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Abstract

In the dynamical gauge-Higgs unification of electroweak interactions in the
Randall-Sundrum warped spacetime the Higgs boson mass is predicted in the range
120 GeV — 290 GeV, provided that the spacetime structure is determined at the
Planck scale. Couplings of quarks and leptons to gauge bosons and their Kaluza-
Klein (KK) excited states are determined by the masses of quarks and leptons. All
quarks and leptons other than top quarks have very small couplings to the KK ex-
cited states of gauge bosons. The universality of weak interactions is slightly broken
by magnitudes of 107%, 1076 and 1072 for p-e, 7-e and t-e, respectively. Yukawa
couplings become substantially smaller than those in the standard model, by a fac-
tor | cos 30y | where Oy is the non-Abelian Aharonov-Bohm phase (the Wilson line

phase) associated with dynamical electroweak symmetry breaking.
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1 Introduction

In the extra-dimensional gauge-Higgs unification the Higgs field is unified with the gauge
fields so that the mass of the Higgs particle and its self-couplings and couplings to quarks
and leptons are all determined by the underlying gauge principle and the structure of
spacetime. As a bonus it serves as an alternative to minimal supersymmetric standard
model to stabilize the Higgs field in the electroweak interactions. The gauge-Higgs unifica-
tion in the Randall-Sundrum (RS) warped spacetime has attracted much attention for its
phenomenological consequences. |1, 2] In particular the Higgs mass in the dynamical gauge-
Higgs unification in the RS warped spacetime is predicted in the energy range 120 GeV -
290 GeV exactly where experiments at LHC can explore.[3] Predictions from the gauge-
Higgs unification are not limited to the Higgs sector. The main purpose of the present
paper is to show that there appears non-universality in the weak gauge coupling of quarks
and leptons and the Yukawa couplings of quarks and leptons are substantially reduced in
the extra-dimensional gauge-Higgs unification scheme. The deviation from the universality
turns out to be small and is within the current experimental limit. It becomes larger for
heavier leptons and quarks, and can be tested in future experiments. The reduction of the
Yukawa couplings can be tested in experiments at LHC.

There are several key ingredients in the extra-dimensional gauge-Higgs unification.
First, in the electroweak interactions the SU(2), xU(1)y symmetry breaks down to U(1) gas
by nonvanishing vacuum expectation value of the doublet Higgs field. In the gauge-Higgs
unification the 4D Higgs field is identified with the extra-dimensional component of the
gauge potentials which is necessarily in the adjoint representation of the gauge group. It
implies that one has to start with a larger gauge group such as SU(3), SO(5), and G5 to
accommodate the 4D Higgs field. This observation was made by Fairlie and by Forgacs and
Manton.[4, 5] Secondly, dynamical mechanism for electroweak symmetry breaking in the
gauge-Higgs unification is provided by quantum dynamics of non-Abelian Aharonov-Bohm
phases (Wilson line phases), once the extra-dimensional space is non-simply connected.[6, 7|
Classical vacua are degenerate along the direction of Wilson line phases. The degeneracy is
lifted by quantum effects, thereby the gauge symmetry being spontaneously broken. This
Hosotani mechanism also gives the 4D Higgs field a finite mass by radiative corrections|8].

The early attempt of dynamical gauge-Higgs unification, however, encountered severe
difficulty in incorporating chiral fermions. A major breakthrough came in the last decade by

considering an orbifold as extra-dimensional space.[9] The left-right asymmetry is naturally
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implemented in orbifold boundary conditions so that the matter content of the standard
model appears in the effective theory at low energies.[10]-[17] The idea has been applied
to grand unified theory as well.[18]-[21]

One of the necessary consequences of gauge-Higgs unification is that the property of
the Higgs particle is mostly fixed by the gauge principle and the structure of the extra
dimension. In particular, the W boson mass (my ), the Higgs boson mass (my), and the
Kaluza-Klein mass scale (mgxk) are related to each other. In the dynamical gauge-Higgs
unification in flat space one finds that my ~ /aw my /0w where oy = 9%U(2) /4 and Oy,
is the Wilson line phase (the non-Abelian Aharonov-Bohm phase) associated with the VEV
of the extra-dimensional component of gauge potentials. Natural matter content yields 6y,
in the range 0.27 - 0.57 so that my is found to be too small (~ 10 GeV). Further mgy turns
to be ~ (27 /6y )my, which also contradicts with experimental limits. It is not impossible
to engineer a model such that the resultant Ay, becomes small enough to make the Higgs
particle sufficiently heavy, but it requires artificial tuning of matter content.[13, 14, 16, 17|

It has been recognized that a much better and natural way of having more realistic
phenomenology in gauge-Higgs unification is to consider gauge theory in curved spacetime.
In particular, in the Randall-Sundrum (RS) warped spacetime[22] an enhancement factor
resulting from the spacetime curvature leads to my = (120 ~ 290) GeV, just the mass
value to be tested at LHC. The Kaluza-Klein mass scale turns to be 1.5 TeV to 3.5 TeV
as well.

The consequences of gravitational effects in the gauge-Higgs unification are far-reaching.
On an orbifold with topology S'/Z, each fermion multiplet can have its own bulk kink mass
M. In the RS spacetime, in particular, there results a natural dimensionless parameter M /k
where k is related to the cosmological constant A = —k? in the bulk. These parameters are
fixed by my and quark/lepton masses, which in turn determine wave functions of quarks
and leptons in the fifth dimension. Couplings of quarks and leptons to gauge bosons,
the Higgs boson, and their Kaluza-Klein towers are unambiguiously determined. This
procedure of calculating various couplings is previously performed in Ref.[23] although
their context is not exactly the gauge-Higgs unification. Most of our results qualitatively
reproduce their results as expected. However there are some consequences inherent in the
gauge-Higgs unification in the RS spacetime. We will find that the universality of the weak
interactions is slightly broken, which can be tested by future experiments. Further the 4D

Yukawa couplings of quarks and leptons are substantially reduced.



Gauge theory in the RS spacetime has been under intensive investigation.[24]-[27] The
RS geometry gives a natural bridge between the Planck scale (gravitational scale) and the
weak scale by a warp factor. The geometry in the fifth dimension is anti-de Sitter, which
enables the gauge-Higgs unification in the RS spacetime to have intriguing interpretation in
the AdS/CFT correspondence.|[1, 2] We will see that dynamical gauge symmetry breaking
in the RS spacetime by the Hosotani mechanism leads to intricate structure in the elec-
troweak interactions in the quark-lepton sector. The key is the observed quark-lepton mass
spectrum, from which the fine structure in the gauge couplings and the Higgs couplings is
unambiguiously determined for experimental verification.

In this paper we consider an SU(3) gauge theory as an example. This model has
been extensively studied in flat space for simplicity. It is well known, however, that the
SU(3) model does not give realistic structure in the neutral current sector. In particular,
the Weinberg angle in the model turns out too big. With this limitation in mind, we do
not address the issue of non-universality in neutral current interactions. To have realistic
structure in neutral current, extension of gauge group to, say, SO(5) x U(1)p_y, is necessary
as discussed in Ref.[2]. It is anticipated that most of the qualitative features obtained in
the present paper remain valid in such modified models as well.

In section 2 gauge theory in the RS spacetime is specified with boundary conditions.
In sections 3 and 4 all fields are expanded around a nontrivial background of the Wilson
line phase, and spectra and mode functions in the fifth dimension are obtained. General
features of the mass spectra are clarified in section 5. The bulk mass parameters of quarks
and leptons are related to their observed masses. The mass and self-couplings of the
Higgs field are also determined there. Nontrivial behavior of gauge couplings of quarks
and leptons is investigated in section 6, and the non-universality of weak interactions is
established. Reduction of Yukawa couplings of quarks and leptons is shown in section 7.
Section 8 is devoted to conclusion and discussions. Useful formulae are summarized in

appendices.

2 Gauge theory in the RS spacetime

We consider an SU(3) gauge theory on the Randall-Sundrum geometry [22]. The fifth
dimension is compactified on an orbifold S'/Z, with a radius R. The bulk five-dimensional

spacetime has a negative cosmological constant —k%. We use, throughout the paper,



M,N,--- =0,1,2,3,4 for the 5D curved indices, A, B,--- = 0,1,2,3,4 for the 5D flat
indices in tetrads, and p,v,--- =0, 1,2, 3 for 4D indices.! The background metric is given
by

ds? = GyundzMdzN = e’zo(y)nw,d:c“da:” + dy?, (2.1)

where 7, = diag (—1,1,1,1), o(y) = o(y + 27R), and o(y) = k|y| for |y| < 7R with k
being the inverse AdS curvature radius.

The field content consists of SU(3) gauge boson

e [ AN Al i A Ay
Ay =>_ AT =5 | Al tidl, AL+ AN AY Al | (22)

o=t Ay +idy,  AY +iAY, Ay
the corresponding ghost fields (w, @) = ) (w®* @*)A*/2, where A* are the Gell-Mann ma-
trices, the SU(3)-triplet spinors ¥* = (11,4, 13) and singlet spinors. The relevant part of

the action is

I= / &Pz -G {tr ( — %FMNFMN — % o — cw,@) + )TN Dy — iMeynp |, (2.3)

where G = det(Gyy), TV = e NTA. T4 is a 5D y-matrix. £, and M are the associated
ghost Lagrangian and a bulk mass parameter, respectively. Since the operator ¢ is Z»-odd
as it follows from the boundary condition (2.6) below, we need the periodic sign function
e(y) = o'(y)/k satisfying €(y) = £1. The field strengths and the covariant derivatives are
defined by

Fyun = OuAy — ONAn — 195 [AM> AN] )

1 .
Dy = {31\4 — ~w Pl yp — Z95141\4} Y,

4
Dyw = {0y —igsAp}w (2.4)
where g5 is the 5D gauge coupling and T'*# = 1[4 T?]. The spin connection 1-form
wAB = w,ABdr™ determined from the metric (2.1) is
w"t = —0'e %ds” , other components = 0 . (2.5)

The gauge-fixing function fg¢ is specified in the next section.

I As the background geometry preserves 4D Poincaré invariance, the curved 4D indices are not discrim-
inated from the flat 4D indices.



The general boundary conditions in the RS spacetime are

AM(.Z', _y) = POAu<x7y>PO_1 ; Au(ma TR + y) = PWAH(xa,/TR - y>P7r_1 )

Ay(z,—y) = =P A, (v, y)Py' . Ay(z,7tR+y) = —P Ay (z, 7R —y)P. ' |

w(%—y) :ﬁ0P075¢(35ay) ) 1/}<$’7TR+y) :nﬂ'PW’7577Z)(x77TR_y) )

Ay(z,y +27R) = UAy(z,9)U ™", (x,y + 27R) = non.Utb(x,y) (2.6)
where v5 = I'* is the 4D chiral operator and 19,7, = 1. The unitary matrices Py, Py

and U satisfy the relations P? = P? = 1 and U = P, P,. In the present paper we take
Mo =N. = 1 and

—1
Py=P, = 1 (2.7)
1
The Z,-parity eigenvalues (P, P;) of Ay and ¢ are
(+7+) (+>+) (_7_) (_7_> (_7_) (+7+)
AM = (+7+) (+7+) (_7_) ) Ay = (_7_> (_7_) (+’+) )
(_’_) (_7_) (+7+) (+v+) (+7+) (_7_)
(_7 _) (+7 +)
Ur=| (=) |, =] (4 |, (2.8)
(+7 +) (_’ _>

where 59r = ¢r and 59 = —YL.

Note that only (4, +) fields can have zero-modes when perturbation theory is developed
around the trivial configuration Ap; = 0. Thus the SU(3) gauge symmetry is broken by
the boundary condition to SU(2) x U(1) at the tree level. The zero modes of A, contain
an SU(2)-doublet 4D scalar (Aj + A}, AS + A7), which plays a role of the Higgs doublet
in the standard model whose VEV breaks SU(2) x U(1) to U(1)gwm.

The zero modes of A, (y) independent of 4D coordinates z* yield non-Abelian Aharonov-
Bohm phases (Wilson line phases) when integrated along the fifth dimension. With the
residual SU(2) x U(1) symmetry at hand it is sufficient to consider x*-independent zero

mode A, = $ATA", for which the Wilson line phase 6y is given by

1 TR 1 .
5 Ow = 95/ dy 3 Ayly) - (2.9)
0



The factor % on the left-hand side is necessary as the integral on the right-hand side covers
only a half of S'. It has been shown in Ref. [3] that a gauge transformation specified with

a transformation matrix

€2k’y —1

Qy) = exp | inm M) (n: an integer) (2.10)
( )

o2kTR _

preserves the boundary conditions (2.6) and (2.7), but shifts the Wilson line phase by 2n;

As a consequence Oy, is a phase variable with a period 27.

Although 0y, # 0 gives vanishing field strengths, it affects physics at the quantum level.
The effective potential for 8y, becomes non-trivial at the one loop level, whose global mini-
mum determines the quantum vacuum. It is this nonvanishing 6y, that induces dynamical
electroweak gauge symmetry breaking. We stress that the value of 6y, is determined dy-
namically, but not by hand. Distinct boundary conditions can be equivalent to each other

at the quantum level by the dynamics of Wilson line phases|7].

3 Spectrum and mode functions of gauge bosons

3.1 General solutions in the bulk

As the Wilson line phase 6y, acquires a nonvanishing VEV, we employ the background

field method, separating A, into the classical part A§; and the quantum part A§,.
Ay =AY, + AY,. (3.1)
Following Oda and Weiler [28], we choose the gauge-fixing function
fof = 62‘77)“”7);“;142 + 562‘77); (e*ZUAZ) , (3.2)

where

DS, AL, = 0 AY — igs [ A, AY]. (3.3)

The quadratic terms for the gauge and ghost fields are simplified for £ = 1;

I = / d*ady tr [ WAL + P AL + e AYD+ PYAL + e P00+ Po)w |, (34)



where U = n*90,0,, Py = Dze_QUDl‘j and P, = D;Dz‘je_%. Here we have taken A}, = 0,
respecting the 4D Poincaré symmetry. The surface terms at the boundaries at y = 0 and
7R vanish thanks to the boundary conditions for each field.

At this stage it is most convenient to go over to the conformal coordinate z = e?);

2
dsQ—i{ dxtdx” di}
= Nwax”ax” + ,
22 k2

0y =kz0, , A, =kzA, . (3.5)

In this coordinate the boundaries are located at z = 1 and 2z, = ¥ . The action (3.4)

becomes

1 .
I= / d*rdz —tr { " AL (O + E*Py) Ag
kz

~ 1 ~
+k*AYO + k*P,) Al + gw(m + E*Pyw |,

. 1 . 1
Py=2D;-D; , P,=D;2D;— . (3.6)
z z

The linearized equations of motion for A,; become
2 C 1 ¢
UA} + k*2 D5 - DAl = 0,
z

1
DAY+ kDS 2DE - AL =0 . (3.7)
z

The classical background is taken to be AS = az)\" (a: constant) below.
To determine spectra and wave functions of various fields, we move to a new basis by

a gauge transformation;
Ay =0A%,071
Q(z) = exp {—ig5 / dz' A;(z’)} : (3.8)
1

In the new basis the classical background of A, vanishes so that DS, reduces to the
simple derivative 0y, while the boundary conditions become more involved. The linearized

equations of motion (3.7) become

~ 1 ~
DA, +k° (63 - ;az) A, =0,



~ 1 1
OA, +k*(0?—-0.+ = | A, = 0. (3.9)
z 22

The equations for eigenmodes with a mass eigenvalue m,, = k\,, are

? 1d 9 — /3l — 1 1 2i~a =
{————+A} i = VEL= D-(9D- () + N B =0

dz?  zdz .

2 1d 1 L) 1y a21 L Ga
{@—;@+—+A}hwzﬁ[—m(g)D_(g)m}?h =0, (310)

where D (c) is defind by
Di(fe)==—+ — . (3.11)
With these eigenfunctions the gauge potentials are expanded as
Aaxz Zh (x) , AYz,2) Zh : (3.12)
The general solutions to Eq.(3.10) are expressed in terms of Bessel functions as

~61L4,n(’2 =z {aAnJl( ) +ﬁAnY1( )}
ﬁ;n(z) = z{al, Jo(Anz) + B2, Yo(A2) } (3.13)

a a a a 1
where af ,,, 5% ,, ag , and 53, are constants to be determined.

3.2 DMass eigenvalues and mode functions

To determine the eigenvalues A,,’s and the corresponding mode functions (3.13), we need
to take into account the boundary conditions (2.6) and (2.7). It follows from the action
(3.4) or (3.6) that tr A,0,A* and tr A,0,(A./z) must vanish at z = 1 and z,. For Z-even

components in (2.8), therefore, one has
1
.45 =0 8Z<—A‘;) —0  atz=1,z,, (3.14)
z
while for Z,-odd components,
AL =A7=0 at z =1,z . (3.15)

One has to translate the conditions (3.14) and (3.15) into those in the new basis Ay, or

for (3.12) and (3.13).



As is inferred from (3.7), Zs-even components of A, have zero modes (A\g = 0) with

A, « z. Making use of the residual SU(2) x U(1) symmetry, we can restrict ourselves to

1
AS = §az/\7 (3.16)

z

where a is an arbitrary constant. The constant a is related to Oy in (2.9) by

Ow = %gm(zz —1). (3.17)

The potential has a classical flat direction along 6y,. The value for Oy is determined at

the quantum level. The gauge transformation matrix (2 defined in Eq.(3.8) becomes

1
Q(z) = exp {—il0(2)\"} = cos3f —singf |, (3.18)
singf  cos 30
where
g5a 22 -1
0(2) = gs / 4 AT() = 5002 1) = gy, (3.19)
1 2 22 -1
Thus the relation between Ay, and Ay, in (3.8) can be written as
Al _ [ cos 10 —sinif Al
Al sinif cosif Al )
A2, _ ([ cos 20 —sinif A3,
A, sinif cos3f A3, )
A _ [ cos 6 —sind A
AS, sinf  cosf AS, )7
Ay =AY AN =AY (3.20)

where

Aq\ [ - A3,
FINEEI I I

For (A!, A4 , for example, the boundary conditions (3.14) and (3.15) become
o
d 0 0
(cos— hAn+sm Ry )
dz

7
—sin2 hAn—l—cos h

MlSMIH
w
o= w

=0,

z=1,zx

0. (3.22)

z=1,zx

10



The conditions are summarized as

Ando(An) A Yo(A\n) 0 0 04114’11
CorndoMnzn) oM Yo(Mnzr) SwAndo(Anzrn)  SwAnYo(Anzx) Bn _ 0. (323)
0 0 Ji(\n) Yi(An) o, L
—Swdi(Mnzr)  —swYi(An2zr)  cwdi(Anzr) cwY1(Anzr) Bin

where ¢,, = cos %HW and s, = sin %QW. For a nontrivial solution to exist, the determinant
of the above 4 x 4 matrix must vanish, which leads to
4 0
)‘iZﬂFO,O(Avm Zﬂ')Fl,l()‘n; Zﬂ') = 9 Sin2 TW : (324)
s
Here F, (), z) is defined in (B.1) in Appendix B. Eq. (3.24) determines the eigenval-
ues A,. Once )\, is determined, the corresponding «,’s and (3,,’s are fixed by (3.23) with

the normalization conditions?

Zr 1 5 5 _
[ e (i) ) | = 0 3.29
1
The result is
iL}LX,n(Z) = Cin(ew) ' ZFLO()‘TM Z) )
ﬁim(z) = C7,(0w) - 2F11 (M, 2) (3.26)

where the coefficients C37% (6y) are defined in (B.4). Similarly, one finds, for (A}, A?), that

z

Zn k _ ~ . -
e (B @Rae) + B @b} = b

- 1
hglo,n(z) = E Cin<6W) ’ ZFO,O(/\TLJ Z) )

] 1
hgn(2) = - ClalOw) -2l (M 2) (3.27)

From Egs.(2.8) and (3.20), we can see that the same formulae are obtained for (A2, A?);
%, (2) = hY,(2), ho,(2) = B4, (2), ete. The lightest mode in (A} +iA2, A +iA3) is the
W boson for the electroweak interactions.

We remark that Af and A? have a degenerate mass spectrum except for the zero-mode.
Differentiating the first equation in Eq.(3.10) with respect to z, one finds that

2 2 a
%{d——li+>\i}~jm:{%—%%JF%JF/%}%:O. (3.28)

?Due to the twisting by €(z), each mode has nonzero components in both Al and A

4
u
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Comparing it with the second equation in Eq.(3.10), we observe that dﬁ%}n /dz satisfies the
same mode equation as ﬁgn(z) does. Since dﬁj’n /dz and ﬁgn(z) satisfy the same boundary
condition, dﬁ%,n Jdz x ﬁ;n and the corresponding modes A, ,,(z) and ¢, () have the same

eigenvalue \,,.3

4 Spectrum and mode functions of fermions

Next we consider the fermion sector. From the action (2.3), the linearized equation of

motion is

1
il (aN — ZwNABFAB — ¢g5A5V) Y —iMep =0 . (4.1)

Let us restrict ourselves to the fundamental region 0 <y < 7mor 1 < z < z; where e = 1.
As in the previous section, the Kaluza-Klein decomposition becomes easier in the new basis

(3.8). We introduce ) by
= 22 (2)1, (4.2)
with Q(z) defined in (3.8). Then, Eq. (4.1) becomes

~ M\ -
’Y“apﬂﬂR - <kaz + ;) wL = 07
_ M\ -
w9~ (k0. + 2 ) du = (4.3
where 4* is the 4D ~-matrices defined by * = I'=# 4 Here we have decomposed ) into

the eigenstates of ~s, i.e., 1; = @R + 1/;L where 75153 = ﬂR and %1;L — —¢.. From these

equations, the mode equations for the fermion are given by

Dy (F) ) = M) (4.4)

where i is an SU(3)-triplet index and D (c) is defined in (3.11). Uri and ¥p,; are expaned

as

Yri(z, 2) Z L Pz, 2) me . (4.5)

The general solutions to Eq.(4.3) are

fr (2) = 22{a Joac1( Mg Z)+b WYa1(An Z)} )

©,m

3This correspondence holds only for nonzero-modes since the mode function for the zero-mode of AZ is

a constant.
4Note that M=+ = ¢?~#. Throughout the paper, 4D indices are raised and lowered by n*¥ and Ny s

respectively.
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fin(2) = 22{ai, Ja(Mnz) + b Ya(n2) ) (4.6)

where a = (M/k) + 5. The eigenvalue A, and the coefficients afn, bfn are determined by
the boundary conditions.

To figure out the boundary conditions for 15, we look at the action and equations in the
original basis. Taking into account the fact that A, is continuous at the boundaries, one

finds that ¢ = z=21) = Q=14 must obey

Dythry = Dithg = D_ybpg =0 |
Yri = Ppa = U3 =0 (4.7)

at z =1 and 2., where DL = D (M/k). ¢ is related to ¢ by

1211 = 1;1 s
1&2:{008@-1@24—5111@-&3} ,
123 = {—sin@ -1224—008@-123} ) (4.8)

121 is expanded in modes by itself, while 7,22 and 153 are expanded in a single KK tower, each
mode of which has nonvanishing support on both ¢ and 3 for 6y # 0 mod 27. Taking
this fact into account, we label the KK modes in ¢, and (7&2, 1/:3) separately.

Mode functions are obtained in the same way as in the case of the gauge fields. Nor-

malization conditions are given by

Zr s 5
O
1

[ ACT O S IC) S (+9)
For the right-handed components
0 for{ =0,
i B -3
fi(z) = \/_l\ﬁ;;\? {Yi;iz)(\;ii) - 1} 23 Fp a1 (N, 2) for 1 #£0,

f;n(z) = Cg,n(QW) : Z%Fa—l,a—l(/\nwz) y
fin(2) = C5(0w) 22 Faiia(An,2) (4.10)

13



whereas for the left-handed components

( 2%k(1—a)\> .
EESE B for | =0,
- 22 _
f1,z(z) = o v2 (0 1
Al { 2@—1(01) _1} .z%Fma_l()\?,z) for  #0
\ \/5 Ya—1<)\l27r)

f2—,n<z) = Og,n(HW) ) Z%Fa,a—IO‘mZ) )
Fon(2) = Cou(Ow) - 22 Faa(Mny 2) (4.11)

The functions F, 3(An, z) and C35 (6w ) are defined in (B.1) and (B.4). The eigenvalues A

and ), are the solutions of

Fota1(N,2:) =0, (4.12)
Nz, =
nem oz—l,a—l()\nyZW)Fa,a(/\n7Z7r) - —28111 9 ) (413)
s

respectively. Only 11, has a zero-mode if 8y # 0 mod 27.

Note that the left- and the right-handed modes have degenerate mass eigenvalues for
each KK level except for the zero-mode, as inferred from Eq.(4.4). It is easy to show that
(a;,b5,) = (a;,,b;,) in (4.6) for A, # 0. With the aid of (B.8) and (B.9), one can see

that the mode functions satisfy, under the flip of the sign of the bulk mass M < —M that

Fa2) = Pan(Ow)f5a(2) .
Fa2) = —Pan(Ow)fon(z) (4.14)

where the sign factor p,.,(6w) = £1 is defined by (B.5).
In passing we would like to comment that the spectra and wave functions of various fields

in the RS spacetime reveal the structure of supersymmetric (SUSY) quantum mechanics.

_l’_

,n

for the SUSY structure. Eqs. (3.10) and (4.4) with the designated boundary conditions

The pair (~fb47n, ~$7n) for gauge fields and the sets of pairs ( f[n) for fermions form bases

guarantee quantum mechanics SUSY. This feature for gauge fields has been stressed in

Ref. [31] in general 5D warped spacetime.

14



5 Mass spectrum

5.1 General properties of mass spectrum

As we have seen in the previous two sections, there are two types of fields with respect
to their KK decomposition. The first is of the singlet-type which is unrotated by Q(z) in
(3.18). Its KK spectrum is not affected by the nonvanishing Wilson line phase 6y,. The
other is of the doublet-type which is rotated by €(z). The KK spectrum of the latter
type of fields depend on fy,. In this section we investigate the 6y,-dependence of their KK
spectrum.

The mass spectrum {m,, = k\,} of fields of the doublet-type is determined by

4 0
2 2 Fo 101y Ze) Faa(Ans 20) = = sin? 7W (5.1)

o = 1 for gauge fields, while & = (M/k) + 1 for fermion fields.” (See Egs. (3.24) and
(4.13).) Using Eq.(B.2), the equation can also be written as

)\izﬂFa_La(/\n, 2r) Foam1(Any 22) = = cos® —. (5.2)

As confirmed by numerical evaluation of (5.1), the smallest mass eigenvalue satisfies

Mozr < 1 when the warp factor z, = e is large enough. Making use of (B.3), one finds,

sm%w({uo(mgf’%)}. (5.3)

The correction terms are of order (wmg/mxx)? for z; > 1, where

for mg = kg,

e —l

m[):k‘

km

Zr — 1

MKK =

is the KK mass scale. In particular, the mass of the W boson is given by

. MKk 2 % . 9W 7T2m%[/
My = (ﬁ) sin =~ {1+(’)(m%(K ) (5.5)

for z; > 1. Note that the formula (5.5) is consistent with the result in Ref. [3] for Oy < 1.

In the flat spacetime (k = 0), the correction terms are no longer negligible in (5.3). As will

be seen, this modification amounts to the replacement sin %QW — %QW in (5.3).

SFor (A3, AS,), Ow in Eq. (5.1) is replaced by 26y .
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One can draw an important consequence from (5.5). The RS spacetime is specified with
two parameters, k and kR. If one supposes that the structure of spacetime is determined
at the Planck scale so that k ~ Mp, then (5.5) implies that kR = 12 + 0.1. It has been
known [13, 15, 20, 29, 30] that with natural matter content the effective potential Vig(0y)
has a global minimum either at 0y = 0, at Oy = (0.2 ~ 0.8)7 or at Oy = 7, the second
of which corresponds to the electroweak symmetry breaking. Therefore the value of kR is
determined around 12 irrespective of the details of the model considered. We take kR = 12
in the numerical evaluation in the rest of the paper.

Once kR and my are given, mgg is determined as a function of fy,. One sees that
mgk = 1.5TeV ~ 3.5 TeV for Oy = ir ~ ir. (A7kR)'/? gives an important enhancement
factor in the RS spacetime.

As s evident from (5.1), all mass eigenvalues are periodic in Oy ; m, (0w +27) = m, (6w ).
We remark that this behavior is in no contradiction to the behavior observed in flat space
my, (0w + 27) = my,. (0w ) (¢: an integer).® In order to understand the situation, let us see
the mass spectrum for massive modes. By utilizing the asymptotic behavior of the Bessel
functions (A.3), the relation (5.1) becomes, for A, > 1,

sin® {(zr — 1)\, } ~ sin’ QTW : (5.6)

which leads to the mass spectrum”

My ~

0
- _W‘ —_— (5.7)
2

In flat spacetime, all \,,’s become large except for the zero mode A\g = 0 so that the formula
(5.7) becomes exact for all n’s. The behavior (5.7) can be interpreted that each mass
eigenvalue shifts to the next KK level as 0y, — 6y +2m, or equivalently that m, (6w +27) =
M1 (0w). In the curved space, however, this is incorrect. Fig. 1 depicts the masses of W
boson and its KK modes as functions of 6y,. It shows that each mass eigenvalue is periodic
in Oy, the level-crossing never taking place. As the AdS curvature k£ becomes small, two

adjacent lines come closer to each other at 6y, = 7, attaching to each other in the flat limit

6Tt has been argued in Ref. [3] that £ is, in general, a non-vanishing integer. It turns out that ¢ = 0 for
every field in the curved space. In either case the spectrum itself is periodic in 8y so that the argument

in Ref. [3] remains valid.
"The formula (5.7) is valid independent of the value of a.
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(k — 0). It can be said that the level crossing occurs in the flat space. However, for k > 0

two lines never cross each other, and (5.7) should be written as

1 —0
my, >~ [n+ - — —’W wl MKK (5.8)
2 2m

for 0 < Oy < 2m. In the flat limit, this amounts to relabeling the KK modes, but only

(5.8) describes the correct Oy -dependence of a mass-eigenvalue in the warped case (k # 0).

my /mKK mw /mKK mw /mKkk

2 2 2
1.75 195 M 1.75\/
1.5 1.5 1.5
1.25 18— T 1.25

1 1 1
0.75 0.75p T — 0.75
0.5 0.5 0.5
0.25 0.25 0.25

0 0 ,
1 2 3 [ 5 3 w 1 2 3 4 5 6 w 1 2 3 4 5 6 Ow

Figure 1: The masses of W boson and its KK excited states are depicted in the unit of
mkx as functions of fy for kR = 12,1.2, and 0.12 from the left to the right.

5.2 The quark-lepton mass spectrum

The mass spectrum in the fermion sector depends on the bulk mass M through a =
(M/k) 4+ § in (5.1), which can be used to reproduce the mass spectrum of quarks and
leptons. This is possible only in the warped spacetime, since the mass spectra for all fields
are independent of M in the flat case.

Before proceeding, we need to specify the fermion content in more detail. As a typical

example we consider a model adopted in Ref. [10], in which

Vel, ﬁeR ch ch
e, er | <17@L l/eR> ;UL ucr |, (dCL ch) (5.9)
€L  €Rr u’y, u°g

are contained in the first generation. Boundary conditions are chosen such that only fields
without tilde have zero modes for 6y = 0. In our scheme the zero modes of e and u acquire
nonvanishing masses when 6y, # 0.

The ratio of the lightest fermion mass m¢(c) to my is almost independent of the value

of Oy . For z; > 1, in particular, it follows from (5.3) and (5.5) that

zra(a — kR 3
(2 sinh(akmR) sinh((« — 1)I<;7TR)> mw. . (5.10)

my(a) o
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Fig. 2 shows the lightest mass mg determined from (5.1) as a function of M/k at Oy = 7.
The fermion mass becomes the largest at o = 1 (M = 0). Its value is given by m(3) =
4.80 my, = 386 GeV for kR = 12 and 6y = %7?. Each )\, is an even function of M, as can
be seen from (5.1) and (B.8). However, the corresponding mode functions are not invariant
under M — —M. (See Eq.(4.14).) M/k is determined by the observed mass of quarks or
leptons. The determined values of M /k are listed in Table 1. Since A, are even functions
of M, a given value of )\, in general corresponds to two values of M /k. Only one of them
can be consistent with the observation as the other value leads to too large couplings to

the KK excited states of the W boson, which will be detailed in the next section.

mo/mw

/N
[ L\
[

M/k

-1 -0.5 0.5 1

Figure 2: The lightest mass eigenvalue my as a function of M/k at Oy = %ﬂ'. The vertical
axis is in the unit of my,, or the fermion mass value at M/k = j:%. mo/my has little

dependence on Oy .

e n T U c t
mass (GeV) || 5.11x107* | 0.106 | 1.78 | 4x107® | 1.3 | 175
M/k 0.865 | 0.715]0.633 | 0.81 | 0.64 | 0.436

Table I: The values of M/k for leptons and quarks when kR = 12 and Oy = %7‘1’. The

values have little dependence on 6Oy .

Notice that the values of the dimensionless parameter M /k for all quarks and leptons fall
in the range (0.436 ~ 0.865). Although there seems large hierarchy in the mass spectrum
of order m;/m, ~ 10°, there is no such hierarchy in terms of the dimensionless parameter
M /k which is more natural quantity in gauge theory in the RS spacetime. A similar role of
the bulk mass in flat space has been pointed out in Ref.[32]. This might give an important

hint in understanding the spectrum of quarks and leptons.
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5.3 The mass and self-couplings of the Higgs boson

The 4D Higgs field whose VEV breaks the gauge symmetry SU(2) x U(1) to U(1)gm
is identified with the zero-mode ¢y in A7 in the present scheme. At the classical level,
the potential for g is flat and ¢ is massless. The flat direction is parametrized by the
Wilson line phase 6y,. At the quantum level the degeneracy is lifted, the effective potential
Vet () becoming nontrivial. From the global minimum of Vg(0y ), the VEV of 6y, or ¢
is determined. The Higgs field ¢y acquires a nonvanishing finite mass. Although we do
not explicitly calculate the effective potential in this paper, we can draw many important
conclusions from the mass spectrum obtained in the preceeding sections.

The general argument given in Ref. [3] remains valid with minor changes resulting
from the mass spectrum obtained in the preceeding sections. The one-loop effective po-
tential Vog(fw) in flat spacetime has been evaluated well [29, 20, 33, 30]. Veg(fw) in the
RS warped spacetime has been evaluated by Oda and Weiler[28]. At the one loop level it
depends only on the mass spectrum of fields in the theory. Since the mass spectrum {m,,}
in the warped space is almost the same for large n as that in flat space (see Eq.(5.8)), the

resultant Vg (6y) takes a similar form to that in the flat case[3]. It takes the form ®

Vet (Ow) = mi f (Ow), (5.11)

3
12876
where f(fy ) is a dimensionless periodic function of 6y, with a period 27. The explicit form
of f(6w) depends on the matter content of the model, but its typical size is of order one
in the minimal model or its minimal extension. When V,g(fy) has a global minimum at a
nontrivial Oy = 04" dynamical electroweak symmetry breaking takes place. The global
minimum is located typically at #i» = (0.2 ~ 1)7 [15, 34]. It is possible to have a very
small 031" ~ 0.017 by fine tuning of the matter content as shown in Ref. [13], but we will
not consider such a case.

The Higgs mass my is found by expanding Vg (fy ) around 655", More generally one

obtains

n/2
Ver = MK Z {QW aw ey — 1) } f(n)(e%in) (5.12)

8As shown in section 5.1, m, (6w + 27) = m, (6w ) in the RS spacetime. Accordingly the argument
concerning the spectrum p,, (6w ) in Eq.(22) of Ref. [3] should be modified. There p,, (6w + 27) = pn (6w ),

or [ is always zero.
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where ayy = ¢2/4n and f™(0w) = d"f(Ow)/dO%. (g4 = gs/V7R is the 4D weak SU(2),,
gauge coupling constant before the symmetry breaking takes place. See the next section.)

The Higgs mass is evaluated from the n = 2 term,;

306W R(Z%. — 1) 4

Using Egs.(5.4) and (5.5), one finds
o gmy 30w |
L 3aw 2 kR mMw
= < fA (o™ } — (5.14)
{ VOB [ 2 gin Lomin

when z; > 1. The important difference from the formula in flat space is the appearance of
an enhancement factor 3wk R ~ 18.8. In the model of [15] it is found that {f@)(anli“)}l/2 ~
1.9. With this value inserted my is predicted to be 286 Gev or 125 GeV for 83" = 0.27 or
0.57, respectively. It is remarkable that the predicted value is exactly in the range where
experiments at LHC can explore.

The cubic and quartic coupling constants n and A in the expansion Veg = %m%{¢2 +

6P+ 100 - axe given by

30&%2mw (3) ( rin TR\
n= 00N —— )
3272 sin %GW 2

o o (TERY
A= L p@ (gmin) (L> . (5.15)
16 2
As in (5.14), there appears an enhancement factor (37kR)* for both  and A. In the
standard model the relations n = 3\v = 3\my //Taw and X = m?%/2v% = mm%aw /2m3,

hold at the tree level. In our scheme we find, instead, that

vraw  fPeRn) 1

B my  2fW(0) sin SO

2my 4SO

- = sin? Lgpin (5.16)
min 27w
myaw  3f3(0mn)

The behavior of these couplings in flat space has been investigated in Ref. [14].
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5.4 Oy — 0 limit

For the better understanding of the KK modes with respect to the broken SU(2) x U(1)
gauge symmetry, we consider the 0y, — 0 limit. Take (¢2,13) as an example. In this limit,
the KK tower of (12, 13) splits into two KK towers of 1y and 13, and the SU(2) x U(1)
gauge symmetry recovers. The mass spectrum determined from Eq.(5.1) splits into three

cases.
1. A, —0
2. Fota-1(An,27) = 0
3. Faa(An,2z) =0

The case 1 corresponds to the zero modes (n = 0) which are contained in the Z-even

fields, i.e., ¥12 and ¥rs. From (B.3),

Fanlho, ) — _ 2sinh(akTR) ’
e’
2z.¢
Foo-1(A R
o, 1( OvaF) - 77)\0 )
QZa—l
FOL*LO[()\O?ZW) - - 7_‘_7;\0 (517)
so that )
ala—1) 2 Oy 9
Ao = — 4+ 0(0 5.18
0 (z,, sinh(ak7R) sinh((« — 1)k7rR) > " (Gw): (5.18)
and the corresponding mode functions in (4.10) and (4.11) become
Fo(2) = O(6w),
1
x 2ka \2 1
Fole) = senttw) (o) ek
2z —1
1
~ 2k(1—a) \2 1., s
foo(2) = (W) 227% = fio(2),
Zr —1
fs0(2) = O(Ow). (5.19)
In the case 2, )
6
Fota-1(An, 22) = T +O(65), (5.20)

22 22 Fo o (Ans 21)
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while A\, Foa(Ans2r), Faa—1(An,2r) and Fi_1 (A, 2;) remain finite. Thus the mode

functions become

oy VETA L Y200 T o

o) = P [ e 00,9 = L)

Fial2) = Ol0w),

s VR f Y200 7 N

o) = L2 L et L 00, = o)

fsn(2) = O(6w). (5.21)

We observe that only 1» components remain nonvanishing, which form SU(2)-doublets
with ¢y components in this limit. In the case 3,

O
WQA%ZﬂFa—l,a—l()\na Zﬂ)

Foa(An, 22) = +O0(0), (5.22)

while A, Fo1.a-1(Ans 2r), Faa-1(An, 22) and Fi,_1 o (A, 27) remain finite. Thus the mode

functions become

Fialz) = Ol6w).

() = VhTh, [ VW) TE .

f3,n< )*pa,n(QW) \/5 {YO?(A”ZW) 1} Fafl,a()‘m )a

Fralz) = Ol6w).

. VBT, [ Y2 ‘%Z% .
i) = pantow) Cze f Satel Lt 00, (5.29

where pa ., (6w) is defined by (B.5). Only 13 components remain nonvanishing, forming
SU(2)-singlets in this limit.

The cases 2 and 3 correspond to the non-zero modes. Their lightest modes have masses
of order mgk defined in (5.4). The solutions A, of F, o(\,, zx) = 0 monotonically increase

as |al increases. Thus, if @ > I (a < 1), the KK modes whose level number n is odd

2 2
(even) belong to the case 2, and the modes with even (odd) n belong to the case 3. In the
case of a = %, 1.e., M = 0, the modes in the cases 2 and 3 are degenerate. In this case, all
the Bessel functions appearing in mode functions reduce to trigonometric functions, and

we can solve Eq.(5.1) analytically as

1 —0
m, = |n+ 5~ ‘WQ—W‘ MKK (0 <Oy < 2m) (5.24)
T
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where n = 0,4+1,+£2,---. Here we have labeled the KK level number such that each KK
mode is periodic in fy. (See Sec. 5.1.)
It is convenient to divide the KK modes into three types classified above. In the case

of the electron field (o = 1.37), for example, we denote each KK mode as
15L2(95a2) fzo z)ero( +Zf22n 1(2)ewn(x >+Zf£2n(2)éL (z)
n=1

@/;Lg(m,z) f30 Jevro(x +Zf32n1 z)evn(x )+Zf:a_,2n(z)éL (z)

n=1
Ura(,2) = fo(2)ero(w +Zf22n 1 )—l—if{zn(z)e;{n(x),
n=1
Ura(w,2) = fio(2)ero(a) + Z Foon( () + i fian(2)era(z) . (5.25)
n=1
Similarly, the W boson field (o« = 1) is expanded as
NG EUNCLANEES SUWSCUMERS SMELNE]
7(A4+ZA5) o +ZhA2n . +ZhA2n (2).

(5.26)
In the expansions (5.25) and (5.26) a tower of 4D fields with tilde does not have a zero-mode
at QW =0.
6 Gauge couplings

One of the startling consequences in the dynamical gauge-Higgs unification in the RS
spacetime is the prediction of non-universality of weak interctions in the fermion sector.
With the wave functions of the gauge fields and quark-lepton fields being established, one
can unambiguiously determine gauge couplings among them and their KK excited states

from the observed quark and lepton masses. The relevant terms in the action are

e = [ o V=G gsir™ Ay
= /d“x[w%% {@ZW“AMJr---} : (6.1)
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Inserting (5.25) and (5.26) into (6.1), one obtains

9y ,_
LY =>" % (107" Wyntio + hoc) + -+ (6.2)
where the ellipsis denotes terms involving the KK modes of the fermions or Wum- Here the

4D gauge coupling constants are given by

~dz (o~ - ~ = =
9(0)(9W704) = 95/ 7 <f2,0hi1,0 + f3,0h§x,o> f1,0 )

1

™ dz

g(n)(ew,a) = 95/ m <f2_,0i1’114,2n—1 + fgoﬁj,zn—1> f1_,0 (n>1), (6.3)

1
which depend on Oy and o = (M/k) + 1.

Consider the 4D weak gauge coupling g(. In the fy — 0 limit the electroweak sym-
metry remains unbroken so that gy must be universal for all quarks and leptons. Indeed,

the mode functions of 4D gauge fields are constants

- 1 -
Phol)], ==+ ()], =0, (6.4)

and f£0<z>‘ewzo coincides with fio(z) (see Eq. (5.19)) so that

B B Tdz 1 N\ 95
g(o)(ﬁw - 0,0é) - 95/; L \/ﬁ (fl,O) - \/7{'_ =04 (65)

where the normalization condition (4.9) has been used. g4 is the 4D SU(2), gauge coupling

constant in the unbroken theory. It is seen that g is independent of «, or the fermion
bulk mass M, at 6y = 0.

When the electroweak symmetry breaking takes place so that 6y # 0, the overlap
integral in (6.3) has nontrivial dependence on . It leads to the violation of the universality

in the couplings of the charged current to the W boson. In Table II, g /g4 is tabulated

for electrons for various values of 0y,. The deviation of g(e(l)‘jc‘”‘m from g4 remains very small.

The dependence of g(p)/gs on the fermion mass, or on M/k, is depicted in Fig. 3. It

shows that g() is almost constant for M| /k > 3. This feature is understood from the

profiles of the mode functions. For M/k > 3 (a > 1),

fz_,o(z) = fl_o(z) ~ /2k(a — 1)2%—047

- k(o —1)sinfw 1.,
frae) = RO (6.

2«
Zﬂ'
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Oy g?(l)e)zctron /g4
0 1

0.27 | 1.00092

0.5m | 1.00489
s 1.00999

Table II: g()/ga for electrons when kR = 12.

and for M/k < -1 (a <0),

7 Ow | - Ow | \/2k(1 —
foo(z) =~ cos — fro(z) ~ cos—W‘ Mz%—a’
; 2 ’ 2 Z}r a
- . 0 ~_ . 2k(1 — « 1,
f30(2) =~ posin 7Wf170(2) ~ pp sin %%22 : (6.7)

where py = sgn(cos %QW). Here we have made use of the fact that the eigenvalue )\ is

exponentially small for [M|/k > L (see Fig. 2) and Eq.(B.3). For M/k > %, we can see

from Eq.(6.6) that the first terms in Eq.(6.3) dominate and flfo(z)fzfo(z)/k plays a role
similar to that of the delta function §(z — 1) since it is strongly localized around z = 1.
For M/k < —1, all fermion mode functions in Eq.(6.3) are dominant around z = z,, thus

picking up the value of Bi’ﬁ)(z) in the vicinity of z = z,. As a consequence the gauge

coupling g(o) is almost independent of a for |M|/k > % The asymptotic values of g

in this region is evaluated by the following behavior of the mode functions for the gauge
fields.

1
h114,0(1) = ﬂ’
ﬁ.lA,o(Zw) 5 Ow ﬁj,o(zrr) . O O
= ~ cos" o, = = sin —- cos —-. (6.8)
hiao(1) hao(1)

Here we have used Eq.(5.5). Using these relations, g is evaluated to be
M - 1
IO\ 72

M 1
9(0) 7 < ) ~ 04

There arise small corrections to the asymptotic values above due to the extended nature

12

ga

0
cos TW : (6.9)

of the fermion mode functions.
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9(0)/94

M/k

Figure 3: The 4D gauge coupling g(o)/g4 as a function of M/k for 6 = 17 and kR = 12.
Ow p(muon) 7(tau) t(top)
027 || —=1.74x 107 | —=4.69 x 1077 | —4.3 x 1073
0.5 || —9.26 x 1079 | =2.50 x 1076 | —2.2 x 1072
0.87 || —1.70 x 1078 | —4.60 x 1076 | —4.0 x 1072

Table III: Non-universality of weak interactions. The deviation of 9{0) / g?(l)‘jc“on from 1 for
f=pu,7,tis listed. (kR =12.)

In view of stringent experimental constraints on the gauge coupling universality, we
need to examine precisely how much deviation from the universality results. For quarks
and leptons with the values of M/k in Table I, the couplings to the W boson g are
evaluated from (6.3). The quantity of physical interest is the degree of the violation of the
universality. Therefore, for each quark or lepton, g/ g?éf)’mon —1 is tabulated in Table III. It
is seen that the violation of the universality in the weak gauge coupling is within the current
experimental bounds. Violation of the universality becomes larger for heavy fermions.

Next, we consider the couplings to the KK excited states of W boson, g(,). In Fig. 4,
9mn)/9a (n = 1,2,3) are shown as functions of M/k at Oy = %W. These quantities at 0y = 0
have been evaluated by Gherghetta and Pomarol[26]. Qualitative behavior does not change
for Oy # 0.

Since for M/k =1 (o =1)

(6.10)



Mk

Figure 4: The gauge couplings to the n-th KK excited states of W, gy (n = 1,2,3) as

functions of M/k at Oy = .

it follows with the normalization condition in (3.25) that the 4D gauge couplings satisfy

In the Oy, — 0 limit, this feature has been explained in Ref. [26] as a result of the accidental
conformal symmetry or the translational invariance along the fifth direction. We have seen
that the relation (6.11) holds even in the case Oy # 0 where such accidental symmetry no
longer exists.

As mentioned in the derivation of (6.9), the fermion mode functions are strongly lo-
calized at the boundary z = 1 when M/k > ;. Due to this property, g (n > 1) are
almost independent of « for M/k > % just like gy. On the other hand, they still have
nontrivial a-dependences around M/k ~ —1 in Fig. 4. This is because 712’74”(2) (n>1)
oscillate around z = z, where the fermion mode functions are dominant. It has been
argued in Ref. [25] that brane fermions have universal coupling ’ g(n)| /91 = V2kwR. We
have numerically confirmed that ‘ g(n)| /gs (n = 1,2,3) in Fig. 4 approach the asymptotic
value v2kTR ~ 8.68 as M /k — —oo.

We note that a given value of )\, determines only the absolute value of M/k while
its sign remains undetermined. (See Fig. 2.) The values of M/k in Table I are the only
values consistent with experiments, as fermions with the values of the opposite sign have
too large g, leading to contradiction to precision measurements as discussed by Chang et

al[25]. The couplings g)/g4, 9(2)/94, and g(s)/gs approach —0.13, —0.090, and —0.073 for
M/k > 0.6, respectively.
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7 Yukawa couplings

The Yukawa couplings in four dimensions originate from five-dimensional gauge interactions

in the dynamical gauge-Higgs unification scheme. From the 5D interaction

'Cyukawa =V _Gg5,JJF4Az,17Z}

R o
= 95(¢17¢2,¢3)75§ —iA] (o> (7.1)
iAl W3
the 4D coupling

‘ngl)kawa = _iyeSOOéLoeRO + h.c. (72)

emerges. Here the Yukawa coupling constant y. is given by

_ 9 [T 5 F— 7 - 7
Ye = D) . dz h;,o (f2,of3J,ro - f3,0f§,ro> ) (7.3)

where

iL;O(Z) = Mﬁ 2. (7.4)

In accordance with the standard model, we define the “Higgs VEV” v by
2mW
v=
94

g4 is defined in Eq.(6.5). In the standard model, the fermion mass, say, the electron mass m,

~ 246 GeV . (7.5)

is related to v and y. by m. = |y.| v. Hence we define

r= 2lyel maw , (7.6)
GaMe
which equals one for all fermions in the standard model. In the present scheme, this ratio r
is not a constant but has a distinct value for each fermion. In Fig. 5, we plot r as a
function of M/k. Note that r is an even function of M/k as y. is even under M < —M.
(See Eq.(4.14).) For M = 0, all the Bessel functions appearing in the mode functions
reduce to trigonometric functions, and we can analytically calculate r as
r(0) ~ % sin %W (7.7)
for —m < Oy < 7. The approximate expression of my (5.5) has been made use of.
For |M|/k > %, r is almost independent of M/k. From Egs.(6.6), (6.7) and (4.14), the
asymptotic constant value is evaluated to be

Ml 1Y
r 2 B ~

28

0
cos | . (7.8)




- Mk

°1 0.5 ——F——_ 0.5 1
QW = 7T/5

Figure 5: The ratio r defined in Eq.(7.6) as a function of M/k. Oy = +m, 37, 37. Significant
reduction of the Yukawa couplings is seen. The asymptotic value of r for |M/k| > % is

| cos 26w/.

This is a stringent result. As 0y, approaches m, the asymptotic value of r, namely the
Yukawa coupling, vanishes. The significant reduction in the Yukawa couplings result for all
quarks and leptons for |fy/| > 0.37. The measurement of the Yukawa couplings definitely

sheds light on the origin of the Higgs field.

8 Conclusion and discussions

In the present paper we have shown that many intriguing phenomenological consequences
follow in the quark-lepton sector in the scheme of the dynamical gauge-Higgs unification
in the RS warped spacetime. The 4D Higgs field is identified with the extra-dimensional
component of the gauge potentials, representing fluctuations of the Wilson line phase
Ow. Dynamical electroweak symmetry breaking takes place when the phase 6y, takes a
nontrivial value by quantum effects.

Another important quantity for discussing fermion phenomenology is the bulk mass
M. The dimensionless parameter ¢ = M/k, where —k? is the AdS curvature in the bulk,
becomes crucial for controling the wave functions of quarks and leptons. When 6y, = 0,
quarks and leptons remain massless irrespective of the value of ¢ although their wave
functions depend on ¢. As 0y # 0 and the dynamical electroweak symmetry breaking
is induced, quarks and leptons acquire nonvanishing masses, my, which depend on both

0w and c. Remarkably m;/my has little dependence on fy so that the parameter c is
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unambiguiously determined by the observed quark and lepton masses. The values of ¢
are 0.865 and 0.436 for electrons and top quarks, respectively. Although there is huge
hierarchy in the fermion masses, there does not appear such hierarchic structure in ¢, the
more natural entity in the RS spacetime.

With the value of ¢ fixed for each fermion, one can make important predictions for
the gauge and Yukawa couplings of quarks and leptons. First, non-universality in the
weak interactions results for the couplings of quarks and leptons to the W boson. The
magnitude of the non-universality is, however, very tiny. We have found that the violation
of the universality for 6y = 37 is of magnitudes of 9.26 x 109, 2.50 x 1076, and 2.2 x 1072
for p-e, T-e, and t-e, respectively. These numbers are well within the current experimental
limits. Improvement of experiments is necessary to confirm the non-universality of the
weak interactions.

Secondly, the Yukawa coupling of quarks and leptons to the 4D Higgs field suffers from
large corrections. Compared with the Yukawa coupling in the standard model, the Yukawa
coupling in the dynamical gauge-Higgs unification is suppressed by a factor ~ | cos %0W|.
This effect is observable at LHC, should the direct Yukawa coupling be measured.

The non-universality of the weak interactions and the reduction of the Yukawa cou-
pling are the two major predictions we obtained in the present paper. As mentioned in
the introduction, the scenario of the dynamical gauge-Higgs unification is by no means
complete in the current form, however. The non-universality of the weak interactions is
expected for neutral currents as well. To tackle this problem definitively, however, one
first needs to improve the model so as to have the correct value for the Weinberg angle.
The improvement along this direction is important considering that constraints on the
non-universality of the couplings to the Z boson are much severer than those for the W
boson discussed in this paper. One model with the correct value for the Weinberg angle
has been provided in Ref. [2], for which it is desired to perform analysis outlined in the
present paper. Secondly, neutrinos and down-type quarks, in the present minimal model,
remain massless. The origin of masses of those fermions need to be clarified. Thirdly, in
the pure gauge interactions it seems very difficult to accommodate CP violation as stressed
by Frere[35]. The second and third problems may suggest the existence of a fundamental
scalar field. Further, implications to the S, T" parameters and the unitarity need to be

investigated. We shall come back to these issues in the near future.
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A Useful formulae for Bessel functions

In this appendix we collect useful formulae for the Bessel functions frequently used in the
text. J,(z) and Y,(z) denote the Bessel functions of the first and second kinds, respectively.
For z < 1,

() = — )<§>a{1+(9(22)}. (A1)

['(a+1
Y, (2) is defined as

.

1
. {cosma - Jo(2) — J_u(2)} for a # an integer,
sin o
Ya(z) = (A.2)
1 {0J, 0J_q
- ) — (=" ) for « =n = an integer.
[ O Oa o

Their behavior for |z| > 1 is given by

Ju(z) ~ %cos (z - M) ,
V() ~ ) s <z - M) . (A.3)
These Bessel functions Za(2) = Ju(2) or Ya(2) satisfy
Zar(2) + Zana(2) = = Zl2),
Pel2) _ 0 40(0) ~ Zunr(2) = Zoa(2) - 2 2a(2),
Jo(2)Ya 1 (2) = Ya(2)Jaa(2) = % (A4)

The following integral formula is useful for determining normalization factors of mode

functions.

/ dr 2Zu(\2)Za(02) = ZZ {QZa(Az)Za(Az) — Zoi(AN2) Zara (N2) — Za+1(/\z)2a_1(>\z)} :
(A.5)
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where Zo(2), Za(2) are linear combinations of J,(z) and Y,(z). Besides the Bessel func-

tions, the following formula is also useful.

™

IMNo)I'l —«a) = A.6
(@)1 —a) = (A6)
B Definition of various functions
We define
Fop(\ 2) =Ys(N)Ja(A2) — J3(N)Ya(A2) . (B.1)
With the aid of the third equation in (A.4), it satisfies the relation,
4
Fa,La()\, Z)Fa,a71<)\7 Z) = Fafl,afl()\u Z)Fa,Oz()\; Z) — ﬁ (BQ)
T2N%2
For A\, \z < 1,
Faa(\z) — rzE
e
227¢ Az
Fa a— )\7 - )
am1lhz) = A 2ma(a—1)
2 a—1 A —a+1
Fata(hz) — —= : (B.3)

S 2ra(a—1)

From these functions, the coefficients in the normalized mode functions are written as

1
V2k (Fo 1o | Faao 2\ 4 ¢
an(ew) = { - 21{ - 271 — — -7T2 » Fo%—loc—lFo%a—l —m} ’
’ Zr  sin® 50w cos? 0w sin” Oy ’ ’ T2NE 22
0W Fa,1 a—1 d 0W Fa a—1 d
C® _(0w) = —cot — - ——— - C¢ _(Oy) = tan — - — -C° (0 B.4
a,n( W) co 9 Fafl,a a,n( W) an 9 Fa,a a,n( W)? ( )

where ), is a solution of Eq.(5.1), and the arguments of all F,, 5 in the definition of C$%
are (A, z7). In the second equation, we have used Egs.(5.1) and (5.2). Using the sign
factors po.n(fw) = £1 defined by

Fafl afl()\nazﬂ) HW Fa a71(>\nvz7r)
’ - pan . . —wo=I\Zn) Zr) B.
sgn ( tan 5 Farlzn) ) (B.5)

Ow
0 = —cot — -
Pan(Ow) = sgn ( “ 2 Fo1,a(An, 2x)

C5,.n(0w) can be rewritten as

D=

CZ,n (Ow) = Pa,n (Ow)

Y

(B.6)

\V 2k { Fo%,a F02¢—1,a 7-‘-2)\37, 2 F2 4 }
a,at a—1,«

2r | sin? %HW cos? %GW sin? Oy 22 22
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where the arguments of F, g are (A, 2).
One can express Fy, o(A, 2), Faa-1(A,2) and F,_14(A, 2) solely in terms of the Bessel
function of the first kind;

Faa(h2) = —Sinlm (T aOVTa02) = Ju ()T 0 (A2)}
Faaa()2) = Smlm (a0 Ja(02) 4 Ja (VT a(A2)},
Fora()2) = —Sinlm (T a1 (02) 4 Jo (N a(A2)]} (B.7)

The first equation demonstrates that F, ,(\, z) = F_, _o(), 2). From (B.7), we can see

that under the exchange o <= 1 — «,

Fa Oc()\y Z) A Fl—oa,l—a()\a Z) = Fa—l,a—l(Aa Z) )

)

Foz,afl(/\wZ) — = afl,a()\a Z) . (BS)
It follows from Eqs.(B.4) and (B.6) that

Cg,n(HW) = pa,TL(eW)CZ,n(eW) : (B9>
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