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1. Introduction.

Let M be a bounded region in R" with smooth boundary 0M. Let
{@;(x)} -1 be a complete orthonomal basis of eigenfunctions of the Laplacian
in M under the Dirichlet condition on M. Let A; be the j-th eigenvalue of
—A in M under the Dirichlet condition.

We shall prove the following:

Theorem 1. The formula

(1.1) 3 e (0,00, (3"
(1.2)  ~Cy(x)t= ™14 Cy(x)t= WD~ e L C ()t~ WD GD+RD | ...

holds when t—0. Here 0/dv, denotes the derivative along the exterior normal di-
rection.

In Ozawa [9] the author determined the structure of C,(x) by the geome-
tric invariant theory due to Gilkey [4]. As a corollary of (1.2) we have the fol-
lowing Proposition by Tauberian theorem.

Proposition 1. Fix 2€0M. Then,
(1.3) AEA(6¢j/6v,)(z)zlzeaM = DAY o(AMDHY) g A—>o0,
<
where D = (4z)~""T'(2+(n/2)).

It is natural to ask the sharp asymptotic remainder estimate. Melrose
[8] and Ivrii [6] proved that

(1.4) )\2 1= C'IMIX("/2)+C"|6M|7\("'1)/2—|—0(7\.(”"1)/2)
i<

holds under some condition on 9 using wave equation and micro local analy-
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sis. Here the author would like to offer a conjecture.
Conjecture. We have an asymptotic for (1.3)
DAL D H (2) A2 4 o(\(+11)

Here H,(z) denotes the first mean curvature of 2€0M with respect to the
exterior normal direction.

We want to make a comment. It is desirable to get more delicate asymp-
totics of eigenfunction. Zelditch [12] and Y. Colin de Verdiere [3] showed the
following. For details see [3], [12].

When the geodesic flow of a compact Riemannian manifold M is ergodic,
then there exists a subsequence {g;,} of {@;} such that

(1.5) lim SD @iy(¥)2dx = Vol(D)/Vol(M) .

The author gives another conjecture here.

Conjecture. When dim M=2, then there exists a subsequence k; of %
such that

fim i} . G 0w

exists and it is equal to C|D*|/|dM| for D*CAM, where do, denotes the
surface element of 0.

The author would like to add one more question. What can one say the off
diagonal saymptotic for

3 €™(0;{00) (=) (0, /00) ()

For the off diagonal asymptotic for the heat kernel the reader may refer to
Kannai [7], Taylor [11].

2. Seeley’s work.

We recall Seeley [10]. We discuss general second order elliptic operators
with the Dirichlet condition. To prove (1.3) we use diffeomorphism near the
boundary point which transform 8Q to the boundary of R’ = {x,>0, (x,, -, x,)
€R". Thus, the Laplacian is transformed into second order elliptic operator
of variable coefficients. Thus, it is better to discuss general frame work of
Seeley, if the author wants to discuss the Laplacian.

Let a=(ay, ***, &,) be multi indices and D“=(—iéi>dl'"(_iaa )“",
Xg X
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al=a,l---a,l. Let A(x, D)= IZ a,(x)D” be the second order elliptic operators
| <2
on R” with smooth coefficients. Let o(4)(x, ’g‘):l lE a,(x)E*. We set ap(4)(x, E)
x| <2
= 3] a,(x)€*. Here £ denotes the dual variable of x. We say that Ry=

igT=2
{AEC;arg A=0} is a ray.

We say that 4 satisfies Agmon’s condition with respect to the ray R, at x,
when o5(4) (x, £)—A\ is invertible for £ R"\ {0}, AER,. See Agmon [1].

Next we consider the general theory on R} ={x=(xy, :**, %,-1, %,); ¥,>0}.
Then, A is written as

A=A (x)D
j=o

where A (x,) is a differential operator of order <j with smooth coefficients. Let
x'=(%y, +++, X,-1) and E'=(E,, -+, E,-;) be its dual variable. Then,

o) ) = 3 o(4))Er
oA 4) (% §) = S o (A8 .
Here o (A4;) is a symbol of 4; with homoegneous order j. We put
oHA ', §', D) = 2o (A 0)DE .

We consider the Dirichlet boundary value problem in R}. We write B as the
Dirichlet boundary condition symbolically.
We say that (4, B) satisfies Agmon’s condition on RY, if the following is filled.

(Agm): There exists a ray R, such that the ordinary differential equation (2.1)
has the unique solution for any x'€R*™!, (¢’, £,)=0, and for any
2(x")ECr(R*1), NER,.

(2.1) o3(A)(x, &', D, u(x', x,) = Au(x’, x,) x2,>0.
lim u(x’, x,) =0, x'ER*1.
u(x’, 0) = g(x") ' ER*1.

We can use the localized version of Agmon’s condition in the sense that (4, B)
satisfies Agmon’s condition for a neighbourhood of x;& R*1.

Hereafter we assume that A satisfies Agmon’s condition for the ray R, and
(4, B) satisfies Agmon’s condition for the ray R,.

We follow Seeley’s paper to construct formal calculus of parametrices.
We put
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afn, £ 0) = =2+ 3 a,x)E”
ajx, E.\) = E,-“’(x)? , Jj=0,1.
We put
o(A—N) = 3 a/x EN).
It should be remarked that A can be thought as the second order term.

We construct inner parametrices c-,- (%, &, 1) inductively:

(2.2) C_y(x, &, \) = ay(x, E,\)7?
azc—z—j+k_wa_m(mak)(il)x)“c—z—m/a! =0,
=-jm<i
Jj=1,2,.--. It is easy to see that c_, (x, £, \) is homogeneous of order —2—;j
for (£, AV?) variable.
Next we construct boundary compensating parametrices. We put

2.3) a(x, £, D, , \) = I ﬁ((%)" a,,,)(x', 0,D,,, N)/k!.

m-k=j "
We put ¢(4—A) = ;V‘:a(").
ji=2

We solve the equations (2.4).

(24) a®(x, &', D,,, N)d-p- j(%, EN)
2, [DEaD@, £, Dy M (iD) g (%, £ W)t} = 0
n<j
d_pj(x', 0, E,\) = —c_p- (', 0, E", N)

limd_, («x, x,,E,\) = 0.
By Agmons’ condition (2.4) is uniquely solvable.
We follow Seeley’s paper [10] to coastruct operators O(c-,-;), Oy(d-,-;).
When XERo,
(25)  Opfecs- ), ) = @y [ e nbiey o & MG,
26)  OYdes (', 5) = @) ([ ¥y, £, Mf(EIEE aE
where f(x',x,)ECy(R%) and f(£) = S et f(y)dy.
R’l

We put
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d—z—,‘(xl’ X f” Vns 7\') = - fg:.e_iy"s”d—z-j(x,; Xy EI’ Em A')df ns

Here &_ is an anti-clock wise simple closed curve such that 2_ includes all
poles of d_,_ (x', x,,, &', £,, ) in £ = {£,&€C: Im £,<0} with respect to £, vari-
able. Then,
(27) Olg(d—z—j)f(x,’ xn) = (2”)—” Sm ei:l&ld—Z—i(x’ ‘E,) Yns 7\')f‘(‘lf,! yn)dyndg' *
Here

7€y ="t fia, yoyas

If A= —A with the Dirichlet condition in a half space, then c_,(x, & \)=
(1E1*—x)'and d_,(x, &, \)=—(|E|*—A) " exp (—*\/[E'[*— A &,) Where |E'|*=

S8 15181+
Here *\/ a is the square of a whose real part is positive. In this case
Ay, ', 90y \) = —("VTETP—2) €xp (—*V/ TE'P—2) (% +90)) -

We list here some facts from Seeley [10].
Fix p>0. We put

S = {(¢, n)€C*XC; Im y<u(|Re | +|Ref|*~p [ Im{]?).
Then, S% is an open real cone with respect to (&, %) variables.

Lemma 2.1. Let V be a compact set in R". Then, there exists n>>0 and
M, ,>0 such that (2.8) holds.

For any fixed x€V, Dic.,- [(x, £, —in) is holomorphic on S}. with respect to
(&, n)-variable and it satisfies

(2.8) . .
sup | D%y (%, & —in)| <M, | (IE] + 191"

holds for any j, a.

Lemma 2.2, Let W be a compact set in R*™. Then, there exist positive
constants p, M , g, S, g such that (2.9) holds.

J

For any fixed x' =W, we see that x3D% d_,_ A%, &', Yy, —1in) is holomorphic
with respect to (', n)-variable in S and it satisfies

sup |y D8, d-2(x, &', y,, —in)]|
(29) <M, ,p(1El"+ 7|37 1=7-191= 1P exp (—8, a(¥a+x) (1E'| +12]"%)
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for any X, V2 =>0. And it satisfies
(D%, d-z-;) (", pte, p7E", PYsr —inp™?)
= P1+J_IN(D£,.J-2-;') G Xns &' Yn —in) .

Here we recall the fact about Fourier-Laplace transformation. Let g(£, 5)
be a function holomorphic in S} satisfying

18(& D) <C(IE|+ 9|72
for some k<<0. Then, we define the distribution 9'(R**)G(x, £) by
<G ) fo > = @yt e[ (e, e, mi.

Here g is a fixed positive number.
We have the following.

Lemma 2.3. Arima [2].
Support of G(x, t) is in t >0 and the following estimate holds

| D;D§ G(x, t)| <C, gt~ (+k+2+1aD/2=B exp (—§, gt~1|x|?)
for t>0, for some C, g, 8, >>0.
Let g(&’, , s) be a holomorphic function of (&', ) ESi™! satisfying
8 m, ) <C(IE'| + || "*)* exp (—es(1€'| + | 7]¥%)
holds for any (&', n)€Si™, s>0.

Lemma 2.4. Arima [2].
We put

G(x', t, s) = (2z)~" Sm-n A e S

wo—i

[
&8 s)dn.

Here q is a fixed positive number. Then
|G(x', t, s)| < Ct-@+¥ID2 exp (—ct~Y(| 2" |2+ |s]))

holds for any t>0, s>0, x'€ R*.

3. Construction of heat parametrix.

Let us recall the construction of parametrix of the heat equations. Let
{Q,} 7-1 be an open covering of 0. And let, {@.}i-1{yrs} -1 be partion of unity
which belongs to coverings {Q,} such that y», =1 on support of ;. We assume
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that 9Q N Q¢ for k=1, -, m’ and 0QNQ,=¢ for k=m'+1, ---, m. Let
¥, : 2 NO,— R} be an injective diffeomorphism such that

(2, N0Q)CR* 1 = {x=(wy, ***, ¥y, X,) | ¥, = O} .

We have the second order elliptic differential operator XA which is strongly
elliptic and it astisfies Agmon’s condition at the boundary. We can construct
parametrices ¢_gz, d*)_; as in section two.

We put

3.1 UP(xy,9)
= (2z)~! Sm Fi-nk S T ey (n, B, —in)dn)dE

—o0—ggq
and
(3.2) U¥(x, y, t)
= ryt [ [T R By —in) dn
We put

Up=up 40P .
Then, we put

4

Uy, n(w, 2, t) = ,,z:i ,é Yr(w) ﬁﬂ-k’(‘l’k(W), W (%), 1) [ (¥i") (¥u(2)) | "'@u(?) -

Here |(¥7#Y)'(¥y(2))] is a Jacobian of Wi! at W,(2). Let Uy(w, 2,t) be the
fundamental solution of the heat equation in R”, that is

Uyw, 2, t) = (4nt)~"? exp (— |w—2z|*[42) .
The following Lemma is well known.

Lemma 3.1. Greiner [5].
We put

Ry(w, 2,2) = U(w, % ) —(Uya(@, 58)+ 33 4u(w)U(w, 2, u(2)) -
Then, there exists positive constant & and Cy such that
lDzD'?RN(w, 2, t)| SCNt-(n+lw|+lB|-N—l)lze-8lw—tlzlt
holds for |a|+|B| L1, t>0, w, z€Q.

We fix w=0Q. Without loss of generalities we suppose that w &€,
we& U ;_,Q,. Assume that ¢,=1. Now 2 is contained in a little neighbourhood
and @,(2)=1. By Lemma 3.1 we see that there exist §>0, Cy>0, such that
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DuU(w, 2, t)— g} D (U(Zy(w), ¥y(2), 1) | (LT) (¥o(2)) | "'s(2)

< CNt'("H“' -N-1)2 e—&lw—zlzlt .

We fix wey, ¥,(w)=x. We assume that », corresponds. to the exterior unit
normal vector at xE R*™1,

We abbreviate U$” as U; and ¥, as ¥. We have
aU;,

ox,

63 Ww,z9+5(2%) @), v@), 91T (¥E) o

gCNt-(n-N)/ze—alw—zlz/t .

4. Proof of asymptotics (1.2).

We put
0U(w, 2, t—7)0U(w, 2, 7) 4,

R’_',. 61/“, 611“,

mwﬂ=YhS
0
We need some Lemma.

Lemma 4.1.

t
S dr S 7= (NP (f ) =t 1N ) 2= (D U (=) =21 oy L CPN+N" =12
0 R%

Lemma 4.2. For any x,yeV&R:. We have
max (| (8U,/0x,)(x, y, £)|, |(8U;/0x,)(x, y, t)|) S C;p=(++1-Dlgmis=si®icjt
Proof. These are deduced by Lemmas 2.1, 3.3, 3,4, (3.1), (3.2).

Proof of asymptotic (1.2):
Let Q, be one of open covering {Q}7.;. We put w=¥7'(x)E0Q,
x€0R!=R". Then, we put

c'5(w, t) = St d’T “ aU(w! 2, l'—'r) aU(w, 2, -r) dz
0 Ja o, ov,
0U(w, 2, t—7) 8U(w, 2, 7) 4,
ov, o, .

MmQ=YhS
0 Q,
Then, there exists ¢,>0 such that

| @&(w, t)—&(w, t)] <Cyt*

for any £>0. We put
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@l) I, 1) = S: dr SR” (00 /o, (x, 9, t—7)
X (00, /0x,) (%, 3, 7) | (¥ ) ()| (¥ (»))? dy

We know that I, ,(w, f) is an approximation of &(w,t). We see by Lemma
4.2, (4.1) that

|5(w, 1) — % I, u(w,1)| SCyr-crm1-mre,
Now we want to expand @y(Z-(»)/| (L) (5)| ! at xER*. We put o(y)=
(2= (y)| ™" Then,
(+2) (TGN~ 3 () (@) (D) (x) <Cil s—y|
holds for any yE¥(Q,).
Now we put

*3) I, 1)

= [ ar SM (00 /0x,)(x, , t—7)(8U4f0x,) (x, 3, 7) (y_;’ﬁ? D*o()dy.

Note that « is a multi index. The following inequality is easy to see

(44 |a—y|* exp (—=8((1/n)+(1/(t—7)) |x—y|?)
<C(1m)+(1/@E—7)*D"2 exp (—(8/2) (1) +(1/(t—7)) [x—y]?) .

Therefore, we have

(4.5) I, y(w, ) — u:%_s"k I 3. 0(w, ) < C, , - ntitititne
An approximation scheme

N N
D— B — 2 ].h<—- Z 2 Ij,h,u
i,h=0 7,0=0 |@|<k

is very well, since when we tends N, k— oo, the remainder is of order O(¢°), for
any s. Thus, if we prove that [, ,, (w,?) has an asymptotic expansion of ¢
when t—0, we get (1.2).

We have the following.

Lemma 4.3. The representation
L h.a(w, 1) = tP2a50) J(w)+1P DG o (w)+ 1P DT (w)

holds, when B=—n-+j+h+|a].
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Remark. If we put a,- ,,(w)—j 2[ ,3‘1(3)‘ »(@), then we get (1.2).
+h+|0|=k-

Proof of Lemma 4.3. We put

13t = ar | (507) 63, =) (522) 653 Py
where P,=(x—y)*D*v(x)/a!. We put

18utm )= [l § (%) 55, 0= (3 04) s Py

1w, = [rar | (20

I8 uw, )= ar{ (2

ox,

ox, >(x’y) t— )(aUh)(x’y’ T)P dy

0w 1= (30 e Pty

Then, I, , .(w, t) is the sum of these terms. Of course we have ¥(w)=x,
x,=0.

Now,

(4.6) (g U

x )(x» Y t)lx,.=o

_ (2”)—;:—18 -9t ((sw—iq eEMiE oy (%, 0, &, —in)dy)dE
Rn o —iq
_I_(zn.)—n—ls e!(z—y)E( S—“i_q'q eit? (62;"(’:’) (xl, O, Ea -“7)d77)d£ .

Here ¢ is a fixed positive number. Recall that c_,-; is of homogeneous degree
—2—j with respect to (&, A?)-variables. D®_,_. has the same homogeneity.
The first term, the second term in the right hand side of (4.6) is denoted by
W (x, v, £), WP (x, y, £), respectively. We make a change of variables 5—1,

§—>f- so that »=¢"14, g:t"lﬂé, that is
E= (&, - &)= (B, -, PPE) .
Now we put W as
WO, y, t) = (2m)--4-+1-h0B |
where

B = g it S”'"’ oy (w0, —inyandt).

—e-ig

Here we change the integral path from (— oo —igt, oo —igt) to (— oo —ig, o0 —ig).
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We put
HP(w, 2) = (2m)" |
Then,

eiugl‘ﬁ” Su"iq éc_p (x50, é, —iﬁ)dﬁdé .
—o—ig

Rﬂ

W, , £) = HP((x—y)t™2, &)=+

Similarly, we have

il &l (_@%_’2_‘1) (x', 0, é, —“iﬁ)dﬁdé :

n

H 0, %) = @ | ed({

We change variables y—x=¢""?r"1%(t—7)¥2y, 7=r¢. Then,
(4.8) I15},4(t) = t*H*191=0EP (B, + B+ Byt Byt) ,
where
1
B= [ ar ([, HO(1—ryPy, &)y, )%
X r(i+1¢|—1)/2(1 ___r)(h+|w|—1)lz

B, = { ar([ , HO(—ryRy, )P (", 5543

X pUtlel —l)/2(1 _r)(h+|m|)/2)

B, Sl dr ( S HP((1—r)2y, x"YH{P (2 y, x')3*dF
0 R"

X D] ) tH® -1z

1
Bo={ ar ([ HO(—rymy, s HPG Ry, )34
0 R
Xr(i+|¢l)/2(1_r))(h+|¢|)/2 .
Thus, 1) ,(w, £) has the form in Lemma 5.3. We do not discuss precisely,
however we see that I¢?) ,(w, t)=t(j+h+""‘”)/z(bj,;,,a,(ﬂ))-1—151/25,._,,,,(20)), 1) (w, ?)

=t‘;“‘“"""’/z(cjl,,,,(w)+t‘”?fj,,,j,(w)), etc, holds. Thus, we get the desired
result.

5. Comment.

In section 1 we give some conjecture and problems. We add some pro-
blem.
Can one give constants C, C’ which are independent of Q such that

(.1) on < Sm (0, /00) (x)dor, <C'2,;?
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