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Abstract

We study subelliptic harmonic morphisms i.e. smooth map£2 — & among
domainsQ c RN and & c RM, endowed with Hérmander systems of vector fields
X andY, that pull back local solutions télyv = 0 into local solutions toHyu = 0,
where Hx and Hy are Hormander operators. We show that any subelliptic haieno
morphism is an open mapping. Using a subelliptic versionhef Fuglede-Ishihara
theorem (due to E. Barletta, [5]) we show that given a styrigtseudoconvex CR
manifold M and a Riemannian manifold for any heat equation morphis@: M x
(0,00) = N x (0, 00) of the form ¥(x, t) = (¢(x), h(t)) the mapyp: M — N is a
subelliptic harmonic morphism.

1. The Hoérmander operator

Let @ € RN be a domain andX, € X*(Q), 1 <a <m, a set ofC® vector
fields onQ. X =(Xy,..., Xm) is aH6rmander systenf the vector fieldsX, together
with their commutators up to a fixed lendth span the tangent space R at each
x € Q. For instance, letl, = C" x R be the Heisenberg group (cf. e.g. [16], p.11-14)
with coordinates 4%, ..., z",t). Let us consider the complex vector fields By given
by Ly = 98/0Z% — «/—12% 3/dt (the Lewy operators Then the following set of (left
invariant) vector fields

(1) Xe=Loet+Llg, Xemn=+ _1(La - L&), l1<a=n,

is a Hormander systenr € 2) on R?™% HereL, = Lg. If X5 = bj(x) 3/9x' we set
X:f = —a(bl f)/ax' for any f € C}(U) (the formal adjoint ofX,). The Hérmander
operator is the second order differential operatdr= Hx given by

N

m
. 0 i, ou
Hu= - Z XaXau = Z W(a”(x)m>

a=1 i,j=1

2000 Mathematics Subject Classification. Primary 32V20, £&8CGecondary 35H20, 58E20.
1A commutator of the forn{Xa,, [Xay, [---, Xa]---]1 has lengthr. By convention eactX, has
length 1.
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whereal (x) = Y™, bl (x)bi(x). Whenm = N and X, = 3/0x® the Hérmander opera-
tor is the ordinary Laplacian oRN. In generalal (x) is only positive semi-definite, so
that H is a degenerate elliptic operator (and actuaflysatisfies the conditions (1)—(3)
of M. Bony, [11], p.278-279). Also, by a well known result of Hormander, [23],
H is hypoelliptic. The analogy to the theory of elliptic opens, and in particular
to harmonic function theory, prompted the study of (locaipperties of (weak) solu-
tions to Hu = 0 (cf. e.g. M. Bony, [11], A. Sanchez-Calle, [34], A. Bonfigli and
E. Lanconelli, [8]-[10], G. Citti, N. Garofallo and E. Lanwelli, [13], F. Uguzzoni
and E. Lanconelli, [35]) and of solutions to certain nondinesubelliptic systems of
variational origin (with principal parH) such as the subelliptic harmonic map system
(cf. J. Jost and C.-J. Xu, [27], Z.-R. Zhou, [39]).

On the same line of thought E. Barletta, [4], started the ystofdsubelliptic har-
monic morphisms.e. localizablé maps¢: Q@ — N, where N is a Riemannian man-
ifold, such that for any local harmonic function: V — R (with V € N open) one
has i)vog € L (U) for any open subseti C © such tha(U) C V, and ii) H(vog) =
0 in distributional sense. Any subelliptic harmonic mogphiis easily seen to be a
C* map, as a consequence of the existence of harmonic locadlinates on the tar-
get Riemannian manifoldN. By a result of E. Barletta (cbp. cit.) if dim(N) =v > m
then there are no nonconstant subelliptic harmonic monphis: 2 — N. Moreover,
if v < m then every subelliptic harmonic morphism is a subelliptizrhonic map (in
the sense of J. Jost and C.-J. Xu, a. cit.). The elliptic counterpart of this result is
the well known Fuglede-Ishihara theorem (cf. B. Fugled&@],[T. Ishihara, [25]).

The present work is devoted to further exploring the geaynefrsubelliptic har-
monic morphisms and their variants. One of the main resslts i

Theorem 1. LetQ c RN and € c RM be two domains and % (X1,..., Xm) and
Y =(Ys,...,Y,) two Hérmander systems of vector fields RN and RM respectively
Let ¢: Q@ — © be a smooth map pulling back the local harmonics of the Hoxean
operator associated to Y to local harmonics of the Hormanoeerator associated to
X. Then¢ is an open mapthat is ¢ maps open subsets 6f into open subsets dp.

Theorem 1 extends (from elliptic to subelliptic theory) auk of B. Fuglede, [20].
The ingredients in the proof of Theorem 1 are the existencurmdamental solutions
to the Hormander operatdi (due to M. Bony, [11]), the estimates on the fundamental
solution toH (due to A. Sanchez-Calle, [34]) and a version of the Harnaekuality
for degenerate elliptic operators (due again to M. Bony,opf.cit.). Our second main
result is

2That is for anyxo € © there is an open neighborhood € U € @ and a local coordinate system
VAL y¥) on N such thatp(U) C V.
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Theorem 2. Let M be a strictly pseudoconvex CR manifold @hd contact form
such that the Levi form g&is positive definite Let N be a Riemannian manifold and
W: M x (0, +oo) - N x (0, +00) a smooth map of the forn¥(x, t) = (¢(x), h(t)) for
any xe M, t > 0. ThenW is a heat equation morphism if and onlyd¢f M — N is
a subelliptic harmonic morphism of constamdilation A and ht) = A%t + C for some
CeR.

The paper is organized as follows. In Section 2 we discuspoavalued subelliptic
harmonic morphisms from the lowest dimensional HeisengesgpH;. Various gener-
alizations of subelliptic harmonic morphisms, both in tloatext of Hormander systems
of vector fields and within CR geometry, are considered irti8e& (where Theorem 1 is
proved) and Section 4 where we present the subelliptic mersi a result of E. Loubeau,
[30] (cf. Theorem 2).

2. C-valued subelliptic harmonic morphisms from Hj;

Let ¢: U — C be aC? function, withU € H; open. Adopting the so called Jacobi
trick (cf. C.G.J. Jacobi, [26]) we seek solutions iy = 0 of the formv o ¢ where
v: V — C is a holomorphic function (withv € C open). The Hormander operator
(the sublaplaciai on Hj is given by H = X2 + X2 where X, are given by (1) i.e.

0] 0] a 0
X1=—+2y—, Xog=— —2X—.
X at ay ot

Asvz=0inV
X(og)=X(@)vzop, X(vog)=X3(p)vz0¢+X(@)vzz00,

for any X € T(H;) hence

H(vog) = (H)vzop + Y Xa($)’vzz0 6.

Consequently we obtain the following

Proposition 1. Let¢: U € H; — C be a harmonic of the sublaplacian di;.
Then Huv o ¢) = 0 on ¢~%(V) for each holomorphic function: V € C — C if and
only if

) X1(¢)? + X2(¢)? = 0

everywhere in U Moreover if ¢ satisfies(2) then so does o ¢ for any holomorphic
function v.
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Confined to the case of complex valued maps from the lowestmiional Heisen-
berg group we may adopt the following temporary definitionCAmap¢: U € H; —
C is asubelliptic harmonic morphisnf for every harmonic functiorh: V € C - R
with ¢~(V) # @ the functionh o ¢ is a harmonic ofH on ¢~1(V). Any subelliptic
harmonic morphismp: U — C is C®. Indeed, letp = ¢; + /—1¢, be the real and
imaginary parts ofp. As Re,Im:C — R are harmonic functions it follows thai¢; =0
in distributional sense. Yeld is hypoelliptic hencep € C*(U). As a consequence of
Proposition 1

Corollary 1. Let¢: U C H; — C be a continuous mapThen¢ is a subelliptic
harmonic morphism if and only if #1=0 and X(¢)? + X2(¢)? = 0.

For instance letf (z) be an entire function. Then (by Corollary )z, t) = f(2),
(z,t) € Hy, is a subelliptic harmonic morphism.

Proof of Corollary 1. We start by proving sufficiency. Lkt V € C — R be a
harmonic function with¢~(V) # #. We may assume that is connected (otherwise
the same proof applies to any subdomainVgf hence there is a holomorphic function
v: V — C such that Ra() =h. By Proposition 1 the identity (2) impliebl(vo¢) =0,
henceH(ho ¢) =0 (asH is a real operator).

Viceversa, letp: U € Hy — C be a subelliptic harmonic morphism. The very
definition (applied twice, foh = Re andh =Im) impliesH¢ =0. Letv:V € C — C
be a holomorphic function. Thehl(v o ¢) = 0 (as the real and imaginary parts of
are harmonic) and (2) follows from Proposition 1. 0

Note that the identity
H(¢?) = 2{¢H¢> + Z(Xafﬁ)z}

yields the following

Corollary 2. A C° map¢: U € H; — C is a subelliptic harmonic morphism if
and only if bothg and ¢? are harmonics of the sublaplacian dfi;.

We recall (cf. e.g. [16], p.12) that =dt+i(zdzZ—Zd3 is a contact form orH].
Let us consider théevi form

Go(X, Y) = (dO)(X, JY), X, Y e H(Hy).
Here H(H,) is the span of X;, X} (the Levi distribution and J: H(H;) — H(H;) its

natural complex structure i.d.X; = X, and J X, = —X1. We set| X[, = Go(X, X)¥2.
Also the horizontal gradientof a functionu € C*(Hj,) is given by VHu =", (Xau)Xa.
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If ¢ = ¢1+/—1p2 then ,(Xagp)? = 0 is equivalent to
D (Xap)? =D (a2’ Y _(Xahn)(Xath2) =0,
a a a
or

3) IVP@ille = IV7@alle, Go(VHe1, V) = 0.

A C® map¢: U C H; — C satisfying (3) is said to beemiconformal Note that the
identities (3) areCR-invarianti.e. invariant under a transformatieh= f¢, for any C*®
function f: H; — R\ {0}. Given a semiconformal map: U € H; — C we setr =
IVHo1l0 = IVHe2lls (the 6-dilation) and note thak € C°(U) while A2 is smooth. We
adopt the following definitions. A point € U is critical (respectivelyregular) if A(Xo) =
0 (respectivelyi(xg) # 0). The notions of critical and regular point ¢fare CR-invariant
notions. We shall establish the following

Proposition 2. Let¢: U € H; — C be a semiconformal mapFor any regular
point X € U of ¢ there is an open neighborhood x 2 C U such thatp: @ — Cis a
submersion

Proof. The proof is rather elementary. Note first that th@Bamatrix of¢ may be
written as

4) Xop1 +2XTp1  Xopo + 2X T2

( X1¢p1 —2yTp1 X1 — 2yToo )
T¢1 T

whereT =9/dt. Let D, (a=1,2) be the determinant consisting of #r¢h and third rows
in (4). Letv = (D1, Dy). We distinguish two cases asuxg) # 0, and then rankk,¢) =
2, or I) v(xg) = 0. In the second case the determinant consisting of thetfits rows

in (4) is (X1¢1)(X2¢2) — (X1¢2)(X201) 7 0 atxg as (by semiconformality)X1¢a, X2¢a)x,.
a =1, 2, are orthogonal vectors &?. ]

Note that||VH¢|s = A+/2 hence for any semiconformal magp U € H; — C point
x e U is regular if and only if| VH¢|ls(x) # O.

The problem whether one may produce subelliptic harmonicphisms¢: U C
H; — C by solving implicit equations, analogous to [26] or [2], pi$open. It should be
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noted that both the resgltlaimed in Proposition 1.2.1 in [2], p.6-7, and its tentativ
proof* are actually wron?y Nevertheless examples of implicit equations whose smisti
are subelliptic harmonic morphisms do exist.

Proposition 3. Let V € C be an open set angd: V — C? a null holomorphic
map ie if & = (&1, &) then eaché, is a holomorphic function and

D &(0)7=0, Y &) #0,

a

forany¢ e V. Let
G(X, §) =&E(O)x + &)X, X = (X +v/—1x, 1) €eHy, ¢ € V.

Then any smooth solutiop: U C H; — V € C to G(X, ¢(X)) =0, x € U, is a sub-
mersive subelliptic harmonic morphism

Proof. A calculation shows thd, [XaGl|? =Y, [€a(¢)1? # 0 and HxG(x, ¢) =0
and >, (XaG)? =3, £(¢)? =0, for any &, ¢) € Hy x V, hence Proposition 3 follows
from Proposition 2 and the following

Lemma 1. Let G: A— C be a smooth function with & H; x C open such that
G(x,¢) is holomorphic ing. Let us assume thdiX1G, X2G)x,r) 7 0 and (HG)(x,¢) =
0 and )" ,(XaG)(x,¢)?=0 for any (x,¢) € A. Then any smooth solutiop: U € H; —
C to G(x, ¢(x)) =0, x € U, is a subelliptic harmonic morphism

Proof. The identity

(5) (XaG)(x, #(X)) + G (X, p(X))(Xag)(X) =0, a=1,2,

3Proposition 1.2.1 in [2] claims that given a smooth funct®nA — C defined on an open subset
A C R3 x C such thatG(x1, Xz, X3, 2) is holomorphic inz and (Gy, (X, 2), Gx,(X, 2), Gx,(X, 2)) # 0 for
any (x, 2) € A with G(x, 2) = 0 there is a smooth solutiop: U — C on an open setl C R3 to the
equationG(x, ¢(x)) =0, x € U, such thatAg = 0 and Zle(wx,)z =0 if and only if (AxG)(X, ¢(x)) =0
and Z?:l Gy, (X, 9(x))?> =0 for any x e U. As a counterexample lgt(x) = xp ++/—1x3 andG(x,2) = (1 +
1X|3)(z—¢(x)). ThenG satisfies the assumptions in Proposition 1.2.1qjgfcit., p.6) with A=R3 x C
yet (AxG)(X, p(X)) = —4p(x) Z0on U = {x € R3: xp + /—1Ix3 # O}.

4Let us setF(x,2) = Y2, Gy (x, 22 for simplicity. The formula (1.2.6) in [2], p.6, claims that
F.(x, ¢(x)) = 0 as a consequence &f(x, p(x)) =0, x € U.

5Though the arguments in [2], p.6—7, show that local solstipho the equation$A,G)(x, ¢(x)) =
0 and Zf’zl Gy (X, ¢(x))?> = 0 are certainly harmonic morphisms and nothing more is nedded
the further development in [2] (which remains an excelleaference for the theory of har-
monic morphisms among Riemannian and semi-Riemannianfoids). One may sedttp://
www. anst a. | eeds. ac. uk/ Pur e/ st af f / wood/ BWBook for posted corrections.
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yields >, [XaG|? = |G(|? 3_, |Xa¢|? henceG,(x, ¢(x)) # 0 for anyx € U. Similarly
Y a(XaG)? = G2 Y-, (Xa)? implies that)_,(Xa¢)? = 0. Let us applyXa to (5) and
take the sum ovea in the resulting identity. We get

Ge (%, 90 H(x) = % (Z(xae)2> =0,
a (X,9(x))

Now Lemma 1 follows from Corollary 1. O

3. Generalizations to CR geometry

Haec ornamenta mea

—Valerius Maximus

A tentative generalization of Jacobi’s trick to CR geomasryo look atC*>* maps

¢: U C H, - H; and their composition with CR functions dfi;. Let us recall that
a C! functionv: V — C with V € Hj; open is aCR functionif

(6) Lv

ov ov
— —+/—-1z— =0
0Z ot

in V (and (6) are tha@angential Cauchy-Riemann equatioos H;). Let CR(V) de-
note the space of all CR functions &hof classC* (k > 1). Letv € CR?(V) such that
o~ XV) #0. If ¢ =(F, f) whereF: U — C and f: U — R then for anyX e T(H,)

@) X(v o ¢) = X(F)Lv + {X(f) = V=1 FX(F) + V=1F X(F)}u,
@) X((Lv) o ¢) = X(F)L2v+2\/—_iX(E)vt -

+{X(f) = vV=1FX(F) +vV=1F X(F)}Lu,
asL,T]=0and L, L] = —2/—1T. Moreover (asLv; = (Lv); = 0)
9) X(v 0 ¢) = X(F)Luy + (X(f) = V=1FX(F) + V=1F X(F)}vy.
Using the identities (7)—(9) one may comput&(v o ¢) hence obtain

Hwo¢)=(HF)Lv+{Hf —vV/—1FHF + V—1FHF}u
+ 3" Xa(F)P(L20 — 2V ~1FLu — Fouy)

10) + Xa: |XaF [2(2v/=1v; + 2/ —1F Loy + 2|F Poy) — Xa: Xa(F)?F2uy
+3 " Xa(f)Xa(F)(2Lvy — 2¢/=1Fwy)

+ Z Xa(f )Xa(f)sz vy + Z Xa(f )tht-
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We shall prove the following

Proposition 4. Let U C H, be a connected open set agd U — H; a contin-
uous map such that $1=0. Then Hwv o ¢) =0 for any CR functiorw: V C H; — C
of class € if and only if ¢ is constant

Proof. Letv = ¢(2), wherey is a holomorphic function. ThemF =0, Hf =0
and H (v o ¢) = 0 together with (10) yield", Xa(F)? =0. HenceH (v o ¢) =0 if and
only if

> IXaF 122V =T + V=1F Lug + 2|F [Pvy;)
a
+3 " Xa(f)Xa(F)RLue — 2vV=1Fw) + Y Xa(F)?vn
a a

+> " Xa(f)Xa(F)2v/=1F vy = 0.

In particular forv = |z|> — /=1t € CR®(H;) it is necessary thad_, [XaF|> = 0
i.e. Xa(F)=0, 1<a<2n. ThusH(vo¢)=0 if and only if

Z Xa(f)zvtt =0.
a

In particular forv = (|z|> — it)? it follows that Xa(f) = 0. Finally [Xj, Xj.n] = —4T
(1<j<n)yields F, =0 and f; = 0. O

The (negative) result in Proposition 4 shows that the (tegfadirect generaliza-
tion of the situation in Proposition 1 and Corollary 1 is natifful. Then what is
the appropriate notion of a subelliptic harmonic morphisito ia C>* manifold N (en-
dowed with a preferred sheaf of functions, to play the rolehafmonics in Corol-
lary 1)? WhenN is a Riemannian manifold anX = (Xy, ..., Xy) is a Hormander
system on the domaif ¢ RN the following notion is proposed in [4]. Let: @ — N
be a localizable map. The# is a fveak subelliptic harmonic morphisnif for any
harmonic functiorv: V — R with V € N open the functiorv o ¢ is locally integrable
on U for any open subsdtl € @ such thatp(U) €V and H(v o ¢) = 0 in distribu-
tional sense, wherdd is again the Hormander operator associated to the Hormander
systemX. The definition carries over easily to the case of mgpdM — N defined
on a given strictly pseudoconvex CR manifdiél by merely replacing the Hérmander
operatorH by the sublaplaciam, (cf. [5], p.36, where the resulting notion is referred
to as apseudoharmonic morphigmin both cases a subelliptic harmonic morphism is
actually smooth, due to i) the existence of local harmoniardimates onN and ii) the
hypoellipticity of eitherH or Ay,.
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Our main purpose for the remainder of this section is to prolieorem 1. To
this end, letU C © be a connected open set. We shall show Mat ¢(U) €  is
an open subset. The proof is by contradiction. Let us assinagwt \ v # ¢ and
considergp € V \\7. Then B(qo, 1/j) \ V # @ for any j > 1, whereB(x, r) denotes
the Euclidean ball of radius > 0 and centex € RM. Letq; € B(qo, 1/j)\ V, j > 1.
There isjo > 1 such thatB(qo, 1/j) € © for any j > jo. Summarizing,q; € 2\ V
for any j > jo andg; — o as j — oo.

By a result of A. Sanchez-Calle, [34], there is a positivedmmental solution
Gy (X, y) of Hy which is C*® off the diagonal inRM x RM such that for any bounded
subsetA c RM there exist constant€; > 0, C, > 0 andry > 0 such that for every
x € A and everyy € A\ {x} with dy(x, y) <rg

dY(Xv y)2
1By (X, dv(X, )|

(1) MW oy <c

HBy(x, dy(x, y))|

Here dy is the Carnot-Carathéodory distance RM associated to the Hérmander sys-
temY (cf. e.g. (1.9) in [13], p.702) andBy (X, r) is the ball of radiug with respect
to dy. Also |A| denotes the Lebesgue measure of theAetOn the other hand by a
result of A. Nagel et al., [32], there are constaamts> 0 anda, > 0 such that

|By(x, 8)I

(12) a < AR D) =

a
for any x € A, where A(x, §) is a polynomial in§ with nonnegative coefficients

A(X, 8) =) 1 (91890
|

The index 1 in the sum above ranges over a finite set dependingAonLet us set
E(x, 8) = A(x, 8)/8% for any x € A and§ > 0. Asd(l) > M for every | (cf. [32]) if
§ = dv(x, y) then (by (11)—-(12))

C182 . C
IBy(X, 8)] — E(X, 8)

— +o0, 8 — 0 (C=Cy/a)

henceGy(x, y) — +o00 asy — X. Gathering the information so far there is an open
neighborhoodW < €2 of o such that for anyy € W the functionx — Gy(X, y) is
strictly positive andHyG(-, y) =0 in W\ {y}. Alsoif D={(Xx,y) e W x W: x =y}
is the diagonal therGy(x, y) — +oco as &, y) — D. We may assume w.l.0.g. that
U <o t(W).

Next, we consider the sequence of functians W \ {g;} — (0, +oc) given by
vj(@) = Gy(q,q;) for anyg € W, g # gj. Then Hy(v;) = 0 in W\ {qg;}, for any
j = jo. Yet W\ {qg;} is open inV. Therefore, by hypothesis, the functian =
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vjod: ¢ HW\({qj}) — (0, +00) satisfiesHx(u;) =0 in ¢~ 2(W\{q;}), and in particular
in U. Let pp € U such thaty(pg) = qo. Then

u;j(po) = vj(do) = Gy(do, Qj) = +o0, | — 00,

hence there is a compact getC U such thatpy € K and the sequence sug(p): p €
K} is unbounded.

To end the proof of Theorem 1 we need to recall the Harnackumliy (as es-
tablished by J.M. Bony, [11]). Lef(X) be the Lie algebra spanned by tiXg's. The
rank of £(X) at a pointp € @ is the dimension of the linear spa¢&,: Z € L(X)}.
Let us consider the second order differential operator

(13) Lu(x) = Z 8 ()7

i,j=1

Z 8,00 +a(u

X 9xJ

satisfying the following assumptions &;[(x)] is positive semi-definite for anx e €,
a(x) <0 for anyx € 2, and b) there exists a system of vector fie{ds, ..., Xm, Y} C
X*(R) such that

m
(14) Lu= Z X2u +Yu+a(x)u.

a=1

Then

Lemma 2 (J.M.Bony, [11], p.299). Let us assume that the Lie algebf4Xy,...,
Xm) has rank N at any point g ©. Then for any compact subset K 2, any point
p € Q, and any multi-indexx € ZY there is a constant G- 0 such that

(15) sug(D%u)(x): x € K} < Cu(p)
for any positive solution u to L& 0.

Under the assumptions of Lemma 2 the differential operat8) {s hypoelliptic,
S0 one needs not specify the regularity of the solution. lsega back to the proof of
Theorem 1. By (15) (withw = 0)

(16) sudu;j(x): x € K} < Cinf{uj(x): x € K}.
As ¢ is nonconstank \ ¢ 1(qo) # 9. Let thenp e K\ ¢~%(qp) andq = ¢(p). We have
uj(p) =vj(a) = Gy(a, gj) > Gy(d, Go) <00, | — o0,

which contradicts (16). Theorem 1 is proved. A slight modifiecn of the proof also
gives
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Corollary 3. Let ¢: Hy, — N be a nonconstant subelliptic harmonic morphism
from the Heisenberg group into a Riemannian manifold N ofetisionv > 2. Then
¢ is an open mapping

Indeed one may replad®y (X, y) by a fundamental solutio®(x, y) of the Laplace
equation onN on a neighborhoodV < N of gy (so that for anyy € W the function
X — G(X,y) is strictly positive andAnG(-, y) =0 in W\ {y}) followed by averbatim
repetition of the arguments in the proof of Theorem 1. Siryilave obtain

Corollary 4. Let ¢: M — N be a pseudoharmonic morphism from a strictly
pseudoconvex CR manifold M into a Riemannian manifold Then ¢ is an open
mapping Moreover if M is compact and N connected then N is compact @rnd
surjective

To prove Corollary 4 we need to collect a few objects in CR asedupohermitian
geometry (cf. e.g. [16]).

Proof of Corollary 4. Let i, Ty o(M)) be a strictly pseudoconvex CR manifold,
of CR dimensionn, and H(M) = Re(Ty o(M) & To,2(M)} its Levi distribution. Leté
be a contact form orM such that the Levi formGy(X, Y) = (d6)(X, JY), X, Y €
H(M), is positive definite. The horizontal gradient of a funatio € C1(M) is given
by Gy(VHu, X) = X(u) for any X € H(M). The sublaplacianis the second order dif-
ferential operator

Apu =div(V7u), ue C3(M),

where div is the divergence with respect to the volume f@rm (d9)". A pseudo-
harmonic morphisnis a smooth mag: M — N into a Riemannian manifoldN such
that Ap(vo¢) =0 in ¢~1(V) for any harmonic function: V — R (with V € N open).
Let V be theTanaka-Webster connectiasf (M, 6), cf. e.g. Theorem 1.3, [16], p.25.
Let po e M and let{X;: 1 < a < 2n} be a local orthonormalGy(Xa, Xp) = 8ap) frame
of H(M) defined on a connected local coordinate neighborhabdxt, . . ., x2"1) of
Po. Let I'f.: U — R be theC™ functions given byVy,X. = I'f. Xa. Let T be the
characteristic directionof do i.e. the vector fieldT on M determined by (T) =1 and
T 1d6 =0. By thepurity axiom(cf. (1.37) in [16], p.25)

[Xa, Xol = (Tgp — Iia) Xe — 2(d9)(Xa, Xp)T

hencel(Xy, ..., X2n) has rank 2+ 1. We wish to show thap(U) is an open neigh-
borhood ofqy = ¢(po). By (2.6) in [16], p.112

2n
Apu=)"Xiu+Yu ueC*U),

a=1
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whereY = — 3" Vx, Xs. Hence the local expression dfy, satisfies J.M. Bony'’s re-
quirements a)-b) and we may use the local chett.(. ., x"*1) to transplant (15) to
U. In particular for any compact subskt c U there isC > 0 such that

(17) supu(x) < Cu(po)

xeK

for any positive solutioru € C*(U) to Ap,u =0. If ¢(U) is not an open neighborhood
of o then a repetition of the arguments in the proof of Theorem ritradicts (17). If

M is compact thenp(M) is compact, hence closed. By the first statement in Corol-
lary 4 the setp(M) is also open so thap(M) = N. O

Clearly Theorem 1 holds for any smooth map 2 — N pulling back local har-
monic functions onN to solutions ofLu = 0 wherelL is given by (14) and satisfies
the assumptions in Lemma 2. The moral conclusion is that oag abtain a fairly
nice theory when the target manifold is Riemannian yet &mtht difficulties will oc-
cur for smooth mapg: 2 — N into a strictly pseudoconvex CR manifol pulling
back harmonics of the sublaplacian (associated to a fixethcbform onN) to solu-
tions of L. For instance, the proof of Theorem 3 in [5], p.36 (that wivene <m
a pseudoharmonic morphism is a pseudoharmonic map) reqthiee existence of lo-
cal harmonics with a prescribed gradient and hessian atemngiwint. While this fact
is well known in Riemannian geometry (cf. Lemma 4.1 in [25],2p1) no pseudo-
hermitian analog is known as yet. Note that the proof of latdals lemma relies on
Lemma 4.2 in [25], p.222, in elliptic theory (whil&, is subelliptic). Of course the
caseN = Hy may be handled as in Theorem 1 and Corollary 4.

Corollary 5. Let M be a strictly pseudoconvex CR manifoldet ¢: M — Hy
be a smooth map into a Heisenberg grodp. If ¢ pulls back local harmonics of the
Hoérmander operator orHlk to harmonics of the sublaplacian on M thenis an open
mapping The same result holds I is replaced byRN endowed with an arbitrary
Hormander system X (Xy,..., Xn).

Also Corollary 5 admits a direct proof based only on the Heknaequality (it
doesn't require the results in [32] and [34]). Indeed a funeatal solution of the
Hoérmander operator oHly is given by G(x, y) = w(xy 1) where

w(x) = CIx|7% = C(||z||* + t?) 72

(cf. G.B. Folland, [17]) for anyx = (z, t) € Hx (whereC > 0 is a constant depending
only on k). Of courseG(x, y) is strictly positive and tends too® when §, y) tends
to the diagonal hence the proof of Corollary 5 is similar tatthf Corollaries 3 and 4.
We close this section with a few potential theoretic remarket M be a strictly
pseudoconvex CR manifold arfda fixed contact form orM, such that the Levi form
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Gy is positive definite. LetA, be the sublaplacian ofi\f, ). A subsetV ¢ M with
dV # 0 is said to beregular if for any f € C°(3V) there is a uniqueHy € C®(V)

such that i)ApHY =0 in V, ii) if HY is the extension to the boundary &fY with
f then HY e CO(V) and iii) if f >0 ondV thenHY >0 in V.

Proposition 5. Every strictly pseudoconvex CR manifold M endowed with a con
tact form 6 admits a base of regular open setMoreover theAp-harmonics possess
the Harnack monotone convergence properfinerefore(M, 6) is a Brelot harmonic
space

Proof. Letxoe M andy = (x4, ..., x*"): U — R?™! a local chart onM such
that 1) xo € U and x(Xo) = 0, 2) Q = x(U) is a domain inR?"*L, and 3) there is a
local Gy-orthonormal frameX,: 1 < a < 2n} of H(M) defined onU. If X, =bl3/9x’
then for anyu € C%(U)

32U [ u
+al

Apu=al —— —
ax'ox! ax!

2n
. al =Y bibl, ak = —air,
a=1
where l“ijk € C*(U) are the local coefficients of the Tanaka-Webster connectib
(M, 6) with respect toy. So locally the sublaplacian is a differential operator loé t
form (13) (with a(x) = 0). Let us observe thahy, is non totally degenerate dd (in
the sense of Definition 5.1 in [11], p.291). Indeedaif(x) =0, 1<i, j <2n+1,
at somex € Q then X3(x) =0, 1< a < 2n, a contradiction. Alsal(Xy, ..., X2n, Y)
has rank B + 1 at each point otJ hence (by Corollary 5.2 in [11], p.294) there is
an open neighborhood of the origin € 2 with dw # @ such that the Dirichlet prob-
lem for x.Ap (the pushforward ofAy by x) is uniquely and positively solvable ap.
Then x~1(w) is a regular open neighborhood &§.

To prove the second statement in Proposition 5Aet M be an open connected
set and{un}n>1, Uy, € C®(A) be an increasing sequence af-harmonics. Next let
U =SUR-; Up and B = {x € A: u(x) = +oo}. We distinguish two cases as B =9 or
I) B #@. In the first case leko € A and (U, x) a local coordinate neighborhood &
as above such thal € A. Letv, =unox ™%, n>1, andv =sup,.,vn. Thenv(0) # oo
hence (by Theorem 8.2 in [11], p.302x) # oo for any x € Q and (¢.Ap)v = 0 in
Q. It follows thatu is finite onU and Ayu =0 onU and in particular inxe. In the
second case we may show thBtis both open and closed i& henceB = A. Let
Xo € B. Then, with the notations above(0) = co so that (again due to the Harnack
monotone convergence property &) v = oo on 2 henceU C B i.e. B is open. To
see thatB is closed letxg € A\ B and U, x) a local chart as beforex{ € U C A).
Then v(0) # co hencewv(x) # co for any x € 2 so thatU € A\ B. O

It is an open question whether the points of a strictly pseadeex CR manifold
M are strongly polar (in the sense of [20], p.182). As a consege of Proposition 5
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above and Theorem 5 in [20] we may conclude that

Corollary 6. Let M and N be two strictly pseudoconvex CR manifolds endowed
with the contact form® and 6y. Let¢p: M — N be a smooth map pulling back the
local harmonics of the sublaplacian qiN, 6y) to local harmonics of the sublaplacian
on (M, 6). If i) all points of (M) are strongly polar or ii) ¢ is injective then ¢ is
an open mapping

4. Further generalizations of harmonic morphisms

4.1. Heat equation morphisms. E. Loubeau, [30], has studied heat equation
morphisms (maps preserving the local solutions of the hgaat®n) and heat kernel
morphisms (maps preserving the heat kernel). E. Loubeasslts on heat equation
morphisms carry over easily to CR geometry. Theat equatioron M is

(18) <%—Ab)u(x, t)=0, xeM, t>0,
where Ay, is the sublaplacian associatedéto ThenW: M x (0, +o0) — N x (0, +o0) is a
heat equation morphistif for any open selv € N and any solutionf: V x (0, +00) —
R to fy — Ay f =0 it follows thatu = f o W is a solution to (18).

Let us assume thab(x, t) = (¢(x), h(t)) for some smooth mapg: M — N and
h: (0, +00) — (0, +00). Let (V, y') be an arbitrary local coordinate system N such
thatU = ¢~1(V) #0. Let {Xa: 1 < a < 2n} be a local frame oH (M) defined onuU.
A calculation shows that

<% — Ab)(f o W)

(19) | o
= (fro W) — (fi 0 W)Apg' — ) "(fij 0 W)Xa(¢')Xa(@')

for any f € C3(V x (0, +00)), where¢' =y o, fi =af/ay', f=9f/at and fj; =
82f /(dy' dy}). Let us assume tha¥ is a heat equation morphism. In particular for
f =v(x), wherev: V — R is a harmonic function, the identity (19) shows th&f(vo
¢)=01ie.¢: M — N is a subelliptic harmonic morphism, and in particular (byeTh
orem 6 in Appendix B) a subelliptic harmonic map. Thus

Apg' + Y (T 0 $)Xa(9p))Xa(¢¥) = 0
hence (19) becomes

@ (g S (W)= (oW = (h ) T Kl Xa(o)
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where fi j = fij — I”ikj fx is the second order covariant derivative fof Let xo € M and

to > O be fixed. Let us choose a normal coordinate systémy() on N centered at
Yo = ¢(Xo). Then (by (31) in Appendix B) for anyf € C?

(21) (%u—Ao(hwm:(nowyv—A%ANﬂow

at (Xo, to) and hence everywhere dd x (0, +o0o). In particular for any local solution
f to the heat equation ol one has I — A?)f, o W = 0. If for instanceq(y) is a
solution to the Poisson equatiohiyg = 1 and f(y, t) =t + ¢(y) then h'(t) = A(x)? =
constant. 0

Let p(x) be the fundamental solution to the heat equation on theedberg group
i.e.u(x, t) = (p * f)(x) solves

(% - H)u(x, t)=0, u(x, 0)=f(x), x € H,

for f € L°(H,). See A. Hulanicki, [24], whergx(x) was explicitly computed

Pi(c +ipB, s) = (cosh 2s)~"/?
—(1/2)(j|? + |B]?) cosh 2s + /=1 (« - B)(sinhts)? }

2scosh 2s

(22)

X exp{

for any @ +ipB,s) € H, (a hat denotes the Fourier transform). Let us recall that a
heat kernel of a connected Riemannian manifdld ¢) is a C° function pN: N x N x
(0, +00) — R such thatpN(x, y, t) is C? with respect toy, C* with respect tot, and

0
(E)t N’y> P 0.

lim [ B0 v, D0 dvoly) = (0, x < N,

for any boundedC? function ¢ on N. A heat kernel always exists and i is compact
it is also unique (cf. e.g. M. Berger et al., [7]).

We adopt the following definition. Aeat kernel morphisns a C* map @: H,, x
H, x (0, +00) — N x N x (0, +00) such thatp = pN o ® where p(x, y, t) = p(xy2).
Analogous to [30], p.491-492, we show that

Proposition 6. Let ®: H, x Hy x (0, +o0) = N x N x (0, +o0) be a heat ker-
nel morphism of the formd(x, y, t) = (¢(x), #(y), h(t)) for some surjective & map
¢: H, — N and some & function Ht) > 0 for t > 0. ThenW(x, t) = (¢(x), h(t)) is
a heat equation morphism
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In particularg: H, — N is a subelliptic harmonic morphism of constagtdilation
and h(t) may be explicitly determined (as in Theorem 2). To provepBsition 6 let
v € C?(N x R) be a solution to the heat equation dh As ¢ is surjective it admits
a Borel measurable one sided inverge N — H, i.e. (¥ (y)) = y. Moreover

o(x, 1) = /N oM (x. v, t)u(y, 0)d voly(y)
hence

(5 1 )oe 0= [ (5 = He)1p"@0. o). BNy, 0)d voly

= [ (5 — ) 1px, ). Dloty. 0)d voly) =0,

Proposition 6 is proved. Whel is compact and the domail of ¢ is a compact
m-dimensional Riemannian manifold E. Loubeau, [30], showleat ¢ is a covering
map and the cardinality each fibge2(y) is A™, cf. Theorem 3,0p. cit., p.494. The
proof makes use of the Minakshisundaram-Pleijel asympti¢ielopment of the heat
kernel on a Riemannian manifold (cf. e.g. M. Berger et al.).[AVhen M is a CR
manifold equidimensionality is of course ruled out by Theor6 in Appendix B. It
is an open problem whether one may exploit the asymptoti@ldpment for the heat
kernel on a compact strictly pseudoconvex CR manifold (cfBBals et al., [6]) or
the explicit form (22) of p; (when M = H,) to obtain a pseudohermitian analog to
Theorem 3 in [30], p.494.

4.2. Op-harmonic morphisms. Let M be a nondegenerate CR manifold of CR
dimensionn, 6 a contact form orM, andT the characteristic direction af6. A (0, q)-
formon M is a complex valued differentig-form » such thatCT & T o(M) 2@ = 0. Let
A%4(M) — M be the bundle of all (0g)-forms and2®9(M) = I'*(A%9(M)) the space

of all globally defined smooth sections mo'q(M). Let
(23) 3p: QPY(M) — QO9(M), q =0,

be thetangential Cauchy-Riemann operatoe. the first order differential operator de-
fined as follows. Ifw € Q%9(M) thend,w is the unique (0g+1)-form onM coinciding
with dw on To 1 (M) ® - - - ® To.1(M) (g + 1 terms). Of cours@,: QO(M) — Q%YM)

is given by Qpf)Z = Z(f) for any f € Q®%M) and Z € Ty, o(M). Note that the defi-
nition of 3, f makes sense for an§ € C}(M) ® C. Then

C®(M)®C 5 04 M) 5 ... 13 gon(m)
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is a cochain complex (tht&angential Cauchy-Riemann complek M). Let
HO9(M) = HI(QO*(M), 3b) = Ker(dp: Q%9(M) — -}/8p,Q%94(M), g =1,

be the cohomology of the tangential Cauchy-Riemann comftles Kohn-Rossi co-
homologyof M). Let M be a compact nondegenerate CR manifold ancﬁlebe the
formal adjoint of (23) that is

@pv, ©) = (¥, bp), ¢ € Q2IM), ¥ € QLIL(M),

where
(. p) = / G, BYO A (A0)", @, B QO9(M),
M

is a theL? scalar product on (03)-forms. We set
b = (5$5b +5b5;)(p, ¢ € QPYM),

(the Kohn-Rossi laplacianand #%9(M) = Ker{{dp: Q%4(M) — -} (the space of all
Op-harmonic (0,9)-forms on M).

Given two CR manifoldsM and N endowed with the contact form& and 9y a
pseudohermitiammap is a smooth CR map: M — N (i.e. (@x¢) T1,o(M)x < T1,0(N)g(x)
for any x € M) such thatp*0y = cf for somec € R\ {0}. Given a pseudohermitian
map ¢: M — N of nondegenerate CR manifolds, by the axiomatic descriptibthe

tangential Cauchy-Riemann operator

(24) $*Tp 9 = B(d70), ¢ € QI(N),

hence there is a naturally induced linear map at the levdt®kiohn-Rossi cohomology
¢*: HO9(N) — HO9(M), q > 1.

A smooth mapp: M — N is said to be d&1y-harmonic morphismif the pullback
by ¢ of any localO}'-harmonic function onN is a local dp-harmonic function onM.
We shall prove the following

Theorem 3. Let ¢: M — N be a pseudohermitian map of a compact strictly
pseudoconvex CR manifold M into a compact strictly pseudaeoreal hypersurface
N c CM. Let ¢*: HOYN) — H®Y(M) the induced map on Kohn-Rossi cohomology
If ¢ is a submersivéd,-harmonic morphism thep* is injective

Theorem 3 is a pseudohermitian analog to Proposition 4.8.12]. p.113. Here
by a submersivemap we mean a surjective smooth mapM — N which is a sub-
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mersion at each point € M \ Cy4, whereCy = {x € M: dy¢ = 0}. It is an open prob-
lem whether this assumption might be dropped i.e. whethearaog to the Fuglede-
Ishihara theorem holds fol,-harmonic morphisms. To prove Theorem 3 we shall
need

Lemma 3. Let¢: M — N be a pseudohermitian map of a nondegenerate CR
manifold M and a nondegenerate real hypersurface-\L™?! whose Levi form has at
least p = 2 positive eigenvaluesThen¢ is a Oy-harmonic morphism if and only if
¢ pulls back theC)-harmonic (0, 1}forms on N toOp-harmonic (0, 1}forms on M
i.e. p*HOYN) € HOY(M).

Proof. Lety € HOYN) be aO}'-harmonic form onN. We wish to show that
¢*¢ is Oy-harmonic. The well known identity

(Oe,¢) = 3y e]”+ [ (35) el
implies thaty is 5bN-cIosed. For anyy € N we set

HOA(N, xo) = lim HOA(N N V).

Xo€V CC™1
V open

By a result of M. Nacinovich, [31]H%9(N, xo) = 0 for any 1< g < po (the Poincaré
lemmafor the 5:-complex, cf. Proposition 11 in [31], p.468). L&y € N. Under the
assumptions in Lemma 3 one he (N, xo) = 0. Let thenv: V — C a smooth func-

tion defined on an open neighborho®d< N of Xy such thaty = 5?1} onV. Asg is

also (52‘)*-closed it follows thatw is aDt’}‘-harmonic function. Yet is a Oy-harmonic
morphism hence o ¢ is Oy-harmonic ing=(V). Then (by (24))

Tn(6"¢) = 0w 0 §) = O,
3, (¢* ) = 8, dp(v 0 ) = Op(v 0 ¢) =0,

i.e. Op(¢*¢) = 0. Viceversa let: V — C be a locald}'-harmonic function onN. We
wish to show that o ¢ is Cp-harmonic inU = ¢~1(V). Let us setp =§,’;‘v. Then

—N =N\ x=N —=N
Op'¢ =8, (3) 9 v =9, Opv =0
i.e.p € HOLV). Yet p*HOL(V) € HOL(U) henceg*y is 9,-closed so that (by (24))

0=3,¢"¢ = 35 dp(v 0 ) = Op(v 0 B)

hence¢ is a Op-harmonic morphism. ]
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Proof of Theorem 3. Le€ € H%Y(N) such thaty*C = 0. By a result of J.J. Kohn,
[28], C has aO)-harmonic representative € H%Y(N). Yet ¢ is a Oy-harmonic mor-
phism hencep*y is a Op-harmonic representative @f*C € H%(M). By the unique-
ness statement in Corollary 7.8 in [28], p.98;C =0 yields¢*¢p =0. As¢: M\C, —

N is a submersiorpy) = 0 for anyx € M\ C,. That is to say the (0, 1)-formp van-
ishes at each point o which is a regular value of. As ¢ is surjective the set of
its regular values is dense N (by Sard's theorem, cf. e.g. Theorem 3.8 in [12], p.29)
hence by continuityy vanishes everywhere oN. O

4.3. L-harmonic morphisms. In this section we adopt the point of view in [8],
pp.113-114 (cf. also G.B. Folland, [18]). Precisely a secorder partial differential
operator_ = Zle X]-2 is said to be a reaublaplacianon R" if it satisfies the following
two axioms 1) there is a group structuseon R" making G = (R", o) into a Lie
group such that eaclX; is a first order differential operator with smooth real value
coefficients andX; is left invariant, 2) the Lie algebrg of G is stratified and nilpotent
i.e. there is an integer > 1 and there are linear subspacésC g, 1 <i <r, such
that g admits the decomposition=V:®---®V; and i) [V1, V] = Vj+1, 1< <r -1,

i) [Vj,V\]=0, 1<j<r, and{Xy,..., Xp} is a basis ofV; (as a real linear space).
Then G is a Carnot groupand the smallest integer> 1 as above is itstep

By a result of L. Gallardo, [21], there is a homogeneous normhon G and a

constantcg > 0 such that

I(X, y)=colx toy* 9, X, yeG,

is a fundamental solution fof, where Q = er=1 jm; is the homogeneous dimension
of G (herem; = dimg Vj).

We adopt the following definition. LeN be a Riemannian manifold. We say that
N has theLiouville propertyif any harmonic functionf: N — [0, +o0) is constant.
For instance any closed (i.e. compact, without boundarginnian manifold has the
Liouville property (as an elementary consequence of thefHoaximum principle).
Also, if N is a complete Riemannian manifold of nonnegative Ricci ature then any
bounded harmonic function oN is a constant (cf. S.-T. Yau, [38]). An extension of
the Liouville property to the case of the Hormander operatorthe Heisenberg group
was proved by A. Koranyi and N.K. Stanton, [29].

Let £ be a real sublaplacian as above. Recently A. Bonfiglioli et [&], have
shown that for anyp € (Q/2, +o0] there exist constant€ > 0 andé > 0 (depending
only on £ and p) such that

(25) supu(x) < c{linf u(x) + rZ-Q/p||£u||Lp(D(o,9r)>}
x|<r

Ix|=r

for any C? function u: R" — [0, +o0) and anyr > 0. HereD(x,r) ={y e R": [x 1o
y| <r}. The (Harnack type) inequality (25) is easily seen to impfy extension of
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the Liouville property toG, relative to £L-harmonics (cf. [8], p.112). It is a natural
question whether the Liouville property pushes forward aiaarmonic morphism.

A continuous mapp: G — N of a Carnot groupG as above into a Riemannian
manifold N is said to be aC-harmonic morphisnif for any local harmonic function
v:V C N — R with ¢~(V) # @ one hasL(v o ¢) = 0 in ¢~%(V) (in distributional
sense). Ag-| e C®(R"\ {0}) N COR") it follows that I'(x, y) is C* away from the
diagonal, henceC is hypoelliptic. This fact together with the existence ofrrhanic
local coordinates oN implies that anyZ-harmonic morphism is actually smooth. We
shall show that

Theorem 4. Let £ be a real sublaplacian ofR" and N a Riemannian manifald
Let ¢: G — N be a nonconstant-harmonic morphismThen its image A ¢(R") is
an open set and any harmonic function A — [0, +o00) is a constant

Proof. Letxg € G and yp = ¢(Xp). We shall show thatyy € A. The proof is
by contradiction. Ifyy € A\ A there is a sequencg € N \ A such thatyx — VYo
ask — oco. Let G be a positive Green function on a neighborhoédof y; in N.
Thus for eachy € V the functionx — G(X, y) is strictly positive andA y-harmonic in
V\ {y}. Also G(x, y) - oo as &, y¥) goes to the diagonal. L&k C R" be a domain
such thatxg € Q € ¢~1(V). The functions fi(x) = G(x, yk) are strictly positive and
An-harmonic inV \ {yk}. Note that¢(2) SV \{y} foranyke {1,2,...}. As¢ is a
L-harmonic morphism the functionidg(x) = fxo¢ are strictly positive and’-harmonic
in ¢~V \ {yk}) and in particular inQ. Moreover

Hk(Xo0) = fk(Yo) = G(Yo, Yk) = o0, k — 0.

Note that 01 =0 G as a consequence of the existence of dilati&nG — G (a > 0)
cf. [8], p.114. ThenL4(D(0,r)) = D(x,r) whereLy is the left translatiorLy(y) = Xoy,
for any x, y € G. Let us apply the estimate (25) for=vo L;Ol so that to get (by the
left invariance of£ and a change of variable under the integral sign)

1/p
(26)  sup v(y)sc{ inf v(y)+r2—Q/p<f |cv(z)|p|JxO(z)|dz> }
) D(Xo,6r)

yeD(xo,r) yeD(xo,r

where J is the determinant of the Jacobian Iof*. In particular letv = Hy and letr >

0 such thatD(xg, R) € @2 where R=maxr, 6r} (so that the integral in (26) vanishes).
Let K be a compact set such theg € K c D(xo, ) and K # 0. As ¢ is nonconstant
there isa € K \ ¢(yo) so that

Hi(a) = fk(¢(a)) = G(¢(a), Yi) = G(¢(a), Yo) < o0
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ask — oo. Finally

SUpHk(X): x € K} < sup  Hg(x)

xeD(xo,r)

<C inf Hk(X) < Cinf{H(X): x € K}

xeD(xo,r)

< CH(@) < o©

a contradiction. ThudA is an open set. Lef € C*(A) such thatf >0 andAyf =0
in A. We setv = f —infyea f(y) so thatu =v o ¢ is nonnegative and’-harmonic in
R". Then sup v = sup U < Cinfgau=Cinfav =0 hencef is constant onA. As a
consequence of Theorem 4 O

Corollary 7. Let N be a Riemannian manifoldf there is a surjectiveC-harmonic
morphism from a Carnot group into N then N has the Liouvillegarty

4.4. CR-pluriharmonic morphisms. Let M be a CR manifold. AC! func-
tion u: M — R is CR-pluriharmonicif for any x € M there is an open neighbor-
hoodU of x in M and aC? function v: U — R such thatd,(u + v—1v) =0 in U
i.e.u++/—1v is a CR function. As CR functions may be thought of as boundaty
ues of holomorphic functions, it is natural to think of CRu#pharmonic functions as
boundary values of pluriharmonic functions. The former als® several complex vari-
ables analogs of harmonic functions. This prompts the iollg natural generalization
of harmonic morphisms. Lel be a CR manifold. LePM(N) be the class of alC®
maps¢: U C H, — N (U open) such thatio ¢ is a weak CR-pluriharmonic function,
for any CR-pluriharmonic function: V — R with V € N open andg¢ (V) #@. A
function f € Li (H,) is a weak solution to the tangential Cauchy-Riemann egosti

3, f =0 (aweak CR functionif
/ FO(La@)0)dx =0, 1<a=<n,
H,

for any ¢ € C3°(H,). A weak CR-pluriharmonic function is locally the real part of a
weak CR function. The properties of the clg8a4(N) are unknown as yet. Of course
one may replacé, in the above definition by just any CR manifold.

Appendix A. Subelliptic harmonic maps

Let @ c RN be a domain an = (Xy, ..., Xy) a Hérmander system defined on
an open neighborhood @. A subelliptic harmonic mags a smooth solutiogp: Q —
N to

@7 Hx¢' +) ([l 0 9)Xa(#')Xa(¢*) =0, 1<i <.

a=1
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Here N is a v-dimensional Riemannian manifold. Also i¥/(y') is a local coordinate
system onN (such thatp~*(V) # @) then¢' = y' o¢ and T}, are the local coefficients
of the Levi-Civita connection orN. The system (27) (thesubelliptic harmonic map
system written briefly Hy¢ = 0) is a nonlinear subelliptic system of variational origin
Indeed (27) are the Euler-Lagrange equations of the vanakiprinciple sEx(¢) = 0
where

1 m . .
Ex@) = 5 [ D01 o #)Xald)Xa(6)) dx
a=1

and dx is the Lebesgue measure @&I. Also g are the local components of the
Riemannian metricg on N. Although the equations (27) are nonlinear an appropri-
ate notion of weak solution is available. The relevant fiorctspaces for subelliptic
variational problems ar&Vvl?(Q, X) = {u € L?(Q): Xau € L%(Q), 1 < a < m} (the
derivatives Xau are meant in distributional sense) with the noffon|y:2 = (||u||'f2 +

20 I1Xauli2,)Y2, cf. e.g. C.-J. Xu, [36]. LeWZ%(Q, X) be the completion 0€5°(%)
with respect to|| - ||w:2. Let us assume thall may be covered by one coordinate chart
x=0U4...,y"): N = R ThenW>1(‘2(S2, N) consists of all mapg: €2 — N such that
¢ e WHYQ, X) for any 1<i <v. A weak solutionto (27) is a mapp € W (2, N)
such that

3 [ 1Xa(0)Xale) + (o 8)Xal0) Xa(p) dx =0
a=1

forany ¢ € C(2). Given a domainw ¢ RN such thatw c @ J. Jost and C.-J. Xu,
[27], considered the Dirichlet problem

(28) Hyvo =0 in w, ¢=Ff on oo,

with f € C%m, N) N W>l('2(a), N), such thatf(w) € B(p, u) for some regular ball
B(p, #) € N, and exploited the variational origin of the system (27) idey to prove
the existence of weak solutions to (28) i.e. weak solutipn® Hye¢ = 0 such that

Moreover any bounded weak solutiaghto Hy¢ = 0 such thatp(w) € B(p, u) (for
some regular balB(p, #) € N) may be shown (again cf. [27]) to be continuous in
w. On the other hand, by a result of C.-J. Xu and C. Zuily, [3fterfior continu-
ity ¢ € CO(w) of weak solutions to a class of quasi-linear subelliptistegns (includ-
ing (27)) implies smoothnesg € C*(w), thus settling the problem of the existence
of subelliptic harmonic maps. See also Z.-R. Zhou, [39], &la$z and P. Strzelecki,
[22]. Subelliptic harmonic maps turn out to be local martdésns ofpseudoharmonic
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mapsi.e. smooth critical pointg): M — N of the functional

E0)= 5 [ trace, (4" A (@'

where M is a compact strictly pseudoconvex CR manifold of CR dimemsi and 6
is a contact form onM, cf. E. Barletta et al., [3]. To simplify terminology theseea
referred to as subelliptic harmonic maps, as well.

We end Appendix A with a remark on the unique continuatiomgigle for har-
monic maps, due to J.H. Sampson, [33], that two harmonic roajeiding on an open
subset must coincide everywhere. We conjecture that gmensubelliptic harmonic
maps¢, ¥: M — N, from a strictly pseudoconvex CR manifoM into a Riemannian
manifold N, if there is a nonempty open subs&tc M such thatyp(x) = ¢ (x) for any
x € A theng(x) = ¢(x) for anyx € M. The proof of J.H. Sampson’s result (of. cit.)
relies on a result of N. Aronszajn, [1], that solutions to #iipgc inequality

n

(29) |AU()IZ < M {Z

i=1

8—u_ (x)

ox!

2
+ |u(x)|2}

in a domain C R" vanish identically provided they have a zexg € Q of infinite
order in the 1-mean. LeR € R" be a domain andA an elliptic operator of the form

1 9 ioou
Au= ——|aal — ),
Jaox (f 8xl>

with a = detfg;] and [a;;] = [aV]". Hereal e C2Y(Q) i.e. the coefficientsa!! are
of classC? with second derivatives Lipschitzian, and'i[x)] is positive definite at
eachx € Q. Letr(x) be the geodesic distance from a poit € 2 associated to
the Riemannian metrig = & dx ©dxl on Q. A crucial ingredient in the proof of
N. Aronszajn’s result (cf. [1], p.237) is to consider the faymally equivalent metric
§= e—2”rzg and relate the new geodesic distance funcfi¢x) to r(x). By classical
results in Riemannian geometry (cf. e.g. G. de Rham, [15].38) there is a continu-
ous functionp: 2 — (0, +o0) such that the exponential mapping expB(p(xo)) — 2
(associated tag) is a diffeomorphism ofB(p(xg)) onto its imageUy,. Here B(p) =
{w e T, (Q): lwll < p}, w]? = gg(w, w). Let x € Uy, and lety: [0, 1] — Uy, be the
unique geodesic of of initial conditionsy (0) =xo and y(0) =v where exp v = x. If
y where a geodesic dj as well then

1 1 ) r(x) 2
7= [ G000 /@) dt= [ et pdi= [ et do
0 0 0

which is the identity (2.3) in [1], p.237. Indeed it is claithéhere thaty and § have
the same geodesics issuingxt However the claim turns out to be false, as easily
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shown by the following simple example. Lat=2 anda; = §;; the Euclidean metric.
Let us consider the conformally equivalent metéig = e_(xz+y2)8ij. The equations of
geodesics of the new metric are

2
(30) d2 - (t)( ) -0

wherez=x+iy € C and z(t) = ¢t is a solution to (30) if and only it = 0. In general
we may show

Theorem 5. Lety: [0, 1] - Uy, be a geodesic of g issuing ap.xTheny is a
geodesic off = e—zvrzg if and only ify is constant

Proof. That isg and§ have no common geodesics issuingkgexcept for points.
To prove Theorem 5 letx{, ..., x") be the Cartesian coordinates @nandy': T(Q) —
R the induced fibre coordinates ie=y'(v)(3/dx')y, for any v € Ty, (). The geodesic
distance fromxg to x € Uy, is given by

r(x) = @; (Y @)Y )72 v =exglx).
Let ¢ = (U, ..., u"): Uy, — R" be normal coordinates ab i.e. p(x) = y' (exg }(x))e
where{ey, ..., €} is the canonical linear basis iR". Then the local expression of
with respect top is (r o 9™1)(€) = (gij (X0)&'€)Y/2 for any & € ¢(Uy,). The Christoffel
symbols ofg and § are related by

[l = Ty — 20r (81 + 8rj — gjur’)
wherer; = 9r/du’ andr' =g'rj. If y(t) is a geodesic of of initial conditions o, v)
then y'(t) = y' (v)t in normal coordinates. Then(y(t)) = ||u||‘1a,-j(x0)yj (v) so that
d?y! I dyk dy ) ;
SR N0 r(y(t»{ O~ IR o)

dt2 dt dt
= —2ur (y () Ivlly! (v)(25] - g'k(y(t))a,»k(xO)}

whereg;; = g(d;, 9;) and g = 9/0u’. Let us assume that is a geodesic ofj as well.
Theny! (v){25} —g™*(y (t))ajk(x0)} = 0 and contraction withy; (y (t))y' (v) gives |v]| =0.
O

Appendix B. A theorem of E. Barletta

The scope of this appendix is to restate a result by E. Barlg€si, and add a few
elementary consequences.
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Theorem 6. Let M be a connected strictly pseudoconvex CR manifofdCR
dimension n endowed with a contact form such that the Levi form is positive
definite Let N be av-dimensional Riemannian manifold) Any pseudoharmonic mor-
phism is a subelliptic harmonic map and there is & f@nctior? A: M — [0, +00) such
that A2 is C* and

(31) Go(VMe', VPl = a(x)%81, 1<i,j <,

for any xe M and any local system of normal coordinat@é, y') on N at x (here
¢ =y o¢). i) Viceversa any subelliptic harmonic mag: M — N satisfying(31)
is a pseudoharmonic morphisniii) As a consequence df31) if v > 2n then there
are no nonconstant pseudoharmonic morphisms from M into Nevilhv < 2n then
for any x e M such thati(x) # O there is an open neighborhood ©@ M such that
¢: U — N is a submersioniv) For any pseudoharmonic morphisgn: M — N and
any fe C?(N)

(32) Ap(f op)=2*(Anf)og
where Ay is the Laplace-Beltrami operator on.N

We take the opportunity to correct a misspfiim [5]. Also the fact that the con-
verse holds (cf. the second statement in Theorem 6 above)tismphasized (in The-
orem 1 of [5], p.36). We may state

Lemma 4. Let¢p: M — N be a smooth map an@V/, y') a local coordinate sys-
tem on N such thap—1(V) #@. Then

Ap(v o §) = (v 0 §){ Apg' + D (T 0 ¢)Xa()) Xa(0¥)
(33) a
+ (vi,j © ) Xa(@')Xa(¢')

for any C? functionv: V — R and any local orthonorma(Gy(Xa, Xp) = dap) frame
{Xa: 1< a<2n} of H(M) on ¢~(V). Here I are the local coefficients of the Levi-

Civita connection of N Also vi = dv/dY', vi,j = vjj — vk and vij = 9%v /9y yl.

Lemma 5. LetG,Cj eR, 1<i,j <v, suchthat G =Cj and ) ;_, Ci =0.
Let yy € N and let(V, y') be a local system of normal coordinates on N gtsyich

8In the notations of [5], p.36 and p. 46, thedilation of ¢ is v/2.
“In [5], p.36, the dimension is compared to the CR dimensianrather than the rangn of the
Levi distribution.
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that y (yo) = 0. Then there is a harmonic functiom: V — R such that
vi(Yo) =Ci, uj(yo)=GCij, 1<i,j<w.

The proof of Lemma 4 is a straightforward calculation. Lem®ng due to T. Ishi-
hara, [25]. Let us prove Theorem 6. Ligte {1,..., v} be a fixed index. Let us fix a
point xo € M, choose a normal coordinate system Mmt yo = ¢(Xo) and the constants
Ci = 6ii, andC;j; =0, and apply Lemma 5 to produce a harmonic functionv — R
such thatv; (o) = 8ii, andij(yo) = 0. As the Levi-Civita connection is torsion free one
has T, (o) = 0 hence (31) in Lemma 4 together witky(v o ¢), = 0 gives

(Ab¢i° +Y (Do ¢)xa(¢i)xa(¢k)> =0

Xo

i.e. ¢ is a subelliptic harmonic map. To prove (31) we need the ¥atg

Lemma 6. Let us consider the © functions X': V — R given by X =
2, Xa(®)Xa(¢') for 1<, j <v. Then

(34) XY (x0) = XM ()8
Moreover there is a € function »: M — [0, +o0) such thata?]y = XL

The function A furnished by Lemma 6 is called the-dilation of the pseudo-
harmopnic morphismp.

Proof of Lemma 6. Let us choose the constadtse R such thatC;; = C; and
> Cii =0 and apply Lemma 5 to produce a harmonic functiar’V — R such that
vi(Yo) = 0 anduij(yo) = Cij. Then (by (33))

3" Cij Xa(® )so Xa(@)x, = 0
a

which may be written as

(35) D Ci X (x0) + > Cii (X" (x0) — X™(x0)} = 0.
7] i
Letip e {2,..., v} be a fixed index and choose the constaise R as
1, i= io,
i#j =GCj=0, Ci=1{-1, i=1,

0, otherwise.



SUBELLIPTIC HARMONIC MORPHISMS 437

Then (by (35))

X1o(xg) — X (x0) = 0

i.e. X1(xg) =- - - = X" (Xo) and (35) may be written
> Cij X (x0) = 0.
i7]
At this point we fix two indicedyg, jo € {1,..., v}, io # jo, and choose the constants
Co = 1, i=ig and j=jo,
Y710, otherwise,

so that to obtainX'olo(xo) = 0. Summing up, we proved that' (xo) = X (x0)8'. Next
let us sethZ = X113 = >, Xa(@h)?. Theniy € CO(V) and A4 € C*(V). Contraction
of i andj in (34) leads to

VAy = Z Xa(¢i)2-

a,i

If (V’,y") is another normal coordinate system centeredoat ¢(Xo) then the local
coordinate transformation is an orthogonal transfornmatio

y'=alyl, 1=<i=<v, ([&]e0W)

hence} ", Xai(#")? =", Xa(¢')? on VNV’ i.e. the functions.y glue up to a (global-
ly defined) continuous function: M — [0, +oco) such thati|y = Ay. Lemma 6 is
proved. O

Clearly (34) may be written as (31). Leg € M be an arbitrary point and le¥/( y')
be a normal coordinate neighborhood ncentered ayo = ¢(Xg). Let{Xa: 1 <a <2n}
be a local orthonormal framme ¢ (M) on ¢ (V). Let us consider the vectors

E' = (X2 s - - - Xan(d')xo) € RP, 1 <i <.
Then (by Lemma 6)
g & =(x0)%"

where the dot denotes the Euclidean inner producRéhi.e. the vectorss’, 1 <i <
v, are mutually orthogonal. To complete the proof of Theoreret6us assume that
v > 2n. It follows that &' = 0 for someig € {1,..., v} hencexr(xp) = 0. This yields
(by (31)) VH¢')(X0) = 0 and in particular eacly' is a real valued CR function on
»~1(V) hence¢' = constant (asVl is nondegenerate).
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Let us assume that < 2n and letxg € M such thati(xp) # 0. Then the vectors
{€": 1 <i < v} are linearly independent hence ragi{t,..., (¢")!) = v and in particular
rank@dx,¢) = v i.e. ¢ is a submersion on some neighborhoodxgf

Let ¢: M — N be a a subelliptic harmonic map (a pseudoharmonic map, @ccor
ing to the terminology in [3]) satisfying (31). Then (by (33)

Ap(v 0 @) = D iy (Y0) Xa(® o Xa(9 o = 2(0)? 3 i (yo)

for any v € C*(V). Also Anv = hl(v;j — T§w) (whereh'l are the local coefficients
of the metric tensor oN) hence); vii (Yo) = (Anv)(Yo). This proves (32). Finally if
v: V — R is a harmonic function ther,(v o ¢)y, = 0 i.e.¢ is a subelliptic harmonic

morphism.
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