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ON THE DYNAMIC OF THE DISCRETE POPULATION
MODELS

DINH CONG HUONG

Dept. of Science and Technology, Quy Nhon University,
170 An Duong Vuong, Quynhon, Binhdinh, Vietnam

ABSTRACT. The extinction, persistence and global stability in models of
population growth

Tyt = G{Tn, Tp—1, - :xn—m): n=01,---

is investigated, where G is a function maps RTH to Ry

1. INTRODUCTION

Our main motivation in studying properties of solutions of a delay nonlin-
ear difference equation

Tp41 = G(fl?n, Tp—1y " 7$n~m)

is the extinction, persistence, global stability and nontrivial periodicity in
the model
Tpel = /\wn + F(xn—m)

of population growth in [1,2] and the convergence of solutions of the difference
equation

Tpg1 = AnTn + Z QzF(fLrhz)

fm=l

in [3]. In this paper, we extend some results which is mentioned in [1, 2, 3].

Key words and phrases. Nonlinear difference equation, multiple delay, convergence,
equilibrium.
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2. THE RESULTS
Consider the nonlinear difference equation with multiple delay
Tne1 = G(Zn, Tone1,°**  Toem), (1.1)
where n € Ng, _m, oms1,* * , To are positive initial values and the function
Gz, 21, 5 2m) 1 Ry X - x Ry — Ry
By a solution of (1.1) we mean a sequence {2, }n>—nm of nonnegative num-
bers which satisfies (1.1) for all integers n > 0. Let Gy, -+ ,a0 be m + 1

given nonnegative numbers. Then (1.1) has a unique solution {z,}n>—m
which satisfies the initial conditions

Ty = Qp, for n = -m,---,0.

We give conditions implying that every solution of this equation is extine-
tion, persistence or global stability. First of all we have

Lemma 1. If \o + A1 + A2 + - + Ay < 1 then there exists a number s > 1
such that
As + M2+ Xos® + -+ Aps™ < 1

Lemma 2. Let {8,}, be a sequence which satisfy the following relations:
fo=Pa="=0_pn=1
ﬁn—i—l = /\OIBn + Alﬂn—l +- 4+ )\mﬁnwm~

IfP:=X+ M+ Ao+-+Ap>1 where \; >0, then 8, > 1, VneNg
and 3, is monotone increasing for n & Np.

2.1. The extinction. A positive solution {z,}, of (1.1) is called extinctive
if

lim z, = 0.

n—o0
The following theorem gives a sufficient and necessary condition for extinctive
populations.

Theorem 1. Assume that G(zo, 21, , 2zm) < Yoo Nizi ond 3 oo X < 1.
Then every solution of (1.1) converges to zero.

Proof. Since G(zp, 21, -+, %m) < Y ieg Aizi, for a positive number a > 1 we
have

a%rtt = aG(acn,m,wn_m) < a)\omna)\lxn_l . a)\mmn_m‘
Put y,, = o™ then we have

Ynt1 S {yn}/\o-[?/n—l]/\l T {yn—m]/\w
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Since z, > 0,Vn = —m, —m + 1,--- we have y, > 1. Hence, we have 7 =
Max{ Yo, Yom+1, - s Yo} > 1. Using Lemma 1, we can prove the following
estimations by introduction:

Un+1 S 773_”, n e NQ. (12)
For n = 0, we have

v < ol 0y - [y ot ol ™0

Assume that (1.2) holds for the steps 1,2, -+ , n, we estimate the solution at
step n + 1 as follows:

Am

Yn+1 [yn]/\o‘[yn~1]/\1 e [yn-m}

NN

s"<n"1)./\0.nsﬁ(n_2)./\1 - ,’78_(11_7,”‘1))\771

5T (NSt 87+ A2sd 4 Ay s™H)

i

-7

n
Ui
Ui

8

N

This implies that lim y, < n° = 1. Since y,, > 1 for all n, we have lim y, =
700 N—00

1. This follows that lim z, = 0. The proof is completed.
00

Assume that equation (1.1) has a unique positive equilibrium . We have
a sufficient condition for the global stability of the equilibrium Z.

2.2. The Stability. A positive solution {z,}, of (1.1) is called global sta-
bility if there exist

lim z, € (0, 00).

n—os
Theorem 2. If G(z, 21, , 2m) satisfies Lipchitz condition in every vari-
able z; with Lipchitz factors L; which satisfy y 1w Li < 1 then every solution

7=
of (1.1) is convergence to posite equilibrium T.

Proof. We have

lwn+1 - f! = |G($TL7 Tp—1," " »$n~7n> - G(E 31_77 e 7T)i
< |G(5Ln Tpel, 0" :xnmm) - G(f P PR -/wn——mﬂ
+ iG(ﬁf, Tp—1y " ;mn-m> - G(f E» Tp—2y "t " 7:1371,-—7TL)§

+|G(Z, T, Ty Tpem) — G(T, T, ,T)]
< LO¥$n, - f| -+ L1|5Un—1 - f| R Lmimn-m - I}
Put y, = |z, — Z| then we have

Yn+1 g Loyn + Llyn—l +- Lmyn—m'
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Applying Theorem 1, we have imy, oo ¢ = 0. It means lim,_. 2, = T. The
proof is completed.

In converse condition, it means that G(zo, 21, ,2m) = » oo iz then
the following theorem gives a sufficient condition for the non-convergence to
zero of the solutions of (1.1)

Theorem 3. If 37" A\ > 1 then every solution {z,} of (1.1) satisfies

liminfz, > 0.
n—oo
Proof. Similar to the above proof, we also put y, = a*" then we have

A1

Ynsl = [yn]/\0~[yn—l] ce ['.ljn.-m})\m-

let us denote 6 = min{yo,y-1, - ,y—m} then § > 1. We prove y, > 6°» by
induction.
Clearly, y1 > [yo] . [y - - [y_m]m = QroThtretFdm — gi(D),
Assuming that y, > 6% for the steps 1,2,--- ,n, we have
Ynal = [yn]/\e-[yn—l}kl e [yn—m])\m

> 9/\0/371.9A1ﬂn—1 R @/\mﬁn—m

— 9)\0,577."'}\157;—1+"'+)\mi3n—m

— Qﬁn-l-l .
By Lemma 2, we have g, = 0%+ > 0% = 0F  ¥n € Ny. This implies
that zp41 2 P.log, 8 > 0. Hence, liminfz, > P.log,d > 0.

n—00

2.3. The Persistence. A positive solution {z,}, of (1.1) is called persistent
if

0 < liminfz, < limsupz, < cc.
=00 n—co

The following theorem gives a sufficient condition for persistent (non-extinctive)
populations.
Theorem 4. Assume that
G(zo, 1, ,Tm) = H(To,Z1, *+ , Tm, To, T1, "+ » T
where
H(z0, 21,7+, T, Yo, Y1, Ym) = [0, 00)20" D — [0, 00)
s a continuous function, increasing in x; but decreasing in y; and

H(:C()?xl:"' 7x7n3y07y17”' 7ym> > 0
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if xi,y; > 0. Suppose further that
H(x07:l:1:"' y Tms Yo, Y1, 00 3y7n) < 1

limsup ,
£4,i—00 To+2T1+ -+ T, m-+1
H(zg, 1, Ty Yoy Y1+ * 1
lminf (w0, 21, > Tm; Y0, Y1,  Ym) > ]
x4,y — 0T Lo+ T+ + Ty m-+1

Then every solution {z,}52 ., of (1.1) is persistent.

Proof. The proof of this theorem can be obtained similarly as the proof of
Theorem 2 in [1].
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