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Introduction. In this paper we shall study Fefferman’s asymptotic ex-
pansion of the Bergman kernel of (real) ellipsoids in C*, #>2. Regarding ellip-
soids as perturbations of the ball, we compute the variations of the Bergmen ker-
nel, and give the Taylor expansion of the log term coefficient to the second order
in Webster’s invariants. (The ellipsoids in normal form are parametrized by
n real numbers, which we call Webster’s invariants, and we shall consider the
ellipsoids with small parameters.) As a consequence, we show that the vani-
shing of the log term of the Bergmen kernel characterizes the ball among these
ellipsoids. In addition, we derive, from the procedure of computing the varia-
tion, a relation among the Bergmen kernels of different dimensional ellipsoids.

Let Q be a smoothly bounded strictly pseudoconvex domain in C”, with def-
ining function >0 in Q. It has been known since the work of Fefferman [5]
that the Bergman kernel of Q is written in the form

K(z,2) = p(2)f ()" +y(z) log f(z), where @, yo&C=(@).

The coefficients @, 4)» were studied in Fefferman [6] and Graham [7], where they
wrote down parts of the expansions of @, 4 by using invariant polynomials in
Moser’s normal form coeflicients. Fefferman expressed @ mod O(f*~%) in terms
of the Weyl invariants, and Graham in case #=2 determined ¢ explicitly. For
further information on ¢, in case >3, see [1].

In 2-dimensional case, Graham [7] further expressed the log term coeffi-
cient 4f» mod O(f?) in an invariant manner, and showed that 4+ vanishes if and
only if the boundary is spherical, that is, locally biholomorphically equivalent
to the sphere. (It is mentioned in [7] that an unpublished computation of
D. Burns plays an essential role in characterizing spherical boundaries in terms
of 4r.) The situation is rather simple in this 2-dimensional case, because the
first invariant polynomial in «)» is linear. That polynomials is no longer linear
in the higher dimensional case #>3, and the analysis of Graham only gives its
linear part. We are thus interested in getting information on the non-linear part.

We shall here compute the second variation of the log term for the class of
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ellipsoids of arbitrary dimension; the first variation always vanishes. This
class provides a typical example of strictly pseudoconvex perturbations of the
ball.

In computing these variations, we shall make use of Kashiwara’s micro-local
calculus for the Bergman kernel in [10], which is summarized in §3. He reduced
the study of the Bergman kernel to that of a system of micro-differential equa-
tions, a simple holonomic system, of which a unique solution is given by the
Bergman kernel. In order to study the parameter dependence of the Bergman
kernel, we need to modify this characterization. Our idea is to consider a new
simple holonomic system with more variables, regarding the parameters as
additional variables, see §§4 and 5. From that system, we derive an algorithm
of computing the variations of the Bergman kernel in §6, and apply it to the
ellipsoids in §7. The first variational formula was obtained in [10] by a formal
calculus. We generalize the calculus to our algorithm; a justification is also
given. Finally in §8 we examine the dimension dependence of the variational
formula.

We would like to mention that our algorithm of computing the variation
is inspired by an article of Boutet de Monvel [2]; our Proposition 3 is obtained
as an analogy of Theorem 3 in [2], see also Remark 5.3 below. Applying that
Theorem 3, in [2, 3], he derived results similar to that of Graham [7] inde-
pendently.

I am grateful to Professor Gen Komatsu for his suggestion to try to compute
the Bergman kernel of ellipsoids and for encouragement and valuable advice,
and to Professor Akira Kaneko for help with the justification of Kashiwara’s
formal calculus in [10].

1. Webster’s classification of ellipsoids. In [13], Webster showed
that two ellipsoids in C”*, n>>2, are biholomorphically equivalent only when they
are already equivalent by a complex linear transformation and that any ellipsoid
other than the ball has no biholomorphic self-map except for linear transforma-
tions. As a corollary of these facts, he gave the following normal form for ellip-
soids: After a linear change of coordinates, any ellipsoid

.-,:=1 (@:%%,4by;3;9+c,%y,)<1, where z;=x,4+V—1y,,

is written in the form
E(Ay, -y A,) = {2€C": fy(3,2) = 1— | 2|*—3) A (3+32)>0},
i=1

where —1/2<<A4,<1/2, and two ellipsoids E(A4) and E(A’) are biholomorphi-
cally equivalent if and only if A=(4,, -+, 4,) is equivalent to A'=(41, ---, 4})
up to changes of signatures and a permutation.
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2. Results. Let K,(2,%) be the Bergman kernel of E(4) on the diagonal.
Then,

Main Theorem. The Bergman kernel K, has the expansion K =@, f 2"+
4 logfs, where @, and 4 are real-analytic functions in a neighborhood of 0E(A).
The log term coefficient +r, depends real-analytically on the parameters A,, -+, A,
and has the Taylor expansion

L (281<AD | 4(n+1)1<4%2) +(n—|—2)!<Azz><A22>)

71'" (f;,__l)n+l (f;)_l)n+2 (ﬁ_l)n+3
+(terms of degree >3 in 4,, .-+, 4,),

"l"A(z» 2) =

where
A> = 2 43, {AE> =3 Az;, <A ={AF>=3Az.

From this formula we can see, for small 4, that ), vanishes identically if
and only if E(4) is the ball, i.e., all 4,=0. See Remark 7.8.

Note also that the second order term of +Jn,, for #-dimensional ellipsoid,
can be considered a function +Jr, of five variables {A2%>, <AZ%>, {(A%x%)>, <A4A>,
and f,. If we regard them as formal independent variables, then 4., satisfies
the following relation

Yy = (_71 alfo>”—2 V2

In Proposition 8.1, we generalize this relation to the one among the whole ex-
pansions in A of the Bergman kernels of different dimensional ellipsoids. In
that formula, the kernel functions are regarded as functions of infinite number
of variables

<Apzz>’ <AP22>9 <Aﬁz§>, <Ap>’ P = 1’2; % and ﬁi’

See Lemma 7.7 below for their definition. If we consider the convergence of
the formula, we can get a relation in micro-local sense, see Corollary 8.4 below.

We prove the real-analytic dependence of the log term coefficient on an
arbitrary finite diemsnional real-analytic perturbation of strictly pseudoconvex
domains {Q,},cp": Let f(2, Z, t) be a (complex-valued) real-analytic function on
an open set Ux{t: |t|<& CC"X R"=R*x R" such that 8Q,={z€U:
f(2, Z,£)=0} and d,f =0 on 0, X {t} for each ¢, and let K,(2, Z) be the Bergman
kernel of Q, on the diagonal.

Proposition 1. There exist real-analytic functions @, defined in a neigh-
borhood of f(2, %, t)=0 in C" X R™ such that, for each fixed t,

(2.1) K2, 2) = @(z, 2 )" Y(2, Z, £)+(z, % 1) log f(2, % 1)
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modulo real-analytic functions in a neighborhood of 8%, in C".

Namely, the Bergman kernel regarded as a (holomorphic) microfunction de-
pends analytically on parameters.

In particular, the log term coefficient of K, depends real-analytically on ¢,
because +r is uniquely determined by the modulo class, whereas @ is not.

The proof of Proposition 1 will be done (in §§4 and 5) by finding the
simple holonomic system which characterizes K (2, w) as a function of (2, w, f)-
variables; the right side of (2.1) is obtained by solving that system. See Proposi-
tion 2 in §4; there (2.1) is written in an intrinsic form (4.5).

3. Kashiwara’s analysis. In this section we shall recall Kashiwara’s
analysis [10] of the Bergman kernel. In [10], he used some fundamental facts
from the theory of simple holonomic systems, which are contained in Sato,
Kawai and Kashiwara [11]. A self-contained introduction to the theory is now
given e.g. by Chap. I of [12] we shall cite this book when we use those facts.

We begin with the following observation: Let Q,, Q, be strictly pseudocon-
vex domains with real-analytic boundaries which coincide near a point 2°.
Then their Bergman kernels K(2, w), K,(2, w) differ by a holomorphic function

in a neighborhood of (29, 2°)€C"x C". Namely, the Bergman kernel is deter-
mined, modulo holomorphic functions in a neighborhood of the complexification
of the boundary, by local information of the boundary. (This fact is implicitly
contained in [10]; for a proof of it see [9]). Since we are now interested in
Fefferman’s asymptotic expansion of the Bergman kernel, we shall work locally
near a boundary point and consider the modulo classes. Such a class is called
a holomorphic microfunction.

Let us recall the definition of holomorphic microfunctions. Let Y be a
complex hypersurface in a complex manifold X defined by f=0. For a point

(x, &) in fl."'y‘X, the conormal bundle of Y with the zero section deleted, a germ
of holomorphic microfunction at (x, £) is a class of a multi-valued function
af~*+b log f mod Oy, ., where a, b0y, ., and kEN. The sheaf of holomor-

phic microfunctions with support fl.';'fX is denoted by Cy|x. In the case of the
Bergman kernel, we take f(z, ) to be the complexification of a defining function
of a domain and let Y={(z, w): f(, w)=0} C X=C" X C"; so that the Bergman
kernel K(z, w)=@(2, w)f~*"Y(2, w)+r(2, w) log f(2, w), mod Oy, defines a sec-
tion of Cyx (see Theorem 0 [10] and Remark 3.3 below).

By the general theory of holonomic systems, a holomorphic microfunction
is characterized as a unique solution, up to constant multiple, of a system of
micro-differential (i.e., classical analytic pseudo-differential) equations, which
is called a simple holonomic system. See Lemma 2.1 [10] and §4.2 of [12].
In the case of the Bergman kernel, the corresponding simple holonomic system
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is given by the following theorem.

Kashiwara’s Theorem ([10]). Let Q be a strictly pseudoconvex domain
with real-analytic defining function f(z,Z). Then the Bergman kernel of Q satisfies
simple holonomic system
{(zi—f—Pj.(w, D,)K(z,w) =0, j=1,m,

(a/azj—{—Q,.(w, D)K(z,w)=0, j=1,n,

where P;, Q, are the micro-differential operators uniquely determined by the relations

{(zi+P?‘(w» D)) log f(z, w) = 0, j=1,-m,
(0/0%,—OFw, D)) log flz, @) = 0, j=1, -+,

Here the Bergman kernel and log f are regarded as holomorphic microfunctions
and P¥, QF denote the adjoint operators of P, Q..

3.1)

RemaRrk 3.2. In [10], this theorem is stated as
(P(z,D,)+QO(w,D,))K=0, whenever (P*(z,D,)+0*(w,D,))log f=0.
The 2z equations in (3.1) give generators of this system.

ReEmMARK 3.3. The theorem above is stated in Kashiwara [10] with only
a heuristic proof. A justification of the proof is now available in Kaneko [9],
which is based on Kashiwara’s lectures at Kyushu University in 1979; this arti-
cle also contains a proof of Theorem 0 [10].

4. Parameter dependence of the Bergman kernel. In this and
next sections we prove Proposition 1.

We begin by recalling Hérmander’s formula (Theorem 3.5.1 [8]) which de-
termines @ mod O(f), the principal part of K;:

> ! -n—- -n
(1) K((5,2) =~ J(Nf+0(f),
where J denotes the complex Monge-Ampére operator

C e S ofom
(+2) T = v de(o L ).

Using this formula and Kashiwara’s theorem, we shall find ¢, satisfying
(2.1) by the following process: By Kashiwara’s theorem, we have 2n equations
(3.1) which characterize K, up to a constant multiple, for each ¢. We add m
equations containing ¢ derivatives to (3.1) in such a way that the resulting 2n-
m equations form a simple holonomic system and a solution of the system has the



462 K. HIRACHI

principal part given by (4.1). Then that solution gives the right side of (2.1),
because it satisfies (3.1) for each fixed ¢.
In order to state the 2n-+m equations, we set X=C"xC"xC™ and continue

f(2, %, t) to a holomorphic function f(z,w,?) on an open set of X. We then
regard log f(2, w, t) as a holomorphic microfunction, a section of Cy 3, where

Y={(2, w, t)eX: f(z, w, t)=0}.

Proposition 2. The Bergman kernel K,(z,w) satisfies the simple holonomic
system

(zi+Pj(w’ Z Dw))Kt(zrw)ZO’ ]: 1, e, n,
(4'3) (a/azl_,_QJ(w’ Z Dw))K,(Z, w) =0 ’ ] = 1) AP (O
(8/0t,+Ry(w, t, D)K(z,w) =0, k=1, m,

where P, Q,, R, are the micro-differential operators in w-variable with holomor-
phic parameter t which are uniquely determined by the relations

(2;+P¥(w, ¢, D,)) log f(z,w, ) =0, j=1,n,
(+4) (0/02,—QF(w, t, D)) log flz, w, ) = 0, j=1,-,m,
(0/8t,—R¥(w, t, D,)) log f(z,w, ) =0, k=1, ,m.

More precisely, (4.3) means that there exists a solution u(z,w,t) of the system (4.3)
in Cy\z which satisfies
(4.5) u(z, w, t) = K2, w) inCy,x for each fixed t R" ,
where Y,={(z, w): f(z, w, )=0} C X=C"xC".

If u in (4.5) is the class modulo Oz of @ f~*~!-Jr log f, then the restriction
of (4.5) on the diagonal w=2 gives (2.1).

It is possible to prove this proposition without using Hérmander’s formula,
by generalizing the proof of Kashiwara’s theorem; however, the proof requires
some preparations from the theory of holonomic systems, which are out of the

aim of this paper. We thus give here a proof which uses (4.1) and the calculus
in Boutet de Monvel [2].

5. Proof of Proposition 2. We first examine the relations (4.4).

Lemma. For any micro-differential operator P(z,w,t,D,, D, D,) defined in

a neighborhood of a point of fi’?'};‘:;(: there exists a unique micro-differential operator
O(w, t, D,) in w-variable with holomorphic parameter t such that (P—Q) log f=0.

There is no difficulty in generalizing the proof of the existence of quantiza-
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tions of contact transformations to this case, see [12] Chap. I §5. The key is the
following fact. The projection p: ].‘;’;;‘? —T#n(C*x C™) induced by T*X—
T*(C" X C*x C™)—T*(C"xC™) is an open immersion, i.e., dp is bijective; this
follows from the strict pseudoconvexity of Q,. The surjectivity and the injec-
tivity of dp imply the existence and the uniqueness of Q respectively.

By the Lemma above, we can find the operators

z;+P¥w,t, D,), 8/0z,—Q¥w,2,D,), j=1,-,mn,
8/oty—R¥(w,t,D,), k=1, m,

satisfying (4.4). In order to show that their adjoints (4.3) form a simple holo-
nomic system, let us recall a sufficient condition for a system of microdifferential
equations to be holonomic, that is, a system Pu=::-=P,u=0 is holonomic if
P, commute each other and if the principal symbols of P; form a defining system
of a Lagrangian manifold, see Propostion 4.1.5 of [12]. In the present case, the
operators in (4.3) commute, because their adjoint operators (4.4) commute, and

their principal symbols form a definning system of the conormal bundle 7.'3',;‘;
Thus (4.3) is a simple holonomic system.

If we take a solution u&C s 3 of the system (4.3), then for each fixed t we
have K,(2, w)=cu(z, w,t) in Cy, x with a constant ¢,. This is because the first
2n equations of (4.3) coincide with the holonomic system for the Bergman kernel
of Q, given by Kashiwara’s theorem and its solution is unique up to a constant
multiple. It therefore suffices to show that ¢, does not depend on ¢.

First we consider the case in which {8Q,},cg~ is locally in Moser’s partial
normal form (we de not require the trace conditions):

(5.1) 2Re 2+ |2/ |24+ F(z', 2", Im2,t) = 0.

Here F is a real-analytic function in a neighborhood of the origin of C*~'X
RXx R" such that F(2', w’, (2,—w,)[21, t)=0(| 2" |?|w’|?), where 2'=(,’, -, 2,),
w'=(w,, -+, w,). If we replace Z in (5.1) by w and solve the resulting equation
for z,-variable, we obtain a defining function f of the complexification of 9Q,

such that
f(z, w, t) = 21+w+2"w' +p(2', w, t), with p(z’,w, )= O(|z'|*|w'|?).

In this case, we can compute R¥ in (4.4) by using the calculus in §5 of Boutet de
Monvel [2], see also Remark 5.3 below. Differentiating (31) of [2] with respect
to our parameter ¢, we get

(5.2) R¥(w, t, D,) = [8/0t,, A(w, t, D,)]oA Y w, t, D,),

where A(w, t, D,) is the formal micro-differential operator of infinite order with
the total symbol
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A(w, t, 0) = exp(p(w’[wy, @, t)w;) .

Thus p(2’,w, #)=0(|w’|?) implies R¥(w,t, 0)=0(|w’|?). So, in view of
Ry(w, t, 0)=ePwPdR¥(w, t, —w), we see that Ry(wy, 0, +++, 0, ¢, D,) has order at

most —1. Hence —6—u=—R,,u gives iu|,z=wr=0=O((zl—i—wl)'"). In particu-
ot oty

lar, writing u=@f "4+ log f, we have 56;¢l,=w=0=0. Therefore (4.1) and
k

J() | smw=0=(—1)**" imply that ¢, is independent of 2.

In order to reduce the general case to the case we studied above, it suffices
to construct a real-analytic family of partial normal forms for a given family of
domains. This is because the Bergman kernel and the solution of the system
(4.3) satisfy the same transformation rule under a change of coordinates. It is
almost clear by inspecting Moser’s construction in [4] that the partial normal
form (and in fact also the normal form) can be chosen so that they vary real-analy-
tically with a parameter. To explain it more precisely, let us first recall that a
partial normal form was uniquely specified in [4] by giving a curve « in the boun-
dary 0Q, where 7 is to be transformed into the Im 2,-axis. In [4], it was shown
that the partial nromal form depends real-analytically on a parameter ¢ if so
does the curve v, in 8Q. And, the proof was done by using only the implicit
function theorem and Schmidt’s orthognalization procedure. Therefore, the
same proof applies to the present case, in which both the boundary 99, and
the curve v, in 8Q; depend real-analytically on a parameter .

ReMARK 5.3. In order to explain the meaning of the formula (5.2) above,
we shall birefly recall the calculus in §5 of Boutet de Monvel [2]. For strictly
pseudoconvex domains which are locally written in Moser’s normal form, he
introduced a weight — similar to the one used by Moser in [4] — on micro-dif-
ferential operators and holomorphic microfunctions, and considered the asymp-
totic expansions of the micro-differential operators with respect to the weight.
He also considered the formal micro-differential operators of infinite order which
admit such asymptotic expansions (e.g. A(w, ¢, D,) above) and showed that the
compositions and the adjoints for these operators are defined naturally. By
using these operators, he derived an asymptotic expansion formula of the
Bergman kernel with respect to the weight (Theorem 3 [2]).

The formula (5.2) means that the asymptotic expansion of R¥ with respect
to the weight is given by the right side: the existence of R¥ as a micro-differen-
tial operator is known from the lemma stated in this section, and its asymptotic
expansion with respect to the weight can be explicitly computed by the calculus
explained above. : ‘
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6. Variational formula. Using Proposition 2, we shall derive an algori-
thm of computing the variations of the Bergman kernel.

The first variation is obtained easily: Substituting =0 to the last m
equations in (4.3) and (4.4), we get

(6'1) 52_' ,(2‘, w)lt=0 = —.Rj(z) 0, DI)KO(Z, w) ’ ]= 1, sey,m,

J

(6.2) a%log f(z, ,0) = R¥(z, 0, D) log f(z,w, 0), j—=1, -, m.

J

We can determine R (z,0,D,) by the relation (6.2), and then (6.1) gives

6% (2, w)| = from K,. If we consider the Taylor expansions of K, and

j
log f in ¢, these formulas can be written as

K,(z w)=(1—3t;R(,0, D)Ki(3, %) mod O(#),

log f(z, w, £)=(1+ i t,R¥(z,0,D,)) log f(2,w,0) mod OF).

These formulas were obtained in [10] (Proposition 7.1); the arguments above
gives a justification of the formal calculus used there.

In order to generalize these formulas to a higher order, let us introduce the
notion of asymptotic expansions of holomorphic microfunctions in parameters.

7
For a germ u(2, w, £) Cy %, we consider the formal power series >, %,(2, w)—t—'
al
]
with coefficients u,(z, w)=(%> u(z, w, 0)ECy,x. This power series is called
the asymptotic expansion of % in ¢ and expressed as
td
u(2, w, 1)~ Uy (2, w)—- .
E ol

We do not discuss the convergence of this series. However, we can easily show
al . .. . . .
that the map ui— >3, u,tT is injective, and thus the expansion uniquely deter-

mines #.

Proposition 3. If P,(z, D,) are the micro-differential operators satisfying
(6.3) logf(z,w, t)~g —Z—! (2, D,) log fo(z, w), where f(z, w)=f(2,w,0),
then the Bergman kernel has the asymptotic expansion

~31(1—x & pxY
(64) K~3(1-2 L Pr),.

@
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In particular, if Q, is the unit ball, then
! S (s t px P
(6.5) Kz w)~2 53 (1 5L Pie D)) (1—z-w).

In the right side of (6.4), since P,=1, the Neumann series of X}, -t¢—|Pff
a!

defines a formal power series in ¢ with coefficients in micro-differential operators.
Note that the set of formal sums of the form X3, P,(2, w, D,, D,)t* naturally
forms a ring, where each P, is a micro-differential operator in (2, w). This ring
contains the subring consist of micro-differential operators in (2,w) with holo-
morphic parameter £, and acts on formal power series in ¢ with coefficients in

CYolX .
Proof of Proposition 3. The micro-differential operators P, are deter-
mined by the relations (%)d log f|i—o=P,(2, D) log f,, We set P(2,t,D,)=

> L‘:P,,(z, D,) and write (6.3) as log f~P log f,. Substituting this expansion
al

into (8/0t,—R¥) log f=0, we have (6—3-P—R;}‘OP) log fo=0, or,
*

(6.6) (P“(z, t, D,)oaaTkP(z, t, D,)— R¥(w, 1, D,,,)) log fi(z, w) = 0,

where P! is defined by the Neumann series P~!=317.,(1—P)".
Similarly, if we write K,(z, w)~@Q(z,t, D,)K\(2, w), the last m equations
in (4.3) are written as

0
oty

(6.7) (Q-l(z, t, D,)o-0_Q(z, t, D)+ Ryw, t, Dw))Ko(z, w)=0.

Thus, applying Kashiwara’s theorem (see also Remark 3.2) to each coefficient of

t* in (6.6) and (6.7), we get (P ‘o 9 P)*=—Q % 0 Q, or, (_6_p*)°(p*)—1=
atk atk at,,

—Q@1-2.Q. Hence -2 (@oP*)=-2 QoP*1 Qo0 P¥—0. Therefore Q(z,
atk 8t,, atk atk

0, D,)oP*(2, 0, D,)=1 implies that Q=(P*)~*, which proves the proposition.

7. Computation of the log term for ellipsoids. In this section we
shall apply Proposition 3 to ellipsoids and prove Main Theorem.

In the case of ellipsoids, the defining function f,(2,w) is a symmetric poly-
nomial in the triples (4;, 2;, w;), i.e., f4(%, w)=f,4(c2, ow) for any permutation
o of n elements. Thus the algorithm of computing the Bergman kernel can
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be carried out by using only the operators having the same symmetry, so we set

34w},

ji=1

Gwy = Nam,, AP =345, Aud=
= 1=
and, replacing w; by D;=0/0z;, we also set
<zD)> = E z,D;, <AD?> = %} A;Dj .
Then we can write down the explicit formulas of the operators appearing in
Proposition 3.

Proposition 7.1.  The micro-differential operator of infinite order

P(z, 4, D)= 14 33 A KADD' | 2Dy

p+g21 p' q'

satisfies log f,~P(z, A, D) log f,. Here L,(x) are rational functions
x2(x+1)-(x+m—1), m>0,
L,(x)=141, m=0,
(3= 1) M (x—2) Hoes (w4 m) Y, MO,
Then the Bergman kernel K, of ellipsoids E(A) satisfies K AN"_,EP*—I fo™Y, and
3
the operator P*~! can be written
oy T 143 5 ADHNCADNCADD A o
. 1=1 pj+g;21
s KADDU ARV @, ((K2D)¥),

where D, [(x) are rational functions
1
®pol®) = 27 I~ L (e 2my e bm)) oy =,

Proof. The expansion of log f, in A4 is expressed as

log f4 ~1og fy— 33 - (A=< AuP) fi!

1=0

=tlogfy— 51 PHDlcaznrcaury fir-s,
p+e21 plq!

and the sum in p,q can be written
N (P—q—l)!<AzZ>p<AD2>afap+q

> plg!
o KABHADY
EW( o)+ log f,.
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Therefore, in view of

—m—1)\fz, m>0,

Ln(<2D))log fo = { CI" 105 £, m<0,
(—m)!

we get

log f4~[1+ 51 {42 <AD! L,_,(<zD>):| log f,

pex1 Pl q!
The formula (7.2) is obtained by expanding the Neumann series P*~'=
E(I—P*)‘ and using the relation
DEDY*)CADEYI AN — CADPY AR B((DY*—2p+24)
where ®(x) is any rational function. []

In order to compute the operation of each term in the right side of (7.2),
we prepare two lemmas. First, in order to compute

(7.3) D, (K2DX¥)n! fom~1 = @, (—<D>—n)n! (1—Lzw))~ "

we derive the following formulas in the one-variable case.

Lemma 7.4. (i) Let ®(x) be a rational function and D‘=dL° Then
x

(7.5) (D, +myn! (1—x)-*1 = Did(xD,)(1—2)" in Cao -
(i) If ,meZandl>1, then

m I-
(7.6) (D, —m)~!(1—x)-1 = —_’“8_0_51’;)'_‘ log(1—#) in Cayic -

Proof. (i) The equation (7.5) follows from
D:®(xD,) = ®(Dy(xD,)D;*)D; = &(xD,+n)D; .
(ii) Let y(x) be a holomorphic function near 1 satisfying
(*D,—m)~}(1—x)"! = Yo(x) log(1—x) .

Then we must have (xD,—m)'yr(x)=0, because the logarithmic singularity
at ¥=1 of (xD,—m)'(v(x)log(1—x)) is equal to that of ((xD,—m)'(x))
log(1—=) and it must vanish. Thus +} is written in the form

Yr(x) = :g: cx"(logx)* .

To determine the constants c;, we compare (1—x)~! with
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(xD,—m)!r(x) log(1—x) = —-:z;}:k!c,,(xD,—m)""“(l—x)“ .
Then we get cy=¢,="++*=¢;-,=0 and —(I—1)!¢;-;=1. [J
The operation of (AD?> and {42*> can be computed by using:
Lemma 7.7. Define

A=A, A=A, (M) =3 Az,

and, with ; replaced by w; or D;=03[0z;, define also {A*w*), <A*zD)>, {A*wD>,

{APD?> in the same manner. Then the following commutation relations hold
[KA2D%, CA'22] = K AP 12DY+2{A D, [(APD?, A'zw)] = 2{A**wD),
[KA4?2D), <A%*] = 2{A** %>, [€A422D), <A’zwd] = {A?*zu>,
[CA*wD>, <A%2*] = 2{A** 2w, [KA*wD), {Azw)] = {A?*w?),

and, for any J(x)ECy ¢, we have

CADHp(2wp) = LAPw " ({zw)),

(A 2DXY({rw)) = {APzwdd' (<zw)),

{APwDYY(Czwp) = <APwy'({zw)).
The proof is straightforward, and we will omit it.

Now we are ready to compute the explicit formula of the Bergman kernel
for ellipsoids.

Proof of Main Theorem. If we differentiate both sides of the formula K ,=

@afa* 144 log f, in A, we have (_6%1—) K| gmo= (—6%) Yral 4= log fo+(terms

without logarithmic singularity). It follows that +, is equal to the sum of the
coefficients of log f, in the expansion of K, in 4, and thus the computation of

. . |
Jr4 is reduced to that of the log terms in %P*“ for L

When we compute the log terms in P*-1fy»=1 it suffices to examine the
terms in (7.2) with indices p=(py, ***, 1), =(qu, ***, ;) satisfying:

(i) There exists a number j such that p.<g,.

This is because @, ,(<zD>*)fs" ! contains no log term if @, (x) has no pole.
Moreover, since the Bergman kernel is hermitian symmetric, we can restrict our
attention to the terms of which the degree in 2 is equal or greater than that in w,
i.e., the terms with indices satisfying:

(i) prtpot-tPi=qt+ gt +q:.
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As long as we look at the terms having order less than 3, i.e., the terms with
indices satisfying

(lll) P1+P3+"'+Pl‘|‘41+q:z+”‘+ql<3 ’

the conditions (i) (ii) are satisfied by only two pairs of indices: p=(1,0), g=
(0, 1) and p=(0, 1), g=(1,0). In each case @, , is given by

Da,0,0,0(%) = Ly(x)L_\(x+2) = d 1— 1

x+1 - x+1°
D,0,a,0(%) = L_y(%)Ly(x—2) = z:? =1= xil '

Therefore Lemma 7.4 implies that the log term of the Bergman kernel modulo
O(4) is contained in

—;,,1— [<A22> KADD DY s eteuy (x log(1—x))
+ CADPS CARBDE ey (57 log(1 —x))] _

We can omit the first term because Dj(x log(1—x)), with #>2, contains no log-
arithmic singularity at x=1. In the second term, its logarithmic singulairty
at {zw>=1 equals to (CAD*>>{AZ*>D}| .~y *7") log f- Therefore, using Lem-
ma 7.7, we have
7" Yra(z,w) = —<ADCAFD D] s ooy 7+ O(A)

— (A CADDHACABD Y+ 2AD) D2 ety 67+ O(A)

= — (4" <{Aw"> D;+ K A2w) D, + 2{AD) Dix™ | 1o e+ O(4)

= (A Aw*) (n+-2)! (—L2w)) "+ 4K A%2w) (n+ 1) (—Lzw)) "2

+2{A%>n! (—{zw)) "1+ 04 .

Note that the last formula is real, and thus no term is omitted by the condition
(if). Therefore, substituting {zw>=1—f;, we get Main Theoiem.

Remark 7.8. If we substitute, for example, 2°=(1, 0, --+, 0) in 4, we get
(= 1) Eor (20, 2°) = 2{AP+(n—2) (n+-1) A1+ O(4)
n!
> 2 A+ O(4Y) .
This implies that (—1)**14,(2°, 2°) is positive if {A4%>>0 small.

8. Relation among the Bergman kernels of different dimensional
ellipsoids. In the procedure of computing the Bergman kernel of ellipsoids,
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the dimension 7 only appears in the formula (7.3). In (7.3), replacing # by n-+1
is equivalent to differentiating both sides formally with respect to the variable
fo see (7.5). Namely, we can write the relation among the Bergman kernels
of different dimensional ellipsoids by utilizing the fy-derivatives.

Proposition 8.1. Let K, be the Bergman kernel of ellipsoid E(4,, -, 4,)
in C".
(1) Consider the asymptotic expansion of K, in A

Kn ~ i Kn.l ’
1=0
where K, ; is homogeneous degree lin A,, -+, A,. Then each K, is written

(8.2) Ky = 3 Purifi+ 3 @usifi logfi,

where @, ; are polynomials in {A?), {A?2"), {APzw), {A*w?), p=1,2, ---.

(ii) Let us identify K, ,n=2,3, -+ with their asymptotic expansions in A and
regard them as functions of f,, {A?>, CA?Z>, (Atzw), (A*w*> which are now con-
sidered as formal independent variables. Then

=198y~
(4 af 0
If we evaluate the formal variables and consider the convergence of (8.3),

we get a micro-local relation between the Bergman kernel of E(4,, +-+, 4,-;) in
C*-1 and that of E(4,, +++, A,-;, 0) in C”.

2 .

(8.3) K,=(

Corollary 8.4. Let F:C*'XC*'—>C"x C" be an embedding defined by
F(z,w)=(2,0,w,1). Then

(8.5) Kya(z, w) = n( 62

-1
) Ko Pz, 0)] ayeo

in the sense of holomorphic microfunctions of 3(n— 1) variables z,w, and A,, -+, A, ;.

Proof of Proposition 8.1. For each pair of indices p, ¢, we examine
(8.6) {AD>1LAZD -« LADPDU AL D! <I>M(<zD>*)L! for L.
n.ﬂ
Let us take a holomorphic microfunction @, , (*) ECy ¢ such that @, , ({zw))
=<I>,,¢(<zD>*)Zz% fo*~t. Then, using Lemma 7.7, we can write (8.6) in the form
7

2 +etapd

(87) =) FmD:,¢’n,p,q(x) l z=Szw) >

m
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where F,, is a polynomial in {4?>, <A?2%>, {A?zw), {A*w®>, p=1, 2, --- which
has homogeneous degree m in w. So, substituting {zw)=1—f, into (8.7), we get
the expansion of the form (8.2).

On the other hand, in view of (7.3) and (7.5), we have

P p,0(%) = (”—IDS)”_zfpz,ﬁ.q(x) .

Thus, noting that F,, is independent of #, we can write (8.7), as
2la|
(”—lDz)”-zmzzoFmD?¢2.p,q(x) I z=1-fp *

If we regard <{A4?>, {A?2*>, {A?zw), {A*w*>, and f, as independent variables,
the formula above can be expressed as

—1 9 \#-2z4 N
(_7;—_ 5}; ,,,E=OF”‘ {(DEPapd (1—1o) -

Therefore summing up over indices p,g, we get (8.3). [

Proof of Corollary 8.4. From (8.3), we get

(8.8) Ky — *”(aifo)—lK"

in the sense of expansions in formal variables <A4?>, {4222, (Atzw>, AW, f,.

Now we regard the variables as functions on C*XC®. Then we have
g

]
0z,

~(Dup)ofioF = (2(@of))oF forany p(x)ECuic,

and

DD o = 25D 40 = 0.

If we apply these rules to each term in the formal relation (8.8), we get

-1
(8.9) K, — 71'( 62) KyoF | 4ma
in the sense that the asymptotic expansions in 4,, --+, 4,_, of each side coincide.
-1
Here 7z'< 9 ) K,oF |, _, is defined as a holomorphic microfunction which

zﬂ
has the same support as that of the Bergman kernel K,_;. Since the expansion
in 4 uniquely determines a holomorphic microfunction, (8.9) implies the corol-

lary.
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