring stnd<out
         '
is investigated in order to obtain the optimaL ordering decision.
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 5.2 Pral.ininaries

    'rhe decaying inventory model considered in this chapter is so-called

 (a.r) stock control system with variable leadtime for finite range and

wÅ}th a chance constraint for shortages in which a quantity a is ordered as

seon as inventory on hEmd and on orde: reaches to a Eixed reordetr oo. int y.

 (l) teadtime T varies in the range l-To.Tl] and is subject to probability

 density g(T) and distribution function Grv.

 {2) Probability of stodcout occurrence is set net to be greater than1-a.
 (osas)
                                                                    '                                                                   '    Pr( I(r)SO )S 1-a, (5.'1>
where, J(T) is given as tbo inventory quantity at time T and initial

 inventory J(o) is specifed as ?.
                                         '
 (3) Matm inventory level is greater than reorder peint.

    Pr(Q+1{r) kr)= ]', (5•2)
 (4) Ocmmodities considered in this chapter are axponentially decaying.

 (5} Demand occurs with constmt rate A,.

S.3 OcxMBmus fur Recmuice 1?nint attl ardexing Qumtity

     when a tiine r is set and there (ioes not exist any arrivals ef orders

during (t, t+r), the inventory level at r+r, 1(r+T)f, is derived as follows

 ( [1], f4] ):
                                                       '

     .I(t+ T) == e-er(I(t)+,K/e)-A/e, • (5.3)

where 0 is decaying ratio and 2 is (]emand rate. Setting {= O in (5.3),

     I(r) = e-"'(r + Ve) - Ve,

is obtained. Using assumption (2) the next inequality holds.

                               - Xli --



    pr( rz •- 'il'in( :I4Iit%-e))si'""' a• '(s.4}

The value Y which satisfies the relationtG(y}=at is denoted with K..

Thent the lower bound for reorder pointr is derived frem (5.4), i.e.,

      r->r(e"ae -- 1)A/e. (5.5)
Fmm assu[rption (3)t the following inequality is obtained.

      Qg r-- e-er ( r+ ve) + A/ e.

                                  '
"rogether with {5.5), tbo lower bound for ordering quantity Q is obtained

as foliows :
                              '

      QgeKeeve(1--e--er). (s.6)

5.4 IPtmulatien oti Tota1 Expected Oost Ftnction

     The planning borizon considered in this chapter is defined as

duration between a released order point to the next one and its length is

denoted with T . Then, the inventory level at tirne T is represented as

follows :

   '
 • I( T) =e-e( T-n{e-er( r+ ve)+Ql -- A/e (s.7)
      '             =r.

              '
SLrctn the equation (5.7), T is expressed as the function of lead time :

 '

           T= t+ -i}- ln (e'-e'+ rQee+A)• (s.s)
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       In •order to identify the tota]. expected cost functiont stock bolding,

  decaying and shortage costs are constructed in the sequel.

       Average inventory lx)iding cost is expresse(i as follovgs :

        h(Q-XT)1e,

  where his stock holding cost for each corrvrpdity per unit time.

       Average decaying cost is defined as follows :

        c(Q- AT),

  where c is decaying cost for each decaying ccmmodity.

       The cost for shortages is given by JP when a=e and (l--a)p when a is

   in the range [O,l].

       From the above descriptions, the total expected oost per unit time,

A(e, r), can be defined as follows :

       A( Q• ')==Yl.1."[ i+i\ .C(:-V.e+) +Q<el(-#) P,e)) -A( c+.h/e)]g(r)dT, (5.9)

   where K is a fixed ordering cost.

       Next, we define O as follows :

            Q,2 A+Qe.e)1--e'-e"IO•, (s.lo)
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Substituting

    A(Q, r) == fto

(5.10)

 rl [

into <s.9),A(Q, r) is rewritten

rwK+Q<e+M(+h/e)/0+(1)
r+ 'i}- ln(e-O' + Q) ,

     as follows :

--
 A( c+ h,/e) ]g< r) d r.

(5. 11)

5.5 moes en ltacxder Peint r a!rl Ctaderpt Quantity Q

    Differentiating (5.ll) with respe(rk to r and using the inequality

{5.IO>, the following proposition is obtaSned.

Prcpositm 5.1
   ' A(d. r) is a nondecreasing function with respect tD r.

Proof: DiEferentiating A(O, r) with respect tor, the following relation

is obtained :

                                               t.                           .          aAgQ.•') ..yf," ..Q-,-,<g.'(.hie.).Qi g(r)driO• (5.i2>

    Nextt

is derived.

         .

 ---differentiating

aA(Q, r)  aQ =/I,r'[

 (5.ll) with respect to O,

(re+ A)(c+ hl e) { T+ Ve • ]n(e'eT

che

+Q)}

     -equatlon• <5.13)

        e( T+ -il- in(e-er+ Q) lt

K+ 1/e • Q( re+ A) (c+ h/ e)+ (1 -- a)p

e-er+Q
e{ r+ 1/e • 1n (e-er+ Q> }2 ---

]    g( r) dr.

          ' (5.I3)
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     1he nurterator of (5.13> is represented byB(Q)t that is,

     ' B( Q) == (Te+ A)(c+ h/e)(T+ ye •ln(e-'er+ Q)>

           - K+ ye• re+ A)(c+ hl e)+ 1- a> <s. 14}
                       e--er+Q

     Differentiatir)g (5.Z4) with respect tod,

    dBd(QQ-) =(re+ A)(c+h/e) e(.-erQ+ Q>z + (.-erQ+ Q)2 >O, ' (5•IS)

                    '

bolds and the following proposition is-obtained.

 Prep(sitm 5.2

A(O, r) is either monotone increasing function with respeet tD e or che

function whose first partial derivative with res.oect toQ changes its sign

once from minus to ptus. That is, A(O, r)is pseudo-convex with respect to

     Substituting (5.10) into (5.14),

    B( 1-e-e't )g(re+ A) (c+ h/e) T. {K+ a- a)p+ 1/e•(1-ere" )( re+ A) (c+ h/e) I,

and using (5.5), the lower bound for B(O)is obtained as follows :

        B((}) leKe( c+ h!e) IT- 1/e •(1-e-e'i )I-l K+(1- a)pi. (5. l6 }

     !n ordgr to obtain the eptinal ordering policyt we could eonsider two

cases from (5.i6).
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(I) Case I: e K• e< c+ h/ e) I T- 11e •(1-e-eri )l- {K+(1- a) p}I O, for any rE [ To, n]•

    From (5.10),O is set to be the value of the lower bound, 1--e'e', ,

and

                                              '       Q=ye •(1-e-er, )( A+ re), (5. 17)
                       '

is obtained. Since the eptima1 reorder point, r'=2/e•(eKae-1> , is gained

from Proposition 1, the optimal ordering quantity, Q', could be derived as

follows :

     Q*== ,Ve •(1-e-eri )e Ke e.

(II) Case II : e Ke "( c+ h/e) lT-- 1/e •(1-e'e't )l- IK+ <'1: a)pl < O, for some re [ To, ri ].

  '     [[hen also, t/here exists a unique solution forQ. That is, eitherQ?= C

 so as to aA{e,rvaQ=o or Q' which i9 agiain given by {s.17).

5.6 Prcperrties on de Probahility of StDclcout Oocurrenoe

     In this section, the probability of stockout occurrencet (1'-a) , is

considered with respect to the Case I. Substituting (5.17) into (5.11>

and transforming by q=G-i(cr} Eor a)l/2pA(O, r)is rewritten as follows:

                                                                '
    A-(q)= yC," K+(C+h/.eill(i/-e e. i.eit)-e.q.eilei+---<.i-7.9)( q))P g( r)dr- A(c+h/e)• (s. Is )

    Thenr first and second derivatives with respect to q are obtained as

followrb :

          '
      d",A <,q) -f;t (C.+.h,//e,)1',.d-(i'.'teie--i-".g.,<)q) g( T)dr• (s.lg}

      d2dAi,q) .,JC," e(c.++?//eel(i-(.eMff.e.':)ie-".-ei..g.F)'(q) g(r)dr. (s.2o)
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    Ocinbining the above equations (5.18) to (5.20), the following

preposition is obtained.

' Prepesition 5.3

     When lead time density g(q•) is unimoda! and g'(q)SO is satisfied

under the assurTption G(q))!/2, d2A- (q)/dq2>O holds. That is, A- (q) is

convex function wi.th respect to q and the eptimal value of q is obtained

uniquely.

 5.7 Prmperties of Decaying Rndo

     As for Case I, the influences of decaying ratio e, upon cptima!

reorder poi.nt riand optimal ordering quantity C" are considered.

  ' FroiR (5.5), epti{nal reorder point r'{e) is set as follows :

       r'(e) A <e 'ce e- i) ;v e.

And the first derivative of r'(e) with respect toe is obtained as follows:

                                                       '

        dr'(e) A                =-{e""( K.e-- 1) +A}• (5. 2.1)                 e2          de
                                                 '
       '
     FrQm (5.6>t eptima1 ordering quantity a'(e) is set as foilows :

        Q.(e) 4, e ic• e( 1-e-ert )ve.

'Then the first derivative of Q'(e) with respect to e is obtained as

follows :

       dQdKe e) =eke`2r(i--e-eri)(K. --- -2ir)+ -i;- ri e-"'ie"". (s. 22)

     Ccmbining (5.21) with (5.22), the foZlowing prQposition is'obtained.
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Prepositicm 5.4

    Cptimal reorder point r'(e) and eptimal

following property with respect to decaying

 (I) property of r"(B):

      e) 1/Ka

      e< 1/Ke i     {
      exp(K.e)[ K. e- 1]+ 1> O

       e< 1/Ka  .(
      exp( Kn e>[Ke e-- 1]+ 1S O

 <II) property ofi Q'(e):eXl!K.

       '
                                 '
     I [ei<-i./.Kp?- e., }]( K. - ve) + Ti txp( - eri}> o

       e< 1/Ke      I [1-exp( - er, )]( Ke-11M + r, exp( - ets )SO

order

   'ratlo e

quantity ee(e) have

 .

     --   ; mcreaslng,

   ; increasingr

   ; decreasing.

   ; increasing,

   ; increasing,

      '            '

   ; decreasing.

the
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5.8 eotMSusim

     In this chapterr a Q,") inventory control system with finite varying

stoehastic leadtirTe was discussed with respect to expenentially decaying

commodities. Characteristics of qptimal ordering decision, i.e.r optirnal

orderirtsg quantity and reorder pointt were derived under given probability

of stockout occurrence.
   ' Xn addition, the optima1 perrnitted probability of stockout occurrence

was investigated in order to obtain the more eEfective optima1 ordering

decision.
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                          CHAPTER VI

         ALLOCATION PROBLEIVI FOR PERISHABLE COIVIIVIODITIES

 6.1 Irmiirction

    We ponsider perishable ocnmdities which beccme obsolete ar}d cannot

be used after a certain period of time ([1] [2] [3] [4]). Optima1

allocation pelicies for perishable oormodities were anal.yzed first by

Prastacos [5], [6], [7]. These andels werg discussed under charging oost

only for shortage and outdating. But, if we discuss the allocation

problen, transpertation cost should be also an irrportant factor.

     In this chapter, we discuss a single period aliocation probletn of

perishable ccrmu)dities for several fixed defnarxii points based on an LIIro

issuing and a rotation allocation policy considering shortaget outdating

and transportatiQn costs. Bloed, photographic fi]m and fresh ocrmpdities

are typica]. exairgples of our model. Section 6.2 gives scrrtse assuxptions and

notations used througbout' chis chapter. Section 6.3 formulates the

probiem and clarifies the existence of the eptima1 allocation policy.

Section 6.4 presents an algorithra for obtaining its optima1 solution. Zn

addition, we give an example in section 6.5 in order to examine the

influences of shortage, outdating and transportation costs urpon the

optimal aliocation policy.

                               -•120- '



 6.2 ?re1inimaries -
  '     A periodic review inventory mtlel is considered, for one planning

horizQn arx3 single item. That is, ordering tajces plaee at the start of a

period and costs are ineurred during a period. the period' length is
                                                '
arbitrary but fixed. And the folldwing assumptions are made to oonstruct

che mxic1.

(1} Maxis"um lifethe of the perishable oomapdities is fixed and equal to m

periods .

(2) lnventory is <iepieted by demand at che start of each period according

to a LZro i$suing peiicy.

(3) 1here arenlocations where (imands occur. '
(4) The sto(Sc re[naining at the end of oach period ages one period

monetonously and is retumed from each location to regiona]. oenter.

(rotation peMcy }

(5) Ifi the rmities have not been depleted by demand until the period

it reaches age 7ne then it pe,rishes and must be discarded.

(6> Cbsts are dharged at each iocation for every unit short, perish or

transported.

(7) Demands at each location are independent random variables with kriewn

distributionFk(`)and density fk(') rk--1,2. .n] .

(8) 'the following notations are used throughout this ehapter.

   sk : shortage cost per unit of demand unfUled at loeation •,k

   Wk : perishing cost per unit perished at iocation k

    Uk : trar}spertation cost per unit shipped frara regional centetr te

        1ocation k or retumed from location k to regional oenter

   tyk : allocated quantity not subject to outdating at iocation k

         (ageOto age m-2) '
                            '
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  Bk : ailocated quantity subject to outdating at locationk (age m-0
     N m (Ari, N2, ..., 2Vn)

     B = (Bl, B2, ''', Bn)

          n
     B= ÅíB             k         ksl
          n     N nt Åí'N             k         k=1

6.3 IaM AIiocatm ltodel

     rvhen newex" units rv and older unks B are preparedt the tDtal

`li[,f'Ili,lg(iia :O lni,li,"iB:iii,:?.:.[.]ll,,by.,,., . ., i Xk,'7ts,+B,--x)di7,(x)

      + wkBkFk(Alk) + (ATk+Bk)uk + ukSgk(lvk-x)dpk(x)] (6.o

and we have

eCgX{B)=(eK,iwk)Fk(ATk+Bk)-sk+uk. (6.2)
                                                        '                                                       '

afggtllitll2-X B = (sk-ltilk)fk(rvk+Bk)lo (6.3)

    ec (N ,B)
B:tM. eBk rWk+uk>O•

      '
eCgXÅíB) = (skÅÄwk)Fk(Nk+Bk)--sk+uk+ (uk-wk)Fk(rvk) • (6.4)

      '
       '
a2c(N,B)
  eNk2 n (Sk'iv7k)fk(Nk+Bk)+(Uk-Wk)fk(Nk) ---> O (6.5)

                                         '                         '                                    '
           '
                  '
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   whereruk > wk is assuirEci throught this chapter for each k.

Ij:.tm. ecgll{B) n 2.k . o

wwe2(NB s2c(N,B)
  eNk2 elVkeBk
                   " (Uk-Wk) (Sk-Hilk)fk(Nk) fk (Alk+Bk) 2: O (6.6)

e2c(N,B) potc(NB) . '
    Together the above inequalities (6.3), (6.5)t (6.6) and the property

of convexity, the following proposition is obtained.

 Prcposition 6.1

    Total expected eost function c(N,B) is convex with respect to Nk and

 Bke

6.4 Algcxitlmk fu Qptual AUDcntm Ptticy

     !ntroducing tagrange rnultipliers A and v inino equatien (6.l)r the

folloving Lagrange function Åë(Al,B]-is given.

                      nn  O(IV,B] -- .c(N,B) -X VI. IBk--B)-y•(k;INk-N) • (6•7)

Then, we have

 sÅë rlv, B)

  aBk " (Sk"ftUk) Fk (Nk+Bk) -s k+uk - A. (6. s)

 3Åë (IV. B)

  aNk = (Sk+tUk)Fk(Nk+Bk) -- sk+uk-p+(uk-vk)Pk(Nk). .(6.9)
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    An'algorithrn is develepec] to soZve the following Kuhn•-Tucker

conditions with respect to Nk and Bk , k"1, ..., n.

              n .n       (r) kil Bk= B, k.Zl NknN

                                 '
       (zi) Atlliice!-EtSZV'B)gor aÅëarNA}T:;B]).o

                                aÅë (N, B)                aÅë (Al. B)
      (Iu) Bk aBk gO, Nk---s7tiil--"O

AIg(xitha

    b-;irst, n locations are arranged and serially numbered as in the

following ,i.e.,

     Ul-81Su2 - S2E ..., ;S un - sn . and set,

     h= (ui'si . ui+it-si+i], i=i. ...,n

     Xo 4 (-co. Ul"Sl]' Un+1-Sn+1 4'+co

    Then,our algorithrms are given as follows by (i) N (x).

(i) IfBzeO, execute (ii) and if B\O, execute (v).
                                                              '
<ii) S.eti-a. Then, arrange n locations and D.ut serial numbers numbered

as stated above .

(iii) Set Peri. And the followings are obtained.

       ' NÅí=O': 2=i+1. ..., n.

          tt       • N2-Fil(8Åí.2r-lll2i'2")' :. 2-1, .... i.

-- 124 -



.,,,l,:Z;;.Elj'Sthf./1-+lt"iC.;':/f,.l..a"2.ZÅíFE,ISkligÅíi-.'lt.`2iii28:':i,L'xtm•ths,.r8,Y,ls,E-l,Eo..,.,,

Otherwiset execute (iv).

(iv) Set i + i+1 and execute (iii>.

(v) Set i-1.
(vi) setAe.ri,vek. [Dhen,

     Bp. =6; Åë=i+1, •••, n is obtained.

    From the equation (6.8),
    h'p+Bp=Fp-i(-f?g!'klil;!-i,+ 2,XO) ; p=i,2. ..., i

is obtained. '
        Introducing B =O into the ecluation <6.9)t
   Np.Fp-1 (E2gl'te l+. e+yo) e• p.1.2.•-.... i•

             PPis gained

        1wo kinds of sets, ,r and K, are defined :

       cl e: {location p I p=1. .... i, B f o}
                                   p

       K a {locatlon p 1 p=2'. .. ., i, B = O}

                      • p.

    Put each location number p (=1, ...,.i)intD either type

respectively and if both Ao and po exist within ri so that

     pli(Np+Bp)=p&Fp-i(W'-iw"pAO)'pli,KFp-i(W'+"z`pPO)=

of sets K or J

N+B
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    p:ti iVp=plLT Fp-i( S-'-wAS) " p,ZKFp-i (Ei2ii'Iiill.h" g,pVO) " N,

    then execute (ix).

    Otherwiset set q •e i+1 and execute (vii).

(vii) Put each location p =1, ..., i into either type of sets K or J

respeetively and if Xo andPoexist within li and rq .respectively so that

                           '   p,q.t,Nipg,tFp-i(:pO--5S)+pll.Fp-i(W/.p"PO)+p-qii.,Fp--i(Ellilt2 2p'nio)..,,

                           '   pii(NiBp)'pZti+INp"p.Z,TFp-1(Ei;lt4il;Slp'AO)'p,XKFp-1(lilllilt2\SZp'V.O)

  -"pZti.fp-i(EgSltk kp"U)-iv.B.,

  and if iEg:ltkl; ]i!!Z+AO)llO--wAO (p=i.2) ... i) ,

           pp pp
   .chen the eptimai solution is obtained as follow$ :

   Bp"Fp'i(Ei;it/lillp"AO)-Rp'i(litfigiAO):p=i,...,i(peJ),

   BpnO : p=1, ..., i (peK),

  rvp--Fp-'i(•2X;i/liti t2p+UO) : p=i+i, ..., q.,

                                   '              '
  Np=Fp'i(llgtlilS--'iO) ; p=i, •••, i (peci) ArptRii(EfilllllllÅ}U9+"O) :

                                  pp
  pnl, ..., i (peK>,
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    Otherwise, execute <viii).

(viii) Set q . q+1. Ifq=n+1, execute (x}. Ot herwise, (?xecute

(ix) If
      S2:ltt21ti2+A`o>vo-Ao

       8 +U7 == .U -W '        pp pp
      then the optimal soiution is obtained as follows :
      rvpttFp'i(V.pOIag) :p=i, ...,i(petT), Np=Fp -i(El;ltillii!Sii ZVO):

      BpzaFp-i(W/.iAO) -Fp-i(:;IiS) : pn7. •t•, i (pEJ) , '

                                  '

                              '      Bp=O : p=1, ..,, t (peK), '

                                     '                               '
      Ni-O : p=i+1, •.., n, .

      Bp=O : p=i+1, ..•, n •

      Otherwise, set q + i+1 and execute <vii).

(x) If i< n+1 , then set i 4- i+1 and execute (vi).

Prepositicn 6.2

   The increase of perishing cost Wk incurs the decrease of N

(Proot-) .
       From the equation (6.8),

         Nk + Bk = 17k-1(S5:littiiiX)
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(vii).

p-•-1...e.i tpek),

k+Bk •



         is obtained. W'ith res.oect to the above equationr when Wk

         increases,AIk+Bk decreases. If2Vk+Bkremains cpnstant, we should

         increase x. While A increasesr,IVÅí + BÅí (2fk) increase at ocher
                                 n
         iocations. This causesi.Zl(Ni + Bi) > N+B ' So, we rnust decreaselVk+

       Bkinstead of increasing A.

1?tsx)positicn 6.3

     [phe increase of shortage cost bk mahesNk + Bkincrease.

 Proof :

         Frotn the equation (6.8), this proposition could be proved by the

         similar way to prove the proposition 6.2.

                      '

6.5 Nureri(ml Itapte

     irhis section provides an exafnple in order to illustrate the results

of Section 6.3 by the use of the proposed algorithxn described in Section

6.4. [Ilhe demand distribution functions at each location are the identical

uniforrn distribution frcm O to 10. In this exaiTgple, we consider n=3

locations and N=6 ,B=2. '
     I'he,cost parameters(gk, wk, uk)at location k are given in Table 6.1.

Table 6.2 shows the of)timal allocation policy and its total expected cost.

s!'able 6.3 shows the influence oE shortage cost S2 mpon the oo.tima1

allocation pelicy at location 1 in order to iilustrate the proposition

6.3.
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In tliis table, oost paraaeters are fixed exoept S2 in Table 6.1. rable

6.4 shows the influence of transportaion cost UÅí .upen the optimal

a]plocation poliqy at 1ocation 1. In this table, oost paratvEters are fixed

exceptU2in Table 6.1. Table 6.5 shows the influence of outdating cost W2

u4pmn the Qptirnal ailocation poliqy at location 1 in order to illustrate

the propesition 6.2. In this tablet cost parameters are fixed except w
                                                                     2
in Table 6.l.
                                                                  '

         '                                     '

               Table 6.1 Cost paraTneters

ost
k

Sk Uk Wk

1 s 10 5

2 10 IS 5

3 15 20 5

Table 6.2 Optimal allocatton
    its total expected

poliey
cost

and

locattonk .rv
B Cost

1 2.28169 2.0

2 2.16901 a '210.549

3 i.S4930 o
'
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'Tab' le 6' .3 !nfluenee of
the optirnai

 shortage
aZlocation

cost upon
 policy

S2 N2.+B2

2 2.82132

3 3.08i57

4 3.32361

5 4.28169

6 4.46866

7 4.64380

8 4.808i8

9 •4.96278

Table 6.4 rnfluenee
cost upon
allocation

of transportatÅ}on
the optimai
 policy

usc IVÅí+B.Åí

6 6.20195

7 5.66771

8 S.17221

9 4.7i137

10 4.28169

11 3.10627

12 2.69129

13 2.30179
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Table 6.5 Influence oE cost per unit perished itern

         '         xpon the optimal ailocation policy

W2 Ne+BÅí

2 4.48451

3 4,4i690

4 4.34930

5 4.28169

6 4.21408

7 4.14648

8 4.07887

9 4eOl162

6.6 Qo"Susim

     Zn this chapter, the noclel for a single period allocation probZem of

perishable mmities based on an LIID issuing policy has been formulated

under the rotation aliecation pelicy and the existence of the eptimal

allocation policy has been proved. An algorithm for obtaining its eptima1

allocation pelicy has been ptoposed. Furthermore, a nuirericai example is

given for investigating the inEluences of shortager transpertation, and

perishing costt ugpon the eptimal allocatien pelicy.
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CHAPTER VII

CONCLUSION

    w'e have edscussed $ew.ne "sctuctures and properties of mathematical

models to describe ljhe eptima1 ordering policies for perishable

inveRtorie$. In this ehas>t.escs we sumrize the main results of the

disse-rtation.

    Chapter ZI has kxp.en devQted specifiÅëally tu exainine inventory nDdel

for perishabie ccxtxtndieies under the stochastic leadtime with tnixed ages.

Particularly the cases of zero and one period ieadtime have been

considered and the opeimal ordering pelicies have been derived.

EUrthermore, the effect Qf certain impertant factors on the optimal

ordeying peZiÅëies have been analyzed. Next, considering the fixed

ordering cost, some othe: characteristics en the ordering policies have

been obtained.

     Xn Chapter IIZ, we discussed the determination of the eptiLnal

ordering polieies for perishab2e oormodities with predetertnined maxirnum

lifetime under the dir-Eerent prices and stkxhastic leadtime. SciTre

properties of this rrK>g]e]. such as the existence of the optimal ordering

policies and conditinr)k' thesceoE, the infXwences of ,the rate of exoess

                '

                                 '
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perishability and the status of inventory on hand upon the optiraal

ordering policies were analyzed. Furthermoret a fixed charge cost for

piacing an ordey was introduced as a set up cost and then scxfte additionai

charactatvristics were obtained.

     In Chapter rv, we di$cussed an inventory oontrol for perishable

corrrrrpdities subject to stochastic leadtime on both LIFO and FIlr'O issuing

policies under zero or one unit leadtkne. [[he existence oE the optifnal

ordering policies on both LZro and FIro has been confirm and the

unS<lueness has been proved. Einrthermore, the inflvence QC the changes of

occurrence probability of leadime 1, inventory on hand and inventory

relevant costs vrpon the eptima1 ordering policies have been oonsidered on

both LIEFD and FIFO policies. '
     In Chapter' V, the inventory oontrol systera with finite varying

stochastic leadtirte was discussed in case of exponentially decaying

oomfnoditi'es. Characteristics of che eptifnal ordering decisionr i.e.,

optimal ordering quantity and reorder point were also derived under the

given stockout probability.
                                         '
     In addition, the optimal adndssibie probability of stockout

occurrence was investigated in order to obtain the rnore effective optiinal

ordering decision.

     In Chapter VI, the incx]el for a single period allocation problern of

.Derishable cormpdities based on an LXIro issuing policy has been forrnul.ated

under the rotatable allocation po.licy and the existence of the eptimal

allocation pelicy is proved. Furthemu)re, a nmerica1 exatr!ple was given

and investigated the influences of shortage, transportation, and perishing

costs were investigated upon the optimal allocation policy.
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