u

) <

The University of Osaka
Institutional Knowledge Archive

. Convolution for the transform induced by Fourier
Title ; . .
integral transform and its inverse

Author (s) (N;?:zgn Xuan Thao; Nguyen, Minh Tuan; Bui, Thi

Annual Report of FY 2006, The Core University

Citation Program between Japan Society for the Promotion
of Science (JSPS) and Vietnamese Academy of

Science and Technology (VAST). 2007, p. 201-212

Version Type|VoR

URL https://hdl. handle.net/11094/12918

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Convolution for the transform induced by
Fourier integral transform and its inverse

Nguyen Xuan Thao!, Nguyen Minh Tuan?, Bui Thi Giang?

! Hanoi Water Resources University
2 Hanots University of Natural Science

Abstract
The convolutions for T = 3F + F~! transforms are formulated, its
properties and applications to solving integral equations are consid-
ered.

1 Introduction

The convolution for integral transforms were studied in the 19** century, at
first the convolutions for Fourier transform, for the Laplace transform, for the
Mellin transform and after that for Hilbert transform [13], Hankel transform
[12], Kontorovich- Lebedev transform and Stieltjes transform.

The convolution for the Fourier integral transform [10]

(2 9)0) = 75z [ fte vt &

for which satisfies the factorization equality
F(fx9)y) = (FNW(FYw), yeR

in which F is the Fourier transform [4]and is defined as follows

fw) = (FH) = \/%7; / e f(z)da.
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f(@) = (Ff)(@) = %ﬂ / & f(y)dy.

In 1941, Churchill R. V. introduced the convolution of two functions f and
g for the Fourier cosine transforms [3]

(F+9)(@) == / FWlolls -y + oo + v)ldy, o € Ry

for which satisfies the factorization equality

F(f+9)w) = (F)W)(Feg)(y), Yy € Ry,

here F, is the Fourier cosine transform.

Afterwards, in 1967, V. A. Kakichev proposed a constructive method
for defining the convolution with a weight- function which is more general
than the convolution (1). And as by- products, convolutions of many integral
transforms such as the Meijer, Hankel, Fourier- sine were found. For instance,
the convolution with the weight- function y{y) = siny of the functions f and
g for the Fourier- sine integral transform Fy was studied in [1], [5]

1 +00
S Nsign (z —t + 1)g(|z — ¢
(F19)e) = 57 / FOlsign (@ =1+ glls =+ 1)
—sign(z—t—1)g(lz—t—1|) —glz+t+1)+sign(z-+t—1)g(Jz +t —1])]dt.
(2)
for which the factorization property holds

Fy(f % 9)(y) = siny(F. ) (y)(Fog)(y), Yy > 0.

In 1998, Kakichev V. A and Nguyen xuan Thao proposed a construction
method for defining the generalized convolutions of three arbitrary integral
transforms [5]. In recents years, several generalized convolutions of integral
transforms were published [6]-[8].

In this talk, we define the convolution with the weight- function for the

T = 3F+F~! transform, study some its properties and apply them to solving
integral equation.
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2 Convolution

We consider T transform

(TF)) =3(Ff) ) + (F~f)w)

:?zl? / [4 cos(yz) — 2isin(yz)] f(z)dz, y€R.

Definition 1. The convolution with the weight- function v(z) = e of two
function f,g for the T transform is defined as follows

+c0 $co

1 ’ = (zu—-v)? -*(ar.—}—u——u)2
(9@ =g [ [ Fwl) (13 1 5=
() —(e—utv)?
— 3T | g R Jdudv. (3)

Theorem 1. Let f,g be function in L(R). Then the convolution with the
2

Juad il

weight- function v(y) = e of them for the T' transform belongs to L(R) and
the fractorization property holds

T(f % 9)(w) = YW)TFHW)(T9) ().

Proof. We prove (f % g)(z) € L(R) .
We have

4co +co oo

_+/O°|(flg)](x)dw<é}%/ f / |F)lg(v)][ 3™

—00 — 00 —00

~—(:x:—:-—u—11)2 ~(z+u+v)2
2

+3e7 2 — 3e
<Ny + Ny + N3 + Ny,

—(a:—u+v)2
2

+3e dudvdx

where
400 00 o0

legif—r///]f(u)Hg(v)]eFW%H)Qdudvda:.

—C0 = OO
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+00 +00 +00

(mtu—v)?
= 8—37? / |FW)llg()le™ 5 dudvda.
3 +00 00 400 .
N = 8 / / / ]f(“)”‘g(v)kjﬁ?ﬂqdudvdm.
3 +00 400 400 .
Me=gr / / / (@) llg(w)le™ > dudvda.
400
By using the formula [ e **/2du = /27 and since f,g € L(R) then N; <
+oo,i=1...4. o
So
+00
[ 1629l < +oo.

We prove the fractorization property

T(f % 9)(y) = v@)THG)(T9) ().
We have

YT HW(T9) () =
:’Y@)\/“%—;:/%Z——;*/ Fu)(3e™ + eiyu)duﬂl 9(0)Be™ ™ + ¥y

é]:\/2—7re”y2Z / / F(w)g(v)(38e™™* + ¥)(3e™" + ) dudv.

00 =00

1
8w/ 27

Put .
By = VareF [s9e e 4 136e).

. .y
By = V2me™5 [9ete™V 4 3¢~ WuetY]

I .
By = —/2me ™3 [9eivuelv? 4 3emwue ]
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By = v/2re™ [9emWe 4 3evie Y]

We consider
2 2
¥ g i i ot
By =39v2me” T e W e 1 13V 2neW eV e

+co +co
il —gx—u—v)2 - . o —-{z—-u—v)2 . .
=39 / e i{m—u s)ye 3 e zyue zyvdm+ 13 / ez(:c u u)ye 3 ezyuezyvdm
—00

400 00
. fo—u—1)2 - —(z—u—)2
=13 / 3e"WreT 2 : dr + 13 / eVeT T dx
+co .
=13 /(Se_iym + ey =EFE gy (4)

Similarly, we have

+c0
—iyz Yz Zloru—u)® -
BZZ3/(36 v | i) =E=l g (5)
+oo .
By = -3 / (3™ 4 i) =B gy (6)
+00 .
By =3 / (37 4 o)== gy (7)

From (4), (5), (9), (7) we obtain

+60
e 2 . . . . - - —{T—U—v 2
1 Tre ™ (3em 4 gy (3g—i 4 gite) — / (3e7* 4 ¢v) [1375L
(2 u.——~u)2 —(ztutv)? —(x—u+u)2
T B e I Vo ldz.
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Hence

YW (T W) (Te)y) =
11 T 2
—(z—u—y)*
— —~zy:c iy 13
\/27&'871‘/ +e )/ /f ¢ T
—{E u—-v2 —a:u’UQ ~32—ng

+36(+2 ) ——35(+2+)+36(2+)]dudvd:1:

=T(f % g)(v).

O

Remark 1. In the L(R) space, the convolution (3) is comutative, associative
and distributive.

Theorem 2. In the space L(R), there does not exist the unit element for the
operation of the convolution with a weight function for the T transform.

Proof. Suppose that exists e, the unit element of the operation of convolution
in the space L(R): e Yg=g Ye= g for any function g belonging to L(R).
Then we have
T(e*g)y) = (Te)(y), VyeR
Hence
eV IH(Te)(y)(To)(y) = (T9)(y), VyeR.

The last is egivalent to the equality
(T9)W)e ™V *(Te)y) —1] =0, WyeR.

Choosing g so that (T'g)(y) # 0,Yy € R, we see that e=¥"/2(Te)(y) — 1 =0
or (Te)(y) = e¥*/%. Since assumption that ¢ € Ly(R) then

+co

Te)y) = 5 [ e 4+ eela)is

fade ol

(Te)(w)| < «% / le()|dz < +00, Y.
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So (Te)(y) is bounded function and e¥*/2 is not bounded function. This is a
contradiction. Hence there does not exists unit element for the operation of
convolution with a weight function for the T tramsform in the space L{R).

O

Definition 2. The norm in the space L(R) is defined by

191 =575 [ W@lda.

Theorem 3. If f,g are functions in to L(R), then the following inequality
holds

£ %all <II£1l-Ngll
Put

L(e™ R) = {h, Telwwh(x)ux < o0, heLR)}.
Theorem 4 ( A Titchmarch theorem). Let f, g € L(el R).
If (f £ 9)(x) = 0,Vz € R then either f(z) =0 or g(z) = 0,Vz € R.
Proof. Under the hypothesis (f * g)(z) =0, Vz € R, it follows that
T(f * 9)(x) = ¥(@)(Tf)(@)(Tg)(x), ¥z € R.
V(@) (Tf)(2)(Tg)(z) =0, z€R.

Consider
(Tf)ly) = \/2—7_/ (3™ 4 ") f(x)dx, Vz €R.
Since
B 4 (@) (i1 + e (o)

< [4a2™ f ()] = [4a"e " h(z)|
< clh(z)].
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“+00 . .
Due to Weierstrass’ criterion, the integral [ %[36“’” + ] f(z)dx uni-

formly converges on R. Therefore, based on the differentiability of integrals
depending on parameter, we conclude that (T'f)(y) is analytic for y € R.
Similarly, (T'g)(y) is analytic for y € R.

So we have (T'f)(y) = 0 ox(Tg)(y) = 0. It follows that either f(z) = 0 or
g(z) =0. O

Theorem 5. If f and g are functions in L(R), then the following equality
holds

(F L o)) = =131 5 (™7 5 gDI(e) + 3L £ (=2 5 0 0)](@)
= 3f 5 (e 5 g)))(=2) + 3[f1 1 (™% 1 g(v)))(~2)]

where f(—x) = fi(z).
Proof. We have

+c0 +co

//f )g(v)e™ ddv-————/f ]——lv)du

-0 —CO

o | F)Ee T £ g — )

=215 5 (™ 1 )@, ®)
Similarly, we obtain
400 400 3 +oo
/ / Fow)e™ " ud = = / F)e™"? 1 g0 + u)du
= %{fl £ (712 1 g(v))](z). ©)
& | [ £ dudo = -2 [ ) 5 g(0)) (-0 — )
:-gu £ (€ 5 9] (). (10)
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+oo +o0

= [ [ s S dudo = /f &1 1 g(0)) (~ + w)du

—00 —C0

= Az - (Y

in which f(—z) = fi(z).
From (8), (9), (10), (11) we obtain

2

(FH9)(@) = 5= [135 £ (™ £ 9()I(@) +8lf1 5 (™ 5 o))
—3(f 3 (717 1 g)))(—a) +8f 3 (™% 5 gW)))(~3)]
here f(—z) = fi(z). O

3 Application to solving integral equations

Consider the integral equation

+0c0
A
f@)‘i'é;/f(“)?f)(m,u)du:f(m). (12)
Here
+oo ) , . )
W)= [ s ST | gt gt gy,

A € C, g, h are functions in € L(R), f is unknown function . To solving the
integral equation we introduce the following definition

Definition 3. The generalized convolution of two function f,g for the T, F
transforms with the weight- function y(z) = e~*/2 is defined as follows

-+00 +00

(f29)(z) = / / F(w)g(v)[oe Semgmo? o ety

-0 ~00

— (o tutv)? (s ~utv)?

—3 T ~—e 7 |dudv. (13)
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Lema 1. Let f, g be function in L(R). Then the generalized convolution (13)
belongs to L(R) and the fractorization property holds

T(f x9)) = 70T HY)F().

Theorem 6. With the condition 1+Xe V' /%(Tg)(y) # 0,Vy € R, there exists
a solution in L(R) of (12) which is defined by

JF=h=Anxl),
here | =1y + Iy, I1(x), la(z) € L(R) and it is defined by
_ 3(F£9)(y)
W) = T3 mBrg) ) + Pl
(Fg)(-y)

(Flo)(y) = L+ Ae ¥ 2[3(Fg)(y) + (Fg)(—y)]

Proof. The equation (12) can be rewritten in the form

FHMfrg)=h.

Due to Theorem 1

(TFH)(y) +AT(f * 9)(y) = (Th)(y).
It follows that

(TH@IL+ e AT W) = (Th)(y)-
Since 1+ A\e ¥ /2(Tg)(y) # 0,Vy € R

1
1+ Xe¥*2(Tg)(y)
Ae™V 2 (Tg)(y)

(TH)(y) =(Th)(y)

:(Th) (y){l 1 T e-vir2 (Tg)(y)]
(T9)w) :[ 3(Fg)()
L4+ Xe=v*/2(Tg)(y) L1+ e v*/2[3(Fg)(y) + (F1g)(y)]
N (F'9)(y) }
1+ Xe=v*/2[3(Fg)(y) + (F1g)(y)]
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Due to Wiener-Levi's theorem , there exists a function [y € L € R such that

_ 3(Fg)(y)
L+ e v /23(Fg)(y) + (Fg)(—y)]’

Similarly, there exists I, € L € R such that

B (Fg)(-v)
FL)W) = T3P BF ) ) + Fa) o)l

Put ! =1; + [5. It implies that

(Fl)(y)

(T9)(y) _
T e T

Hence
TH(y) = (Th) )L — eV 72(FI)(y)].
It follows that
(TH)) = (Th)) = XT(h 2 D).

Thus
F=h—Ah Tl)
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