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ABSTRACT

The present thesis is concerned with estimation and learning
techniques in pattern recognition, and consists of-8 chapters
including an introductory chapter (Chapter 1) and a concluding chapter
(Chapter 8). Chapter 2 presents a supervised learning procedure for
constructing a piecewise linear discriminant function which is com-
posed of local minimum number of linear discriminant functionmns.
Chapter 3 deals with the problem of nonsupervised signal detectionm.

It is shown that an adaptive signal detector converging to the optimal
machine can be designed without knowing the probability of signal
occurrence. Chapter 4 treats the problem of self-learning of a

finite mixture. An effective decomposition algorithm of a finite
mixture, called WDDM, is presented along with its convergence proof.
In the following three chapters, nonsupervised algorithms are con-
sidered in terms of nonparametric learning. In Chapter 5, the two-
category problem is discussed, while Chapters 6 and 7 deal with the
multi-category problem. In Chapter 5, a linear discriminant function
is obtained, and it isvshown to be effective even when the a priori
probability of each category is unknown. In chapter 6, an algorithm
for estimating one of the modes of a'multidimensional probability
density function is proposed by using hyper—cubic window function.
Chapter 7 treats the problem of cluster detection. An efficient
cluster detection algorithm is obtained by introducing hierarchical

structure into data set.
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CHAPTER 1

INTRODUCTION

1.1 GENERAL BACKGROUND

Pattern recognition is one of the most important problems in the
area of artificial intelligence. Since the advent of the digital
computer, a constant effort has been made to design pattern recogni~
tion machines. Mathematically, pattern recognition is a classifica-
tion problem, and a number of problems can be formulated as those of
pattern classification. In signal detection, for example, the problem
is to classify observed waveforms into one of thé two classes, contain-
ing signal and not; in character reading of uppercase alphabet, the
observed characters are classified into one of 26 classes. Although
there exist various approaches to the problem of classifier design,
the common and major goal is to have a low probability of misclassifi-
cation.

A pattern recognition machine can be divided into two parts, a
feature extractor and a classifier, as shown in Fig. 1l.1. There is
no general theory of feature extraction because the extraction usually
depends on the pattern structure of the particular problem under con-
sideration. On the other hand, the problem of classifier design has
the mathematical aspects common to all paftern recognition problems,
so that the mathematical theory of classifier design has been developed
very extensively.

Suppose that we intend to design a pattern classifier. If the

probability distributions of the different categories are known, the
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statistical theory of classification may be used to design a classifier.
Such a classifier is optimal in termé of probability of misclassifi-
cation. In practice, however, we rarely‘have this kind of complete
knowledge about the probability structure of the patterns. Usually,
we only have some vague, general knowledge about the situation, together
with a number of samples — particular representatives of the patterns
we want to classify. .The problem, then, is to find some way of design-
ing the classifier by using the sample patterns and the a priori knowl-
edge. The process of acquisition of necessary knowledge for design
from the samples is usually called 'learning'.

In the present thesis, the learning theory of classifier design
is studied, and several learning algorithms for designing classifiers
are proposed. Learning algorithms are generally divided into four
groups according to the information available during the learning
period (See Fig. 1.2)., 1In order to clarify the purpose of this thesis
we give in the following a brief survey of the learning theory in

pattern recognition.

1.2 BRIEF SURVEY OF THE LEARNING THEORY

The problem of supervised,parametfic learning (Bayesian learning
[9]1,[10],[38]) is completely solved in statistics.

The problem of supervised nonparaﬁetric learning was originated
by Rosenblatt's perceptron [70]}. Since then, there have been proposed
many training algorithms for designing linear discriminant functions
(LDF's) called error-correction procedures {62]. However, these
algorithms do not converge on nonseparable problems. There is another

type of algorithms based on stochastic approximation method [95]. The



performance of this type of algorithms is preferable to the error-
correction procedures. |

The stochastic approximation method was originaliy proposed by
Robbins and Monro [69] in 1951. Since then, a number of contributions
to this problem have been made by many authors [5],[171,[18]1,[24]1,[39],
[40]1,[88]. The method of stochastic approximation is now an efficient
tool in the area of learning theory [13],[74].

Nonsupervised parametric learning began to be studied in the early
1960's. Until 1970, signal detection [11],[12],[65],[75]1,[76],[83],
[97], which is a special case of the two-category problem, had been
~discussed instead of the multi-category problem. However, since
Yakowitz {[94] pointed out that the multi-category problem was equivalent
to the problem of identification of a finite mixture, nonsupervised
parametric learning has been considered as a theory of decomposition of
a finite mixture. Although many algorithms have been proposed [32],[36],
[68],[79]1,196], such an algorithm that can be easily executed independ-
ently of the dimensionality of the distributions has not been found vyet.

The problem of nonsupervisgd nonparametric learning is further
divided into two groups. One does not store sample patterns, and the
other does. The former problem is considerably difficult to solve
because of a complete lack of knowledge of fhe patterns. Therefore,
only two-category problem has been studied {[6],[81]. The latter
problem is well-known as cluster analysis [3],[4]1,[231,[341,[411,[98].
Although the problem has been considered for many years, satisfactory

results have not been known yet.



1.3 ORGANIZATIQN OF THIS THESIS

This thesis is ofganized as listed in Table 1.1. In Chapter 2,
the problem of designing piecewise linear discriminant functions (PLDF's)
is discussed based on a new algorithm for obtaining one of the optimal
solutions of linear inequalities. The new algorithm has advantages
over the computational time and the storage size. Our PLDF is éon—
structed rather fast and is composed of local minimum number of LDF's,
so that the proposed algorithm can be an effective solution to the
problem. 1In Chapter 3, considered is the signal detection problem,
which has not been yet solved satisfactorily in spite of its popularity
in nonsupervised learning. Two adaptive detectors converging to the
optimal machine are obtained without knowing the probability of signal
occurrence. In Chapter 4, decomposition of a finite mixture is treaﬁed.
By extending DDM (decision-directed-machine) a decomposition algorithm
of a finite mixture is proposed, which is called WDDM (weighted-
decision-directed method). Whereas previous algorithms are rather
complex and fail to decompose a multidimensional finite mixture, WDDM
has a simple structure and can be easily executed independently of
the dimensionality of the distribution under study.

The following three chapters deal with the problem of nonsuper-
vised nonparametric learning. In Chapter 5, a design algorithm of
an LDF is discussed by ﬁsing the first principal component. An ef-
ficient threshold value is obtained by estimating the unique minimum
point of probability density function, so that our LDF works well even
when the a priori\probability of each category is unknown. In Chapter 6,

a mode estimation algorithm of an unknown multidimensiomnal probability



Table 1.1 Organization of the present thesis.

~ Chapter 2 Supervised nonparametric learning

(piecewise Tinear discriminant)
function

Chapter 3 Nonsupervised parametric learning

(two-category problem)

Chapter 4 Nonsupervised parametric learning

(multi-category problem)

Chapter 5 Nonsupervised nonparametric learning

(two-category problem)

Chapter 6 Nonsupervised nonparametric learning

(multi-category problem)

Chapter 7 Nonsupervised nonparametric learning

(cluster analysis)




density function is proposed by employing a new hyper-cubic window
function. This algorithm makes it possible to design a discriminant
function for multi~category problem without memorizing patterns. An
application of the mode estimation algorithm to nonsupervised nonpara-
metric signal detection is studied and its effectiveness is demon-
strated. 1In Chaptef 7, an efficient cluster detection algorithm is
presented. In the algorithm, by associating potential with each point,
which is an excellent measure of point density, hierarchical structure
is introduced into data set. This operation makes it possible to give
the algorithm a high ability to detect clusters. Furthermore, it is
showﬁ that our algorithm haé a flexible strucﬁure, that is, it éan
detect only the specific types of clusters satisfying users' require-
ments by adjusting parameters appropriately.

All the proposed learning algorithmsbare verified by computer

simulation, and some results are presented at the end of every chapter.



CHAPTER 2

PIECEWISE LINEAR DISCRIMINANT FUNCTIONS

2.1 INTRODUCTION

The purpose of learning classification problems is to construct
appropriate discriminant functions by estimating the statistical
structure of pattern.distribution based on given sample patterns.
Since the advent of Rosenblatt's perceptron, a number of researches
as to supervised learning have been made. Although excellent results
about linear discriminant functions (LDF's) are obtained, many problems
are left unsolved concerning nonlinear discriminant functions (NLDF's).
It is one of the merits of LDF's that the learning algorithms are very
simple and easy to execute. However, their performance is rather poor,
since they assume the pattern set to be linearly separable in spite of
the fact that most real world patterns are not linearly separable.
On the other hand, NLDF's have a great ability fo realize any type of
decision surfaces, so that the pefformance is very good. Unfortunately,
however, géneral design algorithms of NLDF's are not‘established yet.
| We know another type of discriminant functions called piecewise
linear discriminant function (PLDF). PLDF's are composed of a finite
number of LDF's, and they can approximate arbitrary decision surfaces
in spite of their simple structure. Therefore, PLDF's can be useful
classifiers provided an efficient training algorithm is available.

' For this reason, we focus our attention on PLDF in this chapter.



In order to improve the performance of perceptron. type algorithms
in the case where training patterns ére not linearly separable,
- various modifications by memoriéing the patterns have been proposed. [26],
[29],[61]1,[82],[90],[92]. 1t isrwell—known that the problem of con- .
structing an LDF is reduced to that of solving a set of linear inequal~
ities when all the training patterns are memorized. Linear separability
and nonlinear separability of the training patterns correspond to the
consistency and inconsistency of the linear inequalities, respectivelyf
Therefore, it is sufficient for constructing a reasonable LDF to obtain
such a solution of the linear inequalities that maximizes the number
of the satisfied inequalities. In this chapter, we consider the
problem of obtaining an opfimal solution which locally maximizes the
number of the satisfied inequalities.

A number of algorithms for solving linear inequalities have been
discussed in the last decade. 1Ibaraki and Muroga [29] and Warmack and
Gonzalez [90] have proposed algorithms for obtaining the optimal solu-
tions. However, their algorithms take a rather long computational
time and need the extra-storage requirements. Many results have also
been reported as to design algorithms of PLDF's [7],[81,[25]1,[42].
However, all the proposed algorithms construct rather redundant PLDF's.

In the next section the author proposes an algorithm for obtaining
one of the optimal solutions of a set of linear inequalities. It has

advantages over the computational time and the storage. In section 2.3,

% A set of linear inequalities is said to be consistent when it has
a solution and said to be inconsistent when it does not have any

solution.
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a PLDF is constructed by connecting LDF's in a tree structure, where
each LDF is determined by the algorifhm mentioned above. If the
training pattern set is linearly separable, our PLDF is composed of
one LDF. Otherwise, it is composed of local minimum number* of LDF's,
since every LDF is determined according to the optimal solution of the
linear inequalities. 1In section 2.4, a learning algqrithm for design-
ing a PLDF without memorizing patterns is considered based on an LDF
with a window. Finally, some results of computer simulation of our

algorithms are shown in section 2.5.

2.2 LINEAR INEQUALITIES

Our algorithm proposed in this section is based on the idea that
if the training patterns are linearly separable, then én arbitrary
weight vector** can reach the solution .region without going out any
correct region of pattern which it entered before, otherwise, there
exists at least one correct region of pattern such that the weight
vector cannot reach without going out a certain correct region of
pattern.

Now, let us define a matrix XN as

.
Xy = G Zpoeees By g Typgoc s Y

where x, are d-dimensional patterns, and M and N - M are total numbers

* This is not global minimum, so that more LDF's than the LDF's of
the global minimum number may be needed when bad initial values are
used.

*#%  All the discussions in this chapter are made in the weight space.
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of patterns of categories 1 and 2, respectively. Then, a set of linear

inequalities can be written as
X W > 0. (2.1)

where W denotes the weight vector.
We here consider the following subproblem instead of solving (2.1)

directly:

Subproblem 2.1: Given the following k linear inequalities and

one of the solutions WO: ka > 0. Suppose that a new linear inequality
T
Xk+1W > 0 is added to ka > 0. If Xk+lw > 0 has some solutions, then

find one of them. Otherwise, let Wo be the solution of Xk+1w > 0.

Assume that there exists an algorithm for solving the above sub-
problem, and we call it Algorithm 2.0. Then, one of the optimal

solutions can be found as follows:

Algonithm 2.1:

Step 1: Set n=0, and choose W, arbitrarily.

0

Step 2: X, = {xil xiw > 0 } and Xg = {xi[ xiw <0 }.

0 0

Step 3: If X¢ is empty, then terminate. Otherwise, go to Step 4.

Step 4: Choose a pattern arbitrarily, say Xj’ from Xg*

Step 5: If X§Wn > 0, then Xg = X U {xj} and go to Step 9.
Otherwise, go to Step 6,

Step 6; n=n+1.

Step 7: Call Algorithm 2.0 and store the solution invwn.

Step 8: If Wﬁ = Wn— , then go to Step 9. Otherwise,

1
Xg = X U {xj} and go to Step 9.

Step 9: Xg = Xg = {xj} and go to Step 3.
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One can see that the problem of finding one of the optimal
solutions of (2.1) is reduced to that of constructing Algorithm 2.0.

Note that Subproblem 2.1 can be reformulated as follows:

Subproblem 2.2: Find w# such that

T 4 T T. T
xk+lW = m;x [xk+1W| X, W20 and x;W = XiWO]

where W, is one of the solutions of XkW >0and 1 (L <1 < k) is

0
. . T _# _ ot . _
arbitrarily fixed. If xk+1w > 0, then W= W . Otherwise, W = WO.

Of course, Subproblems 2.1 and 2.2 are equivalent to each other,

so that we can obtain Algorithm 2.0 by solving Subproblem 2.2 instead

of Subproblem 2.1 as follows:

Algonithm 2.0:

Step 1: m = 1 and W# = WO’ and store xi in the first row of the

matrix X
m

in
_ T T + *
Step 2: y = (I - Xmin(XminXmin) Xmin)xk+l *
Step 3: If y = 0, then go to Step 8. Otherwise, go to Step 4.
= . _ T #,, T
Step 4: X in = arg[ min 8(x)] where 8(x) = x' W /Ix y[
XEYX
y
_ T
and Xy = {x| x'y < 0} A {xl, Xgseees xk}.
#_ _#
Step 5: W =W + G(Xmin)y.
Step 6: m=m + 1,

T , ,
Step 7: Store x , 1in the m~th row of the matrix X . , and
min min :

go to Step 2.

o B A e 2 . i
Step 8: Z X in (Xminxi)xi/”xi” where 2 < j < m and Z
+
* A denotes the Moore-Penrose pseudoinverse of matrix A [2] and

I denotes identity matrix,
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denotes the j-th row vector of the matrix Z.

Step 9: If (ZZT)+Z(X - (x )x /”x ”2) < 0, then go to Step 12.

k+1 e+1®4
Otherwise, go to Step 10.

Step 10: Delete the row vector corresponding to the maximal

element of (ZZT)+Z(x X, )X, /”x ”2) from the

k+l (= k+l

matrix X .
min

Step 11: m = m - 1, and go to Step 2.

Step 12: If x§+1W# < 0, then W = WO and terminate. Otherwise,
b
W= W# + ot(W0 - M#)/Z and terminate, where
T _#
o = x W/l O

Before proceeding to the proof of the convergence of Algorithm 2.0,

a lemma is presented.

Lemma 2.1: (Farkas) Let A and z be an mxn matrix and an m-dimen-
sional vector, respectively, and let & and n be n-dimensional vectors.
Then, a necessary and sufficient condition of ng > 0 for any £ such
that A > 0 is that n can be written as n = A:c where ¢ < O.

Proog: See [48].
Now, we have the following theorem:

Theornem 2.1: Algorithm 2.0 can find one of the solutions of the
equivalent Subproblems 2.1 and 2.2 in a finite number of steps.
Proof: Algorithm 2.0 is based on gradient projection method [48].
From the theory of generalized inverse matrix [2] it is well-known
that A+; gives the least squares error solution of the minimum norm

of Ag‘= ¢z, and that



- AT(AAT)+ |

b4
|

A= AnTA,
+ *
One can easily see that I -~ A'A is the projection matrix on N(A) from

AT - ATa)E)

= AL — AATAE
= AL - AE
= 0,

Therefore, the vector y defined in Step 2 is the orthogonal projection

of x on the intersection of all the patterns contained in X . .
k+1 ' min

It 1s seen from the above discussion that moving W in the direction y

can increase x£+1w without going out the subspace M defined as

d

M=1{w Wwe R, XW>0and xW=xW]}.
i i'o

k

Next, we examine the termination conditions. W# corresponds to
one of the vertexes of the convex set M when y = 0. Therefore, if
y = 0, then W# is tested whether it is a solution or not in Steps 8
and 9, since our solution must be one of the vertexes of M. In order

1

to employ the Farkas' lemma we here show the correspondence between

our notations and those used in the lemma:

* N(A) denotes the null space of the matrix A.

14
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(ZZT)+Z(Xk+1 - (x£+1xi)xi/uxi”2) — (2.2)

Considering that y = 0, one can see from (2.2) that ¢ is the solution

of

Z°g =n - (2.3)

where n is the orthogonal projection of X

Therefore, if ¢ < O, ;hen from the lemma we have
(w-whTh <o

for an arbitrary vector W - W# such that
Z( W - W#) > 0.

In other words, it is impossible to increase xT 1W by moving W# in

k+
any interior direction of the convex set M. Hence, the weight vector

W# is a solution when ¢ < O.

We next examine the case where [ i 0, say CK > 0, for some £,

From (2.3) we have

_ da .
n = Z r.23. (2.4)
j=1 7

where ZJ denotes the j-th row vector of the matrix Z. From CK > 0
and (2.4), W# turns out to be not a solution, since xT

k+1
#

increased by moving W

W can be

. ) . L, p
in the direction where Z increase. In this
case, therefore, the searching process can be continued by deleting

the pattern corresponding to ZK.

on the hyperplane xgw = 0.

15



16

Note that the convex set M is contained in the hyperplane
T v
xiw = xiWO. This hyperplane intersects all other hyperplanes, but

XEW = (0, supporting the convex cone composed of X W > 0, since the

k
hyperplane xiW = 0 is one of the supporting hyperplanes of the convex
cone. Therefore, it is sufficient for our purpose to seek for a
solution on the hyperplane xiW = szO' Hence, considering the operation
in Step 12, Algorithm 2.0 can find a solution of Subproblems 2.1 and

2.2 with a finite number of steps. (0.E.D.)
We also have a theorem about Algorithm 2.1.

Theorem 2.2:  Algorithm 2.1 finds one of the optimal solutions of
the set of linear inequalities (2.1) with a finite number of steps.
Proog: Proof is omitted, since it is obvious from Theorem 2.1

and the procedures of Algorithm 2.1. (0.E.D.)

2.3 PIECEWISE LINEAR DISCRIMINANT FUNCTION

There are two approaches to the problem of constructing PLDF's.
One [8] is based on the adjustment of a set of LDF's whose number and
functional form are determined beforehand. The other [7],[25],[47]
employs the method of generating LDF's sequentially. In this chapter
the latter approach is taken, that is, we construct a PLDF by connec-
ting LDF's in a tree structure, where each LDF is determined one by
one according to the optimal solution of the linear inequalities.

First, the training patterns are divided into two groups by an
LDF obtained by Algorithm 2.1. Next,_each of the two subgroups is
again divided into two groups by Algorithm 2.1. This process is con-
tinued until all the subgroups of thé training patterns consist of

patterns of just one category. An example of a PLDF constructed in
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the above manner is shown in Fig. 2.1.

Let us investigate the characteristics of an optimal solution of
linear inequalities. When the set of linear inequalities is consistent,
that is, when the training patterns are linearly separable, it is obvious
that an optimal solution 1inearl§ separates the patterns. Note that
Algorithm 2.1 is a procedure for finding a weight vector maximizing
the number of correctly classified patterns under the constraint that
the weight vector must not go out of the correct regions of the
patterns which were correctly classified by the weight vector. In
Fig. 2.2 (a) and (b), the optimal solutions Wl and Wz are obtained by
using the initial vectors Wl

0

demonstrate that an optimal solution of linear inequalities corres-

and Wg, respectively. These examples

ponds to a locally optimal LDF, and this fact shows the effectiveness
of Algorithm 2.1 in constructing a PLDF. We here note, however, that
the above correspondence does not always hold. For example, in
Fig. 2.2 (b) no desirable solution is obtained when Wg is used as an
initial vector.

From the above discussion, it is seen that our algorithm can
design a PLDF with the global minimum number of LDF's as shown in
Fig. 2.3 in the case where appropriate initial weight vectors are
available. Even if such weight vectors are not available, a PLDF with
a local minimum number of LDF's is obtained, since every LDF is deter-

mined so as to locally maximize the number of patterns classified

correctly.

2.4 LINEAR DISCRIMINANT FUNCTION WITH A WINDOW
All the algorithms we have discussed thus far are based on the

analyses of the stored training patterns. In this section, we consider



| (a)

(b)

Fig. 2.1 Piecewise linear discriminant function
with a tree structure.
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(a) (b)

Fig. 2.2 Two-dimensional patterns and optimal solutions.

Fig. 2.3 Piecewise linear discriminant function.
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the problem of constructing a PLDF without memorizing patterns. In
order to do this a new learning algorithm‘of an LDF with a window
(WLDF) is proposed, which correéponds to that for obtaining an opﬁimal
solution of a set of linear inequalities discussed in the previous
section.

It is well-known that the so-called error-correction procedure
cannot find any reasonable solution in the linearly nonseparable case.
What we need for design of a PLDF is the locally optimal LDF's such
as W1 and W2 shown in Fig. 2.2. Therefore, 'local learning' seems to
be more useful than 'global learning' like the error-correction learning
algorithm. The fact that Wl and W2 in Fig. 2.2 correctly discriminate

the patterns near them suggest the necessity of 'local learning'.

Now the author proposes the learning algorithm of WLDF.

Algornithm 2.2:

W, - (1+oa)ddx if d, < 0 and x_e C,

Wé = or dk > 0 and X, € CB
Wk—l otherwise

w, = w/w]

where
_ T
de = X M1
. T

1 if [dkl <D, and I(Mk__1 - %) wk_1| < Ly

Gk =
0 otherwise

D, = D/y> L= L/yB 0<a, B <1

k Yk’ k Yi’ ’
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=

Mg H 86 0x - M /v

e = Ye-1 t %
CA and CB denote the pattern categories A and B,

respectively,

WLDF is literally an LDF having a window-~like region perpendicular
to its hyperplane. The adjustment of the weight vector is made only
when a pattern is observed within the window. -Let us take the patterns
in Fig. 2.4 as examples. The patterns of the category A consist of
twé clusters, and all the patterns of the right cluster are misclassi-
fied by the LDF XTWk = ek. However, these misclassified patterns are
neglected, since they are outside the window. 1In this cése it is
clear that the LDF XTWk = Gk converges to such an LDF that discriminates
between the left cluster of the category A and the category B.

Aé is seen from the above algorithm; the window is made smaller
when a pattern is observed within it. This reduction operation enables
us to obtain a reasonable LDF even when the training patterns are not
linearly separable. The learning process is terminated when training
patterns within the window become linearly separable. After obtaining
an LDF, its window is removed. Then, a PLDF is constructed in the

same way as in Section 2.3. Thus, a PLDF can be obtained without

memorizing patterns.

2.5 COMPUTER EXPERIMENTS
Computer simulation of our algorithms was made, and reasonable
PLDF's were obtained in every case. It took 12.7 seconds and 2.9

seconds to construct a PLDF composed of 3 LDF's to 72 two~dimensional



(a)

Fig. 2.4 Linear discriminant function with a window.
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patterns by Algorithm 2.1 and Algorithm 2.2, respectively. Furthermore,
the precise experiments showed that the required learning iterations

., 2
for Algorithm 2.1 and Algorithm 2.2 were in proportion to N and N,

respectively.

2.6 CONCLUSION

In this chapter we have discussed nonparametric algorithms for
constructing a PLDF. Our PLDF has been obtained by connecting LDF's
in a tree structure, where each LDF is determined by solving linear
inequalities. We have proposed an algorithm for finding one of the
optimal solutions of a set of linear inequalities using gradient
projection method. This algorithm can find it in a finite number of
steps in proportion to Nz. Furthermore, a design algorithm of a PLDF
without memorizing training patterns has also been proposed by employ-
ing a learning algorithm of an LDF with a window. Although the
required steps for.this algorithm is in proportion to N, much of its
performance has been left unknown.

The algorithms proposed in this chapter seem to be rather com-—
plicated. This is because the training patterns of interest are not
simple, that is, each category is composed of a nonglobular cluster
or many clusters. In these cases, our design algorithms of a PLDF
come to be useful, since the performancé of an LDF is unacceptably
poor., ’

Our PLDF has been constructed with the aid of abteacher. In the

succeeding chapters, we shall deal with the nonsupervised problems.
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CHAPTER 3

AN APPROACH TO NONSUPERVISED LEARNING CLASSIFICATION

—— TWO-CATEGORY PROBLEM

3.1 INTRODUCTION

In nonsupervised learning for two-category problems, the decision-
directed type of algorithm has been frequently used, because it can
provide a means of nonsupervised adaptation without complexity associ-
ated with other nonsupervised learning techniques. Scudder [75],[76]
and Tanaka [83] have discussed the learning algorithms for binary
detection of unknown signal versus null signal embedded in Gaussian
noise, and shown that though asymptotically biased, the estimate of
unknown signal converges. Patrick and Costello [65] have extended the
scheme for detection of two unknown signals. In their systems, however,
the a priori probability of signal occurrence is assumed to be known.

Davisson and Schwartz [12] have discussed the behavior of the
decision-directed algorithm in the case where the a priori probability
is unknown. They obtained the estimate of the probability of signal
occurrence using its relative frequency. Furthermore, the prob-
ability of a runaway (the estimate converges to 1 or 0) is analyzed,
and it is shown that if the signal-to-noise ratib is below a critical
value, the probability of a runaway is equal to 1.

Young and Coraluppi [96] have discussed a simple self-learning
algorithm for decomposing a Gaussian mixture. The algorithm is derived

‘from an information criterion by using stochastic approximation. 1In
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their method, however, one of the 1oqa1 maxima is sought instead of
the global maximum of the criterion function. Therefére, there is
positive probability of not converging to the correct value.

This chapter discusses a class of nonsupervised pattern classi-
fiers. The classifiers show an asymptotically optimal behavior without
knowing the a priori probability of the occurrence of each category.
The most related work is that of Chien and Fu [10]. They discussed
the scheme of obtaining the moments of the mixture distribution using
stochastic approximation and applied to the pattern classification
problem similar to that treated here. In their method, however, the
input patterns are assumed to be one-dimensional, while the classi-
fiers discussed here can bé used for multi-dimensional patterns and
the classification algorithm can be easily executed. In our method,
the mean vector and covariance matrix of the mixture distribution are
estimated by using the law of large numbers. The estimate of the prob-
ability of each category's occurrence is calculated by using the above
estimates of the mean vector and covariance matrix, and is shown to be
consistent. Using the consistent estimate of the probability obtained
in the above manner, we have the estimates of the mean vector and co-
variance matrix of each category, which are also proved to be consistent.
The discriminant function is then constructed by using the consistent
~estimates of all unkowﬁ statistics of input patterns.

The analytical result of the learning process shows that the
classifiers converge probabilistically to the Bayes' minimum error

classifier, which is also verified by some computer experiments.



3.2 DESCRIPTION OF THE PROBLEM

Consider the problem of classifying the Gaussian patterns wifh
common covariance matrix into two categories. Let Xt = GtS + Nt be the
t-th pattern, where S is the unknown mean vector of category Cl’ Nt is
the t-th random sample from a Gaussian distribution with mean vector O
and covariance matrix I, and Gt is a binary variable such that et =1
indicates the occurrence of Cl and Gt = 0 the occurrence of CO'

According to unknown parameters of input patterns, the following

two cases arise.

1) In Case 1, both mean vector S and the probability of category Cl's
occurrence P are unknown, but covariance matrix I is known.

2) In Case 2, both probability P and covariance matrix I are unknown,

but the mean vector's power W is known.

If statistics P, S and I are given, classification of patterns

is performed based on the Bayes' rule as follows:

c if A >0
decide: X ¢ (3.1)
CO’ otherwise
where
' T.-1 '
A= (X ~58/2)1I"S+ 1logP/(1-P). (3.2)

3.3 "~ NONSUPERVISED LEARNING ALGORITHMS
Let Ve be the frequency of occurrence of the category Cl during
the learning period up to time t (Vt < t). Then, from the definition

the following relations are obtained:



t-v
Vi :
- 1 A
Sw o= ] xéi) + Xy XEE) —LP s
Ve Ve k=1 Vi k=1 t — o
(3.3)
v
t P P
Lt t >
where
)
M = X, /t,
t kel k
(1) o) _. ,
and X and X are the input pattern vectors of the categories C

1
and CO, respectively.
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We here assume that the input pattern X is a sample from the mixture

distribution with mean vector Sm and covariance matrix A. That is,

Sm = lim Mt.
t -
(3.4)
E T
A = 1lim (X -MM)H( - M),
t>o t -1kl F O F B M
Note that
, P
tr (( %)Zth“t?)——-——~> W (3.5)

t t > »

where W is the mean vector's power and tr (A) is the trace of the
matrix A.

Now we state the following lemmata.

Lemma 3.1: Define a matrix Ut(vt) by

1

t
U (v) = Zl( X, - M)(X - Mt)T -1 -

t -1 k=



Then,
P
U (v) — 0 3.7)
t"t
t >

where 0 is an n*Xn zero matrix.
Proof: See Appendix 3.1.

Lemma 3.2: Define a value Vt(vt) by

- Eyoy MF
Vt(vt) =W - tr (( Vt) MtMt) . (3.8)
Then,
P
Vt(\)t) -—-T-;—:-* 0. (3.9)

Proog:  From (3.5) the proof is trivial.

Now let us consider the learning algorithms for obtaining the
probability of Cl's occurrence.

Case 1:

Theorem 3.1: Define a value Gt by

- %
tr Ut(vt) = min |tr Ut(k)l (3.10)
I<k<t

" and also define a vector §t and a probability §t by

* It is important to calculate the estimate of vt. However, it
takes a comparatively long time to calculate ;t defined here. 1In the
actual calculation, Gé defined in Appendix 3.2 is much easier to

obtain and can be used instead of Gt' See Appendix 3.2.
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a-l}

Then, we have

Proof:

From Lemma 3

Then we have

tr Ut(ﬁ

From (3.10)

|tr Ut(vt)l x |tr Ut(Gt)I.

.1

|tr Ut(vt)l —_—

Vv
D =tr U )+ (1 - £y e (2 MtM“t’) _—

Ve

t

>

Vt

Using (3.14) and (3.15), and considering that

we have

tr (—JL-M'MT)
ve tt

v
ztrMMT= 52 tr((
t t -
t
——  P2W (>0),
t > o
Vi P
- — 1
Vt t >

0.

_t__) 2M
Vi

p

t >

T
tMt )

o0

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Therefore, the following relations are obtained:

. MoV p
s -l P
Yt Yt t >
_ v v p
\Pt=_£_§- —— P
t Vt t > o
which prove the theorem. (90.E.D.)
Case 2:
Theoxrem 3.2: Define a value v by
lv.G.)| = min v @] 3.17)"
t t t

1<k<t

~ ~

and also define a probability Pt’ vector St’ and matrix it by

. v N
Pt="'t_’ St=_~'t— My
t Ve
(3.18)
t t -V

= 1 T t T

£ = Y (X -M)I(X -M) -———MM,
- X M OXK - ¥, ., tt

* See Appendix 3.2,



Proof:  From (3.17)
v (v

Then, from Lemma 3.2 we have

v, G| = [V v + (1 - ¢

V¢ Vi Tt > >
and hence
“t> P
= — 1
Yt t > o
Therefore, we obtain
~ v b
t Vi t'\’t t >
v v, V P
_£=_t_t —————— P
t t vt t > o
By using Lemma 3.1 we have
t t ~-v
3 1 T t T
P = ) (X -M)I(X -M) - M M
bt o1 k=1 T S ve ot
p

> [vt(st)l.

V) p
HHSHMw | —— o0

\Y
F(1-DSEmy,  —

These results prove the theorem.

\)t \)t t > o

(3.19)

(3.20)

(3.21)

(0.E.D.)
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We have shown the method of obtaining consistent estimates, §t

and Et by (3.10) and (3.11) in Case 1, and § , P

£ and thby (3.17)

and (3.18) in Case 2. If these estimates are used in the optimal
decision rule (3.1) instead of the true statistics S, P, and I, we

obtain the following decision rule:

Cl’ if xt > 0
decide: X ¢ (3.22)
|
!
i

] CO, otherwise

where

- T -1- - -
(X - st/z )z 8, + log Pt/( 1- Pt), for Case 1

A T

(X -~ §t/2 )Tizl§t + log ﬁt/( 1-72), for Case 2.

t

" One can easily see that this decision rule converges probabilistically

to the Bayes' optimal decision rule after a sufficient large number

~

of iterations, since §t(or S ), ?t(or ﬁt), and it converge probabili-

t

stically to the mean vector S, probability of C.'s occurrence P, and

1

covariance matrix I, respectively.

3.4 COMPUTER EXPERIMENTS
Some results of a computer study on the classifiers are presented
below. In the experiment, 20-dimensional normal patterns are classi-

fied into two categories C, and CO’ where P = 0.5 and 3 = o2I. The

1
signal-to-noise ratio is defined by S/N = 10 loglo(STS/cz), and the

mean vector S is a random sample from a normal distribution with mean

vector 0 and covariance matrix 021.
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!

The learning processes of Gé and Gt

are shown in Figs. 3.1 and
3.2, respectively. The performance of the classifiers is shown in
Fig. 3.3 as the probability of error versus times. From Fig., 3.3 it
is seen that the learning procedures in Case 2 takes less time than
that in Case 1, though the probability of error in both Cases 1 and 2
converges to the minimum error probability which is indicatéd by
arrows in the figure. This arises from the fact that the term 1/(t-1)
Zk(Xk—Mt)(Xk—Mt)T in Ut(vt) causes some error in estimating Gé,
especially when the signal-to-noise ratio is comparatively low, while

~

. T .
in estimating v only the term tr(t/\)t)thMt is used. However, the

!
t’
method proposed here compare favorably with the decision-directed

method as shown in Fig. 3.4,

3.5 CONCLUSION

In this chapter, a new type of ndnsupervised adaptive pattern
classifiers has been discussed. The main mechanism of the classifiers is
based on estimation of the probability of each category's occurrence
under the assumption that the input patterns are of a mixture distribu-
tion. Utilizing this mechanism, the consistent estimates of unknown
statistics of the input patterns were obtained, and then disériminant
functions were constructed. It has been shown that the machines with
these discriminant functions converge to the Bayes' minimum error
classifier. 1In order to verify their learning processes, some com-—
éuter experiments have been made and satisfactory results have been
obtained.

This chapter has dealt with signal detection problem as a special
case of the two-category problem. In the next chapter, we shall

discuss the multi-category problem.
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APPENDIX 3.1 PROOF OF Lemma 3.1

From the definition of a mixture, we obtain

P f T.-1

= ———— | X exp[-1/2 ( X -8 )% (X ~-8)ldX

" |2nZ|V2 '
+ —1—:—£—~f X exp[ ~-1/2 X r71x jax
|2mz| V2

- PS (3.23)
P f T

= (X-8)(X-8)

IZHZIVZ m m

cexp[ -1/2 (X - )57 1( x - 5 )]ax

1-P T T -1
+——"= [ (X -8)(X-5) -exp[ -1/2 X 27X 1dX
|21TZI|V2 n n
T
=I+P(1-P)SS. (3.24)

Substituting (3.3), (3.4), and (3.23) into (3.24), we obtain the proof.>



APPENDIX 3.2 ACTUAL CALCULATION OF ;t AND Qt
It has been pointed out that tr Ut(k) (1‘5 k < t) is a monotone

increasing function with respect to k for arbitrarily fixed t, and

that ;t’ the estimate of Vs must satisfy the following relation in

order to get the optimal performance:

v P

t

e ———— 1
Ve t >

We now define a positive integer ;é in Case 1 by

> 0, iszx_)":
tr Ut(k)

<0, otherwise.

Note that Gé is calculated more easily than Ct. We show that V!

defined above can be used instead of Gt' From the monotony of tr Ut(k)’

we have

S0 . ) o ot
ve -1, if |er Ut(\)t -1)| <tr Ut(vt)

<1
It

t
Gé, otherwise
and hence,
Gé P
—_— —— 1
Vb ot e

Therefore, the mean vector of the category Cl’ §é estimated and the
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's occurrence, Pt calculated by using Gé converge

probability of C1

probabilistically to S and P, respectively as follows:

- v P
st’=—L,Mt=—t—Mt—_—f— ——— S
Vt Vt Vt t >

i —1 —
f)’_zi_:_._l)_t_\)_t.:. -—p__—>P
-ty t Yt t > @

This result guarantees that Gé can be used instead of Gt in our

algorithms.

We also define a positive integer Gé in Case 2 by

< 0, otherwise.

In the same manner as in Case 1, it can be shown that Gé can be used

instead of Gt‘
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CHAPTER 4

A PARAMETRIC LEARNING METHOD WITHOUT A TEACHER — WDDM

—— MULTI-CATEGORY PROBLEM ——

4.1 INTRODUCTION

Self-learning of a finite mixture belongs to nonsupervised para-
metric learning and is one of the most significant problems in pattern
recognition. Recently, some self-learning algorithms are reported,
which are divided into two groups. Algorithms of one group are based
on the empirical cumulative distribution functioﬁ (ecdf) constructed
beforehand [36],[79], and those of the other group employ étochastic
approximation method without using ecdf f321,[36]. The former algo-
rithms need the extra-storage requirements for obtaining ecdf, so that
it is rather difficult to execute them in multidimensional cases. On
the other hand, the latter algorithms are superior to the former omnes
in point of economical use of storage. However, they are also difficult
to execute in mutidimensional cases, because the integral over variable
domain is included in them.

In this chapter a nonsupervised learning algorithm called WDDM
(weighted-decision~directed method) is proposed. This algorithm is
applicable to all the identifiable distributions having the second
moment and is easy to execute even in multidimensional cases. Although
WDDM may be considered as an extended version of DDM (decision-directed
machine) [75],[76], it differs from DDM in the way of processing input

patterns. DDM performs self-learning by using its own decision on the



category which the k-th pattern X belongs to. On the other hand, WDDM

performs self-learning by not deciding on x, 's category but regarding

k

it as belonging to every category with the weight p(Cll Xy Xk-l)’

- where cl, Xge and p(cll X ) denote the categorv i, the sequence

k® *k-1

of k patterns, and the conditional probabilities of x, belonging to et

k
given Xp—1° respectively.

The convergence theorem of WDDM is proved by showing the fact
that every sequence of learning parameters is a bounded martingale.
Some computer simulation of the learning processes of WDDM is made in

the problems of decomposition of 4 and 1l0-dimensional normal mixtures

and of detecting a signal embedded in 10-dimensional Gaussian noise.

The results of the computer experiments are shown in Section 4.5, where

the influence of initial estimates on the performance of WDDM are also

considered along with its modification.

4.2 DESCRIPTION OF THE PROBLEM
Let N, Pl, and 6° be the number of categories, the a priori prob-
abilities of the categories cl, and unknwon parameters of cl, respec-

tively. Then, a finite mixture F(x) can be written as

F(x) = ? pis(x|od)
i=1

where f(x|ei) are density functions of x with parameters ei. Now,

suppose that unlabeled samples from F(x) are given successively, and

functional form of f(x|6i) and N#, the upper bound of the number of

the categories are known.  Under these circumstances the problem of

decomposition of a finite mixture can be stated as follows:
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ProblLem: Estimate all the unknown parameters of F(x) without

memorizing any sample pattern.

We here consider an algorithm for estimating all the unknown para-
meters of a given finite mixture in the case where thev are the a priori
probabilities Pi, the mean vectors ui, and the covariance matrices Zi
of all categories.

Agréwala {1] has proposed a nonsupervised parametric learning
algorithm by introducing a probabilistic teacher based on Bayesian
learning theory, where the distribution of interest is assumed to
have fhe reproducing property. In Bayesian learning, thé estimation
of the unknown parameter 6 is performed by obtaining a posteriori
density of OIgiven the pattern sequence Xy under the assumption that
the unknown parameter 6 is with the a priori density p(6). Therefore,
the conditional density of the pattern Xyl given Xy must be calculated

as

gl ) = Jof G| 0p(elx)de

where ¢ denotes the domain of 6.
On the other hand, there is another way of estimation, stochastic

approximation for example, that obtains the k-th estimate of 6, §k,

without assuming the density function of 6. 1In this type of algorithms,

ek is determined directly when Xi is given as p(6| Xk) is determined

in Bayesian learning. Therefore, the conditional density of x 1 given

k+

Xy is obtained as

ol ) = £l [8)-
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The purpose of this chapter is to consider a self-learning algorithm
applicable to the distributions including the ones without the repro-
ducing property. Hence, we employ stochastic approximation type of

method instead of Bayesian learning.

4.3 WDDM

Before shdwing the learning algorithm of WDDM, we present an
example of DDM type of algorithm for estimating the a priori probabili-
ties Pi, the mean vectors ui, and the covariance matrices Zi of cate-

. i
gories ¢,

i i 1 4 1 -
P =P + M - P (4.1)
T Tk T T T e T
i i D1i<+1 1
Mkl = P YT T M) (4.2)
+1
1
D
i _ i kt+l
e R
K1
K
) 41, i T i
(— Frp1™ M) g™ 1) = ) (4.3)

Kli+1' 1

i #
where the superscripts i indicate the categories cl(i =1, 2,..., N)

and

L)

a . i
1, if p(c I Xk'l'l’ Xk, k

= max  p(c’| X 10 Xpo L)

pl = 1<yt

L 0, otherwise



It is clear from the law

defined in (4.1)~(4.
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Xk = {Xl, Xz,..., Xk}
L, =11, 15,..., L}
Zt : xt's label (category) decided by the

machine itself.

of large numbers that all the parameters

3) converge to the correct values with probability

one if all the assignments of input patterns to the categories are

correct. In practic

e, however, the above parameters are known not to

converge to the correct values because of an infinite number of false

assignments.

Now, we present

k+1

i
M+l

k+1

WDDM in the following:

i 1 i i
P, + Cole™| %405 %) = Py) (4.4)
k Kk + 1 k+1? “*k k
i
i ple] % s X)) ,
i k+1 k i
My + Ki ( X4l uk) (4.5)
i
o1 PCeT] Mo X
+
k Ki
k
S(Cxy . - i) (x WIyT_ogdy (4.6)
k+1 k k+1 k k *



C . K .
T o] w1

an

where

X0

From (4.4)—(4.6) it is seen that WDDM is applicable to all the identi-
fiable distributions with finite mean vectors and covariance matrices,

and that it is easily carried out independent of the dimensionality.

Furthermore, the above algorithms show that the main difference between

WDDM and DDM lies in that learning mechanism of DDM is based on its
own decisions on the observed patterns' categories; while WDDM does

not make any decisions but regards the k-th pattern x, as belonging to

k
every category with the weight p(cil X s Xk—l)' The following discus-
sion will reveal the fact that this difference is essential. 1In the
next section, we shall show that the parameters defined in (4.4)-(4.6)
are bounded martingales with respect to the pattern sequence Xk' In

Section 4.5, some results of computer simulation of the learning

processes of WDDM are presented.

4.4 CONVERGENCE OF THE ALGORITHM

We here present the convergence theorem of WDDM.

Theorem 4.1:  The sequences Pk’ uk, and Z defined in (4.4)-(4.6)

are bounded martingales in element-wise with respect to Xk'

Proog: From (4.4)

E[|B, |1 = B[|P] + Cotel] x 00 %) - B2 |1
k+1 k41 | %410 X5 i) |

E[]

P(C ,X-)]Sl
k+13§. T xge 1!
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By similar manipulation, we have
i
E[]C ) ll <=

i

EL[C 2 ] < =
where (-)m and (-)mn denote the m-th entry of the vector and the mn-th
entry of the matrix, respectively.

We next show the sequences to be martingales,

i .
EL Pyyp | !
= E[ B} + Colel] xyps %) = P[]
K+ 1
o
_ ol 1 PGrs e Iy i
R - Clx > Pl [ Xdx - By )
POy Xy
i 1 i ‘ i i
=Pt CpCerx) fy pOgyl ey Xdx - B
K+ 1
= B+ —— Cp(elx) -2l
K+ 1
1
= Pk
i %

where we used the relation p(cllxk) =P

* See the footnote on the next page.
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i
EL w1

i

i i
= E[ uy + Ki ( X4l " uk)IXk]
_i, 1 i i
T e T o fx Cran =) P 3 PO g dgyy
i
. P(x e x,)
i, 1 i k1’ k | ,
=upet T x O~ M R POy X,
K P (Xyeiy 1%
i
. pc[x) . .
_ i k _ i i
=He Tt < X (xppq = W) PO | €7y Xpdax )
i
. plc|xy) ) .
i k . i i i
=He t _—K'kI_ x (Fpep1 = M) POl e ups ) dx
_ i
Mr

* p(cllxk) denote the conditional probabilities of the occurrence

of the categories et given Xy s and p(cll X Xk) denote the con-

k+1°

ditional probabilities of x belonging to the categories et given

k+1
Xy * In other words, the difference between these two notations is

that the former denote a priori probabilities, while the latter denote

a posteriori probabilities with respect tokxk+l.
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EL Iy 1%]

i
. plc I X s X)) . . .
i k+1 k i i T i
= E[ 2 + < (g = ) (g = )™ = 300 X
i 1 i _AT i
=t Kli(IX((xk-l-l W d (R =) = 2)
| i
. p(xk+l’ < lxk) (x | )dx
o %) L L L e N |
PAXpt1
i
ple[x,) , , ,
_ k i _ AT i
=Lt Jg gy = W) Gy = )™ = T

K
i i i
PO | et s ) dx

(Q.E.D.)

b

From the above theorem and convergence of bounded martingales,

i i i

Pk’ My and Zk converge with probability one. However, whether or not

their limiting values agree with those of the unknown parameters still

remains unknown.

4.5 COMPUTER SIMULATION
In order to verify the effectiveness of WDDM we made computer

simulation of its learning processes. Some results are presented below.
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4.5.1 DECOMPOSITION OF A MULTIDIMENSIONAL NORMAL MIXTURE
In computer study, a 3-category normal mixture
i

3 . R
F(x) = z Pl'N(X{ul, T
i=1

)

was used, Fig., 4.1 (a) depicts the learning processes of WDDM in

decomposing a 10-dimensional mixture with the following parameters:

pl = 0.2 p? = 0.3 P> = 0.5

1 2 T
W= (22,027 u = (0,0,...,0)

113 = (_2’—2,-.09_2)T Zl =1 (i=192’3)'

Initial values of the estimators are as follows:

PT=1/3, Il=31 (i=1,2,3)

1 T 2 T
UO = (3s39 93) UO = (1,13 31)
ug = (-1,-1,...,-1)".

An example of the estimated value of the covariance matrix is

Nl 0.06 -0.00 -0,05 0.04

[1.04 0.02 0.03 0.03 0. n.02
, 0.97 0.03 0.0l 0.01 0.92 0.07 -0.01 -0.01 -0.02
? n.93 0.01 -0.00 0.7 0.03 0.02 -0.03 -0.05
) 1.01 0.0l =0.02 0.01 =0.01 0.00 0.04
5 = 0.97 0.00 -0.03 0.01 -0.01 0.02
10000 0.97 0.01 -0.02 -0.01 0.01
: 1.01 -0.01 0.02 0.01
: * n.99 0.03 0.04
; 1.01 0.01
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Fig. 4.1 (b) depicts another result of the simulation of the same problem
as (a) using different random samples. These results show that decom-
position of 3-category mixture is performed successfully. Moreover,

it is seen from both figures that the estimation of mean vectors
proceeds in the desirable direction even when the estimate of a priori
probability is decreasing. This is one of the remarkable features of

WDDM. Fig. 4.1 (c) depicts the result under the following conditions:

T
= (0,0,0,0)

=
i
~
[\
-
N
N
-
N
~
=3
—
|

™
i
[n]
Il
o
| ae]
w
(=]

where 4-dimensional distribution was used. Initial estimates are

1
Py = Pé - Pg - 1/3 ué = (3,3,3,3)"
2 T
ue = (1,1,1,07 Wo = (-1,-1,-1,-1)
i _ .
ZO = 3T (i=1,2,3).

The estimates of the covariance matrices at k = 10000 are

0.24 ~0.03 -0.03 -0.02 n.25 0.03 -0.01 0.02
Zl - 0.24 -0.03 -0.04 Zl _ 0.24 0.01L 0.03
10000 * 0.22 -0.03 10000 * 0.23 0.02

0.24 0.25



0.24 0.00 -0.00 -0.00

23 - 0.24 -0.01 -0.00
10000 N 0.24 0.01
0.24

At the first glance this result appears to be wrong, that is, the

given 2-category mixture seems to be decomposed into 3 categories.

1 2 _
However, the detailed results of P10000 + PlOOOO = 0.504,
1 .2 1 L2
ulOOOO = ulOOOO’ and 210000 = 210000 show the success on the decom

position of the 2-category mixture,

4.5.2 SIGNAL DETECTION

We also made computer simulation of the learning processes of

WDDM in nonsupervised detection of a signal embedded in 10-dimensional

Gaussian noise where the signal vector, the probability of signal

occurrence, and the covariance matrix of noise were unknown. The

results are shown in Fig. 4.2. The probabilities of error of a signal
detector constructed by WDDM are depicted against learning iterations.
From Fig. 4.2 it is seen that the probabilities of error of the signal

detector converge to those of the optimal machine in all SN-ratios 13,

9, 6, and 3dB. Parameters used in the simulation are as follows:
P = 0.3 po=(2,2,...,2) T = o021
P, = 0.5 I,= 10T

Mg = (—0.9,—1.4,—0.4,—0.9,0.6,—0.8,-1.6,—1.2,0.6,—0.8)?
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Examples of the estimates of the signal vector and the covariance

matrix at k = 5000 are

Mgggo = (2-08, 2.02, 2.00, 2.11, 1.98, 2.18, 1.89, 2.03, 2.26, 1.86)T
9.72 0.50 -0.12 0.07 -0.01 0.10 -0.07 0.29 0.08 0.46
10.05 -0.46 —-0.19 -0.51 0.09 -0.36 0.29 -0.04 0.13
9.70 -0.04 -0.14 -0.11 0.06 -0.14 0.04 0.44
9.31 -0.12 -0.17 0.04 -0.44 -0.00 0.35
25000 = 9.40 0.11 0.13 0.10 0.36 -0.04
10.22 0.02 0.06 0.10 0.05
9.33 0.13 0.14 -0.15
* 9.60 -0.04 —0.55
9.52 0.07
X 9.49

where S/N = 6dB. We here refer to the experimental result that the
performance of DDM was very poor in both cases of decomposition of a

finite mixture and signal detection.

4.5.3 INITTAL ESTIMATES PROBLEM

In the simulation of signal detection, various initial estimates
of signal were used, and sat;;factory results were obtained in every
case. Especially, the signal vector (2,2,...,2)T was estimated suc-
cessfully even when Ho = (—0.5,—0.5,...,—0.5)T. These results show
that nonsupervised signal detection by WDDM without the knowledge of
the signal vector, the probability of signal‘occurrence,.and the
covariance matrix of noise is made successfully almost independent of
initiallestimates of these parameters.

In the case of decomposition of a finite mixture, however, it

may happen that the performance of WDDM is influenced by initial

estimates particularly by those of mean vectors. This is of course
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undesirable, though it is common to all nonsupervised learning algo-
- rithms based on minimization of certain criterion functions.

In order to investigate the influence of initial estimates of
mean vectors on the performance of WDDM, computer experiments were
made. In the experiments, a 2—cétegory and 2-dimensional normal

mixture with parameters

L
]
2~
]
(@]
W
™
1]

I = 0,251

=@, nt W= (1, -7

=
|

was used. Initial estimates were
i . #
P0 =1/3 . =1 (i=1,2,3) (N'= 3, N = 2).

Uniform random numbers in (-2, 2) were used as the initial estimates
Mo to give the results objectivity, and 97 successful results were:
obtained out of 100 sets of initial estimates. In three cases where
WDDM failed in decomposing the mixture, great differences of the values
of Pi arose at about n = 100, Considering these results, the following
modification of our algorithm ﬁas made. That is, estimation of the

a priori probabilities Pi is not performed until n = 100, and the other
parameters are estimated as usual by using the fixed a priori prob-
abilities Pi = Pi. Then, after n = 100 the full scale estimation of

0

all parameters is performed by using Pg, U -

i
10 100

estimates. This modified algorithm succeeded on decomposing the mixture

0 and Z as initial

in all the cases of the above 100 initial estimates. Fig. 4.3 shows
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. true values

o - initial values
i

A Higo

(a)

T

(b)

Fig. 4.3 Learning processes of mean values (loci of u;).



the learning processes of ui of the modified algorithm using the ini-
tial estimates far from the true values, where the a priori probabil-
ities and the covariance matrices are unknown.. In the figure, the
marks ., ° and A designate the true values, the initial estimates, and
the estimates at n = 100 of the mean vectors, respectively. All the
results obtained above show that WDDM is an effective self-learning

algorithm which is easy to execute independent of the dimensionality.

4.6 CONCLUSION

In this chapter, a nonsupervised parametric learning algorithm
has been proposed which is called WDDM (weighted-decision-directed
method). WDDM is an extended version of DDM, and it performs self-

learning by regarding the k-th input pattern x, as belonging to all

k

categories with the weights p(c1| X ). Convergence of the

K’ Xk-1
algorithm was proved by employing convergence property of bounded
martingales. In order to verify the efficiency of WDDM? computer
simulation of the learning processes of the algorithm was made in
decomposing multidimensional normal mixtures and in detecting a signal
embedded in Gaussian noise, and satisfactory results were obtained.

We have discussed nonsupervised parametric learning in this

chapter. The last three chapters will treat nonsupervised nonpara-

metric learning.
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CHAPTER 5

NONPARAMETRIC LEARNING WITHOUT A TEACHER

—— TWO-CATEGORY PROBLEM ——

5.1 INTRODUCTION

The problem of constructing nonsupervised nonparametric learning
algorithms is rather difficult, since no a priori knowledge of pattern
distribution is available. Most algorithms reported previously were
based on analyses of stored sample patterns, so that they were rather
complicated and comparatively difficult\to execute. In this chapter
we consider a nonsupervised nonparametric algorithm for designing a
linear discriminant function (LDF) by limiting the discussion to 2-
category problem, where no sample pattern is stored.

D. B. Cooper and P. W. Cooper [11l] and Shimura and Imai [81] have
discussed the first principal component in the problem of constructing
an LDF WTX = 6 without knqwing the a priori probability of each category.
As pointed out in the above literatures, the first principal component
of pattern distribution can be used as the weight vector W. In our
system an algorithm due to Krasurina [42] for estimating the first
principal component is emploved and its simpler convergence proof is
presented. In order to obtain a reasonable LDF, the threshold value 6
must be determined appropriately. Now assume that we have a set of
one—dimensionai patterns with the probability density shown in Fig. 5.1.
Considering that we intend to design a nonparametric algorithm, it is

reasonable to set the threshold value 6 at the minimum point of the
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¥ig. 5.1 Threshold value 6.

.Fig. 5.2 A reasonable linear discriminant function
for two-dimensional distribution.
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mixture density. Therefore, the problem of determination of the thresh-
old value is reduced to that of estiﬁating a minimum point of a density
function.

Generally speaking, stochastic approximation method is useful for
the estimation problem of an extremum point of an unknown function.
Unfortunately, it cannot be apblied to the problem concerning prob-
ability density function (pdf). Recently, Wassel and Sklansky [91]
have proposed Window Training Procedure (WIP), which makes it possible
to treat the estimation problem as to pdf. However, WIP is an algo-
rithm for estimating a unique intersection of two unknown pdf's with
supervision. In this chapter, the author proposes a nonsupervised
algorithm for estimating a unique maximum point of an unknown pdf by
extending WTP,

In the case of multidimensional distribution, the mixture pdf
does not have'any minimum point but has a saddle point when the pdf of
each category is unimodal. From Fig. 5.2 it is seen that the neck
between the two clusters'corresponds to a saddle pqint of the mixture
pdf and that the threshold value 6 should be so determined that the
LDF WTX = 0 pass through the neck. 1In qrder to do this, the saddle
point must be estimated, but it is difficult to detect directly.

We here note that a minimum point of the one-dimensional pdf produced
by projecting the pattern space on to the first principal component W
corresponds to the neck of interest. Then our estimation algorithm can
be used for obtaining the threshold value 6.

From the above discussion one can see that some assumptions are
needed to obtain a reasonable LDF. That is, we assume that the patterns

of each category are well clustered and with unimodal pdf. These



assumptions are usually met, though they impose some restrictions on
pattern distribution. In this chapter, all considerations are made

under the above assumptions.

5.2 LEARNING OF THE WEIGHT VECTOR W

Let I be the covariance matrix of the mixture distribution of
input patterns, and let AM and W be the largest eigenvalue and fhe
first principal component (the eigenvector corresponding to AM) of the
distribution, respectively. Then, we have

A = max nTZn = WTZW. (5.1)

M
Il =1

By using this property the following theorem about estimation algorithm

of W is obtained:

Theorem 5.1:  Assume that the following conditions are satisfied:
[+ 0
2 an = o 2 3121 < o
n=1 n=1
= 2 o
E[Z ] =2 E[H)In”] < o,

Then, for an arbitrary vector V1(=FO), Wh defined as

) v;r1 Vo
Vn+l - Vn + an( van - T vn)
ann
(5.2)
n+l
n+l
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converges to the eigenvector corresponding to KM (the first principal
component) of I with probability one.

Proo4:  Considering that

VTZ
2 _ 2 2 - nnmn 2
A A ALk
nn

we have

Efllv_121v,] <|lv]l2C 1 + a2l ]|2D).

Let define v as

-
[}

v = En (1+ aiE[”ZiHZ])"Vn”% (5.3)

Then, we have

[=<]

2 2
BT (1 a2Elz 12 Dllv_ 121V ]

E[

vn+1|vn]

»°° 2 2 2 2 2
RS B SN ERE A

A

=v.. (5.4)
From the assumptions we also have

2 2 o
izl log( 1 + aZEf|z,]2D) < =.

Therefore, we obtain

- | 2 2 2 ¢ o ‘
E[]v, 1 = g a2el]z 12D v, | : (5.5)
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From (5.4) and (5.5) and E[vn] > 0, the sequence {vn} turns

out to be a semi-martingale. Hence, we have [15]

P[ lim [V |[2 =y] =1, for some Y. (5.6)
n> « n
By a simple manipulation, we have
T 2 T 2 T 2 Vrrrlzvn
EL (WV_ %[V ] = (V)2 +2a (W) Qg = -—;I—T‘T)
‘nn
. VIV o
+ a2E[ (Wi v - 222 yyv)2iv ). (5.7)
n nn vIy n n
: nn
Considering that (5.1) is equivalent to
TZ :
A, = max 2 n, (5.8)
M T
n nn
we obtain
T 2 T 2
EL (WV__ ) lvn] > (W)L (5.9)
We also obtain from (5.6)
Ef]v 1?1 < =,
and hence,
(5.10)

E[ (WIVn)z] < oo with probability one.

We here note that

L
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T
T ) T o, ViIVy
EL(WV_ )2V VeV ] 2 WV +2 .2 a, (W )20y - =)
. i=1 v,V
ii
(5.11)
By using (5.8), (5.10), and (5.11) and Eai = o, we have
VoIV
A, = ——=20 ' (5.12)
or
Ty y2
(Wv)c=0 (5.13)

‘with probability one. However, from (5.9) E[(WTVn)Z] is monotone
non-decreasing, so that the probability that (5.12) holds is one.

Hence, from the definition we obtain

P{ 1lim W =W ] = 1. (5.14)
n>o O
This proves the theorem. (0.E.D.)

Thus, a learning algorithm for estimating the weight vector W of
the LDF WTX = 06 has been obtained. In the following sections, a

learning algorithm for the threshold value © is discussed.

5.3 ESTIMATION OF A MAXIMUM POINT OF PDF

As is discussed in Section 5.1, it is necessary to estimate a
minimum point of the pdf of input patterns in order to obtain a reason-
able threshold value. We now present an algorithm‘for estimating

a maximum point of pdf.

Let us define T as follows:
n+1
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Tn+l = Tn + anZn_ (5.15)

where Tl is arbitrarily determined and

Z = vV2[n B S expl -( X - Tn)z/(Zbg )] (5.16)

In (5.16), Zn gives some information about the gradient of the pdf of
the input patterns, énd then hill-climbing method is used. As to the

above algorithm the following theorem is obtained:

Theorem 5.2:  Assume that the following restriction conditions are
satisfied:

1) a,b >0
n’ n

2) 1lim a = lim bn =0

n-—>o® n n-—>o

3) ) anbi = o
n=1

4y 7} arzlbn < o
n=1

5) x is the n~th random sample vector from an unknown

one-dimensional pdf p(x).

6) The derivative of p(x) is continuous and bounded

at every point.

E
7) p(x) takes its unique maximum at x = t (|t#| < ®),



4
Then, Tﬁ defined in (5.15) converges to ti with probability one.
That is,
P[ 1lim Tn =t ] =1, (5.17)

n>

Proog: See Appendix 5.1.

5.4 LEARNING OF THE THRESHOLD VALUE 6 AND LDF

Let Y, Yn’ and W be a random vector with the pdf p(Y), the n-th
random sample vector from p(Y), and the maximal eigenvector, respec-
tively. Then, an LDF is wriiten as WIY = 0, where 9 is the minimum
point of the pdf p(WTY). In the rest of this chapter, it is assumed
that the expected value of WTY lies between the two maximum points of
p(WTY). Fig. 5.3 shows an example of such pdf, where G and 0 are the
mean and the standard deviation of p(WTY), respectively, MO and M2 are
both maximum points of p(WTY), and Mlvis the minimum point of p(WTY).
We have already obtained an algofithm for estimating a maximum point
of one-dimensional pdf in the last section. By changing the sign of
the gradient estimator'Zn,znnalgo;ithm for estimating a minimum point

of an unknown pdf is obtained as follows:
T =T -aZ (5.18)

It is seen from Fig. 5.3 that (5.18) needs a certain modification
in order to estimate the minimum point Ml, since Tn diverges with

positive probability when the initial estimate T, is not between MO

0

and MZ. To avoid this difficulty the minimum point Ml is sought in

the interval (MO, Mz) and the initial estimate TO is set at G.
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Fig. 5.3 Locations of several parameters.
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Let T; be the estimates of M~ (i=0,1,2). We now have the following

design algorithm of an LDF:

Mg = Mpep T (Y = _4) (5.19)
- 1 n , T
T
z A
- _ n-1n-1 n-1
Vn Vn-l + an_l(zn_an_l - Vn_l) (5.21)
\Y) v
n-1l n-1
v
n T T 1/2
2| n ~ 'ntn o = (W2
n
i
Tg = G # + (1-1 )kon# (5.22)
i_ 1 i i
Tm = Tm—l + (~1) amZm (5.23)
0 ce 0
0 Tm’ if Tm < Gn#-i-m
T = (5.24)
Gn#+m-k°h#+m’ otherwise
L, if 10 < 1! < 72
1 _: m m m m
Tn = (5.25)
‘Gn#+m’ otherwise
2 )
) me’ if Tm > Gn#+m
Tn = (5.26)

Gn#+m + kch#+m’ otherwise
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i
x =T .
i m _m —(x - TI)2 2
Zm = V2/% y exp| (xm Tm) /(me)] (5.27)
m
X =WT# Y 4, . (5.28)
m n“+m n*4m
' Then, the LDF is defined as
/3
[wy=¢ 1<n<n
n n
(5.29)
T 1 #
W'Y = T (m > 0), n>n.

Learning up to the n#—th sfep is for getting initial estimates of
Ti. After the time n#, the estimation of the minimum point is performed
by using these initial estimates. As is described above, Ti is restric-
fed in theinterval(Tg, Ti), so that Ti converges with probability one
to M1 which is the unique minimum point in (MO, M2). The LDF obtained
in (5.29) works well even if the a priori probability of each category
is unknown, since the fhreshold value 6 is so determined that the

hyperplane of the LDF pass through the minimum point of p(WTY) cor-

responding to the neck between the two pattern distributions.

5.5 COMPUTER EXPERIMENTS
In the computer study, 20-dimensional normal distribution

2 . ;
Z PiN(xl u', 1) was used, where
i=1

1 T 2 T
o= (2,2,0.04,2) - = (0,0,...,0).
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Fig. 5.4 shows the learning processes of Wh, and Fig. 5.5 shows the

probabilities of error of the LDF. Our algorithm was performed in the

case
a=b=2.5
a = 0.5 B = 0.25
¥ = 100 k = 1.5.

In Fig. 5.5, arrows indicate the probabilities of error of the optimal
machine., From this figure one can see that the probabilities of error

of our LDF converge to those of the optimal machine in all SN-ratios.

5.6 CONCLUSION

We have discussed a nonparametric learning algorithm for designing
an LDF without supervision. An algorithm for estimating the eigen-
vector corresponding to the largest eigenvalue was presented along
with its simple convergence prrof in Theorem 5.1. Also, we obtained
an algorithm for estimating a maximum point of an unknown one-dimen-
sional pdf and its convergence proof in Iheorem 5.2. By using these
algorithms, a design algorithm of an LDF which works well even if the
a priori probabilities are unknown has been obtained. The effective-
ness of our algorithms were verified by computer experiments.

This chapter has been concerned with the 2-category problem.
Next chapter will deal with the multi-category problem by extending

the mode estimation algorithm discussed here.
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APPENDIX 5.1 PROOF OF Theonem 5.2

Proog: First, we consider the gradient estimator Zn' From

ot _ - 2
_1_ E[ an Tn= t] = f._l_ X t exp[ - _(..E_.._;t_)_] p(x)dx
2b2 - V21 b3 2b2
n n n
e - 2 .
= f 1 exp[ - (x-t)F ] p'(x)dx  (5.30)
~ V21 b 2b2
we have
- 1 '
p(t,b)s —_E[Z2]|]T=t] —— p'(t) (5.3
n n 252 n' "n 0 > o
' t
o (5.32)
e

where tﬁ is the zero point of pn( t, bn), that is,

P(tn

s, b ) =0. (5.33)
n n

Let 02 be the variance of Z , then
Zn n

2
O'Zn

A

E[ zi]

* 2
cep [ f 2 5 T e - (2 T peoax |
L - b



and

where

in
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From (5.30)

where

bt 2 2
f (x -~ Tn) exp[ - Sjizzzﬂl.] p(x)dx ]

—oo YT b . b
n n
o2 /b < 2y (5.34)
n n Jr

sup ] r&x) | < M < o,
X

L ojEg znl Tn]I <M (5.35)
2b§ :

sup | p'x) | < M'< w,
X

Furthermore, from (5.31) and (5.32) and the constraints 6) and 7),

we have

N

l’

Vn>N ==

F—LE[Z|T1>O o <7 < th (5.36)
b2 n' "n n n
n
L oErz|T1<o0 e cr <. (5.37)
- b2 n n n n
n

Now, we rewrite (5.15) as

T

n+l

= 8
T, + &, +aEl an T ] (5.38)



where-
g = a (2 -E[ an T .
Let define Cn as
t o =E[ & | &, &,y & ;]
then we have
to=a C(E[Z | &, &,...s &, ]
- El anan’ g1’ g2""’ n-1 1)
=a (E[Z]|T j - E[ | T 1)
= 0.
Hence,
oo

n=1
From (5.34) and the constraint 4), we also have

0

né; Var[ g ] nzl a (E[ (z -E[Z|T 1)

-E[z - E[ an T.11)

nzl a2 (E[ 221 -E[z 1)

(5.39)
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(5.40)

It is seen from (5.39) and (5.40) that ZEn converges with probability

one [46]. Considering that (5.38) can be written as

n n
T .= T, + o+ CE[ Z,] T,
ntl T 1 jzlgj jglaJ Lzghmyt,

one can see the existence of a random variable U such that

il
f—t

n

Next we shall show

+o0 =
P[ lim Tn to ] 0.

n > oo

Now, suppose that

P[ 1lim T
n>e O

© ] > 0,

Then, from the constraint 7) and (5.32), we have

Vn > N, = T >t

3N2’ 2 n n’

(5.41)



Therefore, from (5.37)

Z T ©,
i_z__lajE[ gl Ty 1<

Hence, we have

P[ 1im (T -
n .
n->w j

o~

. E[ Z,| T. = o > 0,
. a, [ J| P D 1

which contradicts (5.41). Similarly, in the case of P[ lim Tn=—w] > 0,

a contradiction is also derived. Therefore, we have

P[ 1im T +
n
n->o

[l
o
8
el
]
(=]

(5.42)

Next, we shall show

P[1im T =T ] = 1, for some T.
n
n-—> o
Suppose that
P[1lim T =T ] <1, for any T.
n->w

Then, from (5.42) there exists such a sequence {Tn} with positive

probability that satisfies (5.41) and

1im dinf T < lim sup T . (5.43)
N> n>N n N>on>N @&

The following discussion is made in the case where

#

lim sup T > t".
N+~ n>N n
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In the other case where lim sup Tn <t', a. similar discussion can be

made. Now, we can take two numbers Y and S such that

Y > t# (5.44)

lim dnf T < vy <36 < 1im sup T (5.45)
N+on>N O N>wn>N O

From (5.32) and (5.41) and the constraint 3), one can see that both

v and § satisfy the following relations:

6._.
E| 2 Y
N3, k>m> N3 === a bm < pve (5.46)
M
k-1 §— vy
| T, -T - J a,E[2,]T.1] < (5.47)
#
>
Y to (5.48)

Then, considering (5.43) and 'Tn+l_ Tnl ——> 0, we can take
both k and m such that
Tm < v (5.49)
Tk > § ' (5.50)
y < Tj < 8 (m<j <k) (5.51)

Therefore, from (5.37), (5.48), and (5.51) we have
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3 m
and hence,
k
s= [} a,EB[Z,| T.1c<0. (5.52)
j=m+l J J J

Furthermore, from (5.35) and (5.46) we obtain

a |E[z | T 1|<2ab2m <827
m m m mmm

Therefore,
5 - k-1 5 -
-S - Y< -7 a,E[2z,]T,1<-85+ Y. (5.53)
2 j=m 3 2

Now, considering that

and

-S > 0,

by substituting (5.53) into (5.47) we obtain

and hence,

T, =T <8 -7, (5.54)

which contradicts (5.4¢) and (5.57). Therefore, there exists a
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random variable T such that

(5.55)

]
[

P[ Iim T =T ]
n > n

Finally, we shall show that

#

P[T =1t j = 1,

The following discussion is made in the case where

P[ T < t# ] > 0.

#

In the other case where P[ T >t ] > 0, a similar discussion can be

made. Then, there exist two numbers r and s such that

—cw <r <g < t# (5.56)

Plr<T<s]>0. (5.57)

Therefore, from (5.32) we have

#
3N4, Vn > N4 == p < Tn < s < tn.

Hence, from (5.33) and (5.36)

Vn>N

1
3 ol =
o3>0 = = E[ zn] T 1=2p (T,Db)>e.

n
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Consequently, by using 3) we obtain

Vn (<) } a,E[Z,|T.1>¢] a, b2 = =,
’ j=nJ J J j=nJ

Hence,

) a E[ zjl T, ] = o, (5.58)
=1 |

which contradicts (5.41) and (5.55). Therefore,

#

PiT=¢t" ] -=1. (5.59)

Hence, from (5.55) and (5.59) we obtain
P 1lim T =t ] =1,
n-—>o n

which proves the theorem. (0.E.D.)
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CHAPTER 6

NONPARAMETRIC LEARNING WITHOUT A TEACHER
BASED ON MODE ESTIMATION

—— MULTI-CATEGORY PROBLEM ——

6.1 INTRODUCTION

Parametric learning schemes, with or without a teacher, have been
studied very extensively over the last ten years, whereas nonparametric
learning schemes without a teacher do not seem to have been considered
to the same extent in spite of their importances. Bravermgn [6]1,
Shimura and Imai [81], and the author (Chapter 5) have discussed the
nonsupervised algorithm for obtaining linear discriminant functions in
two-category problems. Braverman has derived a learning algorithm
based on potential functions. Shimura and Imai have discussed a learn-
ing algorithm for estimating the principal component of the mixture
distribution of input patterns to comnstruct a linear discriminant
function. In chapter 5, the author has presented a learning algorithm
for obtaining a linear discriminant function by estimating the unique
minimum point of a univariate probability density function (pdf).
Although some interesting ideas that are useful for the two-category
problem are considered in the above literatures, multi-category
problems are not dealt with.

‘Cluster detection techniques applicable to the multi-category
problem have been studied by Gitman and Levine [22], Gitman [23], Koontz

and Fukunaga [41], Zahn [98], and Jarvis and Patrick [34]. 1In their
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algorithms, all sample patterns are stored in order to make up for the
a priori information about the distribution of the patterns. Such
algorithms are rather differént from those discussed here.

This chapter discusses a nonsupervised multi-category problem in
terms of nonparametric learning where no input pattern is memorized.

In order to achieve our purpose a cluster detection algorithm is con~
sidered under the assumption that there exists a one-to-one correspon-
dence between clusters and categories. We élso assﬁme that each mode
of the mixture pdf of input patterns represents each cluster. As is
discussed by Gitman and Levine [22] and Gitman[23], this assumption is
rather reasonable, since unimodal pdf's can represent quite general
distributions of patterns. Therefore, it can be an efficient way to
estimate modes of the pdf of input patterns for cons;ructing discrimi-
nant functions by nonparametric learning without a teacher. The problem
of seeking modes of a pdf has been considered by Parzen [63] and Ryzin
{72]. 1In their algorithms, modes are obtained by using the estimated
pdf. However, it is comparatively difficult to estimate pdf's and
besides, the whole schemes become rather complicated because they
consist of two stages. For this reason, the author proposes a new mode
estimation algorithm in which the pdf.is not necessary to be estimated
beforehand.

For seeking modes of a pdf, the hill—climbing method can be a use-
ful technique provided that an efficient gradient search technique with
respect to pdf's is available. Iﬁ this chapter, therefore, a hyper-
cubic window function is considered which gives some information about
the gradient of a multivariate and multimodal pdf without memorizing

input patterns. As is well-known, a mode estimator goes up the slope
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of the pdf according to the estimated gradient. The hyper—cubicbwindow
function can be considered as an extended version of the window function
introduced by Wassel and Sklansky [91]. Their window function operates
with the aid of a teacher, while our window function operates without
supervision. Furthermore, their window function is made smaller when-
ever an input pattern is given in the pattern space, while our window
function is made smaller only when an input pattern is observed within
‘the window. A detailed discussion about our window function will be
made in the following sections.

As is discussed above, the estimate of each mode can be considered
as a good approximation of the location of each cluster. For this
reason, by using the estimates of the moaes of the mixture pdf, a mini-
mum-distance classifier [62] is constructed which assigns each input
pattern to the category (cluster) corresponding to its nearest mode.

A nonparametric signal detection problem is also discussed as an
example of the two-category problem.to compare our algorithm with
others. Under the assumption that the distribution of noise is sym-
metric with respect to its mean vector, bbth the input signal and the
mean vector of noise are estimated by using our mode estimation algo-
rithm. Moreover, it is shown that.the probability of the signal occur-
rence and the covariance matrix of noise can be estimated. The tﬁresh—
old value of the linear discriminant function of the signal detector
is determined for the discriminant hyperplane to pass through the
valley lying between the two clusters. By using all the estimates,
an adaptive signal detector converging hearly to the optimal machine

is designed without supervision.
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Some results of computer simulation of our learning algorithms
are presented. The results show that the performance of our methods

compares favorably with that of other methods.

6.2 ALGORITHM FOR ESTIMATING ONE OF THE MODES OF PDF

In this section we consider a nonsupervised multi-category problem
in terms of nonparametric learning under the assumption that N#, the
upper bound of the number of categories contained in the mixture dis-
tribution, is given. As is discussed in Section 6.1, we take tﬁe
approach of estimating the modes of the mixture distribution of input

patterns. In the algorithm the mode is estimated by using a hyper-

cubic window function proposed here.

6.2.1 NOTATION

Xn - n-th input pattern.

Zn n-th mode estimator.

;n(zn_l) n~th window function.

m(n) Total number of input patterns observed within

" the window up to the n-th step.

b Size of the n-th window.

m{n)

a A positive coefficient.

m{n) .

wﬁ i-th subregion of the n-th window.

d% i-th direction that the n-~th mode estimator

can move in.

6.2.2 BASIC MECHANISMS OF THE HYPER-CUBIC WINDOW FUNCTION

A maximum point of an unknown function is generally found by the
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hill-climbing method according to thg estimated gradient of thé function.
Our problem is to find the maximum point of a pdf of input patterns,

so that it is necessary to obtain the estimate of the gradient of the
pdf for using the hill-climbing method.

Wassel and Sklansky have proposed the window training procedure
(WIP) which finds the unique intersection of two unknown univariate‘
pdf's with the aid of a teacher. The author here introduces a new
hyper-cubic window function and discusses an algorithm for estimating
one of the modes of an unknownm multimodal* and multivariate pdf without
supervision. The hyper—cubic window is made smaller only when an
input pattern is observed within the window. Therefore, our method
makes it possible to decrease the influence of both the input pattern
sequences and the initial estimate of a mode on the performance of the
mode estimation algorithm. This is because if the window is made
smaller whenever an input pattern is given as in the WIP, it sometimes
happens that almost all the input patterns cannot be observed within
the window. In such a case the window becomes so small that the per-
formance of the algorithm decreases, particularly when the pdf of
interest is a multimodal and multivariate one, or when the initial
estimate is far from the mode.

Now, the author proposes the following mode estimation algbrithm

using the hyper-cubic window function mentioned above:

* In spite of the assumption that each cluster consists of a uni-
modal pdf, a mode estimation algorithm applicable to multimodal pdf
needs to be developed because the mixture pdf of input patterns is

multimodal.
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Zn+1 = Zn + am(n+l)Cn+1(Zn) (6.1)
where
- d d
1, if an+1 - znl Sboyy for any d
£ @) =| (6.2)
L0, otherwise
m(nt+l) = m(n) + En+1(Zn), m(0) =1 _ (6.3)
-, =2 d d
bm(n)a if €n+1(zn) = 1 and Zn < Xn+l
4 @zy=]o if E . (Z) =0 O (6.4)
n+l*“n ’ n+l "n '
-2 . _ d d
‘_bm(n) 1f €n+1(zn) = 1 and Xn+1 < Zn

and the superscript d indicates the d-th component of each vector.
Here the author gives an intuitive interpretation of the above
algorithm before proceeding to its convergence proof. An example of
a two-dimensional hyper-cubic window function is shown in Fig. 6.1,
. , 1 2 w3 4
which consists of four regions (Wn, Wh, . and Wn). The n-th mode

estimator Z is located at the center of the n-th 2b x2b window.
n m(n) “ m(n)

n

. ‘ n2 12
The window function Cn(Zn_l) takes vector values ( bm(n)’ bm(n))’
(-b_%

-2 -2 -2 -2 -2 .
m(n)’ bm(n))’ (bm(n)’ —bm(n))’ (bm(n)’ bm(n))’ or (0, 0), according

as the n~th input pattern is observed within the region Wi, Wz, W3, W4,

n®” n’ n
or outside the window. When an input pattern is observed within the

window, bm(n) decreases and then the window is made smallér. Note that

bm(n) —> 0 as m(n) — ., When an input pattern is not observed within
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. bm(n) — bm(n) —_

Fig. 6.1 Two-dimensional window function.
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the window, no change of the window is made. At every learning step,

am(n+1)cn+1(zn) is added to Zn’ so that the estimator moves in the

direction di, di, dz, or di, according as the ntlth input pattern is
observed within the region Wi; Wi, Wz, or Wﬁ. Clearly, when no input

pattern is observed within the window, Zn does not move in any direction.
In the above example, the region‘wi is nearer the mode than the other
regions are, so that the probability of an input pattern being observed
within Wi is higher than within the other regions. Therefore, the mode
estimator moves probabilistically in the direction di and approaches

one of the modes of the pdf with a reducing window. The convergence

theorem is presented below.

6.2.3 CONVERGENCE THEOREM OF THE MODE ESTIMATION ALGORITHM

Theorem 6.1: Assume that the following conditions are satisfied:
1) Xn is the n-th random sample vector from an unknown L-dimen-
sional continuous pdf p(X) which has N maxima at X = 'Z (“lZ”<M,

i=1,2,...,N) and has a finite number of singular points.

2) lim a, = 1im bk =0 (ak, bk > 0).

k> k>

8 7 (a,b %) < .
Ly K

Then, Zn defined in (6.1)-(6.4) converges to one of the maximum points

of p(X) with probability one. That is,

P[ min { Lim ||z - 3z||}=01 = 1, for some j.
j n-—->-ox n
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Proof: Proof of this theorem is divided into four parts.

First, we begin the proof by showing

P[ m(n) —— =] = 1,
n-o

Second, we show
vi (i=1,2,...,N), P[  1lim ||z
Third, we show

3'e20 (i=1,2,...,), P[ lim ||z_ )= Yo7 = 1.

m(n) >

(n) ~

And finally, by showing

Plmin 96 =01-=1
i
the proof is completed. Convergence property of semi-martingales plays

a prominent role in the detailed proof, which is presented in Appendix 6.1.

6.3 CONSTRUCTION OF A DISCRIMINANT FUNCTION

If our purpose were to estimate one of the modes of a pdf, then
the proposed algorithm would perform the estimation successfully regard-
less of whether the initial estimate is far from the mode or not. As
is discussed in Section 6.1, however, it is necessary for the design
of a discriminant function to estimate all modes of the mixture pdf of

input patterns. Unfortunately, the mode estimation algorithm that we
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have discussed thus far is designed to seek one of the modes of a multi-
modal pdf, so that it does not assure us of success on the estimation
of all the modes. We shall describe a procedure for estimating all the
modes below. However, because of a difficulty in determining appro-
priate initial estimates, it does not guarantee that all the modes can be
always detected, as will be discussed later.

Before executing the algorithm, a rough estimate of the range of
the pattern distribution is obtained by observing input patterns.
Then, dividing the range into nN# parts, we set nN# initial estimates
at the center of each subrange which is the hyper-cubic window, where

# *

N' is the upper bound of the number of categories. (Usually, n is so
chosen that nN# is much larger than the number of the modes.) After
determining the initial estimates the mode estimation algorithm is
performed. 1In a sufficiently large numbef of learning iterations, the
nN# estimators are expected to form N (actual number of the modes)
clusters, since each estimator converges to one of the modes. There-
fore, the mean vector of each cluster formed by the estimators can be
.the estimates of the modes.

As described before, there is no guarantee that the above pro-
cedure always succeeds on estimating all the modes. That is, nN# esti-

mators may not reduce in number to approach the actual number of the

modes N. For example, in the case of the initial estimates shown in

* Since we earlier assumed that there is a one-to-one correspondence

between categories and modes, N# can be the upper bound of the number

of the modes.
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Fig. 6.2, it may occur that lzn, 2Z s 4Z — IZ, 3Z 5Z 6Z — ZZ,

n’ n n> m®> "n
7Zn’ 8Zn, 9Zn — 4Z, and 3Z may not be detected. In most cases, however,
we can avoid such a difficulty by setting the range and n sufficiently
large. In the above example, it is seen that all the modes can be
detected with larger range and n. Generally, in nonsupervised algo--
rithms, whether the global optimum is found or not depends on the ini-
tial estimates. Such a difficulty is not peculiar to our algorithm
but common to other nonsupervised algorithms particularly based on

minimization of criterion functions.

Thus, we have the following discriminant rule:

decide: X e ¢t if|'z_ - x| = m::Ln”jZn - x| (6.5)
J

where iZn is the n-th estimate of the mode iZ. It is easily seen that
this discriminant rule is constructed based oﬁ minimum-distance clas-
sifier [62] by using only the knowledge of the locations of the modes
of the mixture pdf. Our discriminant rule works well especially when
input patterns of each category cluster globularly. In order to
obtain an efficient classifier of the performance free from the struc-
ture of the mixture distribution, the mixing coefficient, and the
covariance matrix of each cluster need to.be estimated in addition to
the modes. The problem of getting such additional information is

considered in the next section.

6.4 TWO-CATEGORY UNIMODAL CLASS DENSITY PROBLEM
A nonparametric signal detection problem is discussed here in

order to demonstrate the efficiency of our mode estimation algorithm.
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Fig. 6.2 An example of initial estimates where some mode
may not be detected.
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In the last section we have obtained a multicategory classifier based
on the knowledge of the modes' locations, where the structure of each
cluster and mixing coefficient have not been takén into account. We
shall show that a signal detector with the ability to estimate such
parameters as well as the input signal can be constructed without
supervision.

Let P, u, v, and Z be the probability of sighal occurrence, the
signal vector, the mean vector of noise, and the covariance matrix of
noise, respectively. Assume that the pdf of noise is unimodal and sym-
metric with respect to its mean vector v. Under this assumption,
the mixture pdf of input patterns has two modes and each of them cor-
responds to either u or v. These two mean vectors can be estimated»by
using our mode estimation algorithm. Also, P and I can be obtained by
uéiﬁg the estimates of u and v. Therefore, an adaptive signal detector
which can estimate all the unknown parameters is constructed in the
following manner.

Let M be the mean vector of the mixture distribution of input

patterns, then we have
M=Pu+ (1-"P)v. (6.6)

Let M and v, be the n-th estimates of y and v, respectively, and Xi

&

be the i~th input pattern. From (6.6) the n-th estimate of P, Pn is
obtained as follows:
L

~ d d da 4
P =U[ 1/L dgl M -V )/ (= )]
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where
‘0:5, if 1 < &
ufg] =] &, if0<g <l
L 0.5, if £ <0

n
M =1/n ] X,
n i=1

and the superscript d indicates the d-th component of each vector.
Now, we have the covariance matrix S of the mixture distribution

of input patterns as follows:

E[(X - M) (X - M) ]

n
L]

S 4+P(1-P)(pu-v)(u-v)r (6.7)

From (6.7) the n-th estimate of I, Zn is obtained as follows:

T

£ =S - Pn( 1 - Pn)( B vn)( Hoo- vn) (6.8)

where
T

n
1/(n-1) iglcxi - MO(X - M)

w
[

It is easily seen that Pn and Zn converge to P and I, respectively, if

and only if un and vn converge to U and v, respectively. Hence, for a

coefficient vector of the linear discriminant function WTX = 0 we can

96
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use Wn defined in the following:

W= Cu -y /N5 G- v )| (6.9)
where the structure of each cluster is taken into account.

| Let us consider a two-dimensional case as an example (See Fig. 6.3)
When the mean vectors are estimated, we usually construct a discrimi-
nant function of the form (d.f.1l). However, when both thevmean vectors
and the covariance matrix are estimated, we can use (d.f.2) which is
obtained by rotating (d.f.l) appropriately. It is obvioﬁs from Fig. 6.3
that (d.f.2) is superior to (d.f.1l).

The remainder of this section deals with a decision algorithm of
the threshold value 0, As is discussed in Chapter 5, the neck between
the two clusters shown in Fig. 6.4 seems to be reasonable threshold,
and it corresponds to the minimum point of the univariate pdf produced
by projecting the original pattern space to the direction of W. There-
fore, we use the minimum point of the pdf as the threshold value 6,
which can be estimated by our mode estimation algorithm.

The n+lth estimate of the threshold value 6,8 is obtained

n+l

in the following manner:

en+1 = en - am(n+1)Cn+l(en) (6.10)
- . T T
en+1’ if Wn+1\)n.+1.£en+l < Wn+1un+1 _
Ot = . : (6.11)
Wh+an+l, otherwise
where
n+1

M . =1/(n+1) | X,
n+l 4o 1

.



98

(uy = v )2t

(u —v)El

I I (a2
(u -v) ,
.___._____ X= 8
R |
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Fig. 6.3 Improvement of a linear discriminant function.
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neck

Fig. 6.4 Neck and threshold value.
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F =2 . _ T
bm(n)’, if gn+l = 1 and en s Wn+an+]_
Cn+1(en) = 0, if En+l =0
b L =1 and W X ., <6
L "Pm(n)’ * En+1 - and Wo+1%n+1 n
. T
L it Iwﬁ+1Xn+1 - enl s bm(n)

En+l
o, otherwise

and am(n)’ bm(n)’ and m(n) are defined in the same way as in Theorem 6.1.

Hence, from (6.9)-(6.11) we have the following discriminant rule:

c, if WX > 6
H n n
decide: X ¢

Cv’ otherwise

where Cu and Cv indicate the categories corresponding to u and Q, re-
spectively. The above classifier shows almost optimal behavior because
its decisioﬁ is made by using the information about the probability of
each category's occurrence, the mean vectors, and the covariance matrix.

This fact is verified by computer simulation in the next section.

6.5 COMPUTER EXPERIMENTS

In this section, some results of a computer study of our learning

algorithms are presented.



6.5.1 MODE ESTIMATION

In the computer study, modes of a two-dimensional normal mixture

distribution F(X) = Zizl P-N(ui, %) are estimated, where P = 1/3, uT =

1=
10 . .
(0 1). The mode estimation

algorihtm is implemented in the case where N# =4, n = 9/4, a = 2/k,

(Os 2)9 ug = (2’ '2), ug = ('2’ "2), L=

and bk = 2/k°'2, so that nine initial estimateg are determined
as shown in Fig, 6.5. This figure also shows the loci of the mode
estimators for 600 input patterns using the above parameters. It is
seen that the mode estimators converge to the points corresponding to
the modes in a.large number of learning iterations and that in this
case three clusters (1Z & 2Z & 5Z . 6Z & 92', 4Z & 7Z & 8Z )

n n n n n n n n
appear. Note that 3Zn cannot be a mode because it still stays at the
initial point. We conclude, therefore, that the mixture pdfbhas three

modes in all and each mode is located at the center of each cluster

formed by the estimators.

6.5.2 SIGNAL DETECTION

Computer simulation of the signal detector discussed as an appli-
cation of our mode estimation algorithm is made and some of the results
are presented below. In the experiment, two-dimensional Gaussian noise
is used, where P = 0.7, uT = (2, 2), NL. (0, 0), and' £ = (é g).
Convergence processes of Pn and Wn are shown in Fig. 6.6. Fig. 6.7
shows the learning processes of some signal detectors, where marks &,
O, and O indicate the probability of error of the discriminant

functions

Cug = v ) %= Cug = v )Ty @
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Fig. 6.5 Loci of the mode estimators.
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Fig. 6.6 Learning processes of Pn and Wn.
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o Wx=o0
n n
1.0 D WX =WM
n nn
T, T
0.8 A (un - V)X = (un - vn) M
—~ <] matched~-filter

Probability of error
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Tig. 6.7 Learning processes of some linear discriminant functions.



WX = WM (42)
n nn

WX =0, (a3)
n n

respectively. The weight coefficient of (d1l) is obtained by using the
knowledge of the modes' locations alone and the threshold value is
determined by using the mean vector of the mixture distribution of
input patterns. On the other hand, the weight vector of (d2) is
obtained by using the knowledge of the covariance matrix in addition

to that of the modes' locations. The discriminant function (d3) is

105

that proposed in Section 6.4. From Fig. 6.7 it is seen that error rates

of these discriminant functions become lower in order of (dl), (d2),
and (d3), and that the probability of error of (d3) converges to that
of the optimal machine indicated by arrows. These results compare

favorably with others reported previously [12],{65]1,[75],[761,[83].

6.6 CONCLUSION

In this chapter we have discussed a nonparametric learning scheme,
without a teacher, based on mode estimation. A new hyper—cubic window
function has been introduced, which is useful for estimating the
gradient of a pdf. By using the hyper-cubic window function, an algo-
rithm for seeking one of the modes of a mixture pdf was prdposed and
its convergence proof was also presented. A minimum-distance classi-
fier for the multi-category problem was constructed based on the esti-
mated modes éf the mixture pdf Qf input patterns. Furthermore, some
discussions were made on a nonparametric signal detection problem as

an application of our mode estimation algorithm. We also obtained an
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adaptive signal detector which nearly éonverges to the optimal machine
without supervision. In order to verify our algorithms some computer
simulation of their learning processes was made, and satisfactory
results were obtained.

This chapter has treated the problem of nonsupervised nonpara-
metric learning without memorizing input patterns. We have designed
a minimum-distance classifier for the multi-category problem. However,
it does not have a satisfactoryAstructure because of a complete lack
of the information available during the learning period.

In the next chapter, the same problem as that discussed here is
studied by memorizing all sample patterns. It will be revealed that
memorizing patterns makes it possible to realize almost complete

pattern classification.
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APPENDIX 6.1 PROOF OF Theorem 6.1

Proof: First we shall show

P[ m(n) ——— =] = 1,
n > o«

Assume that

Iny, my, P[ n > ny == m(n) =my] >0,
then there exists a positive constant C such that
bm(n) = C, for any n > ng.

Therefore, the volume of the window converges to CL. However, the
probability that after the convergence, at least one input pattern is
‘observed within the window of the positive volume CL is one. From (6.2)

and (6.3) this contradicts the assumption. Hence, we have

P[ m(n) —> =] = 1. (6.12)
n > ®
Since a mode estimator and a window are not changed if input
patterns are not observed within the window, we can neglect such input
patterns in the following amalyses. That is, we renumber the estimator

Zn and the window function En as follows:

Zm(n) = zn
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%n(n) = Cn'_

Next, we shall show

&«
vi (1=1,2,...,0), P[ Lim [lz_- L= =1 = o. (6.13)
m->®
Suppose
i, P[ 1im ||z - 1z||= =] > o.
m>® n

From the constraint 4), there exists a random sequence {Zm} such that

3d, P[ lim z8 =] > 0 (6.14)
m
m->®
or
R d
id, P[ 1lim Z = -«] > 0, (6.15)
m>eo O
If P[ 1lim oo Zi = o]> 0, then from (6.1) and the constraint 1) there

exists a random sequence {Zm} with positive probability such that

d

d
VC>‘0, IM >0, m>M ==Zm>CandE[zm_'_1

1 1 Izm] <l
Therefore, Zi is a semi-martingale [15]. From the convergence property
of semi-martingales, the sequence {Zi} converges almost everywhere

where (6.14) is true. This contradicts (6.14). Thus, P[lim.m_>°° Zi=ﬂﬂ = 0.

* For simplicity, the notation m will be used instead of m(n).
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Similarly, P[lim o Zm = -© ] = 0. Hence, we have
vi, P[ lim ||z - *z|l==1 = 0. (6.16)
m
m~>®

Next, we shall show the existence of N nonnegative values

16 (i=1,2,...,N) such that

P[ linlz_ - =107 =1. (6.17)

m—>

Suppose that (6.17) is not true. Then, from (6.16) there exists a

random sequence {Zm} with positive probability such that

31, 8> o > 0, lim inf|[2 - 1Z]l<a < 8
M>om>M &

< 1lim sup||Z2_ - izll. (6.18)
M>om>M

From the constraints 1), 2), and 4), we can find a subsequence {ij} of

the sequence {Zm} such that

I am, 5.2 L) = | - ' (6.19)

] E[cmj(zmj_l)lzmj_l] <0 (6.20)

or
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Lo (Z = - 6.21
j=21 oy P, ) (6.21)
E[zS, (z )|z ] >0 (6.22)
L mj mj -1’ mj -1 ' :

However, in both cases where (6.20) is true and where (6.22) is true,
k d . .

the sequence {Zj=1 amjcmj(zmj_l)} turns out to be a semi-martingale.

Therefore, it converges almost everywhere where (6.18) is true. This

contradicts (6.19) and (6.21). Eence, we obtain

alg 5 o, Pl Lim|lz_ - z]|= %6 1 = 1. (6.23)

m > co

tv

Finally, we shall show that

P[ min 39 = 0] = 1.
k|
Suppose

P[ min 76 > 0 ] > O.
j

From the proof of (6.23), it is obvious that Zm converges with prob-
ability one. Accordingly, there exists a sequence {Zm} with positive

probability such that

0 (472 G=1,2,...,0), 2 — Q. (6.24)

m > o

Then, for arbitrary 4 (d=1,2,...,L) we have
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D
d
ve >0, 3M,, p>q>M, = lmzq ac (Z )] <e (6.25)

We here assume that Q is a regular point of p(X), that is, there exists

at least one d such that

36, v >0, y= dnf 2P
lo-x||< s oxd

For such d, we have either of the following two cases:

d
IM(>M,), m>My == E[g (z )]z ,1>0 (6.26)

d '
M, (>M,), m>M == E[z(Z ,)[z < 0. (6.27)

m-l]

In the case of (6.26), we have from the constraint 3)

[ee] o]

d -1
El } acz(@ 1> J yab = (6.28)
m=M 41 R ol m=M+1 ™0

3 3
where the expectation is calculated over all the sequences of the
observed input patterns which make {Zm} satisfy (6.26). Considering
the constraint 4), (6.28) contradicts (6.25). Similarly; in the case
of (6.27), a contradiction of (6.25) can be derived. Therefore, Q is
not a regulér point, and hence Q is either a saddle point or a minimum
point of p(X) because Q is not a mode. Accordingly, there exists at
least one component Qd correéponding to a minimum point of a univariate

pdf. It is obvious, however, that the probability of Zi converging to
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one of the minimum points of a pdf is zero. Thus, we have

P[ min 36 =0 ] = 1. | (6.29)
h|

Hence, from-.(6.12),(6.23), and (6.29) the proof is completed.

(Q.E.D.)
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CHAPTER 7

A CLUSTER DETECTION ALGORITHM BASED ON

HIERARCHICAL STRUCTURE

7.1 INTRODUCTION
The main purpose of the cluster detection problem is to develope
efficient algorithms for partitioning a given data set into a finite
number of subsets which can be considered as reasonable clusters,
where no a priori knowledge as to the data is assumed. Cluster detec~
tion is essentially nonsupérvised nonparametric learning in pattern
recognition. However, it has been studied enthusiastically not only in
pattern recognition but in biological and social scienses [3],[4],[14],
[20]1-[23], [27],[28],[34]1,[35],[41],[43]-[45]1,[67],[71),[731,[77]1,[78]1,
[89]1,[98]. A cluster is loosely defined as a collection of data which
are similar to each other, though its rigorous definition is not es-
tablished yet. Therefore, various approaches to the problem have been
discussed. The approaches can be divided into the following six major
groups:
1) The approach usiﬁg centers of clusters such as modes of the
pattern distribution [4],[22],[23].
2) The approach based on minimization of appropriate criteria [21],[41].
3) The approach using graph-theoretical methods [3],[98].
4) The approach based on hierarchical ordering of data [27],[28],[35],
[89]. |
5) The approach using nonlinear mapping [43],[44],[67],[73].

6) The approach based on appropriate similarity measures [34].
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Some typical examples of 2-dimensional clusters that are easy for
man to detect (Zahn [98]) are shown in Fig. 7.1. We now examine some
of the above algorithms using the clusters in Fig. 7.1. Zahn's algo-
rithm [98] has difficulties in detecting such clusteis as shown in (c),
(e), anq (f), though it makes it possible to detect many types of
clusters. Jarvis and Patrick's algorithm [34] seems to be unable to
detect the clusters in (e). On the other hand, algorithms of Koontz
and Fﬁkunaga [41] and Gitman [23] are capable of detecting the clusters
in (e), but they cannot detect ones in (b). Thus, such an algorithm
that is able to detect all the clusters in Fig. 7.1 is not known yet.

It is difficult for man to consider multidimensional clusters
directly, since théy are invisible. Therefore, after investigating
2-dimensional clusters thoroughly multidimensional clusters are studied
by analogy. We here note that the concept of clusters is vague and
variable, that is, different users may require of the algorithm that it
detect different types of clusters from the same data set. Considering
this fact, we intend in this chapter to construct such a cluster detec-~
tion algorithm that has a flexible structure so as to meet various-
requirements and that can detect all the clusters in Fig. 7.1 at the
same time. In the following sections, analyses are made by using the
relative values, e.g. the dissimilarities, between data instead of
their absolute 1ocations in order to broaden the scope of data to which

the algorithm is applicable.

7.2 DEFINITIONS

Definition 7.1: Let Qk(i) be a set of k-nearest neighbors (k-NN's) of

the point i, where k-NN's are the first k points of a sequence of points
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Fig. 7.1 Typical examples of two-dimensional clusters.
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arranged in order of 1/d(4i,j) (j=1,2,...,N), where N is the number of
data and d(i,j) is the dissimilarity between the points i and j

(d(i,i) =0).

Definition 7.2: The potential Pk(i) of the point i is defined as

P(D) =1/k ) dd,9).
stk(i)

Definition 7.3: A weakly connected digraph is said to be a hier-

archy if it has neither cycle nor loop.

Definition 7.4: A hierarchy is said to be a subcluster if each

vertex is subordinate to at most one point.

Definition 7.5: A central point im of the subcluster m is the

unique point subordinate to no point.

Definition 7.6: Wm is a set of points contained in the subcluster m.

Definition 7.7: Two points i and j are said to be k-adjacent to

each other if i ¢ Qk(j) and j € Qk(i). Let Sk(i) be a set of points

k-adjacent to the point 1i.

Definition 7.8: The potential ch(m) of the subcluster m is defined

as

Pic(m) =1olo GDOT ] P(d)
189k(1m)

where g(A) denotes the number of elements of the set A.

Definition 7.9: The k-boundary point set YE’n of the subcluster m

to the subcluster n is defined as

men _ . .
Y= {ilie W and Sk(l) nw + ).
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Definition 7.10: Two subclusters m and n are said to be (E,n)k—adjacent

to each other where
- m,n - n,m
g = c:[Yk ] and n = c;[Yk 1.

The subclusters m and n are said to be in k-touch with each other if
3 + 0 or n + 0. Otherwise, they are said not to be in k-touch with

each other.

7.3 CLUSTER DETECTION ALGORITHM

In this section, detailed discussion is made concerning our
cluster detection algorithm after presenting it. At a first glance
the following algorithm may seem to be rather complicated because of
the presence of four parameters at Step 1. :However, the parameter §
is usually set at infinity and the parameters a, B, and y are fixed
when users define what a cluster is, so that k is the only parameter

that varies with the runs, which will be considered later again.

7.3.1 ALGORITHM
Step 1: Set ko, B, v, and S§.
Step 2: Calculate Qk(i), Pk(i), and Sk(i) for every i.

Step 3: Subordinate every point i to the point j such that

If 1 = j, then the point i is subordinate to no point.
Step 4: Detect all central points.
Step 5: Assign évery point i to the subcluster of the central

point reachable from it.



Step 6: Take a new unordered pair (m, n) of subclustersf If a new
one can be taken successfully, theh.continue to Step 7. Otherwise,
go to Step 12.

Step 7: If the pair of subclusters (m, n) is in 5-touch with each
other, then continue to Step 8. Otherwise, go to Step 6.

Step 8; If

max|[ Pic(m), P SC(n) ] > a*min{ Pic(m), PEC(Q) 1,

k

then continue to Step 9. Otherwise, go to Step 10.

Step 9: Reassign all the points of banda

Xk to the subcluster n where

Pic(m) < Pic(n), and go to Step 6..
Step 10: If
. n n,
min[ o[W 1/0[Y5>"], o[W 1/0[Y5""]] > 8 and

1/0[Xg°"1 [ P (D) < Semax[ BP-(m), BLS(n) 1,

m’
€X5
then go to Step 6. Otherwise, continue to Step 11, where X?’n =
m,n n,m
Y5 U Y5 .
Step 11: If
m,n . . sc sc
1/0[X5 ]j_ZXm’nPk(l) > yemax[ Pk (m), Pk (n) 1,
5

then go to Step 6. Otherwise, assign the two subclusters m and n to

the same cluster, then go to Step 6.

* M(M-1)/2 subclusters are taken in all where M is total number of

the subclusters. Different results may be obtained according to the
order in which they are taken when some subclusters are changed in
Step 9. However, this is neglected in our algorithm because the

difference is very small.
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Step 12: Construct clusters by collecting the subclusters assigned

to the same cluster and terminate.

7.3.2 POTENTIAL AND HIERARCHICAL STRUCTURE

To begin with, the potential playing a prominent role in coﬁ—
structing subclusters is considered. 1In Definition 7.2 the potential
of every point is defined as the mean value of the dissimilarities
between the point and its k-NN's. One can see that the potential is a
kind of measures of point density when Euclid distance is used as dis-
similarity. Usually, local point density is measufed by using the
number of the points in a distance determined beforehand [23],[41].
However, no reasonable method of determining an appropriate distance
is known. Moreover, in the case where two clusters having a great
difference in density exist (See Fig. 7.2), every point density of the
dense cluster is 20 and that of the sparse one is one. Thus, the
usual measure cannot represent the difference in point density in the
dence cluster. In our potential, on the other hand, the concept of
k~-NN is employed where the number of the neighbors k is fixed instead
of the distance. The potential is obtained by making use of the char-
acteristic of the k-NN that the radius of it varies automatically
according to the point density (it is small when the point density is
high and is large when it is low). Table 7.1 lists some examples of
the potentials of some points in Fig. 7.2. One can see from the table
that our potential is an efficient measure of local point density.

Next, let us examine the hierarchical structure introduced in
Step 5. Its introduction is made by subordinating each point i

to the point of the lowest potential in Sk(i). Thus, the constructed



Fig. 7.2 Point density and its measure.

* Table 7.1 Some examples of potentials.

P5(1)

Ps(2)

P5(3)

1.35

1.81

0.16
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hierarchies are subclusters. There_is no point belonging to two sub-
clusters or more, so that every point except the central point is sub-
ordinate to exactly one point. Therefore, all subclusters turn out to
be a partition of the given data set. As is seen from Step 5, each
subcluster is constructed by regarding the point of minimum potential
(the point of maximum point density) as its center. It is also seen
that every point density is detected quite easily by using the hier-
archical structure.

We here note that our subclusters partition the given data set
very sensitively to a change of point density. Let us.take Fig. 7.3
as an example. Fig. 7.3 (b) depicts some subclusters constructed from
the point set shown in Fig. 7.3 (a) for k=4, where seven subclusters
appear corresponding to seven points of minimum potential. Four sub-
clusters and two subclusters are also obtained according as k=6 and
k=8, respectively (See Fig. 7.3 (¢) and (d)). Moreover, the whole set
becomes one subcluster for k as large as the number of the points N,
since, for such k, every point is subordinate to the point of the
global minimum potential instead of the point of the local minimum

potential. Thus, the following relation holds for k not so large as N:
Total number of subclusters > Total number of clusters.

It is seen from the above discussion that no subcluster contain such
points that ought to be classified into two subclusters or more for
appropriate k, though the point set may be partitioned into more sub-
clusters than clusters. Therefore, it is sufficienﬁ for obtaining
reasonable clusters to consider some merging operations of subclusters,

which are discussed in the next section.
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Fig. 7.3 Hierarchical structure and subclusters.,
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7.3.3 CONSTRUCTION OF CLUSTERS

In our algorithm some conditions under which subclusters can be
regarded as not being included in the same cluster are employed instead
of merging operations. All pairs of subclusters are examined whether
they meet the conditions or not, and then the pair satisfying none of
the conditions is regarded as being included in the same cluster. Four
conditions are obtained by analyzing how man detects such two-dimensional

clusters shown in Fig. 7.1.

Condition 7.1: The two subclusters are not in touch with each
other (Step 7).

Condition 7.2: The difference in point density between the two sub-

clusters is greater than a certain index (Step 8).

Condition 7.3: The size of the touching region of the two subclusters

is smaller than a certain index (Step 10).

Condition 7.4: The difference in point density between the touching

region and each subcluster is greater than a certain index (Step 11).

The pairs of subclusters that meet at least one of the above
. .
conditions are regarded as independent of each other. The detailed

discussion of each condition is presented below.

a) Condition 7.1

At a first glance, it may be obvious that two subclusters which
are not in touch with each other are regarded as independent of each
other. As a matter of fact, however, the touch between point sets is

a rather vague concept. Let us take Fig. 7.4 as an example. In this

* Two subclusters are said to be independent cf each other when

they are not included in the same cluster.
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Fig. 7.4 Touching clusters.

. subcluster 1

subcluster 2

Fig. 7.5 Touching subclusters.
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figure the clusters in (¢) are the only clusters that can be immediately
said not to be in touch with each oﬁher. Whether or not the two
clusters in (a), especially those in (b) are in touch with each other
is rather vague. Thus, it is seen that the concept of touch between
clusters is not clear even for man.

We have introduced the concept of k-touch between point sets in
Section 7.2 in order to treat this problem quantitatively. An example

is presented below. As to the point set in Fig. 7.5,

5,(10) = {10, 7, 9, 11}

sg(11) = {11, 9, 12, 13, 8, 10}

5;(12) = {12, 11, 13, 15}

55(13) = {13, 14, 12, 16, 11}
Y;’z - {11} Y§’1 - {12, 13}

are obtained. In this case, subclusters 1 and 2 are (1,2)5-adjacent
to and hence in 5-touch with each other. One also sees that two
clusters in Fig. 7.4 (b) are (l,l)S—adjacent to and hence in 5-touch
with eéch other, and those in Fig. 7.4 (¢) are not in 5-touch with
each other. For k28, however, the clusters in Fig. 7.4 (c) are in
k—-touch with each other, so that k must be less than 8. In the algo-

rithm 5-touch is employed, which will be discussed in Section 7.4 again.

b) Conditdion 7.2
Two point sets are usually regarded as independent of each other
if there is a great difference in density between them. However, the
index of the discrimination is not clear. In our algorithm, therefore,
a threshold paraméter o is introduced and the following decision rule

is employed: Assign the two subclusters to different clusters when
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the proportion of the higher potential to the lower potential exceeds
o. For example, o=1.4 detects the t&o clusters in Fig. 7.6 (b) and
(¢), and regards the points in Fig. 7.6 (a) as one cluster (See Table
7.2). Note that a is not fixed at 1.4 but variable. Users can deter-
mine o according to their aims, since different values of a offer dif-
ferent indexes of detecting the differnces in point density. This
flexibility is also given to the other parameters B, y, and 6. Step 9 is
for modifying the boundaries between subclusters (See Fig. 7.7 which

shows the operation).

¢) Condition 7.3

Three examples of togching point sets are depicted in Fig. 7.8.
For detecting touching clusters it is an efficient way to make a
decision by considering the size of the neck between them. Suppose
that the two subclusters m and n are obtained for appropriate k. Then,
we define the index of touch of the subcluster m to the subcluster n
as O[Wm]/O[Y?’n] and that of the subcluster n to the subcluster m as
O[Wh]/d[Yg’m]. By comparing the smaller index of the two with an
appropriate threshold value, a decision can be made on whehter or not
these two subclusters are independent of each other. 1In the case of
the subclusters in Fig. 7.5 which is constructed from the point set

in Fig. 7.8 (a),

O[Wl]/c[Yé’Z] =11/1 = 11
G[Wz]/o[Yg’l]: 10/2 = 5

are obtained. It is sufficient to set B less than 5 in order to regard

the two subclusters as independent of each other. The latter condition
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Fig. 7.6 Clusters with different point densities.

Table 7.2 Ratios with the potentials.

(a) (b) (c)

ratio 1.22 1.42 1.54
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Fig. 7.7 Modification of the boundary between subclusters.

b) (c)

(

(a)

Fig. 7.8 Necks of point sets.
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in Step 10 is for discriminating between the results by Condition 7.3
and those by Condition 7.4. The threshold parameter § is infinity

when there is no necessity of discriminating between them.

d) Condition 7.4

Let us consider Condition 7.4, taking the point sets in Fig. 7.9
as examples. The subclusters in (b) and (d) are constructed for k=6
by using the sets (a) and (c), respectiveiy. The two subclusters in
(b) are obviously in touch with each other. Moreover, there is neither
a difference in density nor a neck between the two. Nevertheless,
the two subclusters should be regarded as ihdependent of each other.
On the other hand, the point sets in (c) should be assigned to the same
cluster. In order to distinguish betweeﬁ (b) and (d), a decision is
made based on the potential of the boundary and that of each subcluster
in Step 11. For example, from Table 7.3 listing the potentials of the
subclusters in Fig. 7.9, one can see that it is sufficient to set 7y at

about 1.5.

From the discussion that we have made thus far, it is seen that
the parameters o, B, and y are threshold values which nécessarily
appear when the human operations of partitioning a two-dimensional
point set into some clusters are formulated. Therefore, these para-
meters are fixed 'at appropriate values when users determine what kind

of point set to regard as clusters.

7.4 COMPUTER SIMULATION AND DISCUSSION
In the computer study, simulation of our algorithm was made in

detecting various two-dimensional clusters for oa=1l.4, B=4.8, y=1.4,
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Table 7.3 Ratios of the potentials of the subclusters
to those of the touching regions.

(a) (c)
1,2 X
1/0[%g*°1 ] Pe(i) | 1.70 1.34
i EXS’
max{Pg°(1), ch(z)} 1.05 1.1
ratio 1.52 1.21
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and 8=10%. All the clusters in Fig. 7.1 were detected successfully

for k (6 < k < 10). These results show that our algorithm has the
ability to detect ail these clusters at once from the point set con-=
taining them all, which demonstrates a great advantage of our algorithm.

As is described in Section 7.1, our cluster detection algorithm
has another advantage. It has a flexible structure, that is, by setting
the parameters appropriately it can detect only the specific type of
clusters required by users. Let us take the point sets in Fig. 7.1 as
examples., Suppose that a user does not need to detect such clusters
in (a) that are in touch with each other, though their point density
is different. Then, the requirement is satisfied by setting a=w.
Suppose that another user intends to detect the difference in point
density but does not need to detect such ¢lusters in (c) that are in
touch with each other having the same point density, though there is
a neck. Then, by determining o appropriately and setting B=«, only
the clusters specified by the user can be detected. This is the reason
why we say the algorithm to have a flexible structure. Furthermore,
roughly speaking, our algorithm coincides with Gitman's [23] and
Jarvis-Patrick's [34] by setting a= B =~ and by setting y=~, respec-
tively, so that it includes their algorithms as its' special cases.

Our goal is to construct an algorithm for detecting such clusters
that fit the concept of clusters based on visual intuition of man.
However, we must note that such clusters are not always detected by
our algorithm. Concerning the point sets in Fig. 7.10, for example,

4 5°
and (C1 U C2, C3lJ...lJC6) were detected as clusters for k=3, k=4,5,

(Cl, C2,..., C6), (Cl’ C2’ C3, c,uc C6), (Cl U C2, C3, C4 u CS’ C6),

k=6,7, and k > 8, respectively. 1In this case, more reasonable clusters
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Fig. 7.10 An example of clusters which

were not detected correctly.

(a)

(b)

Fig. 7.11 Contacts between clusters.
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such as (Cl’ C2, 03 U C4, CS’

not detected. In spite of this failure, the above results reveal a

29 C3 U C4, C5, C6) were

C6) or»(Cl uc
remarkable characteristic of the parameter k. The result for k=3 cor-
responds to that of the precisest partition and the result for k= 8
corresponds to that of the roughesp'partition of the points. From
this one can see that the parameter k indicating the size of neighbbr—
hood has a function as a measure representing the degree of roughness
or preciseness of partitionms.

We next consider the problem 6f multidimensional clusters. As is
mentioned in Section 7.1, clusters of high dimensions are difficult
to consider directly, since no rigorous definitioﬁ of a cluster is
available. In order to avoid this difficulty, we here assume that all
clusters satisfy the four conditions proposed in Section 7.3.3 inde-
pendently of the dimensionality. If the above assumption is accepted,
our algorithm applies to every type of data, and reasonable results
are expected to be obtained. It seems, however, that the touch between
clusters needs to be considered again, since there is a little doubt
on the performance of the 5-touch in the case of multidimensional
clusters. At a first glance it may be seen that the higher the dimen-
sion of data becomes, the more neighbors need to be referred, so that
the 5-touch defined by using a fixed number of neighbors does not work
well. As a matter of fact, however, the 5-touch can be expected to show
rather reasonable performance independent of the dimensionality, as is
seen in the following. Let us take the point sets in Fig. 7.11 as
examples. The point sets in (a) and (b) are similar to each other
except for the dimensionality. According to our algorithm the two’

clusters in (a) are determined to be in 5-touch with each other, while
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those in (b) are determined not to be in 5-touch with each other.
However, it is natural for man to regard the clusters in (a) as being
in touch with each other and those in (b) as not. Moreéver, 3-dimen-
sional globular clusters seem to be more likely to be regarded as inde-
pendent of each other than 2-dimensional ones do. From the above
discussion, it may be said that high dimensional clusters generally
~seem to be more compact than low dimensional ones do. Therefore, our
k-touch:.can be a rather efficient measure representing the degree of
touch between point sets by using a constant k independent of the

dimensionality of data.

7.5 CONCLUSION

In this chapter, we have proposed a nonparametric algorithm for
detecting clusters. The algorithm has been constructed by introducing
hierarchical stfucture into data set based on the potential which is
an efficient measure of point density. It has been shown that our
algorithm is applicable to a wide range of data, and, though not com-
plete, it can detect every type of clusters that man usually detects.

Its flexibility has been also demonstrated.
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CHAPTER 8

CONCLUDING REMARKS

In the present thesis, several estimationvand learning algorithms
have been studied, which are summarized as follows:

Chapter 2 has been concerned with the supervised nonparametric
learning. By developing an algorithm for finding one of the Qﬁtimal
solutions of linear inequalities, a design algorithm of a piecewise
linear discriminant function (PLDF) is obtained. A PLDF can approximate
every kind of decision surfaces, so that our algorithm applies also
to complicated pattern distributions.

Chapter 3 has treated nonsupervised signal detection. Two adaptive
signal detectors converging to the optimal machine are constructed
without knowing the probability of signal occurrence.

Chapter 4 has handled the problem of self-learning of a finite
mixture. By extending the learning mechanism of DDM (decision-directed-
machine), nonsupervised algorithm called WDDM (weighted-decision-
directed-method) has been proposed. WDDM has a very simple structure
and a great ability to decompose a finite mixture independent of the
dimensionality of the mixture.

The last three chapters have dealt with nonsupervised nonpara-
metric learning. In chapter 5, by restricting the discussion to the
two-categry problem, a learning algorithm of a linear discriminant
function (LDF) has been constructed. Our LDF works well even wher the

a priori probabilities are unknown, since the threshold value of the LDF
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is so determined that the decision surface pass through the neck
between the two pattern distributions of interest.
Chapter 6 has treated nonsupervised nonparametric learning in
the multi-category problem. In order to design a discriminant function
without memorizing patterns, an algorithm for estimating one of the
modes of multimodal and multidimensional probability density function
has been obtained. The efficiency of our mode estimation algorithm
is demonstrated by applying it to nonparametric signal detection.
Chapter 7 has been concerned with cluster detection problem.
Cluster detection is essentially a kind of nonsupervised nonparametric
learning based on the stored sample patterns. In this chapter an
efficient cluster detection algorithm has been obtained. It has been
shown that the algorithm has a great ability to detect almost all types

of clusters.

The author has been felt attracted to the problem of learning
since he entered the graduate school.

Learning is an excellent function of human information processing
and plays a prominent role in 'intelligence'. In gpite of its impor-
tance the human learning mechanism is not known clearly. However,
the purpose of learning can be defined as the extracfion of some
necessary information for a certain aim from a given stimulus. In
pattern recognition, the stimulus is a set of sample patterns and the
aim is to design a discriminant function. Then, the learning problem
in pattern recognitioﬁ is how to obtain a discriminant functipn having
a low probability of misclassification from the given sample patterns.

Viewing 'learning' as described above, the author has made a
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constant effort to study the learning problem in pattern recognition
and obtained several results presented in this thesis. He believes
that this thesis makes a steady step toward the completion of the
theory of learning, particularly nonsupervised learning in pattern

recognition.
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