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Abstract

We study rational surfaces having an even set of disjeh#){curves. The prop-
erties of the surfaceS obtained by considering the double cover branched on the
even set are studied. It is shown, that contrarily to whatpkap for even sets of
(—2)-curves, the number of curves in an even set-od)(curves is bounded (less
or equal to 12). The surfac8 has always Kodaira dimension bigger or equal to
zero and the cases of Kodaira dimension zero and one are ewmiyptharacterized.
Several examples of this situation are given.

1. Introduction

Let X be a smooth surface. A set ofdisjoint smooth rational curveldy, ..., N, is
called aneven setf there existsL € Pic(X) such that 2 = N; + .-+ N,. In this note
we study even sets of curvéé, ..., N, where eachN; is a (—4)-curve (i.e. a smooth
rational curve with self-intersection4) on rational surfaces. We prove that, contrarily to
what happens for even sets ef2)-curves (cf. [6]), the number of curves in an even set
of (—4)-curves is bounded. More precisely we show that the maximaiber of curves
in such a set is 12.

Given an even set of smooth rational curves one can consigeidouble cover
branched on these curves. For even sets-@){curves on rational surfaces, such a double
cover is again a rational surface (see [6]). In contrastratig double cover of a rational
surface branched on an even set efi)-curves has always Kodaira dimensien0. In
this paper we characterize completely the even sets-4j-Curves on rational surfaces,
such that the corresponding double cover has Kodaira dimeflsor 1. More precisely
we show that any even set of-4)-curves on a rational surface, whose corresponding
double cover has Kodaira dimension 0 or 1, are componentbasfiof a not relatively
minimal elliptic fibration. We give examples for all the pidde numbers of the-{4)-
curves when the Kodaira dimension is 0. We do not know any elesrfor which the
Kodaira dimension of the double cover is 2 and we conjectoiseshould not occur.

NOTATION. We work over the complex numbers. All varieties are praoyectl-
gebraic. All the notation we use is standard in algebraicmgeoy. We just recall
the definition of the numerical invariants of a smooth swefac the self-intersection
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676 M. MARTI SANCHEZ

numberKf< of the canonical divisorKy, the geometric genus g6Xx) := ho(Kx) =
h?(Ox), theirregularity q(X) := h%(Q}) = h!(Ox) and theholomorphic Euler charac-
teristic x(X) := 1+ pgy(X) —q(X).

A (—r)-curve on a surfaceX is a smooth irreducible rational curve with self-
intersection—r. An even set of—r)-curvesis a disjoint union of {r)-curvesC;,...,Cy
such that the divisoC; + - - - + C,, is divisible by 2 in PicK).

We do not distinguish between line bundles and divisors omaogh variety. Lin-
ear equivalence is denoted Iy and numerical equivalence by.

2. General facts

Throughout this section we make the following

AssuMPTION 1. X is a smooth projective rational surface a@g, ..., C, is an
even set of disjoint-{4)-curves onX. We denote byL the divisor satisfyingC = 2L,
whereC :=Cy + -+ C,.

From now on to the end of this chapter, we denoteXa surface in the condi-
tions of Assumption 1.

REMARK 2. We can contract the curved obtaining a rational surface with
quotient singularities of type (#)(1, 1).

Proposition 2.1. The divisor L satisfies the following
(i) ho(X,L)=0;
(i) KxL +L2=0;
(i) (Kx + L)? =K% +n;
(iv) 1 <h%(X, 2Kx +C) <n;
(v) 1<ho%X, Ky +L)<n.

Proof. Assertion (i) is obvious, becauske 2 C, h%(X,C) = 1 andC is reduced.
By assumption 1, we have? = —n and KxL = n, this proves (ii) and (iii). Finally,
by the Riemann—Roch theorem, one X, Kx + L) > 1 and thus the left side of
inequalities (iv) and (v). On the other hand by the long exajuence obtained from
the exact sequence:

0 — Ox(2Kx) — Ox(2Kx + C) = Oc((2Kx + C)lc) — 0,

one hash®(X, 2Kx + C) < n (and so alsdh®(X, Kx + L) < n) becauseX is rational,
Oc(2Kx + C) = O¢c and hO(C, Oc) =n. ]

REMARK 3. In what follows, we can assume thHtyx + L is nef. Otherwise,
sinceKx + L is effective, there is an irreducible curé such thatE? < 0 and E(K x +
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L) < 0. Since each curv€; satisfiesCi(Kx + L) = 0, E is not one of the curve§;.
So EL >0 and thusE Ky < 0. SinceE is irreducible andE? < 0, the only possibility
is that E is a (—1)-curve disjoint fromC and so we can contract it, without changing
the initial assumptions.

REMARK 4. Nefness ofKx + L implies that for each<{1)-curve, there exists
at least one{4)-curve C; such thatoC; > 0.

Our next goal is to describe the double coverXoforanched alond = 2L. Let
7:S— X

be a double cover branched alofy Then S is a smooth surface and by the double
cover formulas ([1]), we have

e Ks=n"(Kx+ L)

e X(Os)=2.

REMARK 5. The surfaces, having X' (Os) = 2 has Kodaira dimensior 0. Since
we are assuming thdx + L is nef andKs = 7*(Kx + L), also Kg is nef and thus
S is minimal.

Lemma 2.2. Let X be a rational surface with an even set C (ef4)-curves.
Then R(X, —2Kx) < 1. Furthermore KR(X,—2Kx) # 0 if and only if the double cover
S— X is a K3 surface.

Proof. Notice thah®(X,C) = 1 andh®(X,2Kx +C) > 1 by Proposition 2.1. Thus
we conclude that eithem®(—2Kx) = 0 or h%(X, —2Kx) = 1 andh®(X, 2Kx + C) = 1.
SinceKxCi = 2, if h%—=2Kx) = 1, then eaclC; is a component 0f-2Kx. So we can
write —2Kx = C + I', whereT is an effective divisor and lettindh = 2Kx + C we
obtainA+C+T =C. HenceA =T =0 namelyC = —2Kx. Since X, being rational,
has no 2-torsion, alsh = —Kx and soKs = Os. ThusS havingpg =1, x =2 is a
K3 surface. Conversely, i§ is a K3 surface Ks = Os and the result follows. ]

Next, we apply the above results to the following propositio

Proposition 2.3. Let X be a rational surface with an even set C of-#)-curves
and such that K + L is nef. Then—n < Kf( < —1. Furthermore
(i) if KZ = —n, then

(ia) k(S =0= S is a K3 surface or

(ip) k(S =1 = S is an elliptic surface
(i) if KZ > —n, then K> 2 and S is a surface of general type.
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Proof. SinceKyx + L is effective and nef one hak¢ + L)? > 0. So by Prop-
osition 2.1 (iii) KZ > —n. As we have seen, one h&8(X, Kx + L) > 1 and so since
hO(X, L) must be 0 we conclude th&f(—Kx) = 0, otherwise the map

HO(X, —Kx) ® Ho(X, Kx + L) = H%(X, L)

would have nonzero image. So by the Riemann—Roch theoreessatly K2 < —1.

The rest of the proposition is clear, by the classificatiormifiimal surfaces (see
e.g. [2]) andK3 = 2(KZ + n). O

Finally we recall an important result due to Miyaoka.

Proposition 2.4 ([11]). The number n of disjoinf—2)-curves on a surface W
with Ky nef satisfies3cy(W) — K3, > (9/2)n.

With this result we obtain:
Lemma 2.5. If X is a rational surface with an even set C of(x#4)-curves then
n < 16.
Furthermore if equality holds then Kg =0.
Proof. SinceX(Os) = 2, one hascy(S) < 24. On the other hand, for each curve
Ci, 77 1(C)) is a (~2)-curve inS. Finally, applying Proposition 2.4 we obtain the result.
O

We will start by studying the cas&2 = —n, this is the K3 and the elliptic case.

3. The elliptic fibration

In this section we want to prove the following:
Proposition 3.1. Let X be as inAssumption land let S be the associated double

cover of X. Thene(S) <1 if and only if X has an elliptic fibration containing the
(—4)-curves.

Before proving the above result, we will need various fabe tve now establish.
Suppose thaX has an elliptic fibration

p: X — P!

with general fibreF’ such that every—-{4)-curve is contained in a fibre.
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Since F'Ci = 0 and F'C = 0, Op/(C) = Or and so eitherOg/(L) = O or
Or (L) # OF.

In the first case for a general fibre’, =*(F’) is disconnected. More precisely
7*(F’) is the union of two fibres of an elliptic fibration o8. In the second case
7*(F’) is connected and, by the Hurwitz formula, again elliptic.

So we have

Lemma 3.2. With the above notatignt*F’ gives an elliptic fibration on S and
we have the following commutative diagram

Moreover,

Lemma 3.3. In the above situation one of the following holds
o ho(—2Kyx)=1,«(S)=0and S is a B surface
h%(—2Kx) =0, ¥(S) = 1 and S is an elliptic surface.

Proof. The proof follows by Proposition 2.3 and Lemmas 2.8 arR. []

Having established the properties above we now examine dhegecse situation.
Let X be as in Assumption 1 an8 the double cover oX branched inC.

If k(S) =0, thenSis a K3 surface, sKx + L = 0 and X is a Coble surface,
this is, a nonsingular rational surface with empty anticacal linear system—K x| but
nonempty bi-anticanonical systefr2Kx|. By the results in [7], in this case, there is
a birational morphismX — P? such that the image o € [-2K| in P? is a member
of |—2Kpz|, whence a plane sextic, that will be called a Coble sextic.

Lemma 3.4. The classification in[7], Section 5)yields
() If n =1, the image of the irreducibl¢—4)-curve C onP? is an irreducible mem-
ber of a pencil of sextics with nine distinct double base fso@nd having an extra
singular double point.
(i) If n > 1, then the image of C is the union of two membgrsth singula) of a
pencil of cubics.

We are ready to prove Proposition 3.1

Proof of Proposition 3.1. X has an elliptic fibration containing the-4)-curves
the result follows by Lemma 3.2.
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Conversely, assume tha(S) < 1. By Proposition 2.3, we have two possibilities:
k(S)=0or 1.

For k(S) = 0, Sis a K3 surface and applying Lemma 3.4 we obtain the result. In
fact, if n =1, then X is a rational elliptic surface with one multiple fibre of mipli-
city 2 whilst, if n > 1, X is a rational elliptic surface without multiple fibres.

For k(S) = 1, S'is an elliptic surface and so there is a smooth cuB/eand a
surjective morphismp: S — B whose generic fibre is a nonsingular elliptic curve
It is well known that: X(Os) = 2 implies

! m —1
(3.1) Ks ~ 29(B)F + ; m
wheremyFy, ..., mF are the multiple fibres op: S— B.

Note thatKst*Ci = 2(Kx + L)C;j = 0. Since the elliptic fibration oS must be
invariant under the involution associated to the doubleecav: S — X, it induces a
fibration of X, p': X — P!, whose general fibre we denote By. Since F7r*C; = 0,
also F'C; = 0 and F'C = 0. Using the same reasoning as in Lemma 3.2, we see that
also p’: X — P! is an elliptic fibration and we are done. 0J

REMARK 6. Recall that aHalphen pencil of index nis an irreducible pencil of
plane curves of degreenBwith 9 base points of multiplicitym (some of them may
be infinitely near). By [3], the minimal resolution of a Hakyh pencil of indexm is
a rational elliptic surface with a multiple fibre of multipity m.

Conversely, again by Theorem 5.6.1 in [3], if: X' — P! is a rational elliptic
surface with a multiple fibre of multiplicitym (m = 1 if it does not have multiple
fibre), then there exists a birational morphism X’ — P? such that the composition
of rational mapsf o t=1: P2 -—» P! is given by a Halphen pencil of index.

So, if X is a surface as in Assumption 1, the(S) < 1 if and only if there is a
Halphen pencil of indexm in P2 corresponding to the elliptic fibration. In particular
for k(9 =0, m=1orm=2.

4. The K3 case

In this section we assume thiis = Osg, thus one has-Kyx = L and -2Kx = C.

Notice thatSis a smooth K3 surface with an involutien such thato*w = —w for
a nonzero holomorphic 2-form. Zhang in [15] classified thetmnts of K3 surfaces
modulo involutions. In particular, with the approach tapach, he proved the following

Proposition 4.1 ([15]). Assuming that X is a rational surface with an even set of
n disjoint(—4)-curves. If the double cover S is 8lsurface then we can conclude that

1<n <10,

and n can take any value in this rangsee examples beldw
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REMARK 7. It is possible to give another proof of the previous préjms using
similar arguments to those used in the following sections.

EXAMPLE 8. Let us give an example of each possible case:
(i) Forn=1, as we have seen above, take a sextic cun®?iwith ten double points.
After blowing them up, we obtain a rational surface with-a4}-curve. See also ([15],
Example 2.7).
(i) For n =2, in a pencil of cubics of??, take two singular members with one node
each,N; and N, respectively. Blowing up the base pointd; and N, we obtain the
two (—4)-curves. This example, with another point of view, can denfl in [10].
(iii) For n = 3, in a pencil of cubics of? take two singular members: one cubic with
a node and a conic plus a line. Blowing up the base points amdaitigular points of
these two singular members we obtain the result.
(iv) For n = 4, take a pencil of cubics and choose two singular cubicseethron-
concurrent lined_q, L,, L3 and one cubicC;, with one unique singular point, a double
point N. Let

C=Li+L+L3+Cs

with the following singular points:

L; ﬁLj = P|j with I,j =1,2,3,andL;NC; = {Q1,Q2,Q3}, LoNCy = {Ry, Ry, Rs},
LzNCy =1{S, S, S} and N.

Blowing up the thirteen singular points & we obtainp: X — P? with I:iz = —4,
C? = —4 and rational.
(v) Forn =5, take a pencil of cubics an@ is the sum of two singular members one
conic plus a line, and three lines.
(vi) Forn =6, LetLy,..., Lg be six nonconcurrent lines iR? andC = L1+ --- +
Le ~ 6H. ThenC has 15 singular points, we blow up each line in 5 differeninmi
p: X — P2, then [? = —4, this is, take a pencil of cubics with two singular cubics
Li+ Lo+ LszandLls+ Ls+ Le.
(vii) For n =7, in Fy denote byL; and L, the two rulings, then take seven effective
divisors Ry, Ry, Rz, M1, My, M3 and S whereR ~ L1, Mj ~ Lo, withi =1, 2, 3, and
finally S~ L; + L, without singular points. Blowing up the intersection psinte
obtain seven +{4)-curves and the double cover is a K3 surface. This isPintake a
pencil of cubics and the two singular cubics are one nonsngronic C plus a line
L, and three nonconcurrent linés, L3, L4 with these intersection poinGNL; = P
and P, such thatL;NL, = P;; = Py and L3N Ly = P3; = Py, the other intersection
points are all different.
(viii) For n =8, in Fy, with the same notation as above, taRe~ Ry, ~ R~ Ry ~ L3
and M; ~ My ~ Mz ~ My ~ L,. As before, inP? we take a pencil of cubics with these
two singular memberst; + L, + L3, three concurrent lines, write; "L, N Lz = P
and Lz + L4 + Ls three concurrent lines as well, wriles N L4 N Ls = Q, such that
P # Q and the other intersection points are all different.



682 M. MARTI SANCHEZ

(ix) For n = 9,10, inP? take six linesL,...,Lg with this configuration:L,,L, and L3
with a common pointP; L1, L4 and Ls with a common pointQq; L, L4 and Lg with
a common pointQ,; L3, Ls and Lg with a common pointQs; finally L; N Lg = Ry,
LoNLs =Ry, andLzN Ly = Rg, all different points. First of all, we blow uf’, then
Ly, L, Ls are fibres ofF; and denote byL the exceptional curve lying over the point
P; now we blow up each fibre six times and we obtain ted)tcurves, two of them
in each fibre, plus the strict transform &f, L,, L3 and L.

We can obtaim = 9 in a similar way, see for instance Example 2.10 of [7].

5. The elliptic case

Now we examine more closely the case wt&is an elliptic surface with (S) = 1.
Let F be a general fibre of the elliptic fibratiop: S — B.

Since the Kodaira dimension & is 1 there are effective nonzerscanonical div-
isors. These are supported on the fibres of the elliptic pésee Equation (3.1)) and
so the elliptic pencil is unique. Thus it is necessarily mat under the involution
associated to the double cover and we have a commutativeadiag

(51) nl ln'

where p’: X — P is also an elliptic fibration.
We want to prove:

Theorem 5.1. In the above situation we have
() 1=n=<12;
(i) if F’ is the general fibre of ‘pthenz*(F") = F, 4+ F, is disconnected.

The proof will be given throughout this section.
As we have seen in the proof of Proposition 3.1, we can write

r
m-1
Ks~ 29(B)F + —F,
s 9(B) ; m
wherem;Fy, ..., mF are the multiple fibres op: S— B.
First of all we are going to describe the singular fibregpo€ontaining 4)-curves.

Proposition 5.2. There exists a birational morphism: X — X', where X is a
relatively minimal elliptic surface with the following goerty. for i = 1,...,n, the
curve G := ¢(C;) is an irreducible component of a fibre of tyflelll, IV or ml, with
1<r<9and m>1
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Proof. Notice first that, sinc&% = —n, X is not relatively minimal and so there
exists a {1)-curved; such thaty, is a component of one of the fibrés of the elliptic
fibration of X. Besides, by Remark 4, there exists-adf-curveCy, with 6,C; = o > 1.
As we have seen abowg; is contained in some fibr&’ and so alsot; + C;) C F'.
As a consequence, by Zariski's lemma

1 +C)=-14+20-4<0

and sox < 2.

If « =2, 26,4+ Cy CF and (¥, + C1)?> = 0 mean thatm(26, + C;) = F’ for
somem € N, m > 1. Contractingds, ¢;: X — X;, we obtain a fibre of type;] ml,
or llin X; andK§ = —n—+1.

If « =1, sinced;L > 1, one hag);C > 2 and sof; meets, at least, another4)-
curve C,. As in the precedent paragraph we conclude th&, = 1. Letey: X — X3
be the blowing down ob; and €:(C) = C;. ThenC; and C, are curves with self-
intersection—3 andC,C, = 1. As before, we have in this fibre a-{)-curved,. Hence
either §, comes from a £2)-curve inS, or 6, comes from a1)-curve inS.

If 6, comes from a-{2)-curved,, then it is easy to see thatd+ 26, + C1 + C,
is a fibre. Contracting; and 6, we obtain a fibre of type lIl.

If 8, comes from a+{1)-curve, there are three possibilities:

(i) 6,C1 = 6,C, = 1. Then we have @ + 26, + C; + C,)?> = 0 and so we have a
fibre or a rational multiple of a fibre. Contractimg and 6,, we obtain that an integer
multiple of the image of & + 26, + C; + C; is a fibre of type 4.

(i) 6,Cy = 6,C, = 0. First of all, let us point out that every-4)-curve C; meets,
at most, three {£1)-curves (possibly infinitely near). In fact i€; meets four £1)-
curves, it is not very difficult to see that contracting thése image ofC; is a smooth
rational curve with self-intersection 0. This is impossilldlecause the fibres of an el-
liptic fibration have alwaysp, = 1. Thus, sincef:i = —3, there exists a—-{2)-curve s
with 6C; = 1 andéd, = 1. There are also two, and only two;4)-curvesCsz and Cy
intersectingfs,, this is,C3 = 6,C4 = 1. Then we haveC3 +C4 + 40, + 25+ C1 + - - -

in the fibre, but as we have seen bef@e+ C4 + 49, + 25 is a fibre, and we obtain
a contradiction.

(i) 6,C, =0 andh,Cy = 1.

If there is another {1)-curve 6, such that0,C; = 1, we haved,C, = 0; if not,
0;C, = 1 and then (621+29§+C1+C2)2 =0, but we have & +20,+C1+Cy+0, C f,
which is absurd. We have seen above that there €4dsind C,, different (-4)-curves,
such that),C3 = 1 and@,C, = 1. Then we have & +40,+ 465 +3C1+C,+C3+Cy C
f and (41 + 46, + 40, + 3C1 + C, + C3 + C4)? = 0, we get a fibre of type IV.

If there is not another—{1)-curve intersectingC; and sinced,C, = 0, there exists
another {4)-curve C; with 6,C5 = 1. As before, blowing dowr; and 6., C3 and C,
are curves with self-intersection3, so there exists anothes1)-curve 6. Since, as
before,03C3 = 1, then eithe®;C, = 1 or 3C, = 0. If 63C, = 1 we have 81 + 20, +
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203 +C1+Co+CsC f and (D + 20, + 263 + C1 + C, + C3)? = 0, so we obtain a
fibre (or a rational multiple of a fibre) of type.lIn the other case?;C, = 0, there is
another {4)-curveC,. .., repeating the same argument we obtain a fibre of type
r>4andm> 1.
In conclusion, sincen is a finite number andk% = —n there aren (—1)-curves in
the fibres and after contracting them by X — X’, one obtains a relatively minimal
rational elliptic surfaceX’ with these singular fibres.

By [8] a connected fibre on a relatively minimal rational @iic surface has at
most nine irreducible components, and so in particulamigr we have 1<r <9. []

Denote byF; the elliptic fibres inX containing ¢4)-curves and by
J=1{F,i=1...,n}

the set of these fibres. Also denote Py = {e(Fj’), j =1,...,n'} the image ofJ
in X'.
Keeping this notation:

Corollary 5.3. The number n of—4)-curves in C is at most2. In particular, if
n = 12 the singular fibres of the elliptic fibration of "Xare all in J'.

Proof. Since X’ is a relatively minimal rational elliptic surface we haveath
C2(X’) = 12 and by ([2], Lemma VI.4), we know that

CZ(X/) = Z Xtop(Fs/),

with F/ the singular fibres.
Also, noticing thatXip(ln) = N, Xip(Il) = 2, Xiep(lll) = 3 and Xip(1V) = 4, the
result follows by Proposition 5.2. ]

REMARK 9. The puII—bachr*(Fj’), whereF; € 7, will be one of following types:
o If €(F)) is of typeml,, this is F{ = m(}_; Ci +26;), thenz*(F{) = m(>_] 21 +
20) =2m(Xi v +6), thereforer*(F/) = 2mly with 1<r <9 andm > 1.
o If €(F{) is of type II, thens*(F{) = 7*(201 4+ C1) = 2(f1+ y1), thereforer*(F;) =
2l11.
o If €(F)) is of type lll, thenF| = 46, + 20, + C1 + C; with 6, a (—2)-curve such
that 6,C = 0, hencer*(F]) = 2(2, + 6} + 63 + y1 + 1), son*(F/) = 2D,.
o Finally, if €(Fj) is of type IV, thenz*(F{) = 2(201 + 20, + 205 + 3y1 + y2 + ¥a),
S0 n*(Fj/) = 2Es.
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We want now to understand*(F’). So, we begin by supposing that(F") = F.
In this caseB = P! and we can consider the commutative diagram:

s—P,pt

X —p,>IP’1.
Lemma 5.4. If =*(F') = F, every fibree(F{) € J' is a fibre of type . In
particular,

fi
Fj/ =m; (Z G+ 29i),
1

with n (—1)-curvesé;, 1<r; <9 and m > 1.

Proof. If #*(F’) = F, by Remark 9 the pull-back of any fibre containing-24§-
curve is a double fibre of the elliptic fibration & Since for every multiple fibrenF,
in a elliptic fibration Fg cannot be simply-connected (cf. [1]), looking at the dex@wn
of the fibres in Proposition 5.2 we obtain the statement. []

It is well known (see [3]) that every relatively minimal ratial elliptic surface has
at most one multiple fibre.

We analyse the different possibilities for the multiple éibrto prove the next
proposition:

Proposition 5.5. The elliptic fibration F of p': X — P!, Diagram (5.1) satisfies
T(*(F/) =F + Fs.

Proof. Under the assumption that'(F’) = F, let mD be the unique multiple
fibre in X', if it has any, otherwise lein =1 and D be any fibre.

First of all assume thamD ¢ J', thenm; =1 in F{ for all j =1,...,n". The
multiple fibres inS are #*(mD) of multiplicity m, and n*(Fj/) of multiplicity 2, j =
1,...,n. Thus, sinceX(Os) = 2, and the elliptic fibration has ba®',

_ (m—l)F n’

K —F.
s m + 2

On the other hand, since

(m—-1)
m

Kx =—-F + F'+601++06n,
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by the double cover formulas we obtain

(m—=1) A A (m-=1) n’
KSE—F+TF+91+"‘+9n+7/1+“‘+]/n=TF+ E—l F,

a contradiction.
Now, assume that > 1 andmD € 7'. Then the multiple fibres it are 7*(mD)
of multiplicity 2m and n*(Fj’) of multiplicity 2, with j =1,...,n" —1. Thus

_@m-b. -

K
s 2m 2

As before,Kx = —F'+((m—1)/m)F’' 461+ - -+ 6, and by the double cover formulas
we obtain

(m-1) ~ A
KSE—F+TF+91+"'+9n+V1+"'+Vn

= (mgl)F+ ((n/_l)—l)F+iF.

2 2m

sincem is a natural number we have a contradiction again and thét fedlows. [

Sox*(F’) is disconnected and there is a natural 2 mapz’': B — PL. By using
the Hurwitz formula we get

degR
2

g:=9(B)= 1,

where R is the ramification divisor. Let us recall the commutativagtam (5.1)

S—p>B

X—p>]P’1.

Then keeping the above notation:

Corollary 5.6. One has
n<degR<n+1

Proof. SinceS is branched alon@C = C; + --- + C,, each F]-’ € J corresponds
to a ramification point ofr’, son’ < degR. Also, sincep’: X’ — P! has at most one
multiple fibre, there is at most one more ramification pointresponding to a multiple
fibre (necessarily of even multiplicity) of the elliptic fagion of X', hence the result.

O
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Corollary 5.7. The singular fibres of p coming from fibreg E 7 of X are of
type my (L1<r <9, m=> 1), Ill, D4D4 and EgEg.

Proof. Using Remark 9, notice that ¢(F)) is a fibre typeml,, thenr*(Fj) =
2n(Xiy + éi). Therefore we obtain ir§ a fibre of typeml, with 1 <r <9 and
m = 1. If e(Fj) is type II, lll, or IV, then =*(F{) = 2F, with F a fibre of type lIl,
D4 and Eg respectively. O

ExAamMPLES. — We take a pencil of cubics with 12 nodal cubics, blowing l t
base points and these 12 double points we will obtain a raltielliptic surface with
K% = —12 andn = 12. The double cove6 will be an elliptic surface. In a similar
way, we can obtain examples for> 4 even.

— Using the program Magma, we can find a pencil of sextics withodah sextics.
Blowing up these double points and the base points, we gehghes forn = 2,3 or 4.

6. Some remarks on the case of general type

Suppose now tha is a surface of general type. From [1H3 < 9X(Os) and
so K2 < 18.
Recalling thatk = 2(KZ +n) and —n < K% < -1, so

(6.1) 2<KZ<2(n—-1), 2<h’2Kx+C)<n and n>2.

We do not know if this case can happen unlike in the previowsegave know
examples. Below we give some properties for this situatMore precisely, throughout
this section we will prove:

Proposition 6.1. Suppose that S is a surface of general type. One of the follow-
ing holds
e if Sisregularthen2<KZ<8and2=<n=<¥9;
e if Sis irregular then S) = 1. Alsq 6 <KZ<10and4<n<9.

Proof. We divide the proof into steps.
STEP 1. h%2Kx + C) = h°%(2Kx + L) = KZ +n+ 1.
By the Riemann—Roch theorem

h%(2Kx + C) = KZ +n + 14 h'(2Kx + C).

The projection formuld(2K s) = h1(2K x +C)+h!(2Kx + L), together withh!(2K s) =
0, givesh!(2Kx +C) = 0 and sch®(2Kx +C) = KZ +n+1. SinceKx + L is effective,
nef and big, therh!(—Kx — L) = 0 (see [13]) and thus°(2Kx + L) = KZ + n+1
as asserted.
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STEP 2:  The canonical divisor satisfied < K2 < 10and2 < n < 14.

If K& =18, by the Noether's formula one has(S) = 6 and applying Miyaoka’s
formula (Proposition 2.4), we obtain = 0: also forKg = 16 we obtainn = 1. Then
K3 <14

Similarly, if KZ = 14, thenn < 3. Then we have a contradiction by the inequalities
(6.1). The same argument proves tiag # 12. ThenKZ < 10.

If K2 = 10 thenn < 7. From Proposition 2.3, one get6% < —1, whence the
only possibility is 6<n < 7. Forn =7 we haveK? = —2 and forn = 6 we have
K% = —1. In the same way, iK% = 8 then 5< n < 8, if K =6 then 4<n < 10, if
KZ =4 then 3<n < 12, and finally ifKZ = 2, then 2<n < 14.

From now on, we are going to analyse separately the cases Bhsnregular
and irregular.

STeP 3: If S is a regular surface of general typthen2 < KZ<8and2<n <9.

The hypothesisi(S) = 0 implies by(S) = ¢c2(S) — 2 and py(S) = 1, henceby(S) =
22— KZ. Sincer: S— X is an holomorphic map of degree 2, then

7*: H3(X,R) = H?(S, R)
is an injective ring homomorphism. We hatig(X) = ht}(X) and
ba(S) = h*%(S) + h*Y(S) + h®¥S),
where h?9(S) = h%4(S) = 1. Sinceh®}(X) < h*S), one has
by (X) < by(9) — 2.

Note that, sinceX is a rational surface,(X) = 10— K%. If KZ =2, thenby(S) =
20 and that impliekZ > —8. In conclusion,KZ > —8 and fromK2 = 2(K2 + n),
n=<09.

Likewise, for KZ = 4 one hasKZ > —6 andn < 8; for K = 6 one hask2 > —4
andn < 7; for K2 = 8 one hasKZ > —2 andn < 6; finally K3 # 10.

Step 4: If S is an irregular surface of general typéhen S is not of Albanese
general type and the genus of a general fibre of the Albanesstifib is > 2.

Suppose that(S) > 1. Thenpy(S) =g+ 1 > 2 and, since an irregular surface
satisfiesK? > 2pq by ([4]), K2 > 4.

Since S is a double covering of a surface withy(X) = q(X) =0 andq(S) > 0,
by the de Franchis theorem ([5B is not of Albanese general type, and so we can
consider the Albanese fibration

f: S— B,

whereq(S) is the genus oB. We denote byg the genus of a general fibre df and
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write g := q(S). We have the following commutative diagram:

wherex’ is a 2: 1 map with dedR = 2q + 2, whereR is the ramification divisor.
By the appendix of [4]

KZ=>8(g—1)@q-1).

Since, by Step 2K2 < 10, the only possibilities arg = 1, g > 2 and de@R = 4,
orqg=2,9g =2 and dedR = 6. In this last case the slope inequality ([14])

49-1) _ Ki-8@9-1@-1) _
g ~ XOx)-(@-D@-1)

yields K2 = 10 and thus 6 n < 7.

Assume in either case thgt= 2. Thenf and f’ are fibrations of genus 2 with
2q+2 fibres of f' corresponding to the ramification pointssof. Denote byF,...,Faq2
those fibres off’ and letz*(F) = 2F;, where F; is a fibre of f. Since a fibration
of genus 2 does not have multiple fibres all the fiblgs j = 1,..., 29 + 2, have
to contain some of the—{4)-curves and all its other components will appear with even
multiplicity. So we can writeF; = C; 4+ --- + Cs 4+ 2D, whereCy, ..., Cs are (-4)-
curves inC appearing with odd multiplicity inF; and D is an effective divisor. Since
Kx(Cyi+---+Cs) = 2s andKxFj = 2, by the assumptiog = 2, thenKxD = 1-s.
Now, C;F = 0 impliesC;D = 2, and so fromDF = 0, one obtains R? = —2s, this is
D? = —s. But thenKxD + D? = 1 — 2s, and this contradicts the adjunction formula.
So we can conclude that > 2.

STeP 5: If S is irregular then S) = 1. Alsg 6 < Kg <l1l0and4<n<09.

By the previous steg > 2, whenceq = 1.

Notice that a surface with an Albanese fibration wjtk 2 satisfiesk 2 > (8/3)X'(0)
([9]) and thusK2 > 6.

Finally, as we have seen for the regular case, we mav¢X) < hbY(S) and since
q(S) = 1, one had(S) = cx(S) + 2; also,by(S) = htY(S) + 4, thenby(X) < cx(S) —2.
Applying this inequality forKg = 6, we obtainn < 10. []
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