u

) <

The University of Osaka
Institutional Knowledge Archive

Title Characteristic Cauchy problem for first-order
quasilinear equations

Author(s) |[Ha, Tien Ngoan

Annual Report of FY 2007, The Core University
Program between Japan Society for the Promotion
of Science (JSPS) and Vietnamese Academy of
Science and Technology (VAST). 2008, p. 523-528

Citation

Version Type|VoR

URL https://hdl. handle.net/11094/13113

rights

Note

The University of Osaka Institutional Knowledge Archive : OUKA

https://ir. library. osaka-u. ac. jp/

The University of Osaka



Characteristic Cauchy problem
for first-order quasilinear equations

Ha Tien NGOAN *
Hanoi Institute of Mathematics
18 Hoang Quoc Viet, 10307 Hanoi Vietnam

1. Cauchy problem

Consider following first-order quasilinear equation

du

55:; = a(x, u),

n
aj(z,u)
J=1

where z = (21, Z2,...,2n) € Q C R™.
Suppose there given a smooth (n-1)-dimensional surface v ¢ R®

v= {Jj = :EO(’!/) c Rn;,’lj/ = (y1>y27---:yn—1) cwcC R”_l};

where w is a neighbourhood of some fixed point 3/ = Rr 1

2%(y) = (23 22(y"); -, 20 (")

and

axi(y) =iy azs (y)
dy1 Ay OYn 1
dz5(y)  day(y) dz5(y") ,
rank I Dya “ Byge: | =n—1, Yy €w.
9o (y')  Bzo(y) a5 (y")
Ay Bya OYn—1

Cauchy problem Look for a solution u(z) € C*(2) such that

u(z)

where up(y’) is a given smooth function.

=uo(y’),

=20 (y)

Keywords: quasilinear equations, characteristic Cauchy problem.

®3)

* Supported in part by the National Basic Research Program in Natural Sciences (Vietnam).

Typeset by AaS-TEX

— 523 —



2. Noncharacteristic condition

Definition 1. We say that the Cauchy problem (1), (4) is not characteristic if the
following condition holds

5 Op ¢ (90 ' 3'0 ’
e L a@ )
dxs(y)  Ozs(y x5 (y")
Aly) = | T8y T e @@@)w@)) | 40, vew (5)
T
Zpl) BmalD L GelD o, (20(y), uo(y)

3. Problem statement

Suppose

Ay =0, (6)

AlY) # 0,V €w,y #¢°. (7)

The question: What we can say about the existence of solution to the charateristic

problem (1), (4) in a neighbourhood, or even in a semineighbourhood, of the point
07,0V 2

z(y'")

4. A relation of the equation (1) with a linear homogenouse first-order
equation

Theorem 1. Suppose o(z,u) € Ct is a solution of the following linear homogenouse
first-order equation:

B (e 2% +aten?? — o n+1
'Elay (z,u) 7z, +a(z,u) e 0,(z,u) € P C Ry, (8)

such that for some point (z°,u%) € P the following conditions hold

90(3307“0) =0,
Op(x°, u®)
HA L) 4, )
Then the relation
o(z,u) =0 (10)

defines a Ct-solution u(x) of the equation (1) in a neighbourhood of z°, such that
w(x®) = u°.
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5. An extended surface

To consider the Cauchy problem for the equation (8), we extend the (n-1)-dimensional
surface v C R} to an n-dimensional surface I' € P C Rp1L.
Denote y = (v, yn). We define the surface I' by following equations:
a O,/ a O,/ a Of. ./
Sy) 00y | 0a0)

oy Y2 U Oy (11)
w=U%y) = uo(y) + AW )yn.

z=X) =2°() + yn

82 (y') % 82" (y') 2z°(y")

where the vector product o Bys X X oy is a vector in Ry and is defined

by the following formula

€1 €9 €n
9a3(y) B3y 929 (y")
0,/ 07,7 2..0(,,/ Oy1 Yy Y1
or ) 0r W), W) ey el 00 |, (12)
oy 0y OYn—-1 By2 Oya oy2 |’
2al(y)  aal(y) T 92b(y)
8y71—1 ayn—l ayn—l

€1, €3, ..., e, are canonical unit vectors in R2.

Theorem 2. Suppose (3) holds. Then the surface T C R™*! is an n-dimensional
surface, i.e.

TaXY(y)  axXVw ax3 () 7
Oy1 dy2 OYn
oX9(y) X aX3(w)
Oy1 9y2 Oyn
rank =n, YyeQ,
Xy  8X2(w) X2 (W)
Jyy Jy2 OYn
OUo(y)  AUs(y) s (y)
L Ou Oy2 Oyn

where Q is some neighbourhood of the point y° = (y/°,0) € Ry.
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6. An Cauchy problem for the equation (8)
We are looking for solution ¢(z,u) of (8) such that

z, = Yp. 13
o) z=XO(y),u=U0y) Y (13)

Theorem 3. The Cauchy problem (8), (13) is noncharacteristic if the following con-
dition holds

9% (y’ oz (y’ 929y’
i me L S ) a6 u)
8z (y’ oz (y’ oz (y’
B P e B w) a6 ) ,
Al = selly) ethyy st £0, Yy €w,
B0 T e T ) a@ ) w)
duo(y)  Buoly’ duo (y’
uol)  oeel) Gl AW a(e®(y),ue(y)
(14)
O 7/ :)30 ’ 0 ’l/
where o(y') = (01(y'), va(y')s s vn(y) = 2500 x 2500 . x 2,
7. The solution to the Cauchy problem (8), (13)
The characteristic system for Cauchy problem (8), (13) is
Xi(t) = a;(X(t),U(t), 7 = 1,2,...,m,
U'(t) = a(X (1), U(t)), (15)
d'(t) =0,
with the following initial conditions
X(0) = X°(y),
U(0) = Uo(y), (16)

B(0) = yn-

We denote the solutions of the problem (15), (16) by X (y,t),U(y,t), ®(y,t). We consider
the following system of (n+1) equations with respect to (n+1) unknowns (y1, ¥2, ..., Yn, t)

X(ylay%“':yn:t):w (17)
UY1,Y2, s Yns ) = U

We denote the solutions of the system (17) by Y1 (z,u), Ya(z,u), ..., Yo (2, v), T(z, u).
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Theorem 4. The function Y, (x,u) is a solution to the problem (8), (13).

Remark 1. Suppose (14) holds. If we set

X1 (y,t)  9Xi(y,t) X (y,t) 8Xi(yt)
Iy Ay2 OYn ot
BXa(y.t)  8Xa(y,t) 8Xs(y,t)  9Xa(y,t)
oy Ay Yn t
Wy,t)=| . e ., (18)
AXn(yt)  8Xn(y,t) AXn(yt) 8Xaly,t)
Ay Oya Oyn ot
AU (y.t) AU (y,t) AU (y,t) AU (y,t)
Ay1 By2 OYn ot
then 5
WY (), uoy)). T(a* ). wolw')) = Aly), W' € (19)

and therefore W (Y (z,u), T(x,u)) # 0 in some neighbourhood of the point (z°(y'°), uo(y'®)).

Theorem 5. Suppose (14) holds. Then the following formula holds

Y (z,u) 1
u | WY (z,w), T(za) (20)
%);ll (Y(x,u), T(x,u)) %(Y(w,u),T(x)u)) %(Y(m,u),’f(az,u)) ay(x,u)
%’;12 (Y(z,u), T(z,u)) %)y{; (Y(z,u), T(x,u)) .. %(Y(x,u),T(x,u)) as(z,u)
2 (¥ (0,u), T, w)) B (Y (o) Tw,w) oo 250 (Y (ayw), T, w)) (1)
Remark 2. From (6), (20) we have
aYn(‘(EO(yTO)tuO(y/O)) =0. (21)

Ou

8. Solvability of the Cauchy problem (1), (4)

Suppose

32Yn 0 /0 U (/0
)" )

From the implicit function theorem it follows that the equation

3} Yo (IE > ’U,)
ou
defines a function u = ¥(z), that satisfies the condition

(2 (y")) = uo(y”®).

=0 (23)
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We denote by L the n-dimensional surface in RZ,‘Zl that is defined by
L={(z,u) € R"";u=1(z),z isin a neighbourhood of z°(y’°) € @ C R*}. (24)
and by M the following (n-1)-dimensional surface in Rgf;l
M= {(z,u) € R"" 2 =a2@W),u=uw)),y €w} (25)
Thenit is obviousely that

(2°(y"")), uo(y'®)) € LN M.

1

The surface L separates RiT*, locally at the point 20 (y’ O), into two parts Lt and L™.

Namely,
L = {(z,u) € R" " u > (z));z is in a neighbourhood of z°(y'°) € R*}.  (26)

L™ ={(z,u) € R" Y u < +(x));z is in a neighbourhood of 20 e R™}. (27)

We denote
MY=MNOL*,

M =MnNL".

Proposition 1. Suppose (6), (7) hold and n > 3. Then either M™ =0 or M~ = 0.

Suppose, for definiteness, that M+ # §§ and 1\/[1+ ,]\/12+ v, M ,:L are its connected com-
ponents. Each surface ]\/[JT*' , i =1,2, .., k, determines in a semineighbourhood of the

point 2°(y'") a classical C'-solution u;(z) to Cauchy problem (1), (4).

Theorem 6. Suppose n > 3 and all conditions (6), (7), (14) (22) hold. Then for
solvability of the characteristic Cauchy problem (1), (4) in a semineighbourhood of the
point :Bo(y’o), it is necessary and sufficient that all functions u;(x), 7 = 1, 2, ..., k,
coincide each to other in that semineighbourhood.
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