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Ultimate Strength of Stiffened Plates and Minimum Stiffness Ratio
of Their Stiffeners (under Thrust)?

Yukio UEDA * and Tetsuya YAQ **

Abstract

In this paper, a theoretical investigation into the effectiveness of a stiffener against the ultimate strength of a stiffen-
ed plate is performed. Series of buckling analyses, elastic large deflection analyses and elastic-plastic large
deflection analyses are performed by the analytical method and the finite element method on the stiffened plate under
thrust. Experiments are also carried out to confirm the theoretical results.

On buckling of a stiffened plate, it is well known that there exists a minimum stiffness ratio of a stiffener to the
plate, 'YBmin: which gives the maximum limiting value of the buckling strength. Concerning the ultimate strength, it is
found and confirmed that there exists a significant stiffness ratio of a stiffener to the plate, 'YUmin: similar to YBmz‘n for
the buckling strength.

It is also found that there exist three typical collapse modes for the stiffened plate under thrust.

(1) MODE OO ; overall collapse after overall buckling

(2) MODE LO ; overall collapse after local buckling

(3) MODE LL ; local collapse after local buckling

Approximate methods are proposed to evaluate the ultimate strength and YU, min of a multi-stiffened plate under
thrust.

The effects of initial imperfections such as welding residual stresses and initial deflection on ultimate strength and
YUonin of a stiffened plate are also discussed.

KEY WORDS: (Compressive Primary Buckling) (Compressive Secondary Buckling) (Compressive Collapse)
(Compressive Collapse Modes) (Stiffened Plates) (Minimum Stiffness Ratio) (El-P1 Large Deflection)

1. Introduction However, it has not been clarified whether there exists the
minimum stiffness ratio of a stiffener against the ultimate
strength of a stiffened plate.

In this paper, the authors will summarize their recent
research works on this subject’)=®). First, the funda-
mental methods for theoretical analyses which the
authors employed are described in Chap.2. Then, in
Chap. 3, the buckling and the ultimate strength of a stif-
fened plate under thrust are discussed together with the
ratio against the buckling strength of a stiffened plate. minimum stiffness ratio of a stiffener against the ultimate

As the load increases, a stiffened plate buckles in the strength of a stiffened plate, which is newly defined in

overall mode wheny <2, . _while the local buckling of tbkis investigation. The effects of initial imperfections due
the plate takes place in th:em:ase of yB . < y. When the to welding on the compressive strengths are also discussed,
min :

In general, ship structures are constructed by using
plates to reduce their weights and costs, and a number of
stiffeners are attached to the plates to increase their rigidi-
ty and strength. The buckling strength of a stiffened plate
increases with an increase of the flexual rigidity of the
stiffener, but reaches to its maximum limiting value when
the stiffness ratio of the stiffener to the plate, v, reaches
to 'me in» Which is well known as the minimum stiffness

thickness of the plate is thin, the stiffened plate can and the theoretical results are confirmed by the experi-
carry further load after buckling in both cases. mental ones.
As to the buckling strength of a stiffened plate, the

fundamental studies were systematically performed by

S.P. Timoshenko and J.M. Gere!’ and K. Klopple and J. 2. Methods of Theoretical Analyses

Sheer?). The ultimate strength of a stiffened plate under In this chapter, the outline of the methods for theore-
thrust was also investigated by Y. Yoshiki et al.3)4). tical analyses which the authors employed in their re-
1 Received on October 9, 1981 Transactions of JWRI is published by Welding Research Institute
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search works will be described.

It is well known that an initially flat stiffened plate
undergoes a primary buckling from an initially flat equili-
brium state under external loads, if the loads are applied
non-eccentrically. When the stiffened plate is accompani-
ed by initial deflection or the load is eccentrically applied,
lateral deflection increases from the begining of the load-
ing, but the increase of deflection is small until the load
reaches near the buckling load. Furthermore, the buckled
stiffened plate sometimes undergoes the secondary buck-
ling from the primary buckling mode. To analyse such be-
havior of a stiffened plate, the geometrical non-linearity
must be taken into account.

For a further increase of the load, plastification
gradually takes place in the plate and/or the stiffener, and
the stiffened plate reaches to its ultimate strength. For
the analysis of this stage, the material non-linearity must
also be taken into account in addition to the geometrical
one.

For the purpose of analysing such behaviors of a stif-
fened plate, two methods are employed. One is the analy-
tical method for the elastic large deflection analysis, and
the other is the numerical method for elastic-plastic large
deflection analysis. In both methods, the stiffener of a
flat bar type is considered, and its torsional rigidity is
ignored.

2.1. Analytical method for elastic large deflection
analysis

In the analytical method, Airy’s stress function, F, is

introduced using the coordinate systems shown in Figs. 1

and 8. The compatibility equation of the plate can be
expressed as follows.

VAF = E [(2?w[axdy)* — (22w[dx?) (32 w/dy?)
— (82w, /3xdy)? + (3%w,/3x?) (82w, /0y?)]

.......... 1)

where w, and w are the initial deflection and the total
deflection under external load, respectively.
The equilibrium equation for the plate is

DV*(w —wy) =t [(32F/ay?) (8> w/ox?) — 2 (92F/
axdy) (3>w/axdy) + (82F/ox?) (32 w/ap?)]  (2)

where
D =Ef*[12 (1 — v?) ; flexual rigidity of the plate
t; thickness of the plate
E ; Young’s modulus
v; Poisson’s ratio
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In the analysis, strains are assumed to be continuous
along the joint line of the plate and the stiffener, and the
equilibrium equation for the stiffener becomes as follows.

Era* (w— wy)fdx*
=A g (3*F[ay* —vd*Floax?)d*wldx®>  (3)

where I, and A are the moment of inertia and the
sectional area of the stiffener, respectively.

In the analytical method, the initial and the total
deflection, w, and w are first assumed so as to satisfy the
boundary conditions. Then, the stress function of the
plate, F, is derived substituting assumed w, and w into
Eq. (1).

For one type of problems, the principle of virtual work
is applied in the incremental form, and the fundamental
equations to be solved are derived. For the other type of
problems, Galerkin’s method is applied to Egs. (2) and
(3) substituting w, w and F.

2.2. Numerical method for elastic-plastic large deflection
analysis
Applying the finite element method as a numerical
method, the fundamental equilibrium equations are deriv-
ed in the incremental form based on the principle of
virtual work.
According to the formulation which has been develop-
ed by one of the authors'®), the final equilibrium
equation can be expressed in the following form.

{dFy}= Kyl g+ Kyl ) (dhg} — (L} (&)

where {ng} and {dhg} represent the nodal force and
nodal displacement increments, respectively, and

[Kpilg= ZIA)T [Kp)¢ [A]
summation of all the stiff-
ness matrices for each indi-
vidual element of the plate
in the global coordinates

Ky ], == [AI7 (K, 1 [A] 5
summation of all the stiff-
ness matrices for each indi-
vidual element of the stiffen-
er in the global coordinates

[A] ; transformation matrix of the coordinates
{L g} ; load correction vector

The detail of the formulation is presented in Ref. 10).
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3. Stiffened Plate under Thrust

Fundamentally, there are two ways to reinforce a plate
by providing stiffeners. One is to furnish stiffeners on
both sides of the plate, and the other is to put them on
one side. The former is suitable to study the basic be-
haviors of a stiffened plate. The latter is the usual practice
which is often used in actual structures.

3.1. Symmetrically both-sided stiffened plate

3.1.1. Analytical method for elastic large deflection
analysis

First, as the most fundamental research model of a
stiffened plate, a square plate with one flat stiffener is
chosen. The stiffener is attached along one center line of
the plate as shown in Fig. 1.

In general, the stiffener is welded to the plate, and
consequently the plate and the stiffener are accompanied
by welding residual stresses and initial deflection. In the
analysis, the welding residual stresses shown in Fig. 1 (a)
are assumed, which are based on the measured distri-
bution in the test specimen6). As for the initial deflection,
the following one is assumed.

X sin 217_y(5)

w, =4, sinll:‘L smT+B 2:
In the above equation, the first and the second terms re-
present the deflection modes of the overall and the local
buckling, respectively, and 4, and B, are the maximum
deflections for the corresponding modes.

Although there exist an infinite number of primary
buckling modes of stiffened plate, the subsequent buckl-
ing after the primary one shows a different character. In
order to investigate this phenomenon, a large deflection
analysis must be performed.

In the elastic large deflection analysis of the stiffened

Uniform displacements Oy ; Yield stress
Lt t
L == =
N Z
e f
t 1 28t 2t
_QH# : o
M L i 1
h d b fly)
: j
i | x x
I BpU RO | R
/L ke~ Oy —>
I ' : A
¥ X ¥ — %]
le b 2 h(z)
v

(a) Deflection mode (b) Welding residual stresses

Fig. 1 Square plate with a symmetrically both-sided stiffener
under thrust
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min

plate under thrust, the following total deflection is
assumed.

X . WY 2nx . 2wy
= 4 sin b smb + B sin —— 5 Sin—= ©)

where 4 and B are the maximum deflections of the corres-
ponding modes.

Substituting Egs. (5) and (6) into Eq. (1), the stress
function, F, is obtained. Substituting this stress function
and Egs. (5) and (6) into Eqgs. (2) and (3), the following
two equations are derived applying Galerkin’s method.

o (A% -A,2)A+a, (AB—A,B,)B+

(ay+o)(A—A4,)— 0, (B*-B,*)A4

—(a0—-a,)4=0 Q)
B, B> —B,*)B+8,(AB—A,B,)A +8,(B —B,)
—(B40-85)B=0 ®
where o is the applied mean compressive stress, and
o, =a*tE/32b% + n* (2 — v)A (E/32D,

a, =2n*tE/25b%, o, =n*D/p*, o, =n*AE/4b>,
a, =n*IE2b®, oy =2t (1 +24,/bD)4,

a, =t h/zh(z)dz+tsog(y)sm—dy]/2b

B4
Ba =nt, B =2n7¢[ {20 sin? 22 gy ),
= t(BP—t>), A=t (h—1)

n* tE[2b?, B, =2m*tE[25b%, B, = 4m*DJb?,

s

The solutions of the simultaneous equations, (7) and
(8), describe the elastic large deflection behavior of a
stiffened plate with initial imperfections due to welding.

To calculate the buckling strength of a stiffened plate,
the coefficients of initial deflection, 4, and B,, in
Eqgs. (7) and (8) must be zero, and the resulting equations
become

o A%+ (0, — 0 )AB? + (0 + o + 0, — 0 g0) A
=0 (10)
B, B> +B,A2 B+ (B; +Bs —B,0)B=0 (11

The buckling strength of a stiffened plate can be calcu-
lated by Eqgs. (10) and (11). First, assuming 4 (or B) to
be zero, the primary buckling strength is obtained as the
stress at the bifurcation point. Above this stress, B (or A)
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is no longer zero. After the primary buckling has occured,
the deflection of mode B (or A) increases, and the
subsequent buckling strength is again obtained at the
bifurcation point. Above this stress, A (or B) again be-
comes non-zero. This buckling will be called the second-
ary buckling hereafter. The deflection modes of the
primary and the secondary buckling are determined by
the magnitude of the stiffness ratio, vy, whether this value
is less than or greater than yB ,,;,.

@ v<7v3,
In this case, the stiffened plate buckles first in the over-
all mode at the critical stress given below.

Ot =0y o, o) ag (12)
After the overall buckling, the secondary buckling in the
local mode occurs, of which critical stress is given in the
following form.

Ocr2 ={o; (B; +Bs) —(oz +og +0,) B, }/

()B4 — 4B,) (13)

B <
®) Youn =Y

Contrary to the case (a), the primary and the second-
ary bucklings are in the local and the overall modes, res-
pectively, and the corresponding critical stresses become
as follows

Gcr3 = (B3 +B5 )/B, (14)
0,4 = {(as +os +0o,)B, — (0, — )
(63 +B5)}/ {aaﬁl - (012 - 014)64} (15)

3.1.2. Buckling strength

Taking b and ¢ as 500 mm and 3.13 mm, respectively,
the primary and the secondary buckling strengths are
calculated changing the welding residual stresses and the

height of the stiffener. The calculated buckling strengths
are plotted in Fig. 2. It is observed that the welding they

residual stresses reduce the local buckling strength, while
increase the overall buckling strength. Consequently, the
minimum stiffness ratio, 'mein, against the buckling
strength decreases when there exist welding residual
stresses. It should be noted that the maximum limiting
value of the buckling strength also decreases.

3.1.3. Post-buckling behavior and ultimate strength

A series of elastic-plastic large deflection analyses is
carried out for the stiffened plate shown in Fig. 1 chang-
ing the height of the stiffener. The initial deflection of
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the form expressed by Eq. (5) is assumed, but the welding
residual stresses are not taken into account.

For some typical cases, the load-deflection curves are
shown in Fig. 3, and the deflection modes and stress
distributions at collapse in Fig. 4. The evaluated ultimate
strengths are plotted against the height of the stiffener
in Fig. 5, where U1-U7 represents the ultimate strength of
a stiffened plate with small initial deflection (4,/t=
B,/t=001), and UD1-UD4 represents that with large
initial deflection (4,/t = B, /t =0.5).

Here, the behavior of the stiffened plate with small
initial deflection will be described.

30.0p "
14
Ocr 11y
rl— J
(kg/mm) 0y = 34.63 kg/m® 1ty
Local bucklin I;’l )
5.0} ~ a
-~ -3 i
SN i /
S ~ =5 i
~o N /‘E = "

20.0 ~~

~
t=3.13 mim
b =500 mm

15.0 ’ijnz
t i 2gt
(I
2 P
i B
10.0 L

e ———— -
(Without residual stresses)
; Primary buckling strength

Secondary buckling strength

5.0 | _=
(With residual stresses)
—-== 3 Primary buckling strength
w==- 3 Secondary buckling strength
0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0

h/t

Fig. 2 Buckling strength of a symmetrically both-sided stiffened
plate under thrust

0.7
“a, by %0y € x

—— 3 h/t= 0.0
—-—3 h/t= 5.0

—=-—3 h/t=10.5 o; Initial yielding at plate b
—— h/t=12.0 a3 Initial yielding at stiffener '_/{:-
——--—3 h/t=14.0 0.3 d
E =21000 kg/mn? A
Oy= 27 kg/mm? -
Uniform displacement Y 9/ ///
- /
_____ = 0.2
I ] e
—»{ * E‘ l __._/ -
- | : tg / ’//
Lol b et K 40.1!,/
bl © i h b = 500 mm
Dl o=
t=tg=3.2mm
fe— b —f s
R A . . s
-2.0 -1.0 0.0 1.0 2.0 3.0

Fig. 3 Load deflection curves of a symmetrically both-sided stif-
fened plate under thrust



Compr, Ultimate Strength of Stiffened Plate and vy v (229)

Ao s
h E’ . i ‘T ;3 AN Section
1M : - ------3 BB' Section
td : i = b =500 mm
IL___ E —l- x 30 t=tg=3.2mm
I

0

=10+

Fig. 4

h/t=12.0

h/t=14.0

S

Deflection mode and stress distribution of a symmet-
rically both-sided stiffened plate at collapse

0.7 u7
Uniform displt us o o
/Gy BU2
0.6 /
o un4
i e
0.5 va .
. UF e, /
4
v I ¥
0.4 ue Buckling strength
. Yo —————————
L ____,,—-o/ UDZ_//
e ___—o——* w3/ y
0.3} um // E =21000 kg/mm?
/ O'V = 27 ka/mm?
Buckling strength of stiffener // b =500 mm
0.2} , — t =3.2 mm
7
g / - toot
’ — Y=(7-V2)g[(3)’-”
7 "
01 | ——r—
By U 8 v
/ Yow Ymin | Ymin
/
/, A A A " 1 1 A —
2. 4.0 . 8.0 10.0 12.0 14.0 16.0 18.0
0 0 6.0 n/t
Fig. 5 Ultimate strength and minimum stiffness ratios of a sym-

metrically both-sided stiffened plate under thrust
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The ultimate strength for a small ratio of A/t (b/t <4)
is approximately constant and it gradually increases as
h/t increases (h/t > 4). It stops increasing and shows the
local maximum at point U2. For a smaller ratio of A/t in
this range, the initial yielding occurs first in the plate,
and the yielding of the stiffener follows. Contrary to this,
the order of the initial yielding is reversed for larger value
of h/t. However, regardless of the order of the initial
yielding, the stiffened plate collapses in the overall mode
in this range of A/t.

The stiffness ratio, v, calculated from A/t at point U2 is
defined as 7Ul o> Which gives the local maximum of the
compressive ultimate strength. The presence of this local
maximum is due to the sudden expansion of the yielded
zone in the stiffener.

(b) U2-_U5

In this range, the stiffened plate shows a very compli-
cated behavior. When h/t >9.5, there exist two peak
values in the load-deflection curves as shown in Fig. 3.
These two peak values are plotted by O and A in Fig. 5.
The first peak is due to the yielding of the stiffener, and
the second peak that of the plate. In this range of 4/¢, the
collapse mode is still in overall.

(c) U5-U6

Between U5 and U6, the stiffness ratio, v, is greater
than 'me in Therefore, the local buckling of the plate
occurs first, and the overall buckling of the stiffened
plate follows, when there is no initial deflection. When
the initial defleciton is small, the deflection of the stiffen-
er increases rapidly as the load approaches to the second-
ary buckling strength, and the plastification takes place
in the stiffener.  This plastification accelarates an
increase of the deflection in the overall mode, and the
stiffened plate can carry no more loads. For this reason,
the ultimate strength of a stiffened plate in this range of
h/t is very close to the secondary buckling strength when

the initial deflection is zero or very small.
(d) U6 -U7

In this range, the plate collapses locally after local
buckling before the secondary buckling in the overall
mode takes place. This local failure of the plate leads to
the simultaneous collapse of the stiffened plate. The
stiffened plate shows almost the same ultimate strength in
this range of A/t regardless of the stiffness of the stiffener,
which may be regarded as the maximum limiting value of
the compressive ultimate strength of a stiffened plate.
The stiffness ratio, vy, which is calculated from A/t at point
U6 is defined as the minimum stiffness ratio, ’yUm in>
against the ultimate strength of a stiffened plate, which
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guarantees the maximum ultimate strength.

As is known from the above discussion, there exist
three typical types of collapse mode of a stiffened plate
under thrust depending on the stiffness of the stiffener,
which can be classified as follows.

(a) MODEOO (y<7vy mm)
; overall collapse after overall buckling (U1 — U5)

(b) MODELO (v3. < v<vy¥. )
; overall collapse after local buckling (U5 — U6)

() MODELL (7Y. <)
; local collapse after local buckling (U6 — U7)

3.1.4. Effects of initial imperfections due to welding on
ultimate strength and vV, ;,

A series of experiments is carried out to confirm the
theoretical prediction on the behavior of a stiffened plate

0.7¢

Uniform displacements
0,/0y hﬂﬁy

0.6 b = -
(™

0.5 F

l
I: ij

k— b —sf

I b= 500mm
0.4 t=3.13m
Ty = 3160 kg/m? (.09) 0

Initial deflection ;
TX o T 21X 5 2m :
wo = AgsiniisinTy + BosinSEsin! ——=—3 Buckling strength
T qBY B Tx / : Initial yielding of the bending

stress of a stiffener
/ —-—; Initial yielding of the membrane

-\ Local buckling
Theories

0.3 F

stress of a plate

Overall bucklin yd —--=; Ultimate strength by Eq.(32)
- Experiments
~ o ; Ultimate strength (Numerals in
0.1k e — - parentheses indicate ratios of
A the maximum initial deflection

of a stiffener to plate thickness)

N . " 2 1 N N 1 1 J

o 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0

h/t
(a) Stiffened plates free from welding residual stresses

Experiments
o.7r . o ; Ultimate strength (Numerals in parentheses indicate
Uniform displacements ratios of the maximum initial deflection of a
0y/0y stiffener to plate thickness)
0.6 [ Y A t /
- He=x = h /
f - -
| l A VROl M azezpae=o.0
Ao/t =Bo/t=0.01
> b=500m

T t=3.13mm
0.4 } 1 1 0y = 34.63 kg/mn?

[

Initial deflection ;
wo=Ausin’-g-(sin'-'BY+B,,s1n%Fsin-5¥

Ao/t =Bo/t=0.25
Ao/t =Bo/t=0.1
Ao/t =80/t =0.05

0.2 b 2 TheoriesB a "
N === Buckling strengtl
Overall bucklin // —: Initial yielding of the bending stress of a
— stiffener
—_— ~e=; Initial yielding of the membrane stress of a
[ plate

—--—; Ultimate strength by Eq.(32) (free from welding
residual stresses)

2 L 1 " I N n n "
0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0
h/t

(b) Stiffened plate with welding residual stresses

Fig. 6 Effects of initial deflection and welding residual stresses
on ultimate strength of stiffened plates under thrust
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including the effects of initial imperfections due to weld-
ing. The test specimen shown in Fig. 1 is used taking b
and ¢ as 500 mm and 3.13 mm, respectively, of which
stiffener has a stiffness ratio greater than vB min: 1he
observed ultimate strengths of the annealed specimens and
the as-weld specimens are plotted by O in Figs. 6 (a) and
(b), respectively, against the height of the stiffener.

The solid lines and the chain lines with one dot in
Fig. 6 represent the predicted ultimate strengths by an
analytical method using Eqgs. (7) and (8), in which the load
at the initial yielding of a stiffened plate is regarded as its
ultimate strength. The solid lines represent the ultimate
strength in MODE LO, which is determined by the initial
yielding of the stiffener. Contrary, the chain lines with
one dot represent the ultimate strength in MODE LL,
which is determined by the initial yielding at the middle
plane of the plate. The validity of the above mentioned
method of calculation on the ultimate strength of a
symmetrically both-sided stiffened plate is confirmed by
the finite element method in Refs. 6) and 9). In Fig. 6,
the predicted ultimate strengths correspond well with
those by the experiments.

As is known from Figs. 5 and 6, the initial deflection
reduces the compressive ultimate strength of a stiffened
plate especially when the collapse takes place in MODE
LO. However, if the value of y becomes greater than a
certain value, the collapse occurs in MODE LL, and the
ultimate strength shows a nearly constant value which
depends on the local collapse strength of a plate regardless
of the stiffness of the stiffener. The authors have named
this specific value of the stiffness ratio as the “effective
minimum stiffness ratio, e f'mel.n against the ultimate
strength of a stiffened plate with initial deflection.

When the welding residual stresses exist, the ultimate
strength is greatly reduced as observed in Fig. 6. v Y

k44

mm

B
e ff7 min als0 becomes small as in the case of v . .

3.1.5. Minimum stiffness ratios, 5, ;. and vV, ;,

For the analysis of a stiffened plate with an arbitrary
number of stiffeners and an arbitrary aspect ratio, which
is subjected to thrust, the following deflection is assumed.
knx . Imy

smT+ B sin g Sin—p— (16)

. max
w= 4 sin

where a and b are the length and the breadth of the plate
as indicated in Fig. 7. In the above equation, the first and
the second terms represent the overall and the local buckl-
1ng modes. Here, the minimum stiffness ratios, vB min and
7 min are calculated for the plates with one stiffener and
those with two stiffeners. in Eq. (16) is taken as 2 and 3

for the former and the latter stiffened plates, respectively.
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The calculated results are shown in Figs. 7 (2) and (b).
The broken lines and the solid lines in Fig. 7 represent

U
min

(231)

the stiffened plate always collapses in MODE LL when
the local buckling of the plate takes place, and the

0% fm. , and y g”.n, respectively. For certain combinations collapse in MODE LO does not exist. In this sense,
of the aspect ratio of the plate and the number of the stif- 0% I’Jm.n becomes equal to vy 5“.” for these stiffened plates.

feners, there exists no secondary buckling. In this case,

601
B U m ; Number of half waves in loading direction
Ymin| Ymin
50F  (1-v2)tg(h?-t?) K §=0.20
YTTThe
§=0.15
5o (t)s —
400 = bt _
m=1 — §=0.10
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30F b/t =156.3 §=0.05
20} S
-l |t '
- Yr?rin (minimum stiffness | [ ]} b/2 e
ratio for i 1 i S
buckling strength) = H; T ]
10 ] .. . il t i
=3 Ypin (Minimum stiffness i b/z L h
ratio for [ | JLt
ultimate strength)
a
| I 1 i l 1 I | | - S |
] 1 2 3 4 5 6 a/b 7
2. 76 12 Y20 Y30 Y42 /56 Y72 V90 Y110 V132
2 2 2 2 2 2 2 2 2 2 2
(a) Stiffened plates with one longitudinal stiffener
300
B [ U
Ymin| Ymin
§=0.20
250 ™
e
o M m=2
-3¢ §=0.15 \
200f| m=T
m=2
-
y _,\ §=0.10 ~]\\ \'/
1sof  (-v)ts(h’-t3) m=1. m= me2
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——— -1\ -~
_{-tp)ts z "l =2
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p | N\ -
m=1 -
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U buckling strength)
50} b/t=234.4 5 Ymin (minimum stiffness ratio for
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0 1 2__ _3 4 8 ___ 6 a/b 7
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(b) Stiffened plates with two longitudinal stiffeners

Fig. 7 Minimum stiffness ratios, 'yB

'min and 7%% of a bothsided stiffener against buckling and ultimate strengths
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3.2. One-ided stiffened plate

3.2.1. Analytical method for elastic large deflection
analysis

In the above discussion, the stiffeners are assumed to
be symmetric with respect to the middle plane of the
plate. However, in the actual structures, stiffeners are
usually put on one side of the plate as shown in Fig. 8.
For a wide use of the analytical method, it is assumed that
N stiffeners of the equal dimensions are furnished to the
plate at equal distances. The deflection of a stiffened
plate under thrust may be represented in the following
form.

mmx nny

= 4 sin % gin X in JATX
w Asma sin—~ + B sin P sin — a7n

where n is equal to N + 1. The same mode is assumed for
the initial deflection, that is,

. WX W .ommu
Wy = A, sin—— sin 72+ B, sin
a

X . By
b sin == (18)

In Egs.(17) and (18), the first and the second terms
represent the overall and the local buckling modes, res-
pectively.

Substituting Eqs. (17) and (18) into Eq. (1), the stress
function, F, is derived. Using this stress function, the
stress components of the plate can be expressed in the
following forms.

o, =9’F/3y* — Ez {8% (W — w,)/0x>
+00% (w—wy)/0y* Y (1 —v?)
= 32F/3x* —Ez {9% (w— w,)/0y?
+ 0% (w—wy)/ox? } (1 —v?)
=—9%F/axdy — Ezd3* (w — w,)
[oxay/(1 +v)

(19)

From the elastic stress-strain relation in the plane stress
state, the strain components can be expressed in the
following forms.

1 eT_ ]
_‘: t —- ._.i_.-_j__fﬂ

n-1)6
+n-6

/ =

a PEP, e=

"im

Fig. 8 One-sided stiffened plate and its coordinate system
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- VOy)/E
€, ='(oy —vo, )/E
Yxy =201+ v)rxy/E

€ = (oxv
(20)

It is assumed that the strains are continuous along the
joint line of the plate and the stiffener, and the strain in
the i-th stiffener can be represented as follows.

— V0% F/3x?)[E — zd* (w— wy)/

(21)

—_ 2 2
€= {(3*F/ay
2

ax* } l y=ib/n

In the analysis, the plastification of the stiffener is taken
into account, and the stress in the stiffener is put equal to
the yield stress, oy, at the region where E - € si reaches

Oy, that is,

g. =

5 E- €si

(E-e;<0y)

Oy E-e;20y)

(22)

Now, it is assumed that the stiffened plate is in the
equilibrium state under the external load, P (= (n —1) P,).
In this state, under the load increment, AP, the equili-
brium equation is derived applying the principle of virtual
work,

sW=8U, + ) U, (23)
i=1
where

N

SW=2 (P, +AP)8Au,
i=1

Au,= [Sg{(a2 AF[3y* — vd® AF/0x*)|E —
(0AW/0x)? [2 + (3w/0x) (0Aw/dx) }dx +
2dadw/ax |, _ ] {y - b/n (24)

5Up, = SV {(0, + Ao )8Ae, + (oy + Aoy)SAey +

(7, T A7 )80, , YdV
8Uy =, (0, + 0oy, )s0e dV

In the above equation, A fepresents an increment. Sub-
stituting Eq. (24) into Eq. (23), the following equation
can be derived.

[K] {A4,0BY = {Q}ro+ (R I+{L} (25
where
[K] ; function of 4,B,4,,B,, o and welding residual

stresses
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{Q} ; function of 4,B,4,,B, and (d — e)

{R w }; function of 4,B,4,,B, and welding residual
stresses

{L} ; functionofA,B,4,,B, and 0

3.2.2. Buckling strength

When the load is applied to the center of geometry of
the section of a stiffened plate free from welding residual
stresses and initial deflection, Eq. (25) becomes as follows.

Kig Kyp Aa =0 (26)
Kpy Kpp AB

The conditions for bifurcation of the overall buckling and
the local buckling can be expressed in the following
forms, respectively.

| [Ky4] [=0
| [Kppl |=0

@7
(28)
Solving Egs. (27) and (28) with respect to the average

applied stress, o, the following buckling stresses are
obtained.

Overall buckling ;

— 2
o, =[ny,+(A+a®y1n’D/a’t (1 +n8) (29)
Local buckling ;
—_ 2 2 2
acr2 =n’D(m?® + a*n*)? [ a?tm? 30)

where

v, =E [Is+htsc2 {1-8N§/7% (1 +N&)}/bD
— - 3 — =
c=+1)2, I =th /12, & —hrs/bt, o=alb

If the primary buckling expressed by Eq.(29) or
Eq. (30) takes place, { Q }in Eq. (25) is no longer zero,
and consequently, both AA and AB become non-zero.
For this reason, there exists no secondary buckling in the
case of one-sided stiffened plates.

When the stiffened plate is accompanied by welding
residual stresses, {R , }in Eq. (25) is not zero, and both
AA and AB become non-zero even when the external load
is not applied. Therefore, the buckling in the strict sense
does not occur.

3.2.3. Post-buckling behavior and ultimate strength

First, a square stiffened plate with one stiffener is
considered. The stiffener is furnished along one center
line of a plate. Figure 9 shows the load-deflection curves
of such stiffened plates which are subjected to thrust at
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the center of geometry of the section. In this figure, the
solid and the broken lines represent the results obtained
by the analytical method and the finite element method,
respectively.

As in the case of a symmetrically both-sided stiffened
plate discussed in 3.1, there exist three typical collapse
modes depending on the stiffness of the stiffener, which
are MODE OO, MODE LO and MODE LL. Here, the large
deflection behavior of a one-sided stiffened plate will be
described for the three typical collapse modes based on
the results by the analytical method.

(@) MODE 00 (#/t=5.0)

When A/t is small, plastification of the stiffener (P,) is
observed first. The stiffened plate can carry further load,
and plastification of the plate takes place at point a along

the supporting side of the plate as indicated in Fig. 9 (Pp).
Then, the stiffened plate will show its ultimate strength.

(b) MODE LO (A/t =6.25 and 6.5)

For the case of A/t being intermidiate, the local buckl-
ing of the plate proceeds. Consequently, the rigidity of
the plate decreases and the load applied originally at the
center of geometry of the section becomes -eccentrical.
Then, the deflection of the stiffener increases rapidly, and
plastification takes place in the stiffener. Soon after

0.7 h/t=10.0
0/0y —O——+—0—; Analytical
h/t=7.0
. = 4= FLEM.
0.6} h/t=6.75

t =3.2mm

Ao N
,’_'_,:\é h/t=6.5 Oy =27 kg/mm?

0.5

0.4
e
0.3 2-- te—1 t
Loading i le—
F point h |
e } h
g T— m——— I X
0.2
enter of geometry
+; Initial yielding of stiffener (Pg)
o1l ©: Initial yielding of plate (Pp)
’ A; Initial yielding of plate (F.E.M.)
O 5 Local maximum (P])
I 1 L
0.0 1.0 2.0 W/t 3.0

Fig. 9 Load-deflection curves of one-sided stiffened plates under
thrust
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plastification of the stiffener, the load shows a local
maximum (P)) and decreases as the deflection increases.
However, the stiffened plate again sustains the increasing
load. Then, plastification of the plate takes place between
points a and b indicated in Fig. 9 (Pp), and the plate may
reach its ultimate strength.

() MODELL (h/t> 6.75)

When &/t becomes larger, the local buckling of the
plate occurs. Then plastification of the plate takes
place at point b indicated in Fig. 9 (Pp) before the load
shows a local maximum due to plastification of the
stiffener.

The ultimate strength of a one-sided stiffened plate
may be approximately predicted as the initial yielding
load, Pp, of the plate in the case of the collapse in MODE
OO or LL. In contrast with this, the ultimate strength
may be approximately estimated by the higher load
among the initial yielding load of the plate, P,, and the
local maximum load, P, when the collapse takes place in
MODE LO.

Such ultimate strengths predicted by this approximate
method are plotted against the height of the stiffener in
Fig. 10, together with those by the finite element method.
They show good correlations. In Fig. 10, the solid lines
between two points indicated by x represent the ultimate
strength when MODE LO collapse takes place. In this
range, the load shows the local maximum. When the
height of the stiffener is higher than that at the point of
higher x, the collapse occurs in MODE LL. In contrast
with these, collapse in MODE OO takes place when the
height of the stiffener is lower than that at the point of

0.7 r
s=e
%% (1) mooe oo (n)’
s (W wooe Lo =°
0. (IT) MODE LL /
0.5 F /o/ —-‘
(1) (m)
1 ____________________
Local bucklin
0.4 t=3.2mm ,’ ty
Oy = 27 kg/mm? /! T, |t
/
/ 8
031 Overal) buckling ¢ N
/ J_ X
/ ( Buckling strength )
0.2 r , ————; Analytical method
e ; u Loadin
_~-" (Ultimate strength) Center of |t /oiTg
01 -~ ; Analytical method Jeometry
' O ; F.EMM. (s=¢) et ﬁls
A F.EM (s=0) e Sl
0 2.0 4.0 6.0 8.0 10.0 12.0 4.0

h/t

Fig. 10 Ultimate strength of a one-sided stiffened plate under
thrust
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lower x. At points indicated by x, P, is equal to P,.

Hereafter, the approximate method descnbed above
will be employed to evaluate the compressive ultimate
strength of a one-sided stiffened plate.

3.2.4. Minimum stiffness ratios, y ({nin and effY I{m-n,
of a stiffener against ultimate strength

Figure 11 shows the ultimate strength of a one-sided
stiffened plate with initial deflection. When initial de-
flection is small, the minimum stiffness ratio, y %in’ can
be determined as the stiffness ratio which terminates the
collapse mode from MODE LO to MODE LL. This stiff-
ness ratio corresponds to that at the point of higher x in
Fig. 10. When initial deflection is large or the load is
applied eccentrically, the effective minimum stiffness
ratio, eff Y % in» can be determined in the similar way as
0% %in. These points are represented by O and A in Fig.
11, respectively.

In the case of a symmetrically both-sided stiffened
plate, the maximum ultimate strength is attained if the
stiffener of which stiffness ratiois y ¥ ;, is furnished. On
the other hand, in the case of a one-sided stiffened plate,
the ultimate strength increases as the stiffness of the stif-
fener increases even when 7 is greater than vy (,fn in This
is due to the following reason: After local buckling of the
plate, the rigidity of the plate decreases, and the load
which is first applied non-eccentrically becomes eccentri-
cal as mentioned in 3.2.3. For this reason, the load carry-
ing capacity of the stiffener changes depending on its stiff-
ness when it is not so large, and so the ultimate strength

0.7 Ultimate strength by £q.(32)
: Minimum stiffness ratios

- ————

s U
o Ymin
L . ]
0.8 A effmin
Ao/t =Bo/t=0.01

0.5k Ag/t=By/t=0.1

g g R
- N

s b LT T = SR
0.4 Ao/t =Bo/t=0.25 ) Ag/t=By/t=0.25
' / Local bucklin

Ultimate strength
;s=e

Overall buckling //

/ ths
Vi ={1-y?
;o= 0-y s
> Loadm
Pid ~ point

o

i~

w
01 F J_
[Center of

geometry

0 2.0 4.0 6.0 8.0

U U
Fig. 11 Minimum stiffness ratios, Ymin and eff Y min against
ultimate strength of a one-sided stiffened plate under
thrust
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of a stiffened plate in MODE LL. Therefore, the stiffener
of which stiffness ratio is about 3.5 times of v ¥, is
necessary to attain the maximum limiting value of the
ultimate strength of a one-sided stiffened plate even the
initial deflection is small.

The value of y I,{,,in can be approximately determined
as the stiffness ratio at the intersecting point of the over-
all buckling strength curve and the ultimate strength curve
of MODE LL, which are represented by the dashed line
and the chain line in Fig. 11, respectively. This point is
indicated by ® in Fig. 11. The ultimate strength of MODE
LL collapse can be approximately estimated by Eq. (32),
which will be described later in 3.2.6.

When initial deflection is pretty large, there exists no
significant point which terminates the collapse mode from
MODELO to MODE LL. In this case, the ultimate
strength gradually increases as the stiffness increases, and
it is no use to define the effective minimum stiffness
ratio.

3.2.5. Effect of yield strength of a stiffener on ultimate
strengthand vy U,

When the primary buckling of a stiffened plate takes
place in the elastic range, the value of v l,’;n-n is not affect-
ed by the yield strength of the stiffener. Contrary to this,
the value of v (,jnm is greatly affected by it, because the
ultimate strength in the overall collapse mode after local
buckling depends on the plastification of the stiffener.
Here, such effect on the value of ¥ ¥, and the ultimate
strength of a stiffened plate will be discussed.

The ultimate strength is calculated by the analytical

0.7 Ultimate strength by £q.(32)
‘T/le- -
! O3 Ymin
0.6 |
/—
Ultimate -
0.5 | strength
Local buckling
I 1 ] s Yield stress
0.4 | Initial yielding o
of a stiffener] ~ Plate 3 Oy=27.0kg/mm?
Stiffener
/ 2
/ 3 Oy =27.0 kg/mm
0.3 F Overall bucklin/
e
EI
y=
0.2 b J/ . 6D £s
/S BHTR)
“ 1=t
0.1 b
b = 500 mm
t=3.2mm
A L L 'l J
0 0.5 1.0 1.5 2.0 2.5

Fig. 12 Effect of the yield strength of a stiffener on the ultimate
strength and U min of a one-sided stiffened plate under
thrust
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method described in 3.2.3, and the results are shown in
Fig. 12 together with the initial yielding strength of a
stiffener. In the analysis, the yield stress of a stiffener is
taken as 1.0, 1.5 and 2.0 times that of the plate. It is
observed that the initial yielding strength of a stiffener
increases as its yield stress increases. Consequently, the
ultimate strength of a stiffened plate in overall collapse
mode increases with an increase of the yield strength of
a stiffener. In contrast with this, the ultimate strength
in MODE LL is not affected by the yield strength of a
stiffener.  As the value of y U, can be determined as
the stiffness ratio which terminates the collapse mode
from MODE 1O to MODELL, vy (,fm-n decreases as the
yield strength of the stiffener increases.

Concerning the effect of the yield strength of a stiffener
on vy (,{, in and the ultimate strength of a stiffened plate,
the effect of the shape of the cross section of the stiffener
is also discussed in Ref. 7) in addition to that of the yield
stress of the stiffener.

3.2.6. Compressive ultimate strength of a multi-stiffened
plate

For the plate of which aspect ratio is 0.5, the ultimate
strength is calculated by the analytical method described
in 3.2.3, and the results are represented by solid lines in
Fig. 13 changing the number of stiffeners from 3 to 6.

1.0 N=6
0,/0y N=5 ——
0.9 |
N=4
0.8 | —_— -
0.7 - N=3
0.6 |-
0.5 =
0.4 ——— ; Buckling strength
/’,I/I / = ; Ultimate strength
Ty . j
N ; Number of ,// Il / —_——— g]tznggge strength by
0.3} stiffeners iy / (l]J
//, S © 3 Ymin
/// /
iyir .
// iffe~1 tg
0.2 F 4 N e
24,/ a=2500mm
s
Yy 1, b = 5000 mm o - t
9,/
S t=16m = |
0.1 |- (A4
'2‘2/ ts=16mm _": ] ]b
| me=2® Oy = 27 kg/mm? _Jt— h
e— a —>f
1 1 Il 1 1 L J
0 2.0 4.0 6.0 8.0 10.0 12.0 14.0
h/t
Fig. 13 Ultimate strength of one-sided stiffened plate under
thrust
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The broken lines in Fig. 13 represent the buckling
strength. When MODE LO collapse occurs, the ultimate
strength may be approximately estimated by the overall
buckling strength, assuming that the local buckling of the
plate does not take place, which can be expressed in the
following form.

0uloy = [N+ 1)y, + {1+ (@b 1 n°D)
[a?t{1+(N+1)8}oy ] 31)
where NV is the number of stiffeners.

The chain lines in Fig. 13 represent the approximate
ultimate strength when MODE LL collapse occurs. It is
evaluated as the mean value of the ultimate strengths of
the plate and the stiffeners, which can be represented as
follows.

o,loy = [oup/oy +Néa, foy] [ (1 +N§) (32)
where oup/ oy and o,/0y are the ultimate strengths of
the plate and the stiffener under thrust, respectively.

First, the ultimate strength of a plate will be consider-
ed. A rectangular plate shows a various deflection modes
under thrust depending on the magnitude and the mode
of initial deflection, and so its ultimate strength depend-
ing on the following collapse mode. The minimum limit-
ing value of the compressive ultimate strength of a rectan-
gular plate for all possible collapse mode can be expressed
in the following form when the initial deflection is very
small and the welding residual stresses do not exist'2).

)y 08=2¢<20
0,pl0y = —0.2961 (§* —4.0)+0.6709 (§ —2.0)

+0.8935 (33)
i) 202§8<35
0,pl0y =0.8598/ (¢ —0.6678) +0.2481 (34)

where
£=b/(N+1)t - VO JE

The compressive ultimate strength of a stiffener, o,/
Oy, can be evaluated by the following equation employing
Johnson’s formula.

l) O é Uy/z
0ys/0y =ogloy
i) oy/2 <ogp

0,sl0y =1 —oy/4og
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where
o =m>Eh?[124°

The ultimate strengths calculated by Eq.(32) show
good correlations with those by the analytical method.

In Fig. 13, o represents the accurate values of y ’{n in
which are calculated by the analytical method. In
contrast with this, ® represents the approximate value of
0% %in which is determined as the intersecting point of the
ultimate strength curves by Egs. (31) and (32). The ap-
proximate values of v U ;. coincide well with the accurate
ones.

4. Conclusions

In this paper, the buckling and the ultimate strengths
of a stiffened plate under thrust are investigated both
theoretically and experimentally. In parallel with this, the
minimum stiffness ratios of a stiffener against the buckl-
ing and the ultimate strengths are also studied. From the
results of the investigation, the following conclusions are
deduced.

(1) When the stiffener is symmetric with respect to the
middle plane of the plate, the secondary buckling
takes place after the primary buckling.
For the symmetrically both-sided stiffened plate, it is
found and confirmed that there exist two significant
stiffness ratios, v ¥, and y U, ;,, of a stiffener to the
plate against the ultimate strength. Among these two
stiffness ratios, y %in is especially important since
v U, is the minimum required value of the stiffness
ratio which guarantees to attain the maximum limit-
ing value of the ultimate strength as the minimum
stiffness ratio, Y8 ;, , against the buckling strength.
There exist three typical collapse modes of a stiffen-
ed plate according to the stiffness of a stiffener.
They are
(a) MODE OO ; overall collapse after overall buckl-
ing
(b) MODE LO ; overall collapse after local buckling
(c) MODE LL ;local collapse after local buckling

The collapse mode is terminated from MODE LO to
MODE LL at the minimum stiffness ratio, 7y lr’m-n.

For the one-sided stiffened plate, the minimum stiff-
ness ratio, ¥ U,,;,, can also be determined as defined
above (3). However, about 3.5 times of the stiffness
ratio of y U . is necessary to attain the maximum
limiting value of the ultimate strength in this case.

When the stiffened plate is accompanied by initial
deflection or the load is applied eccentrically, the
effective minimum stiffness ratio, ¢y U in> against

(2

3

4)

)



(6)

(7
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the ultimate strength may be defined, which has the
same physical meaning as 7 (,]m-n and greater than
v ¥ n- The initial deflection or the eccentricity of
the load reduces the ultimate strength.

When welding residual stresses exist, the minimum
stiffness ratios, v 8, and v ¥,;,, become low, and
they reduce the attained maximum limiting value of
the buckling and the ultimate strengths.

The approximate evaluating method of the compres-
sive ultimate strength of a multi-stiffened plate is
proposed when MODE LO and MODE LL collapses
take place. The minimum stiffness ratio, 7y (,{,l in>»can
be approximately determined as the stiffness ratio at
the intersecting point of these approximate ultimate
strength curves of MODE LO and MODE LL.

The authors wish to express their gratitudes to those
who have engaged in the research works related to this
paper.
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