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On Algebras of Left Cyclic Representation Type

By Tensho YosHIt

§1. Let A be an associative algebra (of finite dimension) with a

n_ fGD
unit, N its radical and let > >} Ae;; be the direct decomposition of A

i=1 j=1

into directly indecomposable components, where Ae;; = Ae, = Ae¢;. If

every indecomposable A-left module is homomorphic to one of Ae;,

then we define such an algebra A to be of left cyclic representation type.

Now it is well-known that, if every indecomposable A-left module

is homomorphic to one of Ae, and every indecomposable A-right module
is homomorphic to one of ¢,A, A is generalized uniserial®.

In this paper we shall study the structure of an algebra of left
cyclic representation type. The main result is as follows:

An algebra A is of left cyclic representation type if and only if the
following conditions are satisfied :

(1) Each e;A has only one composition series.

(2) Each Ne; is the direct sum of at most two cyclic left ideals,
homomorphic to Ae,, each of which has only one composition series.

§2. In this section we suppose that N?=0 and show some lemmas
which are necessary for the proof of our main theorem.

Lemma 1. If there exists at least one e such that eN=v,ADv,A, A
is not of left cyclic representation type.

The proof of this lemma is obtained from the well-known result.

Next suppose that ¢Ne==¢'Ae'u, ® e Ae'u, ® ¢ Ae'u,—u,eAé. Then it
is easily shown that ¢ Ne=uwu,gAe¢=wu.2Ae and there exist ,, &,€eA¢ such
that &, =u,, u.§, =u,. Moreover we put S,;=[n|uy=r'u;, ncede
and 7 €¢’A¢’]. Then each S;; is a module and we have

Lemma 2. Suppose that ¢ Ne has the above structure. Then
2Ae=S,+S;,+Su, S, =S5 +SF, S,,=SH +SF, S, =S +SF, S¥ =S¥,
b =S¥, S¥ =S, SP =S, ST =SF and SF=SF where Si7 (c=1,2)
are submodules of S;; such that S;;=S{}+S3 ..

1) cf. T. Nakayama L
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Proof. It is clear that S,£ =S, S,&=S,, and ¢4¢=S,+S,+S.-
Hence if we denote the dimension of S;; by d(S;;) we have d(S,))=d(S,,)

—d(S 13)—d<e§4e>. Moreover S,,nS,, =0 and S;nS, =0 if x==x. For if

Se nSAtaé‘:t:O we have wu&="~Cu;, une¢==¢"u;, & 'ul==¢""'w& and ¢ 'uc
—é‘” u, and this contradicts to the assumption that &A¢u.=e Aé'u,.
Hence S,,nS,,==0 or S,,nS,;==0. Now if we put S§¥=S,,nS,, and S§2=S,,n
S;s. Then S,,=Si%+S8% . For S,,nS,,=0. Next S, nS,,=0 and if we put
SN S, =S5 and S,NS,, =S we have S,,=S +Ss? and d(S$}’) =d(S5¥
and d(S$})=d(S$). S1m11arly S=S%+S%. Moreover S, OS5 +S2.

But d(S%)=d(S®)=d(S$). Hence d(S})+d(SH)=d(S%)+d(SH)= "_(é?‘)@.

Thus S,,=S5 +S55. Next if S;nS,=0 and S =S,,nS, &S5, we
have S§¥=S,nS,,=2S5Y. For d(S§¥)=d(Ss¥) and d(S§})==d(S5¥). Thus
2 NS§Y==0 but this is a contradiction and S&=S$Y. In the same way
as above we can prove this lemma.
Next we shall show that if Ne is the direct sum of three simple
components isomorphic to A¢’ and if ¢N is a simple right ideal, then A
is not of left cyclic representation type. For this purpose we shall prove

Lemma 3. Suppose that & Ne= e A¢u, ¢ Ae'u, D ¢ Ae'u, = ueAe.
Then W= Aem,+ Aem,, where um,==0, wum, =0, wum,=um, nm,=+=0
and um,=0, is directly indecomposable.

Proof. Suppose that 9t is directly decomposable and = Aen, H
Aen, where n,=am+am,, n,=pm~+PBm, «, B;cede and & =+0,

,8j=i=0. If un,=0, uam+ud,m,—=0. Hence we can suppose that
o =E,+n,+y, d,=E& ,—n,+v where £,€S,, 5,€S,;, £,€S, and
v, v € eNe. Then we can write &,=E% +£5Y, 9, =% + 75, Ell_$<“+’g‘(z’
where &% €S{¥®. Thus wu,n = u,a,m, +u,ct,m, = (u,EP +u,EL +u, 52 +
)y + (U S +u, sy + 4,655 +u,E3)m, and if w,m, =0, we have & =
—EY, ER = —ns and 7% = —&%. But S$NSH=0. Hence u,n, = 0.
Similarly w#,n,==0. Moreover we can prove that wu,m, =Fwu,n,. Now
suppose that w,n,=wu.n,. First we may suppose that wu,p=w, where
p€Ss. For if u,p=pu,, we can take u,’=pu, in place of u, and it is
easily shown that S{ are invariant for u,, u,, u,". Then (u2 P+ u LY +u,ns?
+u,msh) My + (U,ms3 + umsy + LY +u,E% ) m, = (U3 + uESY + umsY +usnsy) m,

+ (U2 +umsy +ufSy +u.b¥)m, where we can put £ =£&32, & = &Y,

(2) 2) Ay (1) (2)_ (2) (1)____ (1) [¢8] (1) (2) ___ £
N3z == 7a1, 721 = 732, 722 =731, 721 =— 732, S22 =—S33 and f f . Hence

uzgu m1 + uz‘gzs m1 + u27721 m1 + uzﬁzz mz + uzfzz mz + ”zééa mz - ungsb‘ ml + uzp'f:(ill)m
+ U, p 7Y M, + UypnsE M, + U, pESE M, + u,pEEm, and from the independency of

um,, um, and wum, = u,m, we have ER + (D_Pf(l)"'P??:(&zl); <1>+§(2)_p§§§)

+p§(1) and 77(2)+§élz)_P’77:(512)+P§§22)-
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Now from the assumption we have peS{H =S = S{¥. Hence
pS(l) ilz)’ pS(D 513)’ Psg.]é)—"sill)) pS(Z) Sﬁ})’ pS(2)._S](. and PS(Z)_S%Z:‘;).
Thus we have 7% =p&5y, &% =pni?, & =p&fy, £8=p&f, n=pfR and
£y =pnsy. But &5 =E&%, 78 =25 and &y =£{. Hence we have p’=¢e

2 —_— 2
(p=4=¢). But if this is true, e=e+’§’+'O +2€ g P~ is the decomposition

of ¢ into two idempotents orthogonal to each other, where we assume
that the characteristic is not 2 and not 3, and this contradicts to the
fact that ¢ is a primitive idempotent. Thus we have Au,n, == Aun,
If the characteristic is 3, (¢e—p)*=0 and e—p€eAe. But this is a con-
tradiction. If the characteristic is 2, e+p+p® and p+p® are idempotents
orthogonal to each other and e=(e+p + p®) +(p +p?).

In the same way as above, if ##n, =0, we have wu,n,9=0, #n,==0
and Awu,n,== Au,n, and the largest completely reducible A-left submodule
of M is the direct sum of at least four simple components. But this
contradicts to the assumption, since the largest completely reducible
A-left submodule of Wt is the direct sum of three simple components.
Thus the proof of this lemma is complete.

If Ne is the direct sum of at least three simple components (not all
isomorphic to each other), it is proved by the same way as above or
[III] that A is not of left cyclic representation type.

Lastly we can easily prove

Lemma 4. If e¢,==¢, and Ne, and Ne, contain simple components iso-
movphic to each other, A is not of left cyclic representation type.

Hence if A is of left cyclic representation type and Ne, and Ne,
contain simple components isomorphic to each other, we have Ae,==Ae,.
From the above lemmas we have

Theorem 1. Suppose that N*=0. If A is of left cyclic represent-
ation type, it satisfies the following conditions :

(1) Every e\N is simple

(2) Every Ne, is the dirvect sum of at most two simple components.

§38. In this section we suppose that N*3=0. First of all we shall
prove the following

Lemma 5. If Ne/N’e= Au, P Ada,, then there exist v,, v, such that
Ne= Av,+ Av, where v,=u, (N?) and v,=i,(N?.

Proof. From the assumption Ne= Av,+ Av,+ N% where v,=ui,(N?)
and v,=u,(N?). Now N?¢= Nv,+ Nv,+N%. Hence Ne=Av,+ Av,+ N°e.
Thus if we continue this process, we have Ne= Av,+ Av,.
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Next we suppose that Ne= Au, +Au, where ¢'u,=u,, ¢u,—=u,. Then
we can put w,=wu, or w,=u,.
Thus we have

Corollary 1. Suppose that Ne| N’e= Au,+ Au, where A, = An,~ A,
and ¢ N|e&'N? is simple. Then Ne=Au,+Au,, ¢ N=u,A and, if 5,v<€ e A,
there exist n, <, ', o'’ €eAe such that nu,=uy’, yu,=uyy or nu,=u,n",
YUy = tyY".

From the above lemma we have also

Corollary 2. If Ne,= Au{®+Au$®, an arbitrary element of N is
the sum of ud?---udra where ace; Ae;,.

Next suppose that Ne=Au,+Au,, ¢ N=u,A=u,A, Ne'= Av,+ Av,
and ¢’N=v,A=v,A. Then Nu,= Ne'u, = Av,u,+ Av,u, = Av,u, + Av,Qu,
= Av,u,+ Avu,a’. Hence if v,u,=0, we have Nu,=0.

Then we have

Lemma 6. Suppose that Ne, = Au,+Au, and eN=uA=u,A. If
eN%,_N?, then A is not left cyclic representation type.

Proof. In order to prove this lemma we have only to construct a
directly indecomposable A-left module M = Aem,+ Ae;m,. For this
purpose we suppose that Ne,= Av,, N%,=0 and N%,=0. Since eNZe,
d_N®, we have eNe,{_ N> For if e;Ne,_N? (£5=1), eN’e,=eNe,-e;Ne,
q_N® But since e,e;=0, this is a contradiction.

Now we put v,m,==0, u,0,m,==0, u,0,m,==0, u,v.m,=—wu,m, and wu,m,=0.
Then we can prove that I is directly indecomposable. Namely if 9t
is directly decomposable, = Aen, $ Ae,n, where n,—=m,. If wun,=0
we have n,=m,—v,m, and then wu,n,=wu,vm,==0 and Ae,n,N Aemn,==0.
This is a contradiction.

From this lemma we obtain

Corollary 3. If Ne,=— Au,+Au, and eN=u,A=u,A we have eNie
q_ Ni** for each i and for every ¢'.

Next suppose that A is of left cyclic representation type. Then if
Ne=Au,+Au, and Ae;,~ Au,, it is proved that Awu,NAu,=0. Namely
if e,5+e,, we can prove this fact from Lemma 3 and Corollary 2. Next
if e,=e¢,, then there exists @ such that w,=—u,a& where acede. If
Au,n Au,==0 then there exists w=F0 such that w=vuv, ---0,,u, = Bw, --- w,u,
where ¢, B€é’A¢ and we have v, - v,u,=v, - v,y and Bw, - w,u,
=uv, - v,ucB. Now since af’€S, and ¢ €S,, we have aB v
Hence from v, - #,u,y =v, - v,u,x@, we have v, ---v,u, (v —aB)=0
and v, ---v,,u,=0. But this is a contradiction.

Thus we have
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Lemma 7. If Ne=Au,+ Au, and Ae;~ Au;, we have Au,n Au,=0.

Lastly we shall prove that if Ne= Au, P Au, and A is of left
cyclic representation type, each Au; (i=1, 2) has only one composition
series.

Now suppose that Ne=Au, P Au,, where N*u,=0, N'u,=0, N¥'u,
= Av, P Av, and N*'u,=— Aw. Then from Lemma 5 Av,, Av, and Aw are
simple and are not isomorphic to each other and we can construct a
directly indecomposable A-left module M= Aem,+ Aem,. Namely we
put vm,=0, vym,=+=0, v,;m,==0, v,m,=0 and w,m,—wu,m,. Then we can
prove that MM is directly indecomposable.

Moreover Lemma 6 can be obtained from the above result, Lemma 3
and Lemma 7.

Thus we have

Theorem 2. If A is of left cyclic representation type, the following
conditions are satisfied :

(1) Each exN has only one composition series.
(2) Each Ne. is the divect sum of at most two cyclic left ideals,
homomorphic to Ae,, each of which has only one composition series.

8§4. In this section we shall prove that, if two conditions of
Theorem 2 are satisfied, A is of left cyclic representation type.
Now from the assumption it follows that an arbitrary block of this
algebra is as follows:
(1) Every Ae; has only one composition series.
(2) {Ae,, -, Ae,_,, Ae,, Ae,.,, -, Ae,}, which has the following
properties :
(a) Every Ne; (i=1, ---,r—1) has only one composition series or
Ne, = Au® @ Au® (i=1, ---,r—1), where Ae,~ Aus", Ae,~Au?,
e, e, and Ae,_,~ Ne,.
(b) Ne,= Au, P Au, where Ae, ,~ Au,=~ Au, and Au, has only
one composition series.
(c) N?e,=0 (i=r+1,--,n).
3) {Ae, -, Ae,} where Ne,= Auf® ® Aus®, Ae.~ Aui®’, Aex~ Aus?
and e.==e,.
In the case (1) we can prove it by the same way as [I].
Now we shall prove it in the case (2).
Let ‘.UZ:Z_?Z Aegm,,; be an arbitrary A-left module. Then it is
clear that >3 Ae,.,m, ., ", 23 Ae,m,;, are the direct components of

irdq

M. Now if we prove that >3 Ae,m, ,; is the direct sum of Ae,n,;,,

ir
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2 Aexmy;, (k=r+1, .-, n) are also the direct sums of Ae..;, .
First we state the following

Lemma 8. If ew,=w, and exw,=—w, where w,, w, € Ne,, then there
exists £ €¢,Ae, such that w,—w,.

The proof of this lemma is easy from Corollary 2.

Now suppose that M= (Ae,m, P --- B Ae,m,_,)+ Ae,m, and (Ae,m, D
-« P Aem, )N Ae,m,==0. Moreover we assume that Ne,m,= Aum,
+Au,m,. Then we can prove that M is the direct sum of Ae,n;, in
the following way :

(@) If Nium, (Ae,m, D --- D Ae,m,_,) we can put vum,=vum,
+Bwum,+ -+ +<,_vum,_,+B,_vum, ,, where Nie,_,= Av. Now if we
put m/' =a’'m+B'am, -, m,_ =a,_ m, +B,_am,_,, Wwhere &u,
=ou,ct;/, we have vu,m,=vum,’+ --- +ovu,m,_,. Moreover we can assume
that the length of Aum, is larger than any Auwum; (<n—1) and the
length of Au,m, is larger than any Aw,m, such that the lengths of all
Aum, (k=r,, -+ ,x,) are equal. Then if we put m,”=m,—me — -+ —mx,,
we have wvum, =vum! + --- +vum], . and M= Ae,m, D -+ D Ae,mi, D
{(Ae,mr, D --- P Ae,m,, )+ Ae,m,'}. By the same way as above, we can
prove that M= Ae,n, P --- D Ae,n,.

(b) Suppose that Nium, C (Ae,m, P --- B Ae,m,_,) and Num, C
(Ae,m, D -+ ©Ae,m,_)). Then we can put vu,m,= pu,m,+Bvum,+ -
+«,_vum,_,+B,_wum,_, and wu,m, =vy,wu,m, +&wu,m, + -+, _wu,m,_,
+&,_.wum,_, where Nie, ,= Av and N’e¢,_, = Aw. First if we take
m,! =m,— (' +B/c)ym,— - —(a,_,+B,_®)m,_, in place of m,, we have
vu,m,’ =0 and we can reduce this case to the case (a).

Next we shall show that Z Z Aecmn, ,;, is the direct sum of Aemn, j,-

K=1 iy

From the above result and from [I] each >} Aexm ;, A=1,---,7) is the
i

direct sum of Aem, ;. Hence we assume that Aem;N(Ae; .,m;,, D -+ D
Ae,m,)==0 and Niegm, Ae,.ym;, P - P Ae,m,. Here we remark that
if ¢w,=w, and ¢w,=w, where w€ Nex and w,€ Ne,.;, there exists
p€eNer, ; such that wp=w,.

Now suppose that wm;,=a,wm,,,+ -+ +&,_,w,_m,. Then from the

above remark we have w,=wp,, ---,w,_,=wp,_; and if we take m,/=
m,—a/pm;,,— - —a&/_p,_m, in place of m,;, Aem,/N(Ae,.,m; D - D
Ae,m,) =0.

In the case (3) we can prove by the same way as above.
Thus we have

Theorem 3. An algebra A is of left cyclic representation type if
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and only if the following conditions are satisfied :

(1) Each exN has only one composition series.

(2) Each Ne. is the direct sum of at most two cyclic left ideals,
homomorphic to Ae,, each of which has only one composition series.

(Received September 22, 1958)
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