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LINEAR EQUATIONS AND INITIAL VALUE
PROBLEMS WITH GENERALIZED RIGHT
INVERTIBLE OPERATORS

NGUYEN VAN MAU, PHAM THI BACH NGOC
Hanot University of Science, VNUH

Abstract

Consider the linear equation with generalized right invertible op-
erator V of the form

M N
QWlz =) > V"AmV'z =y, y€X, (0.1)

m=0n=0
where M, N E‘lNa Amn € LO(X)a Aun = I, AmnXN[+N~n C Xm,
X; = dom V7, and consider an initial value problem for liner equa-

tion (0.1) satisfying the following initial conditions
FVig = vj, yj € kerV are given, j=0,... M+N-1, (0.2)

The similar equation with right invertible operatorswere studied
by Przeworska- Rolewicz D.; and others (see [1], [2], [3]). In [4], the
first author and Nguyen Minh Tuanconstructed the generalized right
invertible operators. In this paper, we present some new properties of
generalized right invertible operators and construct general forms of
resolving operator for the equation (0.1) and for the problem (0.1) —
(0.2). Then we find all solutions of the equation (0.1) and the problem
(0.1) — (0.2) in a closed form.

1  Generalized right invertible operators

Let X be a linear space over a field K of scalars. Denote by L(X) the
set of all linear operators with domains and ranges in X. The set of all
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right ( left, generalized) invertible operators in L(X) will be denoted by
R(X)(A(X), W(X)) (see [1] - [3]).

Definition 1.1 [4]. An operator V' € L(X) is said to be generalized right
invertible if there exists a W € L(X) such that ImW C dom V, ImV C
dom W, VWV =V, V2W = V. Then we shall write V € R;(X) and
W e R;,.

It is easy to see R(X) C Ry(X) C W(X), A(X) Cc W(X).

Lemma 1.1. For every V € R;(X) there exists W € Ri, such that
WVW =V, VW? =W on dom W.

Write: Ry ={WeRL: WVW=W, VW?=W}.
Definition 1.2. An operator F € L(X) (G € L(X)) such that FX =
kerV, F2=F and W e R : FW =0, (*=G, GV =0 and IW €
R\ . GX =ker W). Then F(G) is said to be a right (left) initial operator
corresponding t o a right inverse W of V.

Denote by Fy (Gyv) the set of all right (left) initial operators of V €
Ry(X).
Lemma 1.2. For every V € Ri(X) and W € Rg/l), then F' € Fy (G € Gy)
corresponding to a W if and only if F(G) is of the form : FF=I-WV, (G =
I—VW).
Theorem 1.1. A necessary and sufficient condition for an operator F' &€
L(X)(G € L(X)) to be a right (left) initial operator for V' € R;(X) corre-
sponding to a W & R%}) is that

F=]-WV ondom V,(G=1-VW ondom W). (1.2)

Theorem 1.2.(Taylor-Gontcharov formula induced by generalized right ini-
tial operators).

Suppose that V € Ry(X) and Fy = {Fg}ger is a family of right initial
operators corresponding to {Ws}ger C Rg}). Let {8,} C T, n € INg be an
arbitrary sequence of indices. Then for every positive integer N the follwing
identity holds on dom V¥,

N-1
I=Fp+> Way... Wa_,FoVF+Ws, ... , Wa,_ V" (1.3)
k=1
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Puting in (1.3) Ws, = W and Fp, = F for k= 0,... , N, we obtain the
Taylor formula
N—
I=> WPVF+ WYV ondom V. (1.4)
k=0

o

Lemma 1.2. Let V € By (X), W € RYY. Then

k=0

N-1
ker VV = {x €eX z= Zszk, 20, -+ 3 ZN—1 € kerV},

dom V&

Il

N-1
{:CEX:JS:Y/VNy—}—ZY/szk, yeVNXn, 20,... 281 EkerV}.
k=0

2 Linear equations with generalized right in-
vertible operators

To begin with, we consider the equation

Vg =y, ye X, Ne IN*. (2.1)

Theorem 2.1. Suppose that V € Ryj(X), dimkerV s 0, dim cokerV # 0

and W € RE}). Then the equation (2.1) has solutions if and only if y €
Im V¥, If this condition is satisfied then all solutions of (2.1) are given by

N-1
=Wy + Z Wkz., 20,... ,25-1 € ker V (2.2)
k=0

Proof If y € ImV?" then there is y; € dom V¥ such that y = V¥y,.
Hence, (2.1) can be written in the form VVz = V. Since VYN = VNWNVN
the last equation is equivalent to V¥ (zx — W¥V¥y;) = 0. Lemma 1.2 implies
the formula (2.2).

Now we consider the equation (0.1)
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Definition 2.1 Suppose that Q[V] is of the form (0.1). Write

M N M
Q(A) _ Z Z VV‘M’—?TLAﬂQﬂijV-—R i Z I/vﬂ/[»mAml\rG’ (23)
m=0 n=0 m=0

where

i { 0 if m=M, n=N, 2.4)

Apn f m+n< M+ N.
Then @Q(A) is said to be a resolving operator for the equation (0.1).
Lemma 2.1 Write

M N
QMA) =) > WA, v, (2.5)

m=0 n=0
Q(A) is right invertible ( left invertible, invertible, generalized invertible) on
Xy if and only if T+ WNQ(A) is right invertible ( left invertible, invertible,
generalized invertible) on Xy, y. Moreover, if we denote by R5(Lg, W) is a
right (left, generalized) inverse of T+WNQ(A) then there exists Rg(Lg, Wo)
is a right (left, generalized ) inverse of Q(A) such that, respectively

Ry :=1-W"RoQ(A) Lg:=1-W"LyQ(A)
Wa =1 -WNWoQ(A) (I+WNQA)™ :=1-W"Q(A)Q(A)
(2.6)
Proof. 1t is easy to see that Q(A) = I + QLAWY Q(A) C Lo(Xa) and
I+ WNQ(A) € Lo(Xprin).

(i) Suppose that Q(A) is right invertible on Xy, i.e. there exists Ry €
RQ(A) such that RQXM C XM and Q(A)RQ = J. Write RQ = [ —
wn RQ@(A). It to check that Ry is well defined on Xy n and RyXain C
X]y[+1v. On XM—HV we have

[1 + WNQ(A)} Ry = [I + WNQ(A)} [1 - WNRQQ(A)}
= T+ WNO(A) = W [I + Q(A)WN] RoQ(A)
=T+ WVQA) - WYNQ(A) =1,
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which proves that 1 + WNQ(A) is right invertible on X/ n.

Conversely, suppose that I + WYQ(A) is right invertible on X/,
i.e. there exists Ry € Ry sy such that RgXan C Xargn and [I +
WNQ(A)R? = I on Xpryy. Wiite Rg =1 — Q(A)RgW™. If z € Xj; then
u=WNzx ¢ Xyan, Yy = RQ’LL € Xpyan and RQJL’ = [[ — @(A)RQM/’N} xr =

z— Q(A)y € Xy On Xy, we have

[I + Q(A)WN] Ry = [1 + Q(A)WN} [I - Q(A)R@WN}
= [+ QW™ = Q(A) [T+ W Q(4)| RgW™
=TI+ QUAWY — QWY =1,
which proves that I+ Q(A)WN is a right invertible on Xj;. In the same way,

we can get proofs for the other cases.

Theorem 2.2. Suppose that V € By(X), W € RY and Q[V], Q(4), Q(A)
are given by (0.1) — (2.3) — (2.5), respectively.

(i) If Q(A) is invertible then all solutions of the equation (0.1) are given
by

M+N-1
r = [[ - WNQ"l(A)C:)(A)] (VVM“LN,U + 3 Wﬂ'zj) . 20+ Znen—1 € ker V.
=0
(2.7)
(i) If Q(A) € R(X) then all solutions of the equation (0.1) are given by
i M+N-1
T = [1 — WNRQQ(A)} (WM“Vy + > szj> + 2, (2.8)
§=0

where Rg € Rga)s 20,---,2m4n—1 € kerV, z € ker[] + W/NQ(AH are
arbitrary.

(iii) If Q(A) € A(X) and Lg € L4 then (0.1) is solvable if and only if
there exist zg, ..., 2pan_1 € ker V and y € X ;. n such that

M+N-1 -
WHENy " Wz € [T+ WNQ(A) Xarin (2.9)

7=0
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If this condition is satisfied, then all solutions of the equation (0.1) are given
by

M+N-1
T = [I — WNLQ@(Aﬂ (WMJFNy + z Wij) s 205+ 5 2MeN—1 € ker V
=0
(2.10)
(iv) If Q(A) € W(X) and Wy € Wga) then (0.1) is solvable if and only
if the condition (2.9) is satisfied and then all solutions of the equation (0.1)
are given by

MA4N-1
= [f - WNWQQ(A)} (WM'*“Ny + Y szj) +z, (2.11)

J=0

where 2g, ..., 2pin-1 € ker V, z € ker[] + WNQ(A)] are arbitrary.
Proof. We have

QV]z = (Z Z VmAmnV”> T=1y

m=0 n=0
M N N
yMEN (I +y°N WM'*'N‘mflmnV"> z=y—Y AnwV'z.
m=1 n=0 n=>0

By Theorem (2.1), we imply

M N ) N M+N—-1
<I +y > Wf‘/f+N-mAmnvn> = WMHN (y -> AONV%> + Y Wiy
n=0 j=0

m=1 n=0

M N _ M+N-1
(1 +WNY S WM“mAmnV”) z=W"y+ Y Wiy

m=0 n=0 7=0
_ M+N-1
[I + WNQ(A)} r=W"Ny 1 Y Wiz, (2.12)
=0

We have Q(A) =1+ QA)WY.
(i) If Q(A) is invertible then Q(A) is invertible on Xjp;. Lemma 2.1

R -1 .
implies that [I%—WNQ(A)] = — WYNQ Y (A)Q(A). This and (2.12)
together imply (2.7).
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(ii) If Q(A) is right invertible then Q(A) is right invertible on X ;. Lemma
2.1 implies that I + WV @(A) is right invertible on X n and Ry = I —
WNRoQ(A) is a right inverse of I + WY¥Q(A) . This and (2.12) together
imply (2.8).

(iii)((iv)) If Q(A) is left (generalized) invertible then Q(A) is left (gen-
eralized) invertible on X,;. Lemma 2.1 implies that I + WNQ(A) is left
(generalized) invertible on Xy and Ly = I — W¥ LQQ(A)(T/T/'g2 =] —
WNWoQ(A)) is a left (generalized )inverse of I +WNQ(A). This and (2.12)
imply that (0.1) has solutions if only if the condition (2.9) is satisfied. If this is
the case then all solutions of the equation (0.1) are of the form (2.10)((2.11)).
The theorem is complete.

3  Initial value problems for equations with
generalized right invertible operators

To begin with, we consider the initial value problem for the operator V¥ :
Find all solutions of the problem

Vi =y, yeV¥Xy, )
FVig=vy; y;€kerV aregiven (j=0,...,N —1). (3.2)

Theorem 3.1. Let V € Ri(X), dimkerV ## 0, dim cokerV # 0, ker V' C
ImV and let F' € Fy be the right initial operator corresponding to a W &€
Rg}). Then the problem (3.1) — (3.2) has a unique solution of the form

N-—~1
=Wy + > Wy, (3.3)
5=0

Proof. Theorem 2.1 implies that every solution of (3.1) is of the form

N-1
=Wy + ZT/szk, 20, ... ,2ZN—1 € ker V.
k=0

Since FW =0and Vz, =0, (k=0,...,N — 1), we have
If j=0then yg= Foz = Fzy = 2.
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Ifj=1,...,N—=1theny; = FViz = FVW2z; = VWWz;. Since ker V' C
ImV, y; € ker V then z; = VWz;. So y; = z;. Which implies the required
formula (3.3).

Definition 3.1(cf. Przeworska-Rolewicz [1])

(i) The initial value problem (0.1) — (0.2) is well-posed if it has a unique
solution for every y € Q[V|Xap+ns Yo,--- » Ynen-1 € ker V.

(ii) The initial value problem (0.1) — (0.2) is ill-posed if either there exist
y € QIVIXn+n, Yo, -« s Ymsn—1 € kerV such that this problem has no
solutions or the homogeneous problem induced by (0.1) — (0.2) (i.e. y = yo =
-+ = ypen—1 = 0) has non- trivial solution.

Definition 3.2. Suppose that Q[V] is of the form (0.1). Write

M N M
Q=> Y WY B, ,WNT =S WM B NG, (3.4)
m=0 n=0 m=0
where
B = ~ , . 3.5
" { A — k]f[:m FVE™+1W A, otherwise, (3:5)

Ay is given by formula (2.4).
Then I + @ is the resolving operator for the problem (0.1) — (0.2).

Lemma 3.1. Write

M N
Q=) > whM=mp v, (3.6)

m=0 n=0
@, By are defined by (3.4) — (3.5). Then
(1) QWY =WwrQ.
(@) FVI(I+Q)=FV?, (j=0,...,M+ N —1). (3.8

Proof. (i) We have

M N-1 M
QWY =W~ (Z > WM BL W 4y WM-mBmNVW> =WNQ.
m=0 n=0 m=0
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(ii) For j =0,... ,N — 1, we obtain

M N
FVI(I+Q)=FVIi4+> » FWYN-m=ip v* = FV7.

m=0 n=0

Ifjy=N+i, 1=0,...,M—1, then

M N
FvN-i-i(I + Q) — FvN—H' + Z Z FvN+z'VV]VI+N—m
m=1 n=0
~ M . N .
(Amn _ Z ka~m+1WAkn> Vr o4 ZFvN+iij+NAOnVn
k=m n=0

M N M
— FVN-H’ + Z vai—kf-i—m-l-lv[/ (Amn - Z ka_m+1I4/Akn> V= FVN_H.

m=M—i n=0 fe=m

The Lemma is complete.

Lemma 3.2. Let @ be defined by (3.6). Then the initial value problem
(0.1) — (0.2) is well-posed if and only if I + @ is invertible on Xy n.
Proof. By Theorem 2.1, we can write the equation (0.1) in the form

MA+AN~—1
(I+Quz=W"Ny+ 3" Wiz 20, 2ysng EkerV  (3.9)

J=0

The formulae (3.8) — (3.9) and Theorem 3.1 together imply that the initial
value problem (0.1) — (0.2) is equivalent to the equation

M+N—1
(I+Qu=W" Ny >~ Wiy, (3.10)
=0
(i) If A = —1 is an eigenvalue of @, then the corresponding homogeneous

equation (I+@)z = 0 has a non-trivial solution, i.e. the problem (0.1)—(0.2)
is ill-posed and I + () is not invertible.

(ii) If A = —1 is not an eigenvalue of ¢ and I + @ is not invertible on
Xyan, ie. (I 4+ Q) Xnan € Xaren, then (3.10) is solvable if and only if

M4N-—-1
WMy 4+ Y Wiy € (I + Q) Xarn- (3.11)
7=0
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Fix u € Xpron \ (I + Q)X and let y := V¥HNy ¢ = FViy (j =
0,...,M+ N —1). Then by the Taylor formula,

M4N-1 M+N-1
PWM+Ny Z Wiy, = WMNyM+Ny | Z WIFVIiu=u & (I+Q)Xaren,
j=0 7=0

i.e. the initial value problem (0.1) — (0.2) is ill-posed.
(iii) If I + @ is invertible on X,y then from (3.10) we find a unique
solution of the problem (0.1) — (0.2)

M4+N-1 '
z=(I+Q)" (WM“% > Wy) -

=0
Now we can prove the main result for the initial value problem(0.1) — (0.2).

Theorem 3.2. Let V € Ri(X), kerV C ImV, y € Q[V]Xyn and let
F € Fy (G € Gy) be aright (left) initial operator corresponding to W € Rg,l).
Suppose that @ and @ are given by (3.4) — (3.6), respectively. Write

M N
H = Z Z wM-mp_ v

m=0 n=0

(i) If the resolving operator I + @ is invertible then the problem (0.1) —
(0.2) is well-posed and its unique solution is of the form

~ M+N~-1
T = [[—- WN(I—FQ)—lH} (W/N[+Ny+ Z Wj’yj> s

j=0

(ii) If the resolving operator I 4@ is right invertible and dim ker(I 4 Q) #
0 then the problem (0.1) — (0.2) is ill-posed. However, this problem has
solutions of the form

M+N-1
z= (I - WYRgH) (WM'*“Ny + > Wﬂ'yj) + 2,
=0

where g € R, 5 and 2 € ker(I + Q) is arbitrary.

(iif) If the resolving operator I +@Q is left invertible, dim coker (I4Q) # 0
and Lz € L}, 5 then the problem (0.1) — (0.2) is ill-posed and has a solution
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if and only if the condition (3.11) is satisfied. If this is the case then a unique
solution is

MAN-1
z=(1-WVYLsH) (Wf"f+Ny + > ijj> .

J=0

(iv) If the resolving operator I + @ is generalized invertible, dim ker(] +
Q) # 0 and dim coker (I 4+ @) # 0 then the problem (0.1) — (0.2) is ill-posed
and has solutions if and only if the condition (3.11) is satisfied. If this in the
case then all solutions are given by

M+N-1
z=(I-W"WgsH) (W””Ny + > Wﬂ‘yj> + 2,
=0

where W5 € Wi 5 and 2 € ker(I + Q) is arbitrary.
Proof. Tt is easy to check that
I+Q=I+HWY T1+Q=I+W"H.

Proving this in the same way as used in the Theorem 2.2 and Lemma 2.1,
we get the results.
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