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0. Introduction

We shall consider the behavior of solutions of the following initial-boundary
value problems:
N
w=3 0 (@(x,u) %) in QXR*,
f.i=1 0x; 0x;

(D) u(x,f)=0 on AQXR*,
wx,0)=u, in Q,
N
=3 0 (a(x,u) O%) in QXR*,
ihi=1 0x; Ox;
(N)

N

Ela""(x, u) v,(x) aﬁ_u =0 on 0OQXR*,
ig= x;
ux,0)=u, in Q.

Here, QCR¥(N >1) is a bounded domain with smooth boundary 0Q and v=
(vy, +++, vy) denotes the outward normal on 0Q. We assume that a”’=a’* and set
R*=(0, o). These equations arise in heat flow through solids. In this case,
u(x, t) represents the temperature of a position x at a time ¢ in a solid Q. If Q
is isotropic, we can set a*/(x, u)=k(x, u) 8"/ (8" is the Kronecker’s dela delta) and
k(x, u)>0 represents the thermal conductivity of the substance, which generally
depends on a position ¥ and the temperature u (see [6].) When the thermal

conductivity is a function of the temperature only, by setting gb(u):S: k(s)ds, we
can reweite (D) and (V) as the following equation (D) and (IV) respectively:
u, = Ap(u) in QXR*,
(D) {u(x,£)=0 on 0QXR*,
l u(x, 0) = uy(x) in Q,
u, = Ap(u) in QXR*,
(V) %u(x, t)=0 on 0QXR™*,

u(x, 0) =uy(x) in Q.
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We remark that (D) and (V) also model diffusion of moleculars in mediums (see
[7):

On the other hand, the equations (D) and (V) model, for example, an gas
flowing in homogeneous porous mediums when (D) and (IV) are degenerate at
u=0, i.e.

(0.1) $'(0)=0 and ¢'(r)>0 if r=0.

Many aothors ([1], [2], [4], [5], [11], [13], [16] and the references in them) studied
the behavoir of solutions of (D) and (N) under the condition (0.1). Alikakos
and Rostamian [1] slso investigated the nondegenerate case in deriving results
for the degenerate case. It seems, however, that the nondegenerate case has
not been fully studied yet. In this paper we intend to study the problems (D),
(N), (D) and (IN) when they are nondegenerate, with applications to the degen-
erate case.

In section 1 we mention basic known results about (D), (N), (D) and (XN)
including the existence of weak solutions of these problems.

We shall give the statement of our main results for the nondegenerate case
in section 2 and their proofs in section 3. First if we assume that

0.2) = CY(R) and k(r) = ¢'(r)=k, for some constant k,>0
and
(0.3) k(r)>k(0)—0)(—log |7|)** for re(—1,1)

for some 6, p>0, then the weak soluiton u(x, ) of (D) satisfies the following
estimate:

(0.4) [|u(t)]| Lo < Ce ™t for >0,

where A>0 is the smallest positive eigenvalue of —A with Dirichlet condition,
and C>0 is a constant depending only on ||#y||«, &, 6, p, N and Q. Similar
results hold for problems (D) and (N) (see Theorem 2.1). And it seems that
(0.3) is also almost a necessary condition for (0.4) (see Remark 2.1). Theoerm
2.1 is an extension of Theorem 3.3 in Alkakos and Rostamian [1]. In [1] they
obtained an exponential-decay estimate for solutions of (V) with ¢(r)=|r|" 7
(m>1) and ess. s%nf #,>>0, but did not determine the precise exponent of expo-

nential in their decay estimate. Next, Evans [8] studied the differentiability of
weak solutions of (D) under the conditions:

(0.5) ¢: R— R is a strictly increasing, continuous function with ¢(0) = 0
and
(0.6) ¢~': R— R is uniformly Lipschitz continuous.

Under the same conditions (0.5) and (0.6) we shall establish L?-L> estimates
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for weak solutions of (D) and (V) (see Theorem 2.2). We remark that Evans
[9] has alrrady obtained this type of estimate for solutions of the linear equa-
tion with certain nonlinear boundary conditions. Finally, under the conditions:
(0.1) and

(0.7) O0<a<@(r) ¢”(r)/[¢'(r)]?<1 in a neighborhood of =0 for some a (0, 1),
Bertsch and Peletier [4] determined y(£) and f(x) such that

(0.8) [+, D)/y()—f @)z >0 as £— o0,

where u denotes the positive solution of (D). Clearly y(¢) is the precise decay
order of u. And f(x) is usually called the asymtotic profile of u. When (D) is
nondegenerate and #%,>0, we shall establish a L*-version of (0.8) (see Theorem
2.3). In our case we can take y(t)=(u(t), ¢,), f(x)=e, and show that (u(t), e,)~
exp {—¢'(0) A}, where A>0 denotes the positive smallest eigenvalue of —A
with zero-Dirichlet condition and ¢,>0 is the unit eigenfunction corresponding
toA. The proof of our Theorem 2.3 depends on the energy method; while the
proof of (0.8) in [4] on the comparison principle. It seems difficult to apply
the comparison principle to our case. Indeed, in establishing (0.8) by the com-
parison principle, [4] essentially uses the property

(0.9) tléglf(t—i—c)/f(t) =1 forany ceR.

But in our case f(t)~exp {—¢'(0) At} does not have the property (0.9).
In section 4 we will study the case when (D) is degenerate at u=0 only,
and in particular when

(0.10) k(r) = ¢'(r)~1/(—log |7|)" in a neighborhood of r = 0

for some %>0. Bertsch and Peletier [4] fully investigated the behavior of
nonnegative solutions of (D) under the condition (0.7). We remark that (0.10)
does not satisfy (0.7). [4] proved that the solutions of (D) with (0.7) decay
polynomially; while we will prove that the solutions of (D) with (0.10) decay
exponentially (see Corollary 4.2).

In section 5 we will consider the case when (V) is degenerate. Alikakos and
Rostamian [1] proved that

(0.11) the solution u(#) of (IV) converges its average in L*(Q) at t— oo

under the conditions that the dimension N=1 and ¢ is an odd smooth function
with ¢(0)=¢'(0)=0 and ¢'(r)>0 if 40 (Theorem 3.4in [1]). (For N>2 [1]
has also obtained L?-version of (0.8) (1< p<<e0).) (0.11) implies that

(0.12) the solution u(x, t) with S U, dx>0 eventaully becomes strictly positive
Q

even if #,(x) has compact support in Q.
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We are interested in extending these results for N>2. We will show that it
is possible if we assume that

(0.13) the initial value u,(x) is nonnegative and does not identically vanish in
Q (see Theorem 5.1). We can prove Theorem 5.1 mainly with the aid of the
comparison principle. When () is degenerate at u=0 only, (0.12) means
that u(x, t) behaves as a solution of a nondegenerate equation after a finite time.
Hence, in this case we can apply Theorem 2.1 and obtain (0.12) with an estimate
like (0.4) (see Corollary 5.1). A related positivity property for (D) was esta-
blished by Bertsch and Peletier [5].

While typing this manuscript we knew the related works Berryman and
Holland [19] and Nagasawa [18] which has genealized and extended [19]. They
studied the asymptotic behavior of classical solutions of the one-dimensional
nondegenerate equations related to (D). In particular they obtained H}-versions
of (0.8). The main difference between their works and our results for the non-
degenerate case is that in our paper we study the behavior of weak solutions of
the multi-dimensional equations.

Acknowledgment. I would like to express my deepest gratitude to
Professor Hiroki Tanabe for his proper guidance and his constant encourage-
ment, to Professor Takashi Senba for suggesting some problems, and to Pro-
fessor Mitsuru Ikawa and Professor Kenji Maruo for their useful advices.

Natation.
l]+1|, denotes the norm of L?(Q2).

| A] is the measure of A for Lebesque’s measurable set AC RY.
We set f = 1/|Q|S fdx for f L.
Q

We sometimes denote {x; f(x)=>0} by [f(x)>0].

(+, *), denotes the inner product in L*(Q).

R* = (0, o0).

B(P;7) = {QER"; PQ<r} is the open ball at center P of radius 7 in R¥,

NSk » b=

1. Preliminary

In this section we collect some basic known results which are needed later.
At first we shall define the weak solutions of (D) and (V) following essentially
Oleinik and Kruzhkov [12].

DerINITION 1.1. (i) A function u(x, ) will be called a weak solution of
(D) if the following coditions a)-d) are sasisfied:

a) u(x, t) is a (locally) Holder continuous in Q X R™,

b) ueL=(Qx(0, T)) and 0u/ox;= L2 x (0, T)), 1<j<N, for any T>0,
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T
D) Sn (%) n(x, 0) dx-—gn u(x, T) n(x, T) dx+§o L by i dt
7 aii(x ) 0% On -
(1.1) So Sga (v, 1) g7 dxdt =0

for any 7'>0 and for any & CYQ x [0, T]) such that »(x, £)=0 on 80 x[0, T7,
d) wu(x,t) = 0on 00 x(0, T).
(if) A function u(x, t) will be called a weak solution of (V) if the condi-
tion a), b) and the following c’) are satisfied:
¢’) The equality (1.1) holds for any 7>0 and for any ,=C Q2 x [0, T).

Proposition 1.1. Assume that
(1.2) a'¥(x, ) eC(Q X R),

(1.3) there exists a positive non-increasing function ky: [0, co) =R such that
Yim1a'(x, 1) E, E;>ky(|7])|E|? for any (x,r)EQX R and any E=(&,, -+, Ey)E
RY,
(14) ucL=(Q).
Then (D) (resp. (IN)) possesses at least one weak solution. Furthermore, if
we aslo ssume that

(1.5) a¥(x, r) is locally Lipschitz continuous with respect to 7, i.e.
VL>0,3C>0; Vr,,r,&[—L, L], VxEQ, |a’(x, r))—a"(x,7,)| <C |r,—r,],
then (D) (resp. (N)) has a unigue solution.

Proof. The proof is the same as that of Theorem 15 and 16 in [12]. How-
ever, we shall construct weak solutions by a different way for later use. We shall

only show the existence of weak solutions for (/V) because we can similarly do for
(D). We choose {ai’}.; such that

(1.6) ai’eC~(R¥ X R) — a* uniformly on QX [—7T, T] for any T7>0,

(1.7) aii(x,7) is uniformly continuous on every compact subset of QX R with
respect to » without depending on #, i.e.

Ve>0,VL>0,38>0; VneN, Vr, ,&[—L,L] with |r,—r,| <8, Vxel ;
Iaij(xa rl)_aij(xs rz)l <é.

For example, we can construct @”/(x, r) in the following way: Let 4/ C(R" X R)
be such that d=a’’ on QX R. It is sufficient to set aif=p,;,*4", where
pe* (6>>0) is the standard mollifier. We also choose #§ such that

(1.8) ueCy Q) ) in LXQ),
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(1.9) 2681w < [f240] | -
We denote by u,(x, £) the unique classical solution of the following (NV,):
ou,

N
e =31 O (aii(x,u,) 2) in QXR¥,
i7=1 0; Ox;
N
N ) S i, u,) vi(x) g“ —0 on 9QXR*,
=1 X

J
Uy(%,0) = ug(x) in Q.
By the same argument as in the proof of Theorem 16 in [12], we can obtain a

weak solution u(x, t) as the pointwise limit function of an appropriate subseqeunce
of {u,(x, %)}, M

Next we shall briefly show how the weak solutions of (D) and (/) are defin-

ed from the nonlinear semigroup theory. We define operators 4, B: LY(Q)—
LQ) by

Au = —A¢p(u) for usD(A)
with D(4)={ucL(Q); ¢ (1) e Wi (Q), Ap(x) e L (Q)}, and
Bu = —A¢(u) for usD(B)

with D(B)={ucsL'(Q); ¢(v)eW"(Q), Ad(uw)=L' () and Sn hAP (u) dx—i—sﬂ
Vh-Vé(u) dx=0 for any he C'(Q2)}.
Under the condition

(1.10) ¢: R — R is a strictly increasing, continuous function with ¢(0) =0,

both 4 and B are m-accretive in LY(Q). Therefore A4 and B generate the con-
traction semigroups S ,(¢) and Sy(t) respectively. Hence we can define the weak
solution of (D) (resp. (IV)) by Su(t) u, (resp. S(t) u,) for any u,& D(A)=D(B)=
LY(Q). For the details, see [8], [10] and [3]. Throughout this paper, we
shall always assume the condition (1.10).

We shall mention a few properties of the weak solutions of (D) and ().

Proposition 1.2. We assume that ¢ satisfies (1.10).

(i) If u(x, t) is the (weak) solution of (D), then the following hold:
(1) (The maximum principle) For any u,cL*(Q) (p<ll, oo]), u(t)L?(Q) for
t>0, and ||u(t)||, is non-increasing.
(2) (The order-preserving property) If u,, vy L Q) and u,>v,, then S(t)u,>
S(t) vy a.e. in Q for any teR*. Here S(t) u, and S(t) v, denote the solution corre-
sponding to u, and v, respectively.

(i) If u(x, t) is the (weak) solution of (N, then the following hold:
() (The maximum principle) For any u,&L*(Q) with pe[l, oo], u(t) = L*(Q)
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Sfor t>0, and ||u(t)—u,||, is non-increasing.

(4) (The property preserving the quanity of heat) u(t)—=u, for any u, L (Q) and
any t>0.

(5) (The order-preserving property) u(x, t) has the same property as stated in (2).

Proof. Proposition 1.2 was proved by [10] and [1]. Or we can prove by a
different way: Using the following Corollary 1.1 and 1.2 (the smoothing tech-
nique), it suffices to prove (1)—(5) under the additional conditions that u,&

o(9) and ¢=C=(R). Since u(x, t) is smooth, the classical maximum princi-
ple implies (2) and (5). We will prove (1) and (3) in the proof of Lemma 3.1,
and (4) is obtained in a similar way. W

Remark 1.1. In view of the proof of Proposition 1.1, we can similarly
prove that the statement of Proposition 1.2 is valid for the weak solutions of
(D) and (N) under the condition u,& L>(Q).

We shall describe the smoothing technique.

Proposition 1.3. Let ¢ and ¢, satisfy (1.10). We assume that N ;-1 R($,)D
R(¢p) and that ¢;* converges to ¢~ unifomly on every compact subset of R(p). We

aslo assume that uy — wu, in L(Q).
(i) Let u(x, £) be the solution of (D) and u,(x, t) to the following (D,,):

Uy = AP,(u,) in QXRY,
(D,,) { wn(x, ) =¢, on QAXR*,
u,(x,0) =uj(x) in Q.
We assume that &, — 0. Then it follows that

m->oo

(1.11) u, ~u i C([0, T]; LYQ)),

where T>>0 is an arbitrary time.
(i) Let u(x, t) be the solution of (N) and u,(x, t) of (N) with ¢ and u, replac-
ed by ¢, and uy respectively. Then (1.11) holds.

We can prove Proposition 1.3, as in Evans [8, section 4], with the aid of
Proposition II. 2.17 of Benilan [3] and the convergence theorem on the nonlinear
semigroup (see e.g. Evans [10, p. 168]). We have two corollaries from Proposi-
tion 1.3. Corollay 1.1 shows that the weak solution of a nondegeneate equation
can be approximated by a sequence of classical solutions; Corollary 1.2 shows
that the solution of a degenerate equation can be approximated by a sequence of
solutions of nondegenerate equations.

Corollary 1.1. Assume that ¢ satisfies (1.10) and that ¢~': R—R is uni-



776 T. KAWANAGO

formly Lipschitz continuous with a Lipschitz constant 1|k, We define ¢, by
& (N)=(pys*d ") (r)+(1/n) r+c,, where p* is the standard mollifier, and c, is the
constant such that ¢;*(0)=0.

Then the following (1), (2) and (3) hold:
(1) ¢,: R— R is a C~-function satisfirg (1.10) and ¢, >ko[(14-ko[n).
(2) If ¢ is uniformly Lipschitz continuous with a Lipschitz constnat k>0, then
$n<ky[(1+k/n).
(3) If we assume that uys C5(Q)—>u, in LY(Q) (n—>o0), then (i) and (i) of Pro-
position 1.3 hold. (We remark that u,(x, t) is a classical solution.)

We obtain Corollary 1.1, following Evans [8, section 4].

RrMARK 1.2. Assume that ¢ satisfies all the conditions of Corollary 1.1
and that 4yL>(Q). Then the weak solutions of (D) and (IV) are locally Hol-
der continuous in QX R*. We can derive this fact from Corollary 1.1 and
Theorem 2 in [12]. The proof is the same as that of Thoerem 16 in [12].

Corollary 1.2. Assume that ¢ satisfies (1.10). Wuw set ¢, (r)=¢(r)+r/n
(neN). We also assume that ug—u, in L'(Q) (n—>c0). Then (i) and (ii) of Pro-
position 1.3 hold.

Corollary 1.2 was used in the proof of Theorem 3.4 of Alikakos and Rosta-
mian [1]. We shall sketch the proof because it is omitted in [1].

Proof. From the inequality:

|21 (") —¢7'() | <17 (r—1/np™X (1)) — 7)1,

we can see that ¢, converges to ¢~ uniformly on every compact subsets of R(¢),
which implies Corollary 1.2 in view of Proposition 1.3. W

Following Aronson, Crandall and Peletier [15], we define supersolutions
and subsolutions of (D) and (V).

DerINITION 1.2. (i) A subsolution u(x, ) of (D) on [0, T'] is a function
with the following properties (1) and (2).

)] ueC([0, T7: LQ))NL=(QX[0, TT]),

¢
@) [ @@ o) —u©) o) dx— |_(wpi+o() ) dx de=<0
for all &[0, T] and @ C*(Q2x [0, T']) such that ¢ is nonnegative and =0 on
00 x [0, T]. A supersolution of (D) is defined by (1) and (2) with < replaced
by >.
(ii) A subsolution u(x, £) of (V) on [0, 77 is a function with the following
properties (3) and (4).
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(3) ueC(0, T]: LQ)NLQx[0, T]) and ¢m)=LY[0, T]: HYQ)),

@ | oo —-u0e0)d—{ | @p—véw: ve)dra<o
for all 1[0, T] and p = C* Q2 X [0, T']) such that ¢ is nonnegative.

By Corollary 1.1, 1.2 and Lemma 3.3, we can verify that all weak solutions
of (D) (resp. (IV)) are also sub- and supersolutions of (D) (resp. (IN)) under the
conditions that #,&L~(Q) and ¢ is locally Lipschitz continuous.

Proposition 1.4. (The comparison principle) Assume that ¢ is a locally Lip-
schitz continuous function. Let 4 be a supersolution of (D) (resp. (N)) on [0, T
(T>0) and @ be a subsolution of (D) (resp. (N)) on [0, T).  Then, if 4(x, 0)>d(x, 0)

in Q, we have
#(x, ) >d(x,t) ae in QXx[0,T].

Proof. The proof for (D) is just the same as that of Proposition 9 given
in [15]. The proof for (N) is similar to that for (D) . So we leave it to the
reader. W

2. The nondegenerate case
In this section we give the statement of our main theorems. We begin

with a rasult on the behavior of weak solutions of (D) and (N).

Theorem 2.1. We assume that all the conditions of Proposition 1.1 are
valid.

(1) Assume that
(2.1) there exists 0, p>>0 such that

?’,j-l(aij(x, ’)’—("U(x’ 0)) & EjZ —0| E'Z/('—log 7] )1+p
for any (x,r)eQx(—1,1) and any EESRY.

Let u(x, t) be the weak solution of (D). Then,
(2.2) lu@®)||-<Cre™ for t>0,

where ;>0 is the smallest positive eigenvalue of —>V ;. 9 (@¥(x, 0) ai -) with
X

ox; :
Dirichlet condition, and C,>>0 depends only on N, Q, ||utp]|-, 0, p and ky(||t/|«)-
(i) Assume that

(2.3) there exist 0, p>0 such that

2 jea(a@(x, 1) —a" (%, u)) & §;= — 0| E[?/(—log |r—ue[)™**
for any (x,7)€Q X (4y—1, uy+1) and any ESRY.
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Let u(x, t) de the weak solution of (N). Then,
(24) [[(2)— || < Cp et for >0,

B (it ) 0.
Mwmwmy

J
with Neumann condition, and C,>>0 depends only on N, Q, ||ug||, 8, p and Ry(||t4|<).

where 1,0 is the smallest positive eigenvalue of —>V ;..

ReEMARK 2.1. We consider the case when a'(x,r)==k(r) 8 and k(r)>0.
Let u(x, t) be the solution of (D) with #,>0 and d)(r):Sr k(s) ds. Taking account
0

of the results in Bertsch and Peletier [4] and the proof of Remark 4.1 in section
4, it is expected that the decay rate of u(x, t) corresponds with that of the solution
x(t) of the ordinary differential equation dx/dt—=—A¢(x), where A>0 is the posi-
tive smallest eigenvalue of —A. Indeed this is true under some conditions for
¢ (see Theorem 2.3). When ¢(r)=r—r/(—log ), x(t)~t X exp (—Az). By this
it seems that (2.1) is almost a necessary condition for (2.2). See also Remark 2.2.

Below we consider the behavior of weak solutions of (D) and (N). First
we are interested in the case when

(2.5) ¢~': R— R is a uniformly Lipschitz continuous function with a Lipschitz
constant 1/ky(k,>0).

Theorem 2.2. We assume that ¢ satisfies (1.10) and (2.5).
(i) Let u(x, t) be the (weak) solution of (D). Then for any u,=L*(Q), u(t)E
L=(Q) for t>0 with the estimate:

(2.6) nu<t)uusﬁuuonz for >0,
@7 6Dl < C N, oy 1) € [luglly for =1,

where C (N, ky, t,) = C, eMoto[(ky )V,

where 1,>0 is an arbitrary time, C;>>0 depends only on N, and >0 is the smallest
positive eigenvalue of — A with Dirichlet condition.

(i) Let u(x, £) be the solution of (N). For any u,€L¥Q), w(f)€L"(Q) for
t>0 with the estimate:

(2.8) ||u<t>—zz,||ms@%,w;||uo—zz,nz for >0,
0
2.9) |16t —thlloe S C(N, Q, By 1) et llut—iill, for ¢>15,

where  C(N, Q, ky, ty) = Cy e*kolo|(ky t)V/*

where t,>>0 is an arbitrary time, C,>0 depends only on N and Q, and p>0 is
the smallest positive eigenvalue of — A with Neumann condition.

Finally we are interested in the behavior of nonnegative solutions of (D).
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Theorem 2.3. Assume that ¢ satisfies (1.10) and that k=¢': R—R is
continuous (i.e. ¢ belongs to C'-class). We also assume that
(2.10) there exist a positive non-increasing function k,: R*—R and a non-
decreasing function k: R* — R such that ky|7r|)<k(r)<k(|7]) for any rER,
(2.11)  there exist 6, p>0 such that |k(r)—k(0)| <8/(—log |r|)** for any re
(—1’ 1)’
(2.12)  4,>0, uy(x) does not identically vanish in Q and u,=L>(Q). Let u(x, ?)
be the weak solution of (D). Then, the following estimates hold:

(2.13) C, e <)< Cye™t for >0,
2.14 ) B TR O S £>0
(2.14) s el S Jor 120,

Moreover, when N=1, u(t)[(u(2), €,);—>e, in L>(Q) as t—oo with the estimate:

2.15 M0 _elle< G g >0,

( ) Il @(2), &)s all _(1+t)(l+pm for t>

where \,>0 is the smallest positive eigenvalue of —k(0)A with Dirichlet condition,
and C,, C,, Cs, C,>0 depend only on N, Q, ||uy||w, (4o, €1)s > b, Ro({ltholl) and
ki(|l4o||). We denote by e,>0 the unit eigenvector corresponding to \,.

ReMARK 2.2. The left-hand side of (2.13) does not always hold without the
condition (2.11). Indeed if k(r)=1+41/(—log |r|)" for some pe(0,1) and
[|to]]..<<1, then the corresponding solution u(x, #) satisfies the following estimate:

(2.16) [lu(®)]]. < C exp(—N E—(N £)'™") for £>0.

To obtain (2.16), we have olny to substitute E=C exp {—\, #—(\, #)'"*} into
(4.4) of Proposition 4.1 in section 4.

REMARK 2.3. It seems difficult to have the result about () which cor-
responds to Theorem 2.3, because it is difficult to find the condition correspond-
ing to (2.12). Let u(x, t) be the solution of (D). (2.12) is a simple sufficient
condition to imply that

(2.17) (u(t),e)+=0 for £>0.
We give an example to show that (2.13) does not always hold without the
condition (2.12). Assume that ¢: R— R is a smooth odd function with ¢’>0.

We assume that N=1, Q=(0, =) and u,(x)=sin mx (meN). Let u(x, t) be the
solution of (D). Then the following estmimate holds:

(2.18) C, e O L ||u(t)|]|. < Cy e * @ for ¢>0.

We shall derive (2.18). We define by v(x, t) the solution corresponding to uy(x)
=sin x. 'Then, we obtain that
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(2.19)  u(x, t) = (—1) v(m(x—jr/m), m*t) f x&[jz/m,(j+1)=[m].
G=0,1,2, -, m—1)

We immediately obtain (2.18) from (2.19) and Theorem 2.3.

3. Proofs of results in section 2

We need some lemmas to prove Theorem 2.1.

Lemma 3.1. We assume that a"(x,r)EC~(Q) and that there exsists a con-
stant ky>>0 such that

Eliv,j=l aij(x, 7') & Ejzkol‘f[z
for any (x,71)EQ X R and any E=(&,, ---, Ey) ER".
(1) Let u(x, t) be the classicla solution of (D). Then estimates (2.6) and (2.7)

hold.
(it) Let u(x, t) be the classical solution of (N). Then estimates (2.8) and (2.9)
hold.
Proof. At first we shall prove (i).
d b dx — 71 gion g4e
pr Sn |2 dx—pg |u|?~t sign u-u, dx
—p(p—1) § (477 32 0w, ) 24 22
Ox; 0x;
(3.1) <—p(p—1) ko | 14177 Vul*dv
(3.2) £—2kOS IV |u|?22dx for pe[2, oo).
Q

We can prove (2.6) with the aid of (3.2) and a basic Sobolev’s inequality:

(3.3) I llnsn-n <CIVFIL* fll* forany feH(Q).

(Here we set 2N/(N—1)=oco for N=1). Indeed when N=1, we set p=2 in
(3.2) (or (3.1)) and integrate in ¢ to obtain

(34) I llulls < — 2k, [, Ia(s)1 ds.

It follows from (3.3), (3.4), Proposition 1.2 (1) and Remark 1.1 that
2 [|w(s)I1Z Hu(t)H4

3.5 oll3 =2k ds>Ckyt

) iz, Gy, #=Cho )

which implies (2.6). When N >2, the proof is essentially the same, but we
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need Moser’s iteration technique, which is used in Evans [9, section 4]. We
omit the details because the argument is the same as in [9].
Next we shall derive (2.7). Following the proof of Theorem 3.3 in [1], we

shall get a L*-decay estimate. If we substitute p=2 into (3.1) and use Poincaré
inequality, then we have

%Suzde—Zkoxsuzdx.

4

Therefore, we obtain that
(3.6) u(t)llo et llugll, for 0.
Hence, with the aid of (2.6) and (3.6),

C —h G-
(@)l <57 €757 [[ugl,
(o £0)"*

which implies (2.7).
We can prove (ii) in the same manner as above with the aid of the following
inequality corresponding to (3.3):

(3.7) L= F 1 Pllawpen-o SCIV | f—= F IR | f—F 1210

for any pE[l, o) and any measurable function f such that | f—f|?7}(f—f)e
H'(Q), where C>0 depends only on Q and N. (3.7) is not trivial, but is implied
by the following Lemma 3.2. W

Lemma 3.2. (4 wversion of Poincaré inequality) Assume that pe[l, o)
and f is any measurable function such that | f|?7' f € H'(Q) and S fdx=0. Then,
Q

K[ (1r1pa<| 1vif1712as,

where K >0 depends only on N and Q.

Remark 3.1. 1) This refines Lemma 3.2 in Alikakos and Rostamian [1]
in that K does not depends on p.

2) We cannot know from the proof below how large K>01is. But we can
take K=|Q| 2 when N=1. We can prove this fact in the same way as in the
well-known case: N=1 and p=1.

Proof. We shall proceed by contradiction. We set g,(x)=|x|? sign x.
We assume that there exist a sequence of measurable functions {£,},.. and
{p.}n-1C[1, o0) such that

(3.9) S E,de=0,
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(39) [ IonEeniar=1,
(3.10) [ 1V6,, )12 ds = 0.

We set v,=g,, o£,. Then we obtain from (3.9) and (3.10) that {»,};.; is bound-
ed in H(Q). Therefore, there exist v&H'(Q) and an appropriate subsequence
of {v,} -1 such that

(3.11) v,—>v weaklyin HY(Q) (n— o0),
(3.12) v,—v in L¥Q) (n—> o0).
We obtain from (3.10) and (3.11) that

[ 19v17 dx<tim inf | 1vw,17dx = 0.

It follows that Vv=0. Therefore, v=c=constant. We obtain ¢==0 from (3.9)
and (3.12). We shall consider two cases.

(I) the case lim inf, .. p,<<oo.

In this case, the argument is essentially the same as the proof of Lemma
3.2 of [1]. Choosing a subsequence, if necessary, we may assume that there
exists p,E[1, o) such that p,— py(n—>cc). Then,

E.=gpov,>gpov=§ in LXQ). (n— )
It follows that
0= S E,dx — S Edx = @3'(c)| Q| as m—oco. This contradicts c¢=0.

(IT) the case lim inf, ., p,=oo.
Choosing a subsequence, if necessary, we may assume that

P<pe<ps<r<py—> o0 (n—> o).

We fix £>0 sufficiently small. We assume without loss of generality that ¢>0.
We set A,=[|v,—c|>€]. By (3.12),

|4,| >0 (n— o),
ess. sup |E(x)—1|—=0 (n— o0),
xEA;
where A;=Q—A,. Therefore,
(3.13) [ &@dr—1al @),
By (3.8) and (3.13),
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[, tads—>—10] (1> c0).
On the other hand, we have

o=

Hence,

> - .
[E,,s—2]+ S [-255,,<0]+SA,,n[£,,20]) Ende= S [¢,<-21 Endx—2|4,|

S[e,s_zl E”deSA” E,dx+2]|4,|—> —|Q| (n— ).

It follows that

I 'fS >1Q].
minf) = 1Eldx=]Q]

Therefore,

vidv=| gl g ez (g lde— o
[§,<-2] [§,<-2]

S [¢,<-2]
This contradicts (3.9). B

Proof of Theorem 2.1. We shall prove (i) only, because the proof of (ii) is
similar to that of (i). We shall proceed in two steps.

Step 1. Assume the additional hypothesises that a'(x, r)eC=(Q X R) and
4, =C7(Q). Then u(x, t) is a smooth solution. By Lemma 3.1,

(3.14) [lu(t)||.<8,e7% for t>0,
(3.15) Nu(t)le <05 ||u(t—12,)ll, for t>%,,

where £,>>0 is an arbitrary but fixed time, and 6,, 8,, ;>0 are some constants.
0, depends only on N, Q, |[ty||.. and ky(||#||-), 8, only on N, Q and Ey(||#l]-),
and 64, only on N, ky(||#]|) and £,.

In view of (3.14), we may assume without loss of generality that ||u||.>0
and 6,>0 are sufficiently small. By (3.15), the proof is complete if we show
that

(3.16) lu(t)ll, <8, e for t>0),
where 8,=0,(N, Q, llttoll, 8, p, ko(lltoll))>0. With the aid aid of (2.1),

Lsnuzdx= —ZS Za"(x,u) Ou du d

dt ox; ox;
6u au 0
N P a—— T P
317 -2 [ ) s, bx,  (—logluly |V 1H

We set Ko=F(||tl|.). Then by (1.3),
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1 Ou Ou
.18
(3.18) [Vul’< A P ox, 0%,
Since (—log 7)"®*?(0<r<1) is an increasing function, we obtain that
(3.19) 1 1

< .
(_log Iul )1+P— (_].Og ||u“°°)l+P
It follows from (3.17), (3.18), (3.19) and the eigenfunction expansion that

%Snuzde—Z [1_ 6 :I( E “—“( “(x, 0) ), uz)

Ko(—log [Ty~ 1\ "5 o,
0
3.20 — —2f1- N )}
G2 R T B e o
¢ 2
(3.21) s—le[l—Ko(_log“u”m)w]S i d,

where \; is the j-th largest eigenvalue of —>3¥ ;.1 — (a"(x O) —— +) and ¢; is

the eigenvector corresponding to A;. We can assume that {e;}7-1 are C.O.N.S.
in LA(Q) and ¢,>0. It follows from (3.21) that

M0 ds} .

(3.22) (@)l < |la4oll; exp {— W+S Ky(—log [lu(s)[]..)**

Here, we obtain from (3.14) that

, 1 : ds
. ds< .
(3.23) So (Clogllu(s)ly™ “ = So (—log 6,40, 5)™*

The right-hand side of (3.23) is less than some constant depending on 6, and 6,
because we may assume that 8, (0, 1). Therefore (3.16) holds.

Step 2. Using Step 1, we shall complete the proof of Theorem 2.1. We
approximate u(x, ) by a sequence of classical solutions. We can choose
{a(x, 7)} -1 C C=(RY X R) such that a}’ satisfies (1.6) and (1.7) in the proof of
Proposition 1.1 and also satisfies

(3.24) x Ji= lanj(x 7) E Ejzzl j=1 aj(x’ T) ‘z::i Ej

for any n, any £€R" and any (x,7)EQX[—||uoll«, lltll.]. And we choose
{us} -1 C C7(Q) such that uf satisfies (1.8) and (1.9). If we denote by u,(x, t)
the classical solution of (IV,), then u(x, t) is the pointwise limit function of an
appropriate subsequence of {u,(x, #)},. We can apply Step 1 to u,(x,?) and
obtain estimates for u,(x, ) corresponding to (3.14)-(3.23). We remark that
the estimate corresponding to (3.17) is, with the aid of (3.24), the following:
d

4 24 S_zs 6u ou, 6 2N i
dt snu v [Z‘,a x; Ox; (—loglu,,l)”"lvu"l]dx
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Let n—>oco and we obtain (3.15) and (3.16) for the weak solution u(x, f). The
estimates (3.15) and (3.16) imply (2.2). B

Proof of Theorem 2.2. Lemma 3.1 implies Theorem 2.2 when ¢ €C=(R)
and %, C7(Q), because in this case the solution u(x, t) is smooth. For general
¢ and w,, we apply Corollary 1.1 (the smoothing technique). The argument
is the same as Step 2 of the proof of Theorem 2.1 and we omit the details. I

We need a lemma for the proof of Theorem 2.3.

Lemma 3.3. Assume that ¢ satisfies (1.10). We also assume that D(u,)E
LY(Q), where we set D(r) =$ o(s) ds.
0
(i) Let u(x, t) be the weak solution of (D). Then the following estimate holds:

(3.25) V(@) lL,<t™2 {Sgcb(uo)dx}w for 0,

(i) Let u(x, t) be the weak solution of (N). Then the estimate (3.25) holds.

Lemma 3.3 is a generalization of (2.8) of Theorem 3 in Nakao [16]. Since
we can prove Lemma 3.3 in the same way as in [16], we omit its proof.

Proof of Theorem 2.3. We shall prove (2.13)-(2.15) only under the addi-
tional assumptions that #4,€C5(Q) and ¢ €C=(R). For general ¢ and uy, we
omit the details because we have only to apply the smoothing technique in the
same way as in the proof of Theorems 2.1 and 2.2. In what follows, we use
the notains in the proof of Theorem 2.1, TFirst we shall prove (2.13). The
right-hand side of (2.13) is (2.2) of Theorem 2.1. We shall show the left-
hand side of (2.13). It suffices to derive

(3.26) ((t), ¢),>Cye™™ for £>0.

With the aid of integration by parts,

d _ N u
at (u(?), &), = (P (u), Aey) = k(0) Fy([luol 1) ((2), €1)
which implies that
(3.27) ((2), &) = (uo &) exp [—2 Ky((lo]l)/R(0)] for 2=0.

We may assume from (2.7) of Theorem 2.2 and (3.27) that ||u||.>0 is small
enough. By (3.27) and (2.11), we obtain that

d 7\:1 “ s . _7\«16 “ ds e
4 )= — s (| rsy s, e, = (— 2w o SO(—logs)”"’ -

Here,
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s“ ds 1+pS : 1+p Su dss—u—__l-l—_n '
o (—log §)** (—log [|u(?)l|..)™" Jo (—log ||u||«)

Therefore,

d MO
(028) g (D, )= () (W) e

which implies that for >0,

(329)  (u(t), @)y ) xp {—Mut— 20 St ds

k(0) Jo (—log Hu(s)ll,,)”"}
We obtain (3.26) from (3.29) and (3.14). The detailed argument is the same as

the proof of Theorem 2.1. Next we shall prove (2.14). With the aid of (3.20)
and (3.28),

2 o)~ (u(e), e el
(330 =L w2 )t (e
200, | 20,0 (u, €,)}
< +
i)

K,  k(0)/ (—log [lu(®)ll=)**
0 oo

2R g oy B )
S

Dol :Hullm)”"} a(t)— (u®), @) el
If we set y(&)=|lu(t)—(u(t), &), &:|[3/(u(2), €)%, then by (3.28) and (3.31),
(3.32) Y(H)< =2 )4 20t 2e)

K —log lu(a)| )+ 71

400\,
Ky(—log [[ull.)™*

Since ||#(¢)|l. is nonincreasing, we may assume that ||#||.>>0 is so small that
for >0,

O (M) — v
(3.33) R <05 = (M2,

It follows from (3.32) and (3.33) that

40,
Ky(—log |ju]|.)"**

V' ()< —260:y(8)+

Hence, for t>0,
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9,0 S‘ e~ 2504-9) d¢
K, Jo(—log |lu(s)||)** "
Here, with the aid of (3.14) and easy computation
S e <S‘ o™ %5¢=9) s
o (—log|lu(s)||w)** ™ Jo (8, s—log 6,)*+
C
S(‘92’*‘—108 )+’

where C=C(0,, 0,, 65). We immediately derive (2.14) from (3.34) and (3.36).
Finally we shall prove (2.15). By a basic Sobolev’s inequality and (2.14),

(3:34) YO <y(0) st

(3.35)

(3.36)

I g

@@, e
3.37 <TI0 o )2,
( ) Vv ”(u(t), e e |2 “(u(t), e e[z

< u(t)z _ 172 c .

<li (u(?), e)s sl 2 X(1+t)(1+p)/4
On the other hand, (3.25) of Lemma 3.3 and (3.16) imply that
(3.38) Kilue) < g/ B lat—)l<6, o Ko eneto.

2, %,

Here £,>0 is any time and we set K;=k,(||%||»). By (3.26) and (3.38),

()]l  CeMo
(u(t), &), Vi,

The estimates (3.37) and (3.39) imply (2.15). &

(3.39)

4. The case when (D) is degenerate at u—0

Throughout this section, we assume that
(4.1) ¢: R—R is in C(R) and is a strictly increasing function with ¢(0)=0,
(4.2) There exists a strictly increasing function K: [0, co)—R such that K(0)>0
and k(r)=¢'(r)=K(|r]|) for any reR.

We begin with a result about the smoothing effect:

Proposition 4.1. Assume that ¢ satisfies (4.1) and (4.2) and that u,= L}(Q).
Let u(x, t) be the weak solution of (D). Then u(t)€L>(Q) for >0 and u(z) = 0
in L=(QY) with the estimates:

(4.3) ||u(t)||,‘,se;+(K(%mnu,,u2 for any €0 and £>0.

Cz P Q1G]

TKW ”uollz for any &>0 and t>to .
0

“4)  u@)ll.<&+
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Here, t,>0 is an arbitrary time, C,, C,>>0 are some constants dependent only on
N and in particular not independent of &, and N>0 s the smallest positive eigen-
value of — A with Dirichlet condition.

Proof. Following Bertsch and Peletier [5], we compare u(x,t) with the
solution v(x, #) of the following (I,):

v, = A¢(v) in QXR",
(1) { v(x,2)=6>0 on 0QXR",
v(x, 0) = sup (uy(x), &) in Q.
With the aid of the comparison principle (Proposition 1.4),
(4.5) u(x, H)<ov(x,t) in QXR".
On the other hand, by (2.6) of Theorem 2.2,

C C

(4.6) ”v(t)_EHMSW “‘U(O)_EHzSW lltoll, for t>0.
It follows from (4.5) and (4.6) that

C . +
4.7) u(x, t)SE-}—W Hugll, in QX RT.

If we replace &€ by —€ and ‘sup’ by ‘inf’ in (Z,), then we obtain from the same
argument as above that

e
(K (&) eyt

Hence we obtain (4.3). We similarly obtain (4.4) from (2.7) of Theorem 2.2. W

u(x, )>—¢ lloll, in QXR*.

If (D) is degenerate at u=0, then, as is expected, the solution u(x, t) nevr
satisfies such a estimate as (2.2).

Corollary 4.1. Assume that ¢ satisfies (4.1), (4.2) and k(0)=¢'(0)=0.
We aslo assume that u,&L*(QY), 4,>0 and u,(x) does not identically vanish in
Q. Let u(x,t) be the weak solution of (D). Then, for all »>0 there exists a
time T>0 such that

(4.8) lu(@)l=e™ for t>T.

Proof. It follows from Proposition 4.1 that there exsists a time 7'>0
such that

(4.9) lu@)ll.<R for t>T,

where R>0 is a constant such that max k(r)<p/r, and A, denotes the smallest
o<IrI<R
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positive eigenvalue of —A with Dirichlet condition. We denote by e, the unit
positive eigenvalue of —A corresponding to \,. By integration by parts and
4.9),

d
a (w(2), &), = (P (u), Aey), = —Ny (—7‘17- 4, €)= —n(u(t), &), for t>T,
1
which implies (4.8). B
However, the solutions of some degenerate equations decay fairly fast.

Corollary 4.2. Assume that ¢ satisfies (4.1) and that there exist ry<(0, 1)
and v, ky, 0>0 such that

(4.10) k(r)zﬁ Jor 1€[—roy 1],
(4.11) k(r)=k, for reR\[—ry1,].

Let u(x,t) be the weak solution of (D) with uycL¥Q). Then the following esti-
mate holds :

(4.12) llu(t)]]« < C (E+1)¥ 74O exp {(—(OA)YOD}  for 10,

where A>0 is the smallest positive eigenvalue of — A with zero-Dirichlet condition,
and C>0 depends only on ||uy|,, 7o, Ro, 7, 8, N and Q.

Proof. We assume, by Proposition 4.1, without loss of generality that u,&
L=(Q) and ||uy||. <7, Substituting €=C exp {—(Ot)Y"*D} to (4.4), we im-
mediately obtain (4.12). B

REMARK 4.1. The estimate (4.12) seems to be fairly sharp. Assume that
there exist 7,&(0, 1) and %, #>0 such that

Or
(—log [7])
We assume for simplicity that w,&L"(Q), ||u||.. <7, and inf uy(x)>8 for some
8€(0,1). Then the following lower estimate holds: *=a
(4.13) [[w(£)|;=>C exp {—((p+1) YD} for t>0.

Here A >0 is the same constant as defined in Corollary 4.2, and C>0 depends
only on 7,, 7, 6, 8, Q and N.

for re[—r, 7).

¢(r) =

Now we prove (4.13).

Proof of (4.13). The main tools for the proof are the smoothing technique
and the comparison principle. Let u,(x,¢) be the solution of the following
problem:
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Uy = Ap(u,) in QOXR*,
u(x, 1) = >0 on O0QXRT,
u(x,0) = u+€& in Q.

It follows from Proposition 1.3 that

(4.14) u,(2) = u() in LYQ).

On the other hand, following closely Bertsch and Peletier [4], we shall con-
struct a separable subsolution of u,(x, ¢) for all £>0. Let w(x) be a solution of

—Aw=Aw in Q,
w=0 on 08Q,
0<w<lle, w0 in Q.

And let y(t) be the solution of

{y'(i) = —N(¥)
20 =3.
Here, 8 is the same constnat as stated in Remark 4.1. We set w,—=w-+& and
2q(%, )=w,(x) y(£) (§>0). It follows that

L(z,) = (2e):—Ad(2)
<—AP(y) wet+k(ywe) y-rw
< A yw {—1+ (—log y)" (—log y—log wz+ﬂ)} .
(—log y) (—log y—log )™

Here, if we set a=—log y>0 and b=—log w,, then

<1 a"+1+(77+1)a"b< .
{ }— + (a+b)n+1 —O

Hence we obtain that
L(2)<0 in QXR*.

Futhermore, we have 24(x, f)<u,(x, ) on the parabolic boundary of QXR*.
Therefore, we apply Proposition 1.4 (the comprrison principle) to obtain that

2e(x, 1) <uy(x,2) for €>0 and (x,2)EQXR™*.
It follows that
(4.15) N2e(O <Z|lwe(®)ll, for &>0 and 2>0.
Let £&—0 in (4.15), then by (4.14),



QuasI-LINEAR HeaT EQUATIONS 791

(4.16) [lwll, () <|lu(2)ll; for >0,
which implies (4.13). B

5. The case when (N) is degenerate

Throughout this section we always assume that
(5.1) ¢: R—R is a strictly increasing, locally Lipschitz continuous function
with ¢(0)=0,
(5.2) u,eLX(Q), u,=>0a.e. in Q and the set S,={xEQ; u(x)>v} contains a
nonempty open subset of Q for some »>0.
We remark that the weak solutions of (V') become nonnegative under the con-
dition (5.2). We give a result on the behavior of the support for weak solu-
tions of (IV) for finite values of time:

Theorem 5.1. We assume (5.1) and (5.2). Let u(x,t) be the solution of
(N). Then there exist >0 and T>0 such that

u(x,)>8 for (x,8)€QX[T, ).

If we assume the following stronger condition (5.3) instead of (5.1):
(5.3) ¢: R—R is in CY(R) and is a strictly increasing function with ¢(0)=0
and ¢'(r)>0 if =0,
then Theorem 5.1 implies that the solution u(x, t)of (V) behaves as a solution
of a nondegenerate equation after a finite time even if the initial value #,(x) has
compact support in Q. If we apply Theorem 2.1, then we immediately ob-
tain the following result:

Corollary 5.1. We assume (5.2), (5.3) and (2.3) (we set a'(x,r)=Fk(r) §%).
Let u(x, t) be the solution of (N). Then the following estimate holds:

(e — ol < C exp [— ' (te) 2] for >0,

where pu>0 is the smallest positive eigenvalue of —A with Neumann condition,
and C>0 is a constant depending on u,.

We need several lemmas to prove Theorem 5.1.

Lemma 5.1.  We assume that all the assumptions of Theorem 5.1 are satis-
fied.  Then,
Y compact subset S CQ, 3T, >0,Vt>T), Ip=n(¢)>0;

u(x,t)y=n on S.

Proof. Since the proof is the same as that of Proposition 4 given in Aron-
son and Peletier [2], we omit it (see also the proof of Theorem 5.1). W
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We set T'=00. We denote by v, the unit outward vector at QET’. We
set I';= {P €R"; there exists Q €T such that PQ=dvy},
B(P;d)= {QER"; PQ<d} and Q,;=Q \8 l(_Jd Ts.
€(0,4]

The following result is well-known (See e.g. Theorem IV. 1.1 in [17]).

Lemma 5.2. There exists a constant dy>>0 such that the following (1)-(3)
hold:
(1) PQ>d, for any PET,, and Q ET such that PQ=+d,v,.
(2) Ty, is a smooth (N—1)-dimensional manifold with
I'SQ50Q—dyvo T\, : diffeomrophism.
(3) U B(P; d/3)COmpc.
PEI‘dO
Lemma 5.3. Let d, be the same constant as stated in Lemma 5.2. Then

there exists a constant d,>>d, such that (PQ, vg)=>0 for all PET,;, and QETN
B(P; d,).

Proof. We define a continuous map
F: Ty, xT3(P, Q) ~ (PQ, vo)ER .
We also define a map G: T'y,—R by
T3P sup {dy<d <2dy; (PQ,v5)>0 forall QeTNEB(P;d)} -

G is well-defined in view of Lemma 5.2. Furthermore G is lower semiconti-
nuous by the continuity of F. Hence

(5.4) lim inf G(P;)>G(P).

It follows from (5.4) and the compactness of T';, that G takes the minimum
dy(>d,). We have only to choose d, such that d,<<d,<d,. &

Proof of Theorem 5.1. We often use the notations in Lemmas 5.2 and
5.3. By Lemma 5.1, we may assume without loss of generality that u(x, ) is
strictly positive in Q3 for all 1E€[0, o), i.e.

(5.5) ux, )>7()>0 in Qz s for te[0, oo).

Hence the proof is complete if we show the existence of a time 7;>>0 and a
constant §,>0 such that

(5.6) u(x, T,)>6, on B(P;d,) forall PETy,.

Indeed, by (5.5) and (5.6) there exists a constant §>0 such that u(x, 77)>8 in
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Q, which, combined with (5) of Proposition 1.2 (set v,=34), implies that
u(x, £)>8 for all (x, £)€Q X [T}, o). Therefore we shall prove (5.6). By (5.5)
and (3) of Lemma 5.2 we may assume that there exists a constant §,>0 sucht hat

(5.7) U >8, on B(P;dy3) forall PETy,.

We fix an arbitrary point P&Ty, and assume for simplicity that P=0. We
choose v,&CF(B(0; dy/3)) such that v,=w,(r) is a nonincreasing function of
r=|x|, 0<9,<3, and v, does not identically vanish in B(0; dy/3). Let v(x, t)
be the solution of (D) with Q and w,(x) replaced by B(0;d,) and vy(x) respecti-
vely. Then v is a nonincreasing function of r=|x| for every t€[0, o). For
the proof of this fact, see the proof of Lemma 2.2 in Aronson and Caffarelli
[14]. There exists a time 7;>>0 such that

(5.8) support (v(x, Ty)) = B(0; d,) .

Indeed, if otherwise, (x, f) has compact support in B(0; d,) for all £>0. Then

we can easily verify that v(x, #) is also a solution of (V') with Q and u,(x) replaced

by B(0; d,) and v,(x) respectively. Hence, by (4) of Proposition 1.2, S ot o(x, t)
B(0;dy

a’x———S 00270 dx for all t€[0, o). This contradicts Lemma 3.3. We set
B(0g dy

; _{v(x,t) if x€QNB(0;4d,),
“BD=10 if ~cO\B(0;d).

We caim that

(5.9) w(x, t) is a subsolution of (V') on t&[0, oo).

Since #y=>7,, (5.9) and Proposition 1.4 show that »(x, £) >w(x, £) for (x, {) € X
[0, o0). This leads us to (5.6). Hence we shall now prove (5.9). We proceed
in two steps.

Step 1. We shall show (5.9) under the following additional condition:

(5.10) ¢ is smooth.

We set ¢,(r)=d¢(r)+r/n. Let v,(x,t) be the (smooth) solution of (D) with
¢, Q and u, replaced by ¢,, B(0;d,) and v, respectively. By the choice of
vy, ¥, is a nonincreasing function of r=|x| for every t[0, o). It follows
from this observation and Lemma 5.3 that

(5.11) Ea— Du(v4(%, 1)) <0 ae.on (x,8)€0(QNB(P;d,))X][0, o).

We obtain from (5.11) that v,(x, £) is a subsolution of (V) with Q replaced by
Q'=QNB(P; d), i.e.

T

0

(512) [ @T) o(T)—0s0) p(0) ds—{ | (02 91— Vibs(0)- Vo) dn de<0



794 T. KAWANAGO

for all T€(0, o) and = C*(Q2 X [0, o)) such that ¢ is nonnegative. Let n—>o0
in (5.12) and we obtain from Corollary 1.2 and Lemma 3.3 that

(513) |_@(T) p(1)—0i0) p(0) dv—{ | (wpi—Vb(w)- V) dx de<0

for all T€(0, o) and = CYQ X [0, =0)) such that ¢ is nonnegative. This
leads us to the claim (5.9).

Step 2. We shall obtain (5.9) without assuming (5.10). Let v,(x, ) be defined
as in Step 1. Then we can obtain (5.12), applying the smoothing technique in
the same way as in Step 1. (We use Corollary 1.1 instead of Corollary 1.2.)
Then the argument used to derive (5.9) is just the same as in Step 1. B

Appendix

We shall describe a rseult on the behavior of solutions of the following
equation with absorption:

u, = A(Ju|" 'u)—Au? in QXR*,
)12 (lul"w) =0 on 6OXE",

14

u(x, 0) = up(x) in Q,

where m>1, p>1 and A>0 are constants. We immediately obtain the follow-
ing Theorem A.l. from Theorem 5.1, the agrumentation used by Alikakos and
Rostamian [11, section 2] and the proof of Lemma 7 in Bertsch, Nanbu and
Peletier [13].

Theorem A.l. Assume that p>m>1 and u, satisfies the condition (5.2).
Let u(x, t) be the (nonnegative) weak solution of (N,). Then u(x, t) eventually be-
comes strictly positive even if uyx) has compact support in Q. And u(t)—0 in
L>(Q) as t— oo with the estimate:

(p—1) ]V u(t)—1||.<Ct YD for ¢>0.
Here C>0 is a constant depending on u,.

Remark A.1. 1) Alikakos and Rostamian [11] have obtained the L°-
estimate (1<g<Coo) without the sign condition of u(x).

2) Bertsch, Nanbu and Peletier [13] fully discussed the nonnegative solu-
tion of the Dirichlet probelm corresponding to (V,). In particular, as a result,
they proved that when 1<<p<m, for certain initial functions with compact
support in (2, the support of solutions u(x, ¢) remain compact for all time. This
result also holds for (/V,) because the solution of the Dirichlet problem with
compact support is also a solution of (V).
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Note added in proof. The author has noticed that we can derive the bet-

ter estimate than (2.14):

for t>0

u(t
M0 gl <

G
(u(2), €1), (14-2)**

by combining the proof of Theorem 2.5 in Nagasawa [18] with that of our The-
orem 2.3.
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