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Unified Theory of Elementary Particles
– in Search of Extra Dimensions –

Yutaka Hosotani

Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan

Even though the unified theory of electroweak interactions is very successful at low energies, there
remains one part to be confirmed. It is the sector involving Higgs particles. Those Higgs particles are
expected to be discovered. It has been shown recently that Higgs particles can be viewed as gauge fields
in higher dimensional gauge theory. The mass of a Higgs particle and its coupling to other particles are
constrained by the gauge principle. In this scenario the mass of a Higgs particle is predicted to be in the
range of 120 GeV - 290 GeV, exactly in the range explored at LHC, provided that the extra dimension
is curved and warped. Thus physics of extra dimensions can manifest itself in collider experiments at
the LHC energies.

1 Unification in extra dimensions
At the most fundamental level quarks

and leptons interact with each other by ex-
changing gauge bosons. Strong interactions
are described by SU(3)C color gauge inter-
actions whereas electroweak interactions by
SU(2)L × U(1)Y gauge interactions. The as-
sociated gauge bosons are gluons, W bosons,
Z bosons, and photons. There is one more
field necessary to make the standard model of
elementary particles to work. It is the Higgs
field which not only spontaneously breaks the
electroweak symmetry SU(2)L×U(1)Y to the
electromagnetic symmetry U(1)EM , but also
gives fermions finite masses. There appear
many parameters whose values are chosen to
fit the observed data. There is no principle
regulating the Higgs sector of the standard
model.

This seemingly awkward dilemma is re-
solved in higher dimensional gauge theory.
Long time ago Kaluza and Klein proposed
an intriguing scenario in which we are liv-
ing in five-dimensional spacetime.[1] They
assumed that our spacetime is close to the
product of four-dimensional Minkowski space-
time (M4) and a circle (S1) with a radius
R. The metric in the five-dimensional space,
gMN (M,N = 0, · · · , 4), decomposes into the
four-dimensional metric gµν (µ, ν = 0, · · · , 3),
the off-diagonal components gµ4, and g44.
The general coordinate invariance in the fifth

dimension implies that the gµ4 components
behave as four-dimensional elecromagnetic
gauge potential Aµ. In this manner the four-
dimensional gravity and electromagnetism
are unified in the five-dimensional gravity.

Motivated by Kaluza and Klein’s idea,
we consider non-Abelian gauge theory in five-
dimensional spacetime. Gauge potential de-
composes into two parts;

AM = ( Aµ , Ay ) . (1)

On M4× S1, for instance, fields are expanded
in Fourier series in the fifth coordinate y;

AM(x, y) =
∞∑

n=−∞
A

(n)
M (x) einy/R . (2)

A(0)
µ (x) describes four-dimensional gauge

fields. A(0)
y (x) tranforms as a four-dimensional

scalar. It is our contention that A(0)
y (x) con-

tains the four-dimensional Higgs scalar field.
Thus the Higgs field is a part of gauge fields
and the unification of gauge fields and Higgs
fields is achieved. The scenario is called the
gauge-Higgs unification.[2,3]

2 Dynamical gauge-Higgs unification
To apply the gauge-Higgs unification sce-

nario to the electroweak interactions, several
ingredients must be implemented.
(i) In the electroweak theory SU(2)L×U(1)Y

breaks down to U(1)EM and the Higgs fields



transform as a doublet of the SU(2)L group.
On the other hand, the extra-dimensional
component of the gauge fields in the decom-
position in (1) belongs to the adjoint repre-
sentation of the gauge group. This means that
one must begin with a larger group to achieve
gauge-Higgs unification, as first clarified by
Fairlie and by Manton.[2]
(ii) The electroweak symmetry is sponta-
neously broken by the 4-d Higgs fields, which
are a part of the 5-d gauge fields. Dynami-
cal electrowek symmetry breaking is induced
by the Hosotani mechanism.[3,4] When the
extra-dimensional space is non-simply con-
nected, there appear non-Abelian generaliza-
tion of the Aharonov-Bohm phases. Those
non-Abelian Aharonov-Bohm phases, {θj},
become dynamical degrees of freedom, even
though they give vanishing field strengths
at the classical level. At the quantum level
those θj, in general, develop nonvanishing
expectation values, thus breaking the gauge
symmetry.
(iii) Quarks and leptons are chiral in the elec-
troweak theory. Left-handed and right-handed
fermions interact with other particles differ-
ently. The most natural and powerful way of
incorporating chiral fermions in higher dimen-
sional theory is to have an orbifold in extra
dimensions.[5] As a typical example, consider
M4 × S1. An orbifold is obtained by identify-
ing two points on S1:

(xµ, y) ∼ (xµ,−y) .

The resultant spacetime is M4 × (S1/Z2).
(iv) As is seen below, phenomenology emerg-
ing from dynamical gauge-Higgs unification in
flat space contradicts with the observation. To
have realistic phenomenology in Higgs parti-
cles, quarks, and leptons, extra-dimensional
space should be curved. In particular, dynam-
ical gauge-Higgs unification in the Randall-
Sundrum warped space yields intriguing con-
sequences which can be tested in the experi-
ments at LHC.[6]

3 Extra dimensions : flat or curved?
One example in flat space with dynam-

ical gauge-Higgs unification in electroweak

interactions is given by the U(3)S × U(3)W

model.[7] There are two relevant non-Abelian
AB phases (θ1, θ2). The effective poten-
tial Veff(θ1, θ2) is depicted in fig. 1. The
abolute minimum is located at (θ1, θ2) =
(0,±0.269π) so that the electroweak sym-
metry SU(2)L × U(1)Y breaks down to the
electromagnetic symmetry U(1)EM .
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Fig. 1. The effective potential for the non-Abelian
AB phases (θ1=πa , θ2=πb) in the U(3)S×U(3)W

model in flat space.

Although the symmetry is dynamically
broken, there are two major problems. TheW
boson mass is predicted to be 0.135/RwhereR
is the radius of extra-dimensins. It implies that
the Kaluza-Klein mass scale MKK = 1/R is
about 600 GeV, which is too low. The mass of
the Higgs particle is estimated from the curva-
ture of the effective potential at its global min-
imum. One finds thatmH ∼ 0.871×√αW mW

where αW = g2
4/4π is the weak fine structure

constant. It leads to mH ∼ 10 GeV, contra-
dicting with experimental data.

These two features are generic in flat
space. The observational fact that the Higgs
mass should be much bigger than mW indi-
cates that the extra-dimensional space, if it
exsits, must be curved.

The most promising spacetime in the
context of dynamical gauge-Higgs unifica-
tion is the Randall-Sundrum (RS) warped
spacetime.[8,9] It has the same topology as
M4 × (S1/Z2). The metric is given by

ds2 = e−2σ(y)dxµdx
µ + dy2 ,

σ(y) = k|y| for |y| ≤ πR ,

σ(y + 2πR) = σ(y) . (3)
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As in M4 × (S1/Z2), (xµ, y) and (xµ,−y) are
identified. It is the anti-de Sitter space with a
cosmological constant −1/k2 sandwitched by
two branes at y = 0 and y = πR. It has been
speculated that five-dimensional anti-de Sit-
ter space naturally emerges from such a more
fundamental theory as superstring theory.
Further reduction to four dimensions yields
approximately conformal theory with gauge
fields and light fermions.

The RS spacetime is specified with two
parameters, k and R. It is natural to suppose
that the structure of spacetime is determined
at the Planck scale Mpl = 1.2× 1019 GeV. As
a consequence it is expected that k = O(Mpl).
The size R is determined such that the theory
predicts mW = 80.4 GeV. As is shown below,
it implies that kR = 12± 0.3.

4 W bosons and the Kaluza-Klein mass
Consider SU(3) gauge group which con-

tains SU(2)L × U(1)Y . Boundary conditions
for the gauge fields in the RS spacetime (3)
are given by

(
Aµ

Ay

)
(x, yj − y) = Pj

(
Aµ

−Ay

)
(x, yj + y)P †j ,

y0 = 0 , y1 = πR ,

P0 = P1 =



−1

−1
+1


 . (4)

With these boundary conditions zero modes
(massless modes) of AM in four dimensions
exist only for components

Aµ =



◦ ◦
◦ ◦

◦


 , Ay =




◦
◦

◦ ◦


 (5)

where ◦ is marked. The zero modes of Aµ are
W bosons, Z bosons, and photons, whereas
those of Ay constitute the Higgs doublet. In
particular, the zero mode of Ay gives rise to
non-Abelian Aharonov-Bohm phase θW :

exp
{ i

2
θW Λ

}
= P exp

{
ig

πR∫

0

dy 〈Ay 〉
}
,

〈Ay 〉 = ce2ky Λ , Λ =


 1

1


 . (6)

When θW 6= 0 (mod 2π), the SU(2)L sym-
metry breaks down and W bosons acquire a
mass mW given by

mW ∼
√√√√ 2k

πR
e−πkR sin

θW

2
. (7)

In the RS warped space the Kaluza-Klein mass
scale MKK , characterizing a mass spectrum
mn ∼ nMKK is given by

MKK ∼
πk

eπkR − 1

=
{

1/R for k → 0
πke−πkR for kR > 2 .

(8)

In a typical model θW takes a value
(0.2π ∼ 0.5π). To yield k = Mpl in (7), kR
must be (11.75 ∼ 12.0). Note that kR = 6
and 24 yield k = 1011 GeV and 1036 GeV, re-
spectively. Thus the value of kR is determined
to be 12± 0.3.

Combining (7) and (8), one obtains

MKK ∼ π

sin 1
2
θW

(πkR
2

)1/2

mW . (9)

This should be compared with the formula in
flat space; MKK ∼ (2π/θW )mW . There ap-
pears an enhancement factor 1

2
πkR ∼ 20 in

the RS warped space. Inserting the value for
kR, one finds that

MKK = 1.6 TeV ∼ 3.6 TeV . (10)

At LHC, Kaluza-Klein excited states can be
produced in intermediate processes so that
their existence can be indirectly checked for
the value in (10).

5 Higgs particles
The Higgs field φ in four dimensions cor-

responds to fluctuations of the non-Abelian
Aharonov-Bohm phase θW . More explicitly

θW → g4

(πkR
2

)1/2 v + φ

MKK

(11)
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where g4 is the four-dimensional gauge cou-
pling constant.

At the quantum level the effective poten-
tial for θW becomes nontrivial. Expanding it
around its global minimum, one finds

Veff(θW ) = const.+
m2

H

2
φ2

+
η

3
φ3 +

λ

4
φ4 + · · · . (12)

The effective potential is determined, once the
mass spectrummn(θW ) is found for each field.
It is shown that

Veff(θW ) =
3

128π6M
4
KKf(θW ) (13)

where f(θW +2π) = f(θW ) is a periodic func-
tion with an amplitude of O(1).

It follows from (12) and (13) that

mH =

√√√√3αW

32π
f (2)(θW )

πkR

2

mW

sin 1
2
θW

(14)

and

λ =
α2

W

16
f (4)(θW )

(πkR
2

)2

(15)

where αW = g2
4/4π ∼ 0.03. Notice the appear-

ance of the enhancement factor 1
2
πkR in (14)

and (15), which distinguishes the formulas in
the warped space from those in flat space. In a
typical model we have found that f (2)(θW ) and
f (4)(θW ) are about 4. For θW = (0.2 ∼ 0.5)π,
one finds mH = (125 ∼ 286) GeV! (The ex-
perimental bound is mH > 116 GeV.[10]) It
is remarkable that the dynamical gauge-Higgs
unification predicts the mass of the Higgs par-
ticle exactly in the range where experiments at
LHC will explore. The quartic coupling con-
stant λ is predicted to be∼ 0.09, though there
is ambiguity in the value of f (4)(θW ).

We summarize the prediction for MKK ,
mH , and λ in Table 1. The values for MKK

andmH predicted in flat space are inconsistent
with the observation, but the situation dras-
tically changes for the better in the Randall-
Sundrum warped space.

flat space RS space

MKK 320 ∼ 800 GeV 1.6 ∼ 3.5 TeV

mH 6 ∼ 15 GeV 125 ∼ 286 GeV

λ 0.00025 0.09

Table 1
Prediction in the dynamical gauge-Higgs unifica-
tion scenario in flat space and in the Randall-
Sundrum warped space. θW is chosen to be 0.2π ∼
0.5π.

6 Quarks and leptons
Another magic in the RS warped space

appears in the fermion sector.[11] Each multi-
plet of fermions enters as a 5-d Dirac fermion
in a triplet representation of SU(3). For in-
stance, a lepton multiplet ψ in the first gener-
ation consists of

ψL =



νL

eL

ẽL


 , ψR =



ν̃R

ẽR

eR


 . (16)

The components νL, eL, and eR have zero
modes which appear as 4-d νL, eL, and eR. On
the other hand ν̃R, ẽR, and ẽL have no zero
modes so that they drop from the particle
spectrum in four dimensions at low energies.

The Lagrangian density for a fermion
multiplet in the RS space is given by

L=ψ
−
iΓaea

MDMψ − c k ψ
−
ψ ,

DM = ∂M +
1

8
ωbcM [Γb,Γc]− igAM . (17)

The covariant derivativeDM is dictated by the
general coordinate invariance and the gauge

invariance. ckψ
−
ψ is called the bulk kink mass

term.[12] c is a dimensionless parameter.
Although c is called a bulk mass parame-

ter, quarks and leptons remain massless even
with c 6= 0 unless the electroweak symmetry
breaks down. Their wave functions in the fifth
dimension, however, depend on the value c.
When the electroweak symmetry breaks down
with nonvanishing θW , those quarks and lep-
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tons acquire finite masses given by

mf =

√√√√πkR

2

(1− 4c2)(z2
1 − 1)

(z1−2c
1 − 1)(z1+2c

1 − 1)
mW (18)

where z1 = eπkR. A fermion mass is deter-
mined by c, or vice versa. See fig. 2.

c = ±1
2

corresponds to mf = mW . Ex-
cept for top quarks all fermions have |c| > 1

2
.

As shown in Table 2, the top quark mass corre-
sponds to c = 0.43 whereas the electron mass
to c = 0.87. Although mt/me ∼ 105, there ap-
pears no hierarchical structure in the c space.
This gives us a good hint to understand the
hierarchy in the quark-lepton mass spectrum.
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Fig. 2. The bulk mass parameter c v.s. the fermion
mass mf in (18).

particle mass (GeV) c

e 0.510× 10−3 0.87

µ 0.105 0.72

τ 1.777 0.63

u 4× 10−3 0.81

c 1.3 0.64

t 175 0.43

Table 2
The bulk kink mass parameter c for each quark
or lepton, following from (18)

7 Outlook
The results obtained in the dynami-

cal gauge-Higgs unification in the Randall-
Sundrum warped spacetime are surprising.
The mass of the Higgs particle is predicted

in the range 125 GeV to 285 GeV. We have
determined the fermion wave functions in
terms of their masses, with which couplings of
quarks and leptons to the KK excited states of
W bosons etc. can be determined. In the LHC
experiments we might be able to see the trace
of the extra dimension, directly or indirectly.
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