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MATHEMATICAL STRUCTURE FOR FOREST 
DYNAMICS AND ITS APPLICATIONS 

1. H. Chuan* and A. Yagi** 

* Department of Environmental Technology, Osaka University, Suita, Osaka 565-0871, 
Japan 
** Department of Applied Physics, Osaka University, Suita, Osaka 565-0871, Japan 

ABSTRACT 

We are concerned with a forest kinematic model presented by Kuznetsov et al. [4]. In 
this report, we will survey how to construct global solutions and a dynamical system for 
this model equation. Moreover, we study the structure (including stability and instabil
ity) of homogeneous stationary solutions and the existence of inhomogeneous stationary 
solutions. Especially it shall be shown that in some cases, one can construct an infinite 
number of discontinuous stationary solutions. 
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INTRODUCTION 

We study the initial-boundary values problem for a parabolic-ordinary system 

8u _ ( ) 8t = j36w - ry v u fu in D x (0,00), 

8v 
8t = fv, - hv in D x (0, (0), 

(1) 8w 
-=dL1w 
8t 

f3w + av in D x (0, (0), 

810 
0 8D x (0,00), on 

8n 
u(x, 0) uo(x), v(x, 0) vo(x), 10 (x, 0) = wo(x) in D. 

This system has been introduced by Kuznetsov et al. [4] in order to describe the kinetics 
of forest from the viewpoint of the age structure. For simplicity they consider a prototype 
ecosystem of a mono-species and with only two age classes in a two-dimensional domain 
D. 
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The unknown functions u(x, t) and v(x, t) denote the tree densities of young and old 
age classes, respectively, at a position xED and at time t E [0,00). The third unknown 
function w(x, t) denotes the density of seeds in the air at xED and t E [0,00). The third 
equation describes the kinetics of seeds; d > 0 is a diffusion constant of seeds, and 0; > 0 
and (3 > 0 are seed production and seed deposition rates respectively. Wliile the first and 
second equations describe the growth of young and old trees respectively; 0 < 6 S; 1 is a 
seed establishment rate, 1'( v) > 0 is a mortality of young trees which is allowed to depend 
on the old-tree density v, f > 0 is an aging rate, and h > 0 is a mortality of old trees. 

For w, the Neumann boundary conditions are imposed on the boundary aD. The 
initial value (uo, Vo, wo) is taken from the space 

In this report, we intend to construct a global solution to (1) for each initial function 
Uo E K and to construct a dynamical system determined from the problem. Furthermore, 
we are concerned with investigating the stability and instability of homogeneous stationary 
solutions and seeking inhomogeneous stationary solutions. 

Throughout the report, D is a bounded, convex or (';2 domain inlR2. We assume as in 
[4] that the mortality of young trees is given by a square function of the form 

(2) 

where a, b, c > 0 are positive constants. This means that the mortality takes its minimum 
when the old-age tree density is a specific value b. As mentioned, d, f, h, 0;, (3 > 0 are all 
positive constants and 0 < 6 S; 1. 

MATERIALS AND METHODS 

We shall formulate the initial boundary value problem (1) as the Cauchy problem for an 
abstract semilinear equation 

{ 
~~ + AU F(U), 

U(O) = Uo 

0< t < 00, 

in the underlying product space X = LOO(D) x LOO(D) x P(D). Here, the linear operator 
A and the nonlinear operator F are defined by 

(
f 0 0) 

A= 0 h 0 , 
o 0 11 (

(36W 'Y(V)U) 
F(U) = fu , 

o;v 

where 11 is a realization of the operator -d.6. + (3 in L2(D) under the homogeneous Neu
mann boundary condition EJ;:: = 0 on the boundary an. It is known that 11 is a positive 
definite self-adjoint operator of L2(D) with 1)(11) H'fv(D), where H'fv(D) is a closed sub
space of H2 (D) consisting of functions w's satisfying the homogeneous Neumann boundary 
conditions on aD. 
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Then for each initial value Uo E K, we can apply the general results in [5] to con
struct local solutions. Nonnegativity of local solutions and a priori estimates for local 
solutions will be established in usual manners. As an immediate consequence of a priori 
estimates, we can prove the existence and uniqueness of global solutions. Moreover, from 
the Lipschitz continuity of solution in initial data, we can construct a dynamical system 
determined from (1). 

RESULTS AND DISCUSSION 

Theorem 1. For any Uo E K, (1) possesses a unique global solution such that 

{
a :=:; U,l) E e([O, 00); LOO(D)) n e 1 ( (0,00); LOO(D)), 

a:=:; w E e([o, 00); L2(D)) n e((o, 00); H}AD)) n e1((0, 00); L2(D)). 

For each Uo E K, let U U(t; Uo) be the global solution to (1) with the initial value 
Uo· Put S(t)Uo U(t; Uo), ° < t < 00. 

Theorem 2. The nonlinear semigroup {S(t) h~o defines a dynamical system (S(t), K, X). 

The structure of homogeneous stationary solutions depends on the parameter h dras
tically. When a < h < al;.;+ f' it is shown that there exist two homogeneous stationary 
solutions P+ (which is non zero solution) and the zero solution 0 = (0, 0, 0) and that P+ 
is stable and 0 is unstable. This means that in this case any forest starting from a non 
zero initial state holds alive. In the meantime, when f~~ < h < 00, the zero solution 
o is a unique stationary solution and is globally stable, that is, every forest is going to 
extinct. When al-j~;+ f < h < f~~, there exist three homogeneous stationary solutions 
P± (which are non zero) and the zero solution 0; here, P+ and 0 are stable meanwhile 
P_ is unstable. This means that some forests can hold alive and others are going to 
extinct. What is more interesting is that, in this case, there exist many inhomogeneous 
stationary solutions. Especially when a and b are sufficiently large, one can construct 
an infinite number of discontinuous stationary solutions (u, 1], w)'s, U, 1] E LOO(D) being 
discontinuous and W E H2(D) being continuous. 

Such a discontinuous stationary solution is very important in the view point of forest 
also (see [4]). The interface of discontinuity of a stationary solution is considered as an 
internal and proper forest boundary, which is called an ecotone. So we can re-create the 
ecotone of forest by using the prototype model (1). Many interesting problems concerning 
discontinuous stationary solutions, however, remain to be solved. 

We shall present some numerical example. Let D be square domain [0,1] x [0,1]. The 
coefficients are taken as 0: =!3 1.0, (j = 0.1, f = 1.0, a = 1.0, c = 0.2 and d 0.05. For 
each ,8 and h, let P+ = (u+,l)+,w+) be the non zero homogeneous stationary solution. 
Initial functions Un, 1)0 and Wo are given by uo(x, y) = vo(x, y) = a if jx2 + y2 :=:; R; 
uo(x, y) = u+, vo(x, y) = v+ if jx2 + y2 > R, on the other hand, Wo == w+ in D. Here 
R is paramater such that a < R :=:; 1. Our goal is to find the values of R so that forest 
starting from this initial state is going to extinct, or recover to homogeneous stationary 
solution P+, or tend to a inhomogeneous stationary solution. We performed numerical 
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computations for sufficiently large time until the graph of solution and the values of 
Lyapunov ftmction are stabilized numerically. 

In the case j3 = 1. As show in Fig. l(a) below, there are only two regions Rand 
E. Where, forest is going to extinct if (h, R) E E and going to recover the damages if 
(h, R) E R. 

In the case (J 3. There are three regions R, D and E, where forest is going to tend 
to discontinuous stationary solutions if (h, R) E D (see Fig. l(b)). 

0.8 0.8 

0.6 0.6 

R R 

0.4 0.4 

0.2 
0.2 

0.76 0.78 0.8 0.3 0.4 0.7 0.8 

It h 

(a) ,6 = 1 (b) .B 3 

Figure 1: Relation between hand R 

CONCLUSIONS 

We constructed a global solution to (1) for each triplet of initial functions and constructed 
a dynamical system determined from the problem. Furthermore, we obtained some results 
about the structure of homogeneous stationary solutions and the existence of inhomoge
neous stationary solutions. 
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