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) ) Introduction
Empirical formulae for calculation of the dose distributions of ®Co y-rays and 4.3 MV X-rays
were reported in our previous paper®. The method was essentially a mathematical expression of
the rtissuc-air ratio and decrement value. By using this expression, the three-dimensional dose dis-
tributions for multiple or moving fields can be calculated by a computer with accuracy and rapidity,
provided that the shape of the field is rectangular.

However, the problem of dosage in a beam with various cross-sections is of fundamental im-
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portance in external beam radiotherapy. The method which has been universally employed for
calculating depth doses in variously shaped fields is due in essence to that of Clarkson® who
adopted a scatter function. Gupta and Cunningham® have recently proposed a scatter-air ratio
instead of the scatter function. The use of this ratio allows a rapid calculation of dose distributions
for any shaped field for a wide range of SSD.

The present paper deals with the determination of mathematical description for the scatter-air
ratios and for the primary dose distributions of $Co y-rays, diaphragm-limited beams of HVL 1, 2, and
3 mm Cu, and for 4.3 and 6 MV X-rays.

Mathematical Expression _
The dose at any point P at depth d, as shown in Fig. 1, may be expressed as the sum of the

/

Fig. 1. Symbols used in dosage calculations

primary and scattered doses, in the form of

D,(d)= D} TAR (0,d’) + D S L L ) (1)

2z T

where D} and D? are doses in air at a point P and C, respectively,

TAR is the tissue-air ratio,

SAR is the scatter-air ratio, and

r is the radius of a circular field,

The scatter-air ratio is defined as follows:

SAR(re, d) = TAR (rq, d)—TAR (0, d) tiisesinanmnnensuasnsnarmie(2)
where TAR (r4, d) and TAR(0, d) are the tissue-air ratios for a field of radius rs and zero area at
depth d, respectively.

As shown in Fig. 2, the secondary dose S, at any point such as P can be computed by the following

expression,

SAR(r(g), d I
sp:_‘ g:’) L dp=—1 5 SAR (o @ (3)

i=1

where n is the number of segments in 360° and r; is the distance from the point of calculation to
the boundary of the field for the ith sector.

According to equations (1), (2), and (3), the depth dose may be calculated by a computer
provided that the tissue-air ratios for a field of radius r and zero area can be expressed as mathematical

formulae, since the dose in air, D and D%, may be derived theoretically from the geometrical.
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Fig. 2. Symbols used in calculation of secondary doses.

relation between the source and the diaphragm.
1. The tissue-air ratio for a field of zero area

The tissue-air ratio for a field of zero area can be expressed as an exponential function of
depth as

TAR(, d) = exp {—p(d—do)}
where d, is the depth of the peak absorbed dose.

eeereeeerennereeneneenenee(4)

The effective absorption coefficients of water p in equation (4) were determined by using the
tissue-air ratio data for zero area in B.J.R. Supplement 102 for %Co y-rays and for diaphragm-
limited beams of HVL 1, 2, and 3 mm Cu. For 4.3 and 6 MV X-rays, the values mezsured in this
center and in the National Cancer Center Hospital, respectively, were used.

The values of p. for six radiation qualities obtained are shown in the second column of Table 1.
Fig. 3 shows a comparison between the tissue-air ratios for zero area calculated from equation (4) and the

experimental values. The two values are in good agreement.

Table 1. Effective absorption coefficients of water, p, and empirical

equations for K(d) and m(d)

Radiation @, cm™ K(d) and m(d)
HVL l mm Cu  0.182 K 1.1323 exp (—0.2114d)
X-rays ' m 0.072146 -+ 0.030989d — 0.00083473d? + 0.000012103d*
2 mm Cu 0.163 K 1.0743 exp (—0.1926d)
m 0.06677 4 0.028506d — 0.00071275d* + 0.0000087466d°
3 mm Cu 0.150 K 1.0667 exp (—0.1806d)
m  0.054378 + 0.027423d — 0.00071585d* +- 0.0000081221d*
8Co y-rays 0.0657 K 1.00778 - 0.063527d -+ 0.0014216d* — 0.00001d*

m 0.01113 + 0.0070903d — 0.0000593d*
4.3 MV X-rays 0.0570 K 1.04555 — 0.063207d + 0.0015608d* — 0.00001474d*
m  0.00081 4- 0.0083966d — 0.00023696d* + 0.0000035224d°
6 MV X-rays 0.0471 K 1.0738 — 0.052254d - 0.00091420d?* — 0.0000036591d*
) m  —0.002041 + 0.0061734d — 0.00011073d? + 0.00000065750d?
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Fig. 3. Comparison of calculated and experimental values of tissue-air ratios for
field of zero area for six radiation qualities.
Solid lines were calculated from equation (4), using g in Table 1, and dots are
experimental values.

2. 'The scatter-air ratio

From equations (2) and (4), the scatter-air ratio may be expressed as

SAR (rg, d) == TAR (ra, d)—exp {—p (d—do)} weovorieireeeereeeeeeeeannn, e e s S (5)
Pfalzner® has pointed out that the tissue-air ratio for ®Co y-rays may be expressed as a power
function. We proved that this approximation would be applicable for other radiation qualities, in
the form of

TAR (re, d) = K(d) (@ra2)™@ ittt e FSS B (6)
where K and m are constants for a given depth and a given radiation quality.

From equations (5) and (6), the scatter-air ratio may be expressed as

SAR (rg, d) = K(d) (ar?)»®—exp {—p (d—d,)} o L e et P R BN ()

According to this equation, the scatter-air ratio may be calculated by a computer provided that
the parameters K and m are expressed as a mathematical formula. We have already presented
the mathematical expressions for K and m for 8°Co y-rays and 4.3 MV X-rays, and that the errors are
less than 39,. .

In the present work, the mathematical expressions for K and m of other four radiation qualities
have been developed by using the tissue-air ratio data in B.J.R. Supplement 10 for X-rays of HVL
1-3mm Cu. For 6 MV X-ryas, the data measured in the National Cancer Center Hospital are
used.

The empirical expressions for K and m of six radiation qualities are shown in the right-hand
column of Table 1. The equations for X-rays of HVL 1-3mm Cu are applicable to the depths
in the range of 1.0 to 20 cm. Back-scatter factors are given by the following expressions.

BSF(r) = 0.96590(7r?)0-9%317 for HVL 1 mm Cu,
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BSF(r) = 0.94202(7r?)0.06883¢ for HVL 2 mm Cu, and

BSF(r) = 0.95165(71%)0-056%9 for HVL 3 mm Cu.

The maximum error of estimate of these equations at a field of 20 x 20 c¢m is 6.6% for 1 mm
Cu, 5.6% for 2 mm Cu, and 5.3% for 3 mm Cu and, if the field is less than 10 x 10 cm, the errors

are less than 29, as shown in Fig. 4. For 6 MV X-rays, the error is less than 2% up to 20 cm

depth as shown in Fig. 5, and the maximum error is 3.8% at 30 cm depth.

; SSD 50 cm
0

S0
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100t

70k

Percenlage depth dose
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Fig. 4. Comparison of calculated and experi-
mental values of percentage depth doses for
X-rays of HVL 1,2, and 3mm Cu
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Fig. 6. Symbols used in dosage calculation in
air
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3. The dose distribution in air
The ratio of the dose in air at P to the dose in air at C of Fig. 6 is denoted by the function P,.
The air dose function P, may be approximated by the following formula

a

DP
Pr= =P Py + (Tx + S5) (I=Pp)}erverecrirrriiccrinerisensiessssssssessseeessnes (8)

the terms of which are defined below.

The function P, is the correction for inverse-square law effects across the field and is given by

Py = z2/(x2 + z‘)(Q)
When the beam flattening filter is used, P, takes the value of unity or the actual dose distribution
in air. :

The function P is the correction for the geometrical penumbral regions. With reference to Fig.
6, it may be expressed as follows!®;

when x£x (i.e. in the full-illumination regions), P, = 1,

when x)x; (i.e. in the umbral regions), P, = 0, and

when x; <x<(x, (i.e. in the penumbral regions)

1

P, =‘T+Tl: (¥ /T BNV ccoxmanassssosnnainnes secsmsarmmet vassessiasissabassase sy seac{ 10)

where Y is given by

_az ——bx:_
S—(z—_lﬁ --.......-.--.-......‘..--........-..-.....-u.---..--...---...-.-..-.-..-.-‘.--...-..---

The function (T; 4 S:) (1—P;) is the correction for the transmission penumbral regions.

Y= A )

T is the correction for transmission through a diaphragm material and is expressed as

Tz = €XP (T SC B) voeiiunririiirnreeriiteiesireeieieeeeesereesessnsessne s eeseans I (12)
where .’ is the effective absorption coefficient of a diaphragm material, t is the thickness of the
diaphragm, and secf is expressed by VX2 & 2%z, which is approximately a unity when SSD is
large. _

Sx is the correction for radiation scattered from the materials near the source and others, and
may be given by an empirical formula.

For 4.3 MV X-rays, S; may be given by the following empirical formula,

Sz = 0.15 exp {—154{};—:{2)}(13)
where x, is a distance from the central axis to the edge of the geometrical field, and p’ = 0.513 cm-!
is used in equation (12).

Examples of dose profiles in air and water for 4.3 MV X-rays calculated from these equations
are shown in Figs. 7, 8, 9, and 10, in comparison with the experimental values, which were
measured with Baldwin Ionex 0.2-cc chamber and with Fujilith contact film. Solid and broken
lines are calculated from equation (8) using equation (13) and S; = 0, respectively, and circles are
measured. When S, is zero, a difference is observed between the measured and calculated values of
dose in low-dose regions. Although these differences may be ignored because of the discrepancies
in the low-dose regions, the results calculated from equation (13) show that the differences can be

reduced to approximately 109.
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of 6.3 cm Pb, SSD 90 ¢cm and depth of 10 cm.

For telecobalt units which have large geometrical penumbral regions and for X-rays of HVL

1-3 mm Cu,

in which a large scattering takes place in water, the difference between the measured

and calculated values of dose in water may be small, even if S; is zero.

4. The correction for oblique incidence and lung for megavoltage radiation

In the case of an irregular field, the theoretical solution for the problem of inhomogeneity and

oblique incidence corrections is not easy. Even if one can solve this problem, extensive computer

time may be required for the calculation of dose distributions in a real patient situation. We have,
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Fig. 11. Symbols used in dosage calculation for oblique
incidence and inhomogeneity.

therefore, employed a formulation which is theoretically correct for the primary beam, but not for
the scattered radiation, since the scattered dose for megavoltage radiation is small.

In the case of oblique incidence, as shown in Fig. 11, the dose D, at a point P becomes
D, = D:[TAR-. (0,d’ 4+ h) P, + _i i;[TAR (ri, )—TAR (0, d)l-:[ ......................... (14)
i=1

and the dose D/, in an inhomogeneous phantom may be expressed as
D/, = S.D* TAR[O, d + h)—I (1 — p)} P, + Elz; [TAR (r;, )—TAR (0, d)” ...... (15)
i=1 :
where h is the tissue deficit and/or excess in the case of oblique field, and ! and p are thickness and
density of the lung, respectively. The position of the boundaries and density values for the lung in an
individual patient, that is, ! and p, can be obtained by the transverse axial tomography and the
radiographic transit dese measurement. These methods have already been reported®,

Se in equation (15) is the scatter correction factor, and it may be expressed as?

S, = k[l —_?_ "exp (—0.28j) —exp (—0.28 (I + j))]] .......................................... (16)
where j is the depth in water-equivalent tissue beyond the lung. When j==0, k is C, and when
J>0, k is unity, B and C are given by

B = 0.138 — 0.243p + 0.1050%.....veverereerenn. e e —— (17)

C=0.975 + 0.016p — 0.0860%.....c0rmmrrrrrrirrrircirieiieieiseiessennsesensseeseeseeecnens(18)

moE \
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e
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MixDP(p=1) cork{p=027) MixDP —I

1) S S T |r I IS N N T T T S T T T N N N
5 (1] 5. 20
Depth (em)

Fig. 12. Comparison of calculated and measured values of central axis depth
doses in inhomogeneous phantom for 4.3 MV X-rays
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In clinical practice, however, it may be sufficient to use 0.95 for the scatter correction factor S..
Fig. 12 shows the central axis depth doses for a 10 x 10cm field of 4.3 MV X-rays in an
inhomogeneous phantom. The discrepancy between calculated and measured values is of the order

of 5%, even if the values of 0.95 is used for S..

Application

1. Standard isodose curves.
Figs. 13 and 14 show examples of computer printout of the standard isodose curves for HIVL
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Fig. 13. Comparison of isodose distributions
plotted by computer and from values taken
from Isodose Chart published by IAEA 1962
for HVL 1 mm of Cu X-rays, with SSD
50cm and 10x10cm field of closed applicator

Lo 8 19 39 30 4g %u 48 78 B9 98 199 AB0 140 340 18 200
wrebs, ¢ L 3 B 4 + & 7 & % A& @I 4 4 @ W

Fig. 14. Comparison of isodose distributions
plotted by computer and by measurements
for 4.3 MV X-rays, with S5D 85cm and 10
%10 em field at STD 100 cm
1 mm of Cu X-rays for a field of closed applicator and 4.3 MV X-rays, respectively. In the case
of X-rays with HVL 1 mm of Cu, the resultant distribution was corrected by the method of dis-
placement from the data for a diaphragm-limited field, and was calculated as Tx + Sx = 0 in equation
(8). For 4.3 MV X-rays, equation (13) is used.

Printout points are computed dose values and lines are the actual isodese curves, which are
measured values for 4.3 MV X-rays and are taken from Isodese Chart published by IAEA in 1962
for HVL 1 mm Cu X-rays. The computed dose values agree closely with the experimental values
for any point inside the geometrical beam.

2. Irregular field.

Figs. 15 and 16 show an example of the dose distribution for a wuterine cervix treatment by
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Fig. 16. Computer printout of dose distributi-
ons for cross-sectional plane of beam for
cervix treatment by telecobalt with field as T ST
shown in Fig. 13. (a) Left: without Pbh-block
(b) Right: with Pb-block

Fig. 17. Shape of field and computer print-
out of isodose distribution of “mantle tech-
nique *’irradiation for malignant lymphoma
by 4.3 MV X-rays

telecobalt. Fig. 15 shows the shape of the field and calculated values of the dose profile in com-
parison with the experimental values. Computer printout of the isodose curves for the cross-

sectional plane of the beam is shown in Fig. 16. Fig. 16-(a) is the case without a shelter filter in the
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(a) A-plane (c) C-plane (e) E-plane
l 8 =
P

(b) B-plane

—_—

Fig. 18. Dose distributions for pharynx treatment by 6 MV X-rays. (a)-(e) Computer
printout of dose distributions for planes as shown in (). (f) Shape of field and pla-
nes chosen for calculation of dose distributions

inner part and Fig. 16-(b) is the case with the shelter filter and shows that the region of the 709,
dose exists inside the field. '

Fig. 17 is a computer printout of the isodose curves for the parallel plane of the beam for
treatment of malignant lymphoma of the breast by 4.3 MV X.rays and the shape of the field.
The resultant distribution is corrected for oblique incidence and the lung using equation (15).

Examples of dose distributions for the pharynx treatment by the opposing pairs of 6 MV X-rays are
shown in Fig. 18. Fig. 18—(f) shows the shape of the field and the planes chosen for the calculation of
the dose distributions, and Figs. 18(a)-(e) are the dose distributions on these planes.

The present programme was written in FORTRAN IV for a GE 635 digital computer.

' Summary
A digital computer method is presented for calculating the dose distributions in a variously shaped
field for $°Co vy-rays, HVL 1, 2, and 3mm Cu, and 4.3 and 6 MV X-rays. This method is
essentially a mathematical expression of the scatter-air ratio and the dose distribution in air.
Correction for oblique incidence and an inhomogeneity is also described. Examples of the com-
puter printout of the dose distributions for a single square field and irregular fields for the treat-

ment of the uterine cervix, malignant lymphoma, and the pharynx are shown.
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(This paper was presented at the Twelfth International Congress of Radiology, Tokyo, October,

1969.)
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