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Quantized Enveloping Algebras
Associated To Simple Lie Superalgebras

And Universal R-matrices

Hiroyuki Yamane

N( )

Introduction.

0.1. In [21, Drinfeld introduced the notion of
quasi-triangular Hopf-algebras from the point of view of the
quantum inverse scattering method.

Let H be a (topological) Hopf algebra with coproduct A

Let ® = Z a, ® bi € H® H be an invertible element. We say
i

that (H,A,®) is a quasi-triangular Hopf algebra if it

satisfies the following properties:

1

AT = R-AX)-R (x € By,

(A8 1)) = ﬁ13ﬁz3 ,» (1 @ AR = %13@12 ’

where A = T°A , T(ZT ® ¥) ¥©®x and %, =Za b, 81
i

2108 a. @b,
; i i

13

R = ? a, 918 bi . @23

The above ® 1is called the universal R—matrix of H . The

importance of ® 1lies in the fact that it satisfies the



Yang-Baxter equation:

Ri1aR13%55 = Ryg® 5%y,

0.2. Drinfeld [2] (and Jimbo [3]) introduced a family of
quasi-triangular Hopf algebras Uh(G) associated to complex
simple Lie algebras G . The Hopf algebras Uh(G) are called
quantum groups or quantized enveloping algebras. Moreover
Drinfeld [2] gave a method of constructing the universal
R-matrix of Uh(G) » which is called the quantum double
constiruction. Several authors gave explicit formulas for the
universal R-matrices of the Hopf algebras Uh(G) by using the
quantum double construction. See {6]1,[8]1,[13].

In this paper, we introduce a new family of
quasi-triangular Hopf algebras Ug = Uh(g)o associated to

complex simple Lie superalgebras ¥ of types A - G . We shall

also give explicit formulas for the universal R-matrices & of

o
h

0.3. Let ¥ be a complex Lie superalgebras of type A - G

the Hopf algebras U by using the quantum double construction.
and U(9) the enveloping superalgebra of % . Let (d,W,p) be

a root system of € , i.e., &, T = (o .,an} and p : T - (0,1}

l,oo
are the set of roots, the set of simple roots and the parity
function'respectively. In this paper, we assume that (d,TW,p)
is of distinguished type (see [4]1) if € is of type F4 or G3 .

For each such (®,T,p) , we introduce an h-adic topologically

free CI[[h]ll-Hopf superalgebra Uh = Uh(@) = Uh(ﬂ,p) such that



Uh/hUh is isomorphic to U(¥) as an C-Hopf superalgebra. The
Hopf superalgebra structure of Uh(ﬁ,p) depends on the choice
of (d,T,p) . (Note that two root systems of a simple Lie
superalgebra are not necessarily isomorphic.)

0.4. Let § = 50 & 51 be any Hopf superalgebra. Let
¢ : $-> 95 be an involution defined by o(x) = (-1>'z  for

x € Si . In the end of 8§81, we remark that

$

9 = $ XJ <o0> (= 9 ® $0) has a Hopf algebra structure.

In this paper, we give an explicit formula for the universal
R-matrix ® of Uz by using the gquantum double construction.
In particular, we can show that Uo is quasi-triangular. As in

h
“non-super" cases, our ® is described in terms of q-root
vectors and the g-exponential.

0.5. Here we explain the content of this paper in more
detail. In 81, we explain the quantum double construction
applied to h-adic topological CL[hll-Hopf algebras. In §2, for
any pair (m,p) of a set of simple roots T and a parity
function p of any symmetrizable Kac-Moody type Lie
superalgebra, we define an h-adic topologically free C[[hl]l-Hopf
superalgebra U, (M,p) . We also show that, if p(x) = 0 for

h

any o € T , then Uh(“,p) coincides with Drinfeld - Jimbo

quantized enveloping algebra Uh(G) defined for the Kac-Moody
Lie algebra G with simple roots T .
In §3-10, for the pair (W,p) satisfying the assumption in

0.3, we give the defining relations of Uh(ﬂ,p) and show

Uh(ﬂ,p)/hUh(ﬂ,p) = U(¥) . We remark that the defining relations

are nbt just g-analogue of Serre relations; additional relations



are also needed. In the end of 8§10, we give an explicit formula
for the universal R-matrix & of Uh(n,p)o

In doing these, our basic references are Lusztig’s papers
[9]1 and [10]. By imitating the definition of q-root vectors
of Uh(G) in [9] and [10], we introduce g-root vectors of
Uh(ﬂ,p)

The main result of this paper has been announced in [171].

§1. Quantum double construction

1.1. Let R = CL[hl]l be the C-algebra of formal power
series. We explain briefly elementary facts concerning the
h-adic topological R-modules. For details, see [12].

Let V be an R-module. Let v

v v i V- Z+ U {+o} be the

h-valuation defined as follows; if v € hiV\hi+1

v,

put v(v) = i , and, if v € N hlv , put v(v) = +o |, We can
i €1

+
regard V as a topological space such that a fundamenta1>system
of neighborhoods of v € V is given by v + hiV (i € Z,)

This topology is called the h-adic topology. For v , w € V , we
put

d,(v,m = g~V (VW)

Then dv( » > 1is a quasi-metric for the topological space V
For a subset S of V , the symbol S denotes the closure of

S . Note that any R-module homomorphism is continuous with



respect to the h-adic topology.

If{f any Cauchy sequence (with respect to dv( , ) ) has a

limit, then V is called complete. If ?;; = {0} , then V s
called separated. 1f V is separated, then dv( , ) is a
metric on V . Note that, for a submodule W , the quotient
topology of V/W coincides with the h-adic topology of it. If
V 1is complete, then V/W 1is also complete. If V 1is separated
and W is closed , then V/W 1is separated,

It is well known that, for any h-adic topological R-module
V , there exists a pair (G,i) of an h-adic topological
R-module G and an R-homomorphism {4 : V - G satisfying: For
any h-adic topological complete separated R-module W , and, for
any R-homomorphism ¢ : V = W , there exists uniquely an

~

R-homomorphism ¢ : V> W such that @i = ¢ . We note that V
is complete and that 4i(V) is dense in G . It is also well
known that, if V is separated, then ¢ is injective and the
induced topology of V (cC G) coincides with the h-adic topology
of V

I1f a complete separated h-adic R-module V has a submodule
W such that W 1is a free R-module and V is the completion
of W , then we say that V is topologically free. A basis of
W is called a topological basis of V .

Example 1.1.1. Let VO be a C-vector space and V = R ® VO
Let G be the completion of V . Then we have the following

natural identifications:



V=o{ Z ha | a €v, } ,

V=o( I h'a. | e, € V. dim( < Ca, ) < =)
=0 i=0

[+ -]
i R . A
where 2 h'ae, is a formal infinite sum.

Definition 1.1.2. We say that an R-module V has a handy
basis (Ui}ieI if (i) V is a topologically free R-module
with a topological basis {vi}ieI »(ii) I is a partially
ordered set and (iii) there is an order homomorphism

p:1I- Z+

such that, for each = € Z, , p'l(n) is a finite set.

Example 1.1.3. Retainig the notation in Definition 1.1.2.

We have natural identifications:

V=o( 2 av, | o, €R, %imv(a,) = +» } ,
. 1 1 1 . 1 .
i=0 id
V={ X a, v, | @, €R, via.) # 0 for finitely many i°’s

<

[+ 2]
where z a.vi is a formal infinite sum.

For R-modules V and W s we denote the completion of

- 6 -



VO W by VO®W. If V and W have handy bases {vi}iel

and {wj} respectively, then {vi ® wj) is also

j€d A (i,j) € IxJ
a handy basis of V ® W . In particular, V® W and V ® W are

separated.

1.2. Let A = (A,m,n,A,S,€) be an h-adic topological R-Hopf
algebra. Namely, the h-adic topological R-module A has a
topological R-Hopf algebra structure with the product
m: A é A- A, the unit n: R-> A, the coproduct
A: A~ A é A , the antipode S : A - A and the counit
€ : A> R . Here the definition of the h-adic topological Hopf
algebras is given by replacing A® A, A® A® A in the
definition of the Hopf algebras by their completions A é A,

A é A é A . For the definition of the ordinary Hopf algebras,
see [11.

Define <t : A é A= A é A by T(a®6) =¢68a . It is well
known that A°P = (A,m,n,toA,S—l,S) is also an h-adic
topological R-Hopf algebra. We call A°P the opposite Hopf
algebra of A .

Let # be an ideal of the R-algebra A . We say that ¢ |is
a bi-ideal if # satisfies: A($) c $® A+ A® F and
€(¥$) = 0 . Moreover, if # satisfies S(f) = ¢ , we say that

§ is a Hopf ideal.

1.3. Let A (A,m,n,A,S,€) be an h-adic topological R-Hopf



algebra. In this subsection, we assume that A has a handy
basis {ai}ieI . Let A* = HomR(A,R) be the dual space of the
R-module A . Define a? € A* (i € 1) by af(aj) = 8, - Then

we have a natural identification:

A¥ = (T a.a? | x, € R

* o pe . *
where b aiai is a formal infinite sum. Then A is a

i=0
torsion free complete separated R-module.

The R-module A* has a two-sided A-module structure

defined by:
a.£.6(c) = £(6ca) (f € A* , a, 6, ¢ € A)
Put
A° = (f e A*I A.f.A is a finitely generated free R-module}.

Similarly to the case of ordinary Hopf algebras (see [1]1), it

can be shown easily that

A% = (£ € A¥| A.t is a finitely generated free R-module}

(f € A¥] £.A is a finitely generated free R-module},

and that AO = (Ao ,tA,te,tm,tS,tn) is a non-topological R-Hopf



algebra where t denotes the transpose. We call Ao the dual

~

Hopf algebra of A . Let A° be the completion of A° . It is

obvious that (A% ,%a,te,tm,%s,'n) is an h-adic R-Hopf algebra.

~

We note that Ao (resp. Ao ® AO, Ao 2 AO ® AO) is naturally

identified with the closure A° of A° (resp.

AP A° of A° 0 A° A2 A8 A% of A28 A% 8 4% in A
(resp.(A ® A)*,(A ® A® A)*) . Hence we shall denote

A° Ltate,tm,ts,thy by A9 .

1.4. Let A = (A,m,n,A,S,€) be an h-adic R-Hopf algebra.

(i) (i-1)

For i22, A and m'!’ denote (A

(i-1)

® id)eA and
me (m ® id) respectively.

Let A = (A,mA,nA,AA,SA,SA) and B = (B,mB,nB,AB,§B,SB)
be h-adic topological R-Hopf algebras. Let < , > : A® B > R

be an R-bilinear form. We say that < , > is a Hopf pairing if

<, > satisfies:

(i) <a1a2,6>

<a,6162>

<a1 ® az,AB(6)> ,

<AA(a),61 ® 62> ,

(ii) <a,SB(6)> <SA(a),6> ,

(iii) <nA(1),6>

83(6) . <a,nB(1)> = SA(a) s

where a, ai € A and 6, 61 € B

Define an R-module homomorphism ® : B ® A » A®B by



06 8 2) = 3 <a,6 (5712 17y,463)5.,(2) g (2D
i, J A i J i J
where AEZ)(a) = Z agl) ® a§2) ® a§3) and
i
2P = 6 662 6 4D
. ] J J

J
In the following lemma, we define an h-adic topological

R-Hopf algebra D(A,B°P) which is called the quantum double of
A and B . The notion of quantum double was introduced by

Drinfeld [21].

Proposition 1.4.1. Let A and B be h-adic R-Hopf
algebras with a (possibly degenerate) Hopf pairing
<, > : A é B » R . Then there exists uniquely an h-adic
topological R-Hopf algebra D(A,B°P)

= (D(A,BOP),mD,nD,AD,SD,eD) satisfying:

(i) As an h-adic topological R-module, D(A,BOP) is
isomorphic to A é B,

(ii) The R-module maps A - D(A,B°®?) (a» a2 ® 1) ,
B°® 5 D(A,B°P) (6 - 1 ® 6) are h-adic topological R-Hopf algebra
homomorphisms,

(iii) The multiplication m is given by

D
mD = (mA ® mB)°(idA ® b ® idB)

Proof. Here we prove the associativity of the
multiplication mp of D(A,B°?) on1y.

Let a®b, c®d, e ® f € D(A,B°P) . Put

_10_



(2) (1) (2) (3)
AB (b) = E bu ® bu ® bu ,
(2) _ (1) (2) (3)

AA (c) = 3 c, ® Cy ® cy

By (iii), we have:

(a ® b)-(c ® d)

_ -1 1) 3 (3 (1> (2) (2)
= z <SA (cv ),bu ><cv ,bu >acV ® bu d
u,v
Put
(2) 1) (2) (3 4) (5)
= 8 8 8 8 ?
AB (b) § b; bg b; bg bg
(2) _ (1) (2) (3)
AB (d) = 5 dw 2] dw ® dw s
(2) _ 1) (2) (3)
AA (e) = § ey ® ey ® ey

By (iii), we have:

((a ® b)(c ®d)) (e ® f)

(1.4.2) = £ <53 ey, p8805¢c3 p 10y
A v 4 v g
V,W,X, ¢
-1 (1) (4),(3) (3) (2),(1) (2) (2) (3),(2)
<SA (ex )’bg dw ><ex ’bg dw > ac e, 12 bg dw f
Putting
4) (1 (2) (3) (4) (5)
= e ® ® ® .
AA (e) g eE eg eg es eg

_11..



we have that (1.4.2) is equal to

(1.4.3) 5 <S;1(cél)),bé5)><cés),bél)>'
v,w,X,€,¢%
-1, (1) (3) -1, (2) (4), ., (4) L (2) (5) (1)
<S4 Ceg 2,d "> <5 T e, "), b " ey 2 PRS SCNINT Ml
(2) (3) (3),(2)
acv eg ® bg dw f

Similarly, we can show that (a ® ¢)-((b ® ¢c)-(d ® £)) is

equal to (1.4.3). Hence, we have:

((a ®c)(b®c))(d® f) =(a®c)((b®cl-(d ® f))

1.5. Let V be a complete and separated R-module. Here, we
define the notion the convergence of a multi-series in V .

Let f{a, . ... }. . be a multi-sequence in V

i S FERRRES € Z+
If there exists an element o € V such that, for any M € Z+ R
there exists N € Z_ satisfying that v(a - a; ...; > >M for
1 u
all i ,,...,1i > N, then we say that ({a. } converge to
1 u 11"-iu

¢ as a multi-sequence. The element o« is denoted by

Qim oy o The uniqueness of o follows from the
iyeeci 1 u
1 u

separatedness of V . The following lemma is obvious.

Lemma 1.5.1. Let V be a complete separated R-module. Let

(b, ... (i,
11 lu 1

for any M € Z+ , there exists N € Z+ such that

.,i,_ € Z+)} be a subset of V . Assume that,

u

_12_



v(b, . )y >M if i, >N or,...or i_ > N . Then there
11°'°1u 1 u

exists the limit 8 = &im X b, . . Moreover, for any
i 01 1 u

permutation p of {(1,2,...,u} , it holds that

2im ¢ Lim +-+( Lim £ b, S .. =8

. , e
1oc1y Yp(2) Locw) 1 u

1.6. Let V be a complete separated h-adic topological

R-module with a handy basis {vi} Let

i€l
«©

Cih)) (= ( Z aih
i=n

K 1 (nh € Z)}) be the fraction field of

R

€Cthll] . The h-valuation Vg ¢ K - R+ is defined by
putting vu(Z aihl) = min(ila, = 0} . Let vK = K ® Vv be the

scalar extention. Then we have the following identification:

K

Vi = ( Zoeyvy | @, € K, £im wv(a,) = +=}
i€l i+
The h-valuation v % on VK is given by putting

v
vacz a, v = min{vp(e )i € 1)
Let A and B be complete separated h-adic topological
R-Hopf algebras with a non-degenerate Hopf pairing
<, > A é B > R . We assume that A (resp. B) has a handy

basis {ai} (resp. (Gi)iel) . Moreover we assume that

i€l
<@;,6,> =8, ,c; for some c; € R\ (0} . Let D = D(A,B°P) e



the quantum double.

K K K

Let A", B", D be h-adic topological K-Hopf algebras which

are obtained by the scalar extentions of R-modules A, B, D

K

respectively. Then DK ~ AK ® B as an h-adic topological

K-vector spaces. Moreover we consider AK (resp. (BK)Op) as a
topological K-Hopf subalgebra of DK by the embedding AK - DK
@- 28 1) (resp. B°P 5 pK (45 1 8 6) ) . We denote the
Hopf pairing K ® < , > : AK @ BX 5 R simply by < . >
Let {e.). and {(e'}. be the subsets of AKX ana 8K
i’i€el i€l
respectively such that e, € Kai , el € K&i and
, il"'iu i .
<e.,e3> = §,, . Let us define m, s M ., Y% € K
i ij J N T J
by
i ...i
m K(u 1)(e ® .-+ ® e, ) = X m, 1 U e ,
A 1 u J J
AV Pen =zl e 80
A H Iy 11 ly
-1 i
S (e,) = X vy, e, .
AK i j
Using Hopf pairings < , > , we have:
(u-1), j L7ty
A g (ed)y = T m. e, 8 .- ®e
B 1 1 u
(v-1) j1 Iy i i
m g (e * 8 - ®e )= Zu Liooe
B 1 Yy
S K_l(el) =¥ yd ed
B

From Proposition 1.4.1, we obtain the following lemma. We

- 14 -



omit the proof.

Lemma 1.6.1. In D7 , the following equations hold.

_ s kip .n ')
(i) e e z ”njk m=y ?p e.e
.. _ s plk _n
(ii) e e z “kjn mey Yp e ej

1.7. In [2] , Drinfeld introduced the following construction
of a universal R-matrix, which are called the quantum double

construction.

Proposition 1.7.1, (fAe guanium double construction).
Retaining the notation in 1.6. Let C be a complete separated
h-adic topological R-algebras with 1 . Let Q : D> C be an
R-algebra homomorphism. Denote the scalar extention

K - CK by again § . Assume that

K K

idK ®Q : D

R = Z Q(ei) ] Q(ei) converges in C° ® C Then ®&
i€l

satisfies:

(i) The element ® is invertible. The inverse & 1 is

given by ® = I Q(S(e)) © Qcely
i€l

(1) 2@ 8 QAR = 0 8 Qer-a(x)) for all z € pK ,
.. . i _
(iii) i;ZI(Q ® Q8 Q)((A® id)e, ® e')) = Ry Roq s
. i -
Z(Q8Q8Q(ideAe, 8e')) = N

i€l

..15_



Proof. Note that any multi-series below satisfies the
assumption in Lemma 1.5.1. In the proof, we simply write a ® b

for (Q ® Q)(a ® b) . For all i € I , we have:

_ i t
® A(ei) = X Prg i) ® e e
_ i tr s _kip.n 2 i klpr_n 2
= X B My “njkm t yp e, ® eje = X “rnjkm X Yp e, ® eje
_ i k& 4 i 9 _ . .
= X “jkmx e, ® eje = Z “jk exey ® eje = (T A(ei)) R

Similarly, we have ®-A(e') = toA(e') ® for all i € I . Since

{ai'6j = ai ® 6j € Rei’eJ} is a topological basis of

(i,jreixl
DK s Wwe obtain (i) . The equations (ii), (iii) can be proved

similarly.

1.8. Here, we comment on the definition of an h-adic
topological algebra with generators and relations.

Let V be a free R-module with a basis {xﬂ}leL . Let

~

7 = R<x1|£€L> be the tensor algebra T(V) of V and let %

be the completion of % . Let PA (X € A) be the elements of

F .pPut 8 =%/ 2 ?'Pl°9 ) . We say that the h-adic topological
A

R-algebra € is h-adically generated by xl (2€L) with the

relations { PA (X € A))

..16..



1.9. Let § = 50 & 51 be a (topological) R-superalgebra.

For i € (0,1} , define p, : $ - Si by pi(x0+xl) = X, where

x., € Sk (k € {0,1}). Let <o> be the cyclic group of order two

k
with a generator ¢ . Let R<o> be the group ring of <o> over
R . We define an R-algebra structure on an R-module

§7 = 5 8, R<> by

d

(x ® oc)(y ® o7) = x(po(v)+(-1)cp1(v)) ® OC+d

We write z0° for x ® ¢© . Define ry § » §° (resp.

Qo : § - $7) by ro(x) = x0 (resp. Qo(x) =z x0) (x € $) . From

the axiom of Hopf superalgebras (see [141), we can easily show:

Proposition 1.9.1. Let (§ = §, @ Sl,A,é,é) be a
(topological) R~Hopf superalgebra. Then the R-algebra 50 has a

(topological) R-Hopf algebraic structure (SG,A,S,S) such that

(i) The coproduct A : 50 » 5% @ 50 is defined by
A(x) = ((id ® py + 1, 8 pl)oA)(x> (x € $) and A(0) =0 ® 0 ,

(ii) The counit & : $7 » R is defined by £(I) = £(X)

(x € $) and g(o) =1 ,
(iii) The antipode S : 50 » 8% is defined by

S(x) = ((py + £0°p1)°§)(1) (x € §) and S(0) = 0o

Conversely, we can also show:

_17_



Proposition 1.9.2. Let $ be a (topological)
R-superalgebra . Assume that 50 has a (topological) R-Hopf

algebra structure (EO,A,S,S) satisfying:

(i) A(SO) C 50 ® 50 + 510 ® 51 ’
A(Sl) c 51 ] 50 + 500 ]® 51 and A(o) = 0 8 0o ,
(ii) 8(51) = {0} and €(o) =1 ,

(iii) S(SO) c 50 s S(Sl) c 051 and S(o) = ¢

Then there uniquely exists a (topological) R-Hopf
superalgebra structure ($,A,£,S) such that (SO,A,S,S)
coincides with the Hopf algebra defined in Proposition 1.9.1

for (S,A,é,é)

...18_.



8§2. Quantized enveloping (super) algebras

Notation. In 8§82-810, the following notation will be used:

(6,M,p) := a triple of an N-dimensional {-vector space &
with a non-degenerate symmetric bilinear form
(, ) :é6x6=>C, alinearly independent finite subset

m= {x ..,an} of & and a function p : M= {0,1} (see 2.1)

1*°
P := Z+a

. ® Z+a - INY Z+an (c 6) (see 2.3)

1
D = diag(d

2

1,...,dn) := a diagonal matrix of degree n whose

matrix elements are half integers (see 2.1)
£ = 5* (see 2.1)

Hl (L € ) := the element of #X defined by ”(Hx) = (U,X)

(L € &) (see 2.1)
R := CIChll , the ring of formal power series in an

indeterminate h

q = eh € R (see 2.9)

N, := a free R-algebra with generators {EillsiSn} (see 2.1)

N_ := a free R-algebra with generators (F, |1<i<n} (see 2.1)

S[%R] := a symmetric R-algebra generated by %R = # ® R
(see 2.1)
R<o> := a group ring over R of a cyclic group <o> of

order two (see 2.1)
Ug = Ui((é,ﬂ,p),D) := an h-adic R-Hopf algebra, which is, as
an R-module, isomorphic to N_ & st#®1 & Rco> 8 N_  (see

Lemma 2.1.4)

R™ := Crr/hil (see 2.2)



N, := N, 8 R" (see 2.2)
S[ﬂR/J := si2f1 8 R7 (see 2.2)

R7<o> := R<o> 8 R™ (see 2.2)

Uyﬁéf = U}EGZ(G,",p) := an /h-adic R -Hopf algebra, which is
as an R -module, isomorphic to N; & S[%R’] ® R <o> ; We put
E; =E, ®18®1,0 =18100,H =1686H®1 (HE€ ;
usually we identify E; and ¢~ with Ei and o (but not
H® with H ) (see 2.2)

o °

E. , H s 0 := elements of (Uyﬁéf)o (see (2.3.1-3))

i A
<, > U)FGZ X U}EGZ » R™ := a Hopf paring (see 2.4)
b o= D(Uyﬁéf.(Uyﬁéf)°p) the quantum double defined with
respect to < , > (see 2.5)
Since, as R -modules, ¥~ =~ U};‘f ® U}Eéz , we write X € b~
for X8 1 and X € ¥ for 1 ® X where X € U}H6f
(see 2.5)

I; := Ker < , > (see 2.6)
+

- [e) . - - g -
U/F6+ t= U/H6+/I6+ (see 2.7)

I+ := Ker < , >|N; 5 N; (see 2.6)

N, := N+/I+ (see 2.7)
D" := DU 67, W ~67)°P) the quantum double defined with
° /H+’\/B_+
respect to < , > (see 2.8)
. - - - O - L0 N <
Since, as R -modules, D =« U/56+ ® U/H6+ , We write X € 9D
for X® 1 and X €D  for 1 ® X where X € U}Eéf (see 2.5)
N, := a unital R-subalgebra of N; such that N; = N+ <] /FN+

+

(see Lemma 2.9.1)
. 1, /HI+, N, = N+/1+ (see Lemma 2.9.1)
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Ug = Uﬁ((&,",p),D) := a topologically free R-Hopf algebra

(see Theorem 2.9.4); if W is a set of a simple roots of a

Kac-Moody Lie algebra G (resp. a simple Lie superalgebra ¢
in 3.1) and p(a;) = 0 for all «, € W, then, as a C-Hopf

algebra, UJ/hU] = UG (resp. U/hUp = U®?)

(see Theorem 2.10.1 (resp. Theorem 10.5.1))

f+ += an ideal of N+ generated by q-Serre relations and

additional relations (see Definition 4.2)

N = N+/.¢+ (see 4.3)

+

f; := an ideal of U}E‘i generated by elements of $_ (see

+

4.3)

- o) . - g -
ﬂ/—6+ 1= ﬂ/g6+/f6 (see 4.3)

-+

In fact, it will be shown that f+ = I+ " 96 = 16 ,
+ +
4°—6% = U =67 ¢ P ition 10.4.1)
/b = Upt, (see roposition .4,
X := a weight space of X of a weight v € P_ (see 4.4)

+,V +

2.1. In § 2, we construct quantized enveloping algebras
associated with generalized symmetric Cartan matrices of
Kac-Moody type Lie superalgebras.

Let & be an N-dimensional complex linear space with a
non-degenerate symmetric bilinear form (¢ , ) : § x § » € . Let

m= {x .,an} be a finite linearly independent subset of &

10

- 21 -



We call a function p :W - (0,1} the parity function. We
call (§,T,p) a triple system. Let d, € 2I\(0) (l<i<n)
Define the diagonal matrix D by diag(dl,...,dn) . Put
£ = 6% . For x €6, let us define H € # by u(H) = (u,1)
for all un € &

Let Uﬁ = ﬁz((é,ﬂ,p),D) be an h-adic topological R-~algebra
, O

h-adically defined with generators Ei , Fi (1<i<n) , H € #

and relations: (Here [X,Y1l denotes XY - YX .)

2 p(ai)
(2.1.1) 6" =1 , oHo = H (H € %) , oEio = (-1) Ei ,
p(ai)
oF.0 = (-1) F. ,
1 1
(2.1.2) [H ,H,] = 0 (H;,H, € £) ,
[H,E.] = «, (WE, , [H,F.1 = -, (H)F, (H € %) ,
1 1 1 1 1 1
p (e, )p () Sh(hHai)
(2.1.3) E.F. -(-1) ] F.E =8 ——\
J J J sh(hd,)

Similarly to [15]1, we have:

Lemma 2.1.4. ({he friansular decomposition of Ug) Let
N. , (resp. U(ﬂR)

. , R<o> or N_ ) be the unital R-subalgebra

of Ug algebraically generated by the elements {El,...,En}

(resp. {(H;,...,H, {0} or (Fi,...,F }) . Then N+ (resp. N_ )

is isomorphic to the free algebra R<E1,...,En> (resp.

R<F1,...,Fn> ) . The algebra U(%R) is isomorphic to the

R R

symmetric algebra S[# 1 of the R-module #¥ = R ® ¥ . The
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R-module R<o> 1is isomorphic to Ro ® R . Moreover we have an

isomorphism of h-adic topological R-modules:

N, e sttf1 @ Reo> o N_» 10 Xx@zeo® ey xz0%

(c = 0, 1).

Proof. Let R(xl,...,xn> and R<y1,...,yn> be the tensor

algebras of the free R-modules with bases xl,...,xn and

vl,...,vn respectively. Let =z y Z be a basis of ¥

ERRREEA
Put V = N+ e S[%R] ® R<o> ® N_ . Note that the topological
a4 an c
basis {xi -~-xi ® z1 '-'zN ® 0" 8 yp, -y, } is a handy
1 u H Iy
basis with I = {(il,...,iu,al,...,aN,c,jl,...,jv)} and

p((il,...,iu,al,...,aN,c,jl,...,Jv))

. . X . . g
= +,..,.+ + +,..+ +C+ +,.,.+ . -
iy i a1 aN c Jl j We can define a Uh module

structure on V by the following formulas: (Here p(i)

denotes p(ai). )

ay an c
F..x, =+, ® 2z "2 ® 0" 8 y. ¥,
i 1 N J J
u 1 \'4
pCi){p(iy) ++-++ p(i__,)}
-1) 1 s-1

11

I
HMS =

o

sh(h(H, -(o, +ece4a, (H, )))
o i 's+1 'u_ % 1

1 s Iy sh(hd,)

@ 0" @ ¥y, ¥y,

Jl Iy
p(i){p(il) +e 4 p(iu) + ¢}
+ (-1)

a a
1 N ¢
)) (zN+ai(zN)) g’ @ viyj Y.

X. ---xi ® (z
1 Iy

+ai(z
1 u

1 1
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1 u 1 u
8 o0y, -y (H e #® ,
Jl v
a a
g.x . ® zll-~ zNN 8 c¢ @y, -
1 u H
p(i,)+--+p(i_ ) a
= -1y 1! Wa ez, ozt
1 u
oC+1 @ y. -y, ,
i iy
a a
E,.X, -*°x, © zll° -zNN ® c oy, -
1 u J1
a a
= XXy Xy 2] zll- -zNN ® o€ V.
1 u H

On the other hand, by using (2.1.1)

that UZ is generated by the elements

as an h-adic topological R-module.

"'vj (1 <i < n)

- (2.1.3) , we can show

LN € Z+ , ¢ € {0,1})

Hence we see that the R-module homomorphism Uz -V (= x.lv)

is isomorphism. This completes the proof.
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Defining the coproduct A , the antipode S and the

counit €& by

p(ai)
AE.) = E, © 1 + exp(hH_, )0 ® E. ,
i i «, i
p(ai)
A(Fi) = Fi ® exp(-hHai) + 0 ® Fi s
A(H) = H® 1 + 1 ®H (He€ %), A(g) =0 8 ¢ ,
p(ai) p(ai)
S(Ei) = -exp(-hHai)°o Ei s S(Fi) = -Fiexp(hHai)o .
S(H) = -H (H € %) , S(¢) =0 ,
S(Ei) = S(Fi) = gH) =0, €(0) =1 ,

the algebra Ug becomes an Hopf algebra.

2.2, Let (6,0 = (al,...,an),p) be a triple system. Put
- - - L0 _ - ,0
R” = Crt/h1l . Then R™ =R ® /hR . Let U6, = U6 (6,1T,p)

be a vh - adic topological R-algebra with generators

-

. . . - ,0 . .
E, (1<i<n) , H™ € £ , 0 and relations: (In U/H6+’ we write H
for H € X ).

2 B B _ p(ai)
1, oHo = H (H € # , oEio = (-1) Ei s

(2.2.1) o

(2.2.2) [Hl,Hzl 0 (Hl, H2

/Hai(H’)Ei (H™ € #)

€ % ,

(2.2.3) [H/,Ei]
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A topological Hopf algebra structure of ﬁ;H6Z introduced
by defining the coproduct A~ , the antipode S~ and the
counit &  defined as follows: (Here H  denotes an aribtrary

element of #.)

p(ai)

® E, ,
i

(2.2.4) A’(Ei) E,; 81 + exp(/FH& )0

1
H ®1 +1®H (H €%, A () =080,
pla,)

E. ,
i

A (H™)

(2.2.5) S'(Ei) -exp(-/FH& )0

. 1
-H" (H € #) , S (o) = o0 ,

S"(H)

(2.2.6) s’(Ei) e’(Fi> =g (H)=0, €7 (o) =1

-

- - ,0 - o . -
Let Q_ : ﬂ/EG+ - R ® ﬁh be a continuous R -algebra

homomorphism defined by putting Q;(Ei) = E, , Q;(H/) = vh H
(H € #) , Q;(o) = ¢ . Then Q; is an h-adic topological Hopf
algebra homomorphism. Similarly to the proof of Lemma 2.1.4, we

have:

Lemma 2.2.7. (i) Q; is injective. (ii) Put

- - -~ R/ - R
N, =R ®N_=RKE,...,E >, SI®" 1 =R ®S[#£1 and

R"<6> = R* ® R<o> . Then we have an isomorphism of /h-adic

topological R -modules:

- R™ ., > .- - ,0
N+ ® SIX” 1 ® R <o> » ﬁ/56+
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C C

(X ® Z° 8 0% » X-Z -0 (¢ =0, 1))

In paricular, if H are C-basis of # , the elements

(2.2.8) Ei -+*E, *H -+*H °C

1 u
(1<i

.,iu$n, a

1°*°° 12

form a topological basis of U};‘f

-

2.3. For a € Z+ , let Sa be the submodule of homogeneous
elements of degree a of S[#R 1 . Then S[%R 1 = ® S;
a € Z
+

Put P, =20, ® -+ ®Za €6 . For x€P, , weputN, =

® R'E, *-*E; . Then N, = & N,
0, +roro, =2 1 v A€P

-

We define the elements Hl° (1L€8), E; (1<i<n) ,

o’ € (U}E6f)* as follows: (Here X (resp. Z ) denotes a

non-zero element of N;,u (resp. S[%]'a) and ¢ € {0,1}.)

A(Z") if X =1and a=1 |,
(2.3.1) H;°(X°Z'-ac) =
0 if pu#=0 or a/# 1 ,
1 if X=E, and Z =1 |,
(2.3.2) E;(x-z’-oc) =
0 if p # ai or a#a0 .
-1% if X=2"=1 |,
(2.3.3) o0 (X2 0% =
0 if uw#0 or az®o
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&> -0

. ° - ,0.0
Lemma 2.3.4. (i) E. , H , 0 € (U/56+)

(ii) There is a topological R' -Hopf algebra homomorphism

. - a - O'O - - - O _ o
8: U6, » (Up6,)" such that O(H)) = H~ , B(E)) = E_ ,

8¢o) = o

. ° - ,0.0 .
Proof. (i) We show E; € (U’=6)" only . It can be easily
shown that the basis elements x of (2.2.8) satisfying
x.E; # 0 are 1, o, Ei and Eia . Hence we have
- ,0 ° . . . ° - ,0.0 .
rank (U6 ).E; < 4, vhich implies E; € (U=60)" . Similarly,
-0 o - ,0.0
we have H =~ , ¢ € (U/56+) .

(ii) First we show that 8 1is an algebra map. We show that

the elements E; , H/° satisfy (2.2.3). By the definition of

A
the coproduct A~ and the definitions of E; , H;° , o, for
the basis elements x of (2.2.8) , we have:
. - C
e ) if x = Ei°H 07,
E,-H " (2) = H
0 otherwise,
/H(l,ai) if x = Ei‘oc
H 'Ei(x) = (a,un) if x = Ei°Hu°o
0 otherwise.
Hence it follows that Hio'E; = E;'H;° + /E(A,ai)E; , which is

the relation (2.2.3) . Similarly, we can show that the elements

-0

E; , HT o’ satisfy the relations (2.2.1-2)

Next we show that © is a Hopf algebra map. Let m denote
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the multiplication of ﬁyﬁég We are going to show that

t ° ° .0 ° p(ai) °
(2.3.5) mE) = E 8¢ + exp (/h SADRRCAD! ® E, ,
i
which is the one of (2.2.4) Let x and % be a pair of the
basis elements (2.2.8) By (2.2.1-3), we have:
t °
m(Ei)(x @ ¥)
( . _ c _ _d _
1 if x = Eio (¢ =0, 1) and 9 = o (d = 0, 1),
po.)c a,+°-*+a a a
i 1 N -4 - 9N
_ J D (/h) o, (Hj o, (H)
a a
. _u- 1, . .y N_c _ _ d
if x = H1 HN o (al, yay € Z+, ¢c =0, 1), y = Eio s
\ O otherwise.
Here we note that, for the basis elements x of (2.2.8),
(2.3.6) (H. )20 %) =
X
ataCH deoaH Y(-1Y i z = H] ---H] -0
1 1 1 1
1 a 1 a
= (1$11$...$1a$N, d = 0,1),
0 otherwise.
Hence we have:
. . . e plo.) .
t(E) =ET @& + T lmAwH% @) ' e E;
1 1 a. o. 1
a € i
+
. . ,0.0 . - ,0.0 . .
in (U607 8 Ut The above is nothing else but (2.3.5)
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o

Similarly, we can prove that E; s HA , o’ satisfy (2.2.4-6)

This completes the proof.

2.4. We define a symmetric topological R -Hopf algebra

g
+

pairing < , > : U] x U] » BT by <x,¥> = 8GO (). By

(2.3.1-3) and (2.3.6), we have:

Lemma 2.4.1. Let 8i (1<i<N) be a C-basis of & such that

(8;,8;) = 8;. . Let X €N . and YeN, . Then we have:
a a b b
<x-HZ 1. “H N.gC , y-nuo 1. HC N.od ,
1 N 1 N
cd N
- L] ' *
(-1) (121(581bi a; ! alu<x , >

- - 0 - ,0.0p
2.5. Let B7 = D6, , (U p60"°") be the quantum double

defined in §1. Then 97 =~ U}E‘Z 2] U};6f as R -modules. For an

element X € ﬁ;ﬁ6+ , we write X for X®1 and X  for

18X .

Lemma 2.5.1. The h-adic topological R -algebra P~ is
h-adically defined with the generators Ei , E; (1<i<n) H , H'°
(HW € #) , 0 , 0 and the relations:

° -

(2.5.2) The elements o, ¢ , H , H'° are mutually commutative.
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(2.5.3) 0.0 = (-1) ! E, , oE;o = (-1) ! E; ,
. . p(a,) o o o p o)
¢’BE07 = (-1 E, , 0 E;0° = (-1) E
m.&4)[H2Ei]=thﬁHWEi. nrﬂEH =-ﬁhiﬁr)Ei,

-

[H,E,] =ﬂhim YE, . [H,E.] =-ﬁhﬁH)Ei,

. . _.. JPa) _ p(a,)
(2.5.5) E.E, - E.E. = &..(exp(/h H_ )o - exp(/hH_ )o ).
1] J 1 1] ai (Xi
_ p(ai)
Proof. Put L, = exp(/FHa Yo and
i
. / pa;)
Li = exp(/EHa )o . First we show that (2.5.5) holds in

i
" . By Proposition 1.4.1 and (2.3.1-3), we have:

E°E, = ¢(E., ® E.)
J 1 J 1
LLysE.E° + <E°,E.><1,8 " 1(L.)>L,
1 1 J 1 1 1

+ <L°,L.><E",s "1(E.»L®
J 1 J 1

= <L3,1 ><1,8 "

= -EE + &, L, -8..L .
17 1] 1 1] ]

Similarly, we can show (2.5.2-4). On the other hand, it can be

easily shown that the R -algebra defined by the relations

(2.5.2-5) is generated by the elements
E, ---E, H, ~-+*H_ ‘o'E ---E'H
1 J J.-

“} is a basis of # and

as an R -module where {Hi”"’HN

1 € i ,jsz,a .,aN,b ..,bNeZ+,

ITTRUUS HS P - L
c,d € (0,1} . Since D" =~ U"~6% & U—67 , this completes the
/n'+ Jh'+
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proof.

2.6. Let I, (c U;563> (resp. I_( c N])) be the kernel of

+

< , > (resp. < , >IN; x ~- ).

N The following lemma is useful.
+*

Lemma 2.6.1. If J° is an bi-ideal of Uygéf such that

-~ - o -~ -~
" c izj E;E,Up6, » then J™ c g,

Proof. By (2.3.1-3), the generators Ei (1£i<n), H (H € #) ,

o are orthogonal to J” . Hence the lemma follows.

- fe) - P - -
. = U/56+/16+ and N, = N /I

Put I, , =1, 0N and N, . = N_ /I, , for 1 €P,

Lemma 2.7.1. (i) N; , is a free R -module of finite rank.

- - . . - — ’. R
N, = @ N[, . (ii) I, = 1.-SI%

1-R7<o> . (iii) As
X € P+ ’ +

topological R -modules, U}H6Z > N, 8 St%R 1 8 R <o>
(X2 0% «x82 ®0%. In particular, U}—6z is a
topologically free R -Hopf algebra.

Proof. Let ¢ € R'\(0) and x € N_ . If cx € I_, then

e<x,¥> = <ex,¥> = 0 for all ¢ € N+ \ Hence <z,¥> = 0 which
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implies x € I; , - Hence the freeness of N; follows.

From Lemma 2.4.1, we obtain:

< , > =
<, D - -8 <, > - - ® <, > - -
IN+ ® N+ sth 18 S[%R ] [R"<o> ® R <o>
S L
and N; = & N; , (Here @ denotes the orthogonal direct sum).
x € P °
+

Then we have (i) and (ii). We immediately obtain (iii) from

(ii)

-

_ - - 0Py (o 11° - op
2.8. Let D7 = D(UJE6 ,(Upb 070D (x Ujpb, 8 (Ujpé )7") be
the quantum double defined in §1. For an element X € U956+ , we
write X for X® 1 €D and X for 1 ® X €D . For a
subset M of U/E6+ (resp. U/56+), we write M for
(m® 1 €D (resp. D' )Im € M} and M for
(1 ®me€e D (resp. T7)Im e M)

By the definions of the quantum doubles P~ and D~ (see

Proposition 1.4.1), we have:
Lemma 2.8.1. (i) As R -modules,

(2.8.2) P =N & st%R 1O R o> ®N"° & S[%R 1° & R7<o’> ,

R R”

(2.8.3) D =N & SI#° 18R <o>ON " & si#° 1° 8§ R<a’>

14
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(ii) Let ¥ : P - D° be a natural epimorphism defined by

PX® ¥) = X® Y where X =X + I, and Y = Y + I, - Then

+ +

Ker¥ =

- R/ - - (e K4 - g - R/ ° - °
I.-SIX" 1:R°<o> 8 (Ut > + U6 8 10 -SIH 1 R <0 >

2.9. Let N, (resp. N_) be the unital R-subalgebra of N,

+

(resp. NJ) generated by the elements E, (1<i<n) . Since N, is

free (see 2.7.1), N, is a free R-module. Let I_ = 1I_n N,
For A € P_ , we put N+,x = N+’l nN, , N, o = N, , NN, and
Loy = 10 3 NN,
Lemma 2.9.1. (i)
N, =N, /N, , I, =1/h1, ,N =N/I_,
Ny =N ,evhN 1 =, eI,
Ny oo = N/
where 1 € P_ .
(ii) For x € P_ , there exists a free R-module L, 2
such that N, , =1, @e1L ., .

since <X,Y> € R

Proof. (i) We have 1+’l = I+,l ® /h 1+’

for for all X , Y € N+ . The rests follow easily from this.

A. ?
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(ii) By Lemma 2.7.1, N; , is a free R -module of finite rank.

Hence, by (i), N+ 2 is a free R-module of finite rank. Since

N+,)L z N+,1/I

such that x

a2 choosing representatives X ,,...,T € N+,x

1,...,xu form a basis of N+’/1 (modulo I+,k), we

have N+’A = I+’l ® (Rx1 CRIRY qu) . Hence, putting

L = Rz, &-++® qu , the part (ii) follows.

-

Lemma 2.9.2. Put K. = exp (/h H& ), K; = exp(/h H&°) €D
i i

(1<i<n) . Let T <(resp. T°) be the R-subalgebra of D~

generated by the elements Kiil (resp. K;tl) (1<i<n) . Let U

be the R-subalgebra of D~ algebraically generated by the

elements o il, o°t1 and Kiil, K;tl, Ei’ E; (1<i<n). Then

(i) U 1is a (non-topological) R-Hopf subalgebra of D~

(ii) As R-modules, U =N, ® T ® R<o> ® N: @ T ® R’ >

d d

( Xto%Y's’0’* «x0 ¢t 8°8Y ®840° ®0"") (XeN, teT,

c € (0, 1}, Y €N,, o € T", d € (0, 1}) . The elements
2 e 2 Lo
K, "-oK, (resp. K, "---K ~ ) (&;,...,8 € Z) form an

R-basis of T (resp. T

Proof. (i) By (2.2.4-6) and Proposition 1.4.1, we have (i).

(ii) By (2.2.1-3), (2.5.2-b6) , we have

U= N,_T-Ro>N,-T -R<o™>
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By Lemma 2.8.1 (i) , we can easily show that

'} 4 m Cm
1 n_ Neew®S L.l .ge D, °
N, K, K, "-R<o>-N, K] K "R<o”>
2, 2h o oMy oM o
~N, ®K ~--K " ®RW>®N, ®K K " 8RW>

holds in D~ for each Ql,...,Q cam € Z . Therefore, it

n'™e

is enough to show

Ql Qn .
(2.9.3) U =~ & N *K °"Kn °R<0>°N+'K1

2.,07€Z 1
1 1

m

loog? MRea>
n

Take o € § such that o R SN » ¢ ., 0

n+1’ "0 ON 19 % % ey 0Oy
form a basis of & . For 1<i<n, define R -module maps
9, D" » D and a; : D" - D by:
a a b b
9, (X ® H 1 < HZ NgotCeovy e H' 1 H, N g g°dy
1 N 1 N
a a.~1 a b b
= a,"X ® H_ 1oy 1 ‘H, Ng ooy o H® 1 H, N g og°d
1 i N 1 N
a a b b
acxeH, l-onl NeoCevy en 1. N g o°dy
1 N 1 N
a a b b.-1 b
= b,X ® H; 1'~°H& Nog ooy o H,, 1.y CoH Ng g°d
1 N 1 i N
where the elements
a a b b
X ® H 1°°~H& Ngo® oY @ H® 1~.’H&° Nggod
1 N 1 N

are basis elements of
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D" ~ N & si# 18 R <o> 8N 6 st 10 @ R <>

(see (2.8.3)). Then we have:

n Fod o 4
aicx Q® K1 Kn ® c" ®8Y ® K1

= Qi/ﬁ-(x ® K, K "o o’ @Y © K; R

° 1
Si(X ® K1

[}
= mi/ﬁ-(x ® K, K Mo o¢ 0 v ® Ky

Hence (2.9.3) is the eigenspace decomposition of U with

respect to ai and 8;

Now we state the main theorem of §2. We put g = eh

Theorem 2.9.4. Let (é,1 = {al,...,an},p) be a triple

system and D = diag(d,,...,d ) (d; € %Z\{O}). Put
44
qi = q € R . Then there exists a unique topologically free

R-Hopf algebra Uﬁ = Ui((a,n,p).n) satisfying the following

conditions:

(i) The R-algebra Ug contains S[%R] , R<o> , N, > N:

as R-subalgebras. Here N: is another algebra isomorphic to
N+ . For Y € N+ , we denote the corresponding element of N:
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by Y’ . As topological R-modules,

Uﬁ > N, ® S[%R] ® R<o> @ N: (X-P0oS Y «X®P®COC

e v,

(ii) There is a topological R -Hopf algebra homomorphism

-

Q" : D

-

- UE ® R~ such that

-Q H ")y =vhH (He€Hx .

-1
(qi -qi)Ei (1<i<n)

(2.9.5) Q’(Ei) = E, (1<i<n), Q7 (H)

RN (o) =Q ') =0, Q’(E;)

. pla.) p
Proof. Step I. Put E, = F.0 € ﬁh (1<i<n) . By

Lemma 2.5.1, we see that there exists a topological R -Hopf
algebra homomorphism & : ¥~ - Uz ® R° satisfying the
conditions (2.9.5) . Let N: be the unital subalgebra of Ug

algebraically generated by the elements E; (1£i<n) . By

Lemma 2.1.4, it is clear that

o R -
(2.9.6) U =N, & si#"1 8 Rwo> 8N,

Step II. We construct Uz as a quotient of Uz . Set
R

R

[
1

1,-S[®"1-R<o>-N, and J, = N -SI#"1-R<o>-I_  where

—
il

(Y’IY € I,) . We claim:

(2.9.7) J, and J, are Hopf ideals of ﬁ: .
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Assume this fact for a moment. We define the Hopf algebra

g

Uh by Uz/(J1 + J2) . By Lemma 2.8.1, there exists an R -Hopf

algebra homomorphism Q  : D™ - Ug ® R° naturally induced from

(o R R ﬁg ® R° of Step 1. By (2.9.6) and the definition of
g c s s g R

p ¢ it is clear that U =~ N, ® SIH

In particular, Ug is topologically free. Since

U 1 ® R<o> ® N: as R-modules.

h(Ug ® R7) ¢ Im Q° , the product in Ug is uniquely determined

by Q° . Hence the uniquiness of Uz follows.

It remains to prove (2.9.7) . We shall prove this only for

J1 5 J2 can be treated similarly.

First we prove that J1 is a two-sided ideal of the

algebra Uz . Evidently, Jl is a right ideal and Ei'J cJ

(1£i<n) , H.J1 c J1 (H € #), O.Jl c J1 . Recall I_= & I

By Lemma 2.9.1, J1 is a direct summand of Uz . Hence it is

enough to show that

o

_l s
(2.9.8) (qi qi)Ei'I+,l C I+,A'Ei
p(ai) p(ai)
+ 1 _ -exp(—hHa Yo oo+ 1 _ °exp(hHa Yo

Let X be an element of 1 . By Lemma 2.5.1, we have that

(2.9.9) E;.X

se R gy 3
-exp (Vh H, o + X -exp (V/h H, )0
i i

. p(a.)
X‘Ei + X(1) i

with some X1’ , 2 e N

+,a-g, 1in the algebra U7 . Let

i
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Y : 7 > D7 be the Hopf algebra homomorphism defined in

Lemma 2.8.1. By Lemma 2.9.2, x17 , x(2

by Lemma 2.8.1, X127 , x®@

€ Ker ¥ . Hence,

€ I+,l-di . 1f we let operate {

on the left and right hand sides of (2.9.9) , we obtain:

_1 o - o
(q. -qi)Ei.X = (qi 1—qi)X.Ei

1
ple.) ple.)
+ X(l)-exp(-hHa Yo 14 X(Z)'exp(hHa yo &
i i

Hence (2.9.9) follows. Thus we showed that J1 is a

two-sided ideal.

Noting that Ker ¥ is a Hopf ideal, and using an argument

similar to the above, we have

(1)

A(X) = p (X °exp(th)op(v) ® Yél)
n,v € P+ y MtV = X "
(2) p(V) (2)
+ Y“ exp(th)o ® Xv }, X € I+’)L s
. (1) (2) (1)
with some Xu € I+.u s Xv € I+,v s Yv € N+,v ,
Y£2) €N, , . Hence AU cJ ® Uz + Ug ® J, . Similarly we
have:

. -D{X)
YS(I+’A) C I+’lexp(hHl) g

Hence S(Jl) c J1 . It is clear that 8(J1) 0 . Hence (2.9.7)

is proved. This completes the proof.
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By Proposition 1.7.1 and Lemma 2.4.1, we have:

Lemma 2.9.10. Let Q° : D™ =~ Uz ® R° be the Hopf algebra
homomorphism defined in Theorem 2.9.4. Let K~ (resp. K) be the
fraction field of R~ (resp. R) . Denote the scalar extention

Q" ® idy- : D7 8 K - U9 ® K of Q  again by Q . For

h
X € P+ , put pl = rank N+’A , and let (e(x,i)}ISiSpl ,
{e(l’i)} be bases of N ® K such that
1$i$pl +,X
<e e(l’j)> = 8 Let {g.} be a basis of & such
(X,1)? ij ’ i’1<i<N
N
that (ei,ej) = aij . Put tO = .§ HS. 2] HS. €E X ® KX . If the
i=1 i i
element
Pr
- - (x,i)
R = {Z z Q (e(l i)) ® Q (e ™" )}
AGP+ i=1 ’
1 cd
-exp(-hto)'(% > (1) o° 8 oh)
c,d=0

. c o - o o o
converges in U e Uy ® K~ and @R € U 2} U~ » then (Uh,A,%)

is a quasi-triangular Hopf algebra.

Remark 2.9.11. By Proposition 1.9.2, for Uz s, we define an

h-adic topologically free R-Hopf superalgebra Uh . In

Introduction, we wrote Uh(ﬂ,p) for this Uh
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2.10. Here we show that, if T = {¢ ,an} is the set of

EERE
simple roots of a symmetrizable Kac-Moody Lie algebra G and
px,) =0 (1<i<n), then U, = UZ/Uz(a-l) is isomorphic to the

quantized enveloping algebra Uh(G) introduced by Drinfeld [2]

and Jimbo [3] . More precisely, we obtain the following theorem.

Theorem 2.10.1. Suppose p(ai) = 0 for all i . Assume that

(ai,ai) > 0 (1£i<n) , (ai,aj) < 0 (i#j) and

(oL, ,00.)
a., = 2(at.,0t.)/(x.,0.) € Z . Let d., = ——+'— (1<i<n) and
ij i J i i i 2
D = diag(d;,...,d > . Then I, 1is the ideal of N, generated
by the elements
1-a,, L[1-2; b 1-a, . -v
(2.10.2) b3 (-1) Il E.YE.E J (i%j)
- v i 7ji
v =0 q.
1
where qi = exp(hdi) and
2-aij-s ij+s-2
1-a. . . - q.
[ aIJ] i ﬁ q1 ql c R
Y q s = 1 s _ -s
i 9 9

Proof. Let us denote ¥., € N the element (2.10.2) . By a

i +
direct computation, we see that

-

ATy ) =y @1 exp(/HH((l_aij)ai+aj)) ® y,, . Hence the

ideal of ﬁyﬁéf generated by the elements ¥,. is the bi-ideal.
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Hence, by Lemma 2.6.1, yij € I, . Put U = Uh/hUh where
U, = Ug/Uz(o-l) . Since U(G) 1is defined by the Serre

relations, there exists a natural epimorphism ¢ : UWG) - U
Let UCG) = Udn,) ® U) ® U(n_) be the triangular

decomposition. Put N = N,/hN_ . Let U(n,))

. and N+ denote

Y Y
the weight space of a weight vy € P_ . Let ¥(x) and Yo

denote the irreducible highest weight module with highest

weight x of UWG) and U respectively. Let V(A)l_y c YO

and V(A)l_y c Y1) be the weight spaces of weight Xx-y . From

a well-known fact in the representation theory of G <(see the
formula (10.4.6) in [4]), we can see that, if x 1is
sufficiently large as compared with Yy € P+ s

dim U(n+)y = dim V(X)A—y . On the other hand, using

¥ : UG » U, we can regard VY1) as an irreducible

UG)-module isomorphic to V(1) . Hence we have:

dim Utn ), = dim ¥, o = dim YO, _

< di
. v dim N+

Y R4

Since ¥ is an epimorphism, dim U(n+)y =2 dim N+ v " Hence we

’

have

(2.10.3) dim U(n_) = dim N+’

Y Y

Note that N+ 2 is a free R-module of finite rank and I+ 2 is

a direct summand of N+ 2 (see Lemma 2.9.1). Hence, if

wu (1 £ u £ rank I+,A) are elements of I+,A such that

(wu + hI+,x} is a C-basis of I+,A/h1+,1 , then {wu} is an
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R-basis of I+ R In particular, by (2.10.3), we can put

w =E ---E ¥ E

...E GI
oM Uke1 Yk Ukel Yke2 Y 02
P
(X = ~-a o + T o )

UgoUger U =1 Ut

Hence the theorem follows.

Remark 2.10.3. We remark that the above theorem can also be

proved by using Tanisaki’s result; as an immediately consequence

of Proposition 2.4.1 in [16], we can show the non-degeneracy of

the Hopf pairing < , > : Uh(n+) X Uh(n+) -» R where

Upy(n, = N /(¥ (1<i#j<n)). Hence I, = ¥ ;)
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8§3. Root systems of simple Lie superalgebras.

3.1. Let ¢ = QO @ Ql be a finite dimensional complex
simple Lie superalgebra of type A-G. Let (¢,$R) be a root
system of € . For terminologies related to simple Lie
superalgebras, see [5] . Here 6R is an N-dimensional real
vector space with a non-degenerate symmetric bilinear form

., ) : &R X &R > R and o (c 6R) is the set of roots. Put

§ =C® 6R . Let W = {al,..,an} be a set of simple roots and

p : M- (0,1y = Z/2Z the parity function. Put

P = Za1+°-'+Zan (c §) . We extend p the function

p: P- Z/2Z additively. We assume that the triple (§,7W,p) is

of distingushed type if % is of type F4 or G3. We do not

treat (é,T,p) of type D(2,1;%) . That case is easy. However we
need some unpleasant notation for type D(2,1;¢) . To fix
notation, we list below Dynkin diagrams, systems of simple

roots 1 = {al,..,an} , the set of positive roots ®+ and
parity function p : W - (0,1} of triples (é,T,p) of type

A -G, Weput N=n+1 if (P,T,p) 1is of type A, and N = n
otherwise. Let {Ei (1<i<N)} be a fixed orthogonal basis of

6R sy the values of (Si’gi) are given below. The element of 6R
written under the dot with the i-th label is the simple root

ai . Note that the numbering of ai’s is not the standard one
for types F4 and G3 . In the following diagram, the parity
function p : = (0,1} is defined as follows. The dot X at
the i-th label stands for the dot © (resp. ® ) if (ai,ai) = 0
(resp. (ai,ai) = 0). If the i-th dot is O , ® or @ , then we

define p(ai) = 0, 1, 1 respectively. We also give the diagonal
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matrix D = diag(dl,..,dn) such that A = D-l[(ai,aj)] is tha

Cartan matrix of (&,mW)

(i) Types A, B, C or D. For types A-D, we put

(g.,€.) = iaij (1<£i, jN), where we can arbitrarily choose the

1 2 N-1
(ANop) = Xo——x— —X_  , D = diag(1,..,1) ,
€1782 By783 By 7By
b, = (8,-8, (I<i<j<N)}.
1 2 N-1 N 1 2 N-1 N
N g, 5,0, Eyby oy §,F, 5,5, Bye. o
17%2 ®27%3 N-1"°N °N 1772 ®27%3 N-1"°N °N
D = diag(l,..,1,3) ,
O, = (E;*€; (I<i(j<N), B, (I1<iN) 28; (I<i<N), p(E,) = 0 )).
1 2 N-1 N
(Cy\? = fg = fg—- = fgzzzg ,» D = diag(1,..,1,2) ,
1772 ®27%3 N-1"°N “®N
o, = (8 %8, (ILi<jsN), 28, (1<i=N), P(E,-Ey) = 0 )}.
1 2 Nz Nl o _ o
(D) e fg—o-é-——fgz:::gN N-1TENHE By LBy D= BB,

172 "2773 PN-27°N-1 7 g +8y
1 2 N-2 Mol o _
51552 52553 ST NEN 1+§N if (By_y,Ey_1)="(E\,By),
N-1"°N
D = diag(l,...,1)
O, = (B *E; (IKi¢jsN), 28, (1<isN), D(E -By,,) = 0 )).

(ii) Types F4 and G3.



1 4 3 2
(F) _o——o=—=0—79% _ _ _
€,"€q €578, €, 5(E;-8,-E4-E,)

[(Ei,Ej)J = diag(6,-2,-2,-2) , D = diag¢2,1,1,2)

®, = (n @ +n, &, +nga +n,0, | (n;,n,,n0g,n,) = (1,0,0,00, (1,1,0,0),
(1,1,1,0>, (1,1,2,0), (1,1,1,1), (1,2,2,0), (1,1,2,1),
(1,2,2,1), ¢1,2,3,1), (1,2,3,2), (0,0,0,1), (0,0,1,1),
0,1,1,1>, (0,1,2,1>, ¢0,0,1,0), (0,1,2,0), (0,1,1,0),

(0,1,0,0)}

1 3 2
(Gy) _ 8——F—O¢===D ,
E\-8, 3(E,"8g5) &4

t(Ei,Ej)J = diag(-2,2,6) , D = diag(1,3,1)
¢, = {n1a1+n3a3+n2a2l(nl,n4,n3) = (1,0,0), (1,1,0), (1,1,1),
(1,2,1), (1,3,1), (1,8,2), (1,4,2), (2,4,2), (0,0,1), (0,1,1),

(0,3,2) (0,2,1), (0,3,1>, (0,1,0)}

3.2. Let ¢+ be the set of positive roots with respect to

m . Put @fed = (8 € ¢+|§8 ¢ ¢.}. We define the partial order
red . - .. red

< on ¢+ as follows. Given 8 = c oy * e € ¢+ , we

define integers ht(8) , g(8), Cg € Z+ by

ht(8) = ¢, + -+ + ¢, g(B) = min{ i Ici # 0}, cg = Ca(B)

respectively. Define a half integer ht (8) by

ht”(8) = ht(B)/c, . Let @, B be elements of ®;°" . We say
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that o < 8 if they satisfy one of the follwing

(i) gla) < gy ,
(ii) g(ot) = g(B)Y and ht (o) < ht (8)

or
(iii) 7% is of type D p(E.-8.) = 0 and & = E.-E
+ N i8N "By o
g = 2ei or o = 28i , B = ei+sN , Oor , o = ei-eN , B = Si+8N

For o , B € ¢£ed , let ¢£ed(<a) = {y € mfedly < ay o,
o7ty = (v e oT%a < ¥ < By, 0T%4BO = (v € 7% 8 ¢ )

Let o1°0 = (8 € 07°%g8) = 1) . For «, 8 € 07% | et

+, +,1
red _ sred red red _ gred red
¢+’i(<a) = ¢+,i N ¢+ <oty , ¢+’i(a<6) = ¢+,i n ¢+ (c<8) ,
d red red
oT°% 8¢y = 07%% n o' ¢»
+,1 +,1 +

§4. Defining relations of N, .
4.1. Keep the notation in 82-3. Assume that the triple
system (§,T = (al,...,un},p) satisfies the assumption in 3.1.
- - n-1
Let A = (aij)ISi,an =D ((ai:aj)) be the corresponding Cartan
matrix. Let U;H63%= N; & S[ﬂR 1 8§ R"<o> be the topologically

free R*-Hopf algebra defined in 2.2 for the triple ((6,U,p). The

purpose of this section is to define an ideal f+ (g I+) of

N+ with an explicit set of generators. In 8§10, we will show
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4.2.

We define the Zz-graded algebra structure on

such

N+

that the parity of Ei is p(ai) Denote the parity of
X €N, by pX . Put [X,¥1, = XY - -DPEPDyyx ang
[X,Y]l] = [X,Y]1 where p(X) and p(Y) are the parities of X
n-1 . . . .
and Y . Set [m;“] = om o(gRmi_pmmentd, ARl -islyy e ot
t i=0
(€.,€.) d.
Put q = eh s vi = q 1 and qi = q 1
Definition 4.2.1. Let §+ be the ideal of N+ generated by
the following elements:
(i) [Ei’Ej] for 1<i, j<n such that aij = 0,
1+Iai.l v 1+Iai.| 1+Iai.l—v v
(iiy =M o-n ] E. ' E.E. for 1<i#j<n
v i iTi
v=0 q.
1
such that p(ai) = 0,
i j k
(iii) [[[Ei’Ej]vj’Ek]Uj+1’Ej] with Xx—8—x (i<j<k),
i j k i ] k
(resp. X—8—20 or X—8—7/e ),
(iv) [[[EN-l’EN]v ,EN],EN] -1 with x=—/>e
N v
N
if A is of type BN ,
(v) [[E,_,,E,_ .1 yE. ] [[[E,_,,E,] yEy 4]
N-2’"N-1 vN—l N Uy N-2'"N vN—l N-1 UN
N-2 N-l
with X<<:::EN if A is of type D ,
(vi) [LIE,_,,E,_,1 yE .1 yLEy _oH,Ey 4] 1,E,_,1
N-2’"N-1 vN—l N ZUN N-2’"N-1 UN—l N-1
(resp.
[[II[LE,_,,.E,_,]1 yEy 11 yE, 1] yEy_ 1., JE 1 i DR
N-3’7N-2 Vn-2 N-1 N-1 N7 2vy N-1 Uy N-2 V-1 N-1
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N-2 N-1 N N-3 N-2 N-1 N

for @—B<—0 (resp. X—0—B ) if A 1is of type C

4.3. The following proposition will be used in proving

Proposition 4.3.1. The R -submodule

- yoargR 4. n- . s - _,0
$¢ = ($, 8 R)'SIL" 1'R'<0> is a bi-ideal of Uz6,

+

Proof. Here we consider the case of the triple ((é,0,p)

1 2 3
given by _ o—8®—0 . In this case, the ideal f+

81-82 82-83 83-84

generated by the elements

g = [E ,E ] y 9 = E ’

0t1+a3 1 3 20(2 2

p = E,%E, - (q+q 1) E.E.E, + E.E.2
2a1+a2 1 72 17271 271
p - E. E.°> - (q+q Y) E.E.E. + E.2E
o, + 20 2 Eg 3EoEq 3 Eg

and
11223 = [0;53:Ey]

where w123 = [[EI’EZ]vz’E3]v3 .

By an easy computation, it follows

- HhO -
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A(s) = 49,81+ exp/h H;)-op(v) ® g

v v

for any ov . We also have:

-

AW ,5) = W50 81
-1 . /— —
+ (v, "-v,)[E,,E;] s-exp(/h H s .5 ) ®E
v 1 =2
—1 -
+ (v T-v)Eg-exp(/h H'g g )0 @ [E,E],
1 =2 2
exp(/h H 51_54)'0 ® w128

Since the ideal ¢ generated by the element 02a is a
2
bi-ideal, we have:
[[El,EZJU ,E2]U = [E2,[E2,E3]U ]U = 0 (modulo ¥).
2 2 3 "3
Therefore we have:
A (t1223) = A ([w123,E2])
= [A7(0,,4),E, ® 1 + exp(/h H 52_53)-0 ® E,]
= {t1223 8 1 + 0y +
..1 —~
(0 + (v, "-v,)[E,,E;] -exp(/h H S _g. )9 ® [E,E,],
3 1 ~3 2
_1 -
+ ((vg "-v)I[E,,E;l, cexp/h Hg £ )0 8 [E,E, 1, + 0)
3 1”2 2
+ {0 + exp(/h H 51_54)-0 ® £ ,,5)
. 0 - ,0
(modulo ¢ @ U=t + Ut 8 &)
= t1223 ® 1 + exp(/h H '51_54)'0‘ ® t1223
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Hence A’(§+) S Uygéf + U}EGT ® $_ . This implies that

%

is a bi-ideal of U;F6Z . The other cases can be proved
+

similarly.

Denote the h-adic topological R -bialgebra U;E‘Z/fé by

+

U, . Put K, =N_/#, and N = N 8 R (= NJ/$]) . Then we
have:
467 ~ 47 8 steR 1 8 R'<o>
/H + - T+
4.4, Put N =N,/ NN, D) (X)) for veP,

For v, u € P+ and X € N+

v , Xl.1 € N+ n? we put

v

[XV,Xu] = [Xv.Xu]q_(v’u)

Let X, €N, ,, X, €X X €N _ &, u neP) . In

§6-89, we shall frequently use the following identities:

(4.4.1) EXv°Xu,Xn]

- % . _1 PP = (u,n) .
X, [X, X1+ (-1 q [X,,X,1°X
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(4.4.2) EEXV,X“B,XnB - EXV,[Xu,XnB]

pwdpn) ~(u,m)
-1 , .
(-1) q Exv xn] x‘u

p(v)p(u)q—(v,u)

-1 xu-ﬂxv,xnn

If Xu = 0 , we have:

(4.4.3) E[XV’Xu]’XuB =0,
EX“,[XH,XvBH = 0
(4.4.4) Eﬂﬁxv,X“],Xn],Xxﬂ

= EXV,EEXH,XnB,Xx]]

+

1 P+ p (X _~(u+n,Xx)
-1 q Exv,XxﬂEXu,Xn]

1 PWpu+n) ~-(v,u+n)
(-1 q Exu,Xnﬂﬁxv,XXB

+

PGP - (i,
(-1) q [X,,X, 10X ,X,]

+

1 yPWpn+x) -(u,n+x)
(-1) q Eﬁﬁxv,xnn,xxﬂ,xuﬂ

4 PP Qu) _=(v,un)
(-1) q Exu,ﬂﬂxv,xnﬂ,xxﬂﬂ
(_l)p(v)p(u)q—(v.u)(_l)p(v+n)p(x)q—(v+n.x)EX“’XxﬂEXv’XnB

In particular, if x = n , we have:

4.4. R , ,
(4.4.5) EE[XV Xu] Xnﬂ Xnﬂ
= Exv,ﬁﬁxu,xn],xnﬂl
1P WM)pu+n) -(v,u+n)
-1 q Exu,xnﬂﬂxv,xn] }

-(p,2n)
+ q EEEXv,Xn],Xn],Xu]
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1y PW)pu) =(v,u)
(-1) q EXH,EEXU,XnB,XHB]

§5. Root vectors of X,

5.1. Here we define q-root vectors E (ot € ¢£ed

o ) of N+

mred

+ , we define the element

Defunition 5.1. For B8 €

EB € N+ as follows. (For type F4 (resp. G3), we write Eabcd

and Eabcd (resp. Eabc and Eabc) for Eaa1+ba4+ca3+da2 and
E” (resp. E and E_ ).
aoz1+boz4+coz3+doz2 aoz1+b0t3+ca2 aa1+ba3+ca2

(i) We put E Ei (1<i<n).

o,
1
(ii) Let o € of®d

3.2 for the definition of g(x)) and o + ai € ¢ . We put

Ea+ai = [Ea,Eai]q_(a’ai) . If A 1is of type By, 1 = N and
_ = o o172, ~1/2 -1~ .
o = Sj (1£j<N-1), let Ea+a = (q +q ) Ea+a . If A is
N N
. . _ -1.-1_.-
of type DN’ i =N and o = aN-l , let Ea+aN = (q+q ) Ea+aN
. _ -1. -1,

If A is of type F4, let E1120 = (q+q ) E1120 and

2 -2 -1, .
E1232 = (g +1+q ) E1232 . If A is of type G3, let

- -1,-1g- _ -1, -1p-
Eygp = @*a ) "E o, Egyy = (are ) TEg,, and

_ .2 -2 -1, . o
E031 = (q°+1+q ) E031 . Otherwise, put Ea+a. = Ea+a.

1 1
(iii) For a, 8 € '®% gsuch that gw@) = g(8) , a < B ,

red

+ , we put

ht(8) - ht(x) £1 and o + 8 € ¢

E = [Ea,E

o+ B If A is of type CN (resp. DN’ F4 or

] - -
8 a (o, B)

. . -1.-1_-
G3), then Ea+8 is defined by (gq+q 7) Ea+B (resp.

-~ 54 -

and 1<i<n be such that g(x) < i (see



2. -1_-

1,-1p- 2, -2,-1_- 2
) Eg,p -

(aq+q ) Ea+B , (@7+q 7) Ea+8 or (g +1+q

5.2. The following lemma will play key role in proving our

main results (Theorem 10.6.1).

¢red

+,

Lemma 5.2.1. (i) Let o € (see 3.2 for this

definition) and j > i . Then we have:

[E_L,E.] = z c E, «-+E
o’ i ~(ot,0,) red Yysees?. ¥ Y
a ] Yisees¥y € 0.5 @O 1 u "1 u
for some ¢ € R
Yl""yu
(i1) Let o, 8 € ®5°% . 1f « < 8 , then we have:
[E_,E,1] z c E., «+*E
a, 8 —(a,B) red Yysees? Y Y
q Yysees¥y € ®+’i(a<8) 1 u 'l u
for some ¢ € R .
Yl""vu
e .. 2 .
(iii) Ea = 0 if (ct,t) = 0 ,

Remark 5.2.2. In some special cases, we can show more

detailed results than Lemma 5.2.1.
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@Ied satisfy Cy = 1 . Take ai € T such

that 1 > g(a) and o + ai ¢ m:ed

(i) Let o €

Then we have:

(B Byl C(ayay = O
q 1

Qred

. satisfies o ¢ 8 and 8 ¢ «

(ii) Assume that o, B €

Then we have:

[Ea’EB] =0

5.3. Let denote the product taken with respect to

red
¢+
¢red

&+

m A

o
total order on compatible with the partial order <

As an immediate consequence of Lemma 5.2.1, we have:

Proposition 5.3.1. The R-module N+ is generated by the

elements
< na
o 2 pred E,” (n, € Z, if (o,0) # 0, n, =0, 1 if (a,a) = 0)

5.4. The purpose of 86-9 below, is to prove Lemma 5.2.1 and

Remark 5.2.2.
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<
In 8§10, we shall prove that the monomials Lij E
o €

form an orthogonal basis of N+ , which implies §+ = I+

86. Commutator relations of root vectors of N+
(type AN—l’ BN’ CN or DN).
6.1. In this section, we assume that N+ is of type AN—l’

C,, or D

Bys Cn Nop - Put d, = (€,,8) € (1,-1) (1<i<N)

Lemma 6.1.1. The following identities hold in X

4

i j k
(i) [Ea.+a.+a ,Ej] = 0 for X—Xx——X (i<j<k) ,
i 7} kK
i j k i j k
KXo XTTTD0 O X—X%—@
i J
(ii) [Ea.+a.’Ej] g4 [Ei’Ea.+a.] g - 0 for X—X
1 J q J 1 J q 1
(i<j)
(iii) [E yEy 11 =
EN-p -ty NTLT g dy
= [E yENT 7 = 0 for type D, .
AN-2*N-1 YN N N N
(iv) [E yEv 11 _3 = [E yEl = =0 for
CINERRLIY N-1 q dN_1 aN_1+2aN N q 9N
type BN
(v) [E ,EZl _,3 =0,
CIVERRLY N q 2dN
[E,, ,E 1 3 = 0 for type C
N-1 ZaN_1+aN q 2dN_1 N
(vi) [E yEyv 1 = = 0 for type C, .
aN_2+2aN_1+aN N-1 q dN_1 N
(vii) [EZa +o0 +e ’EN—I] =0 (p(aN_2+aN_1) = 0) for type

N-2 N-1 "N
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N

(viii) [Ea +20 +20 ‘ot ’EN-1] = 0 for type C

N-g* 20N ¥ 20N+ N

Proof. (ii)-(v) These can be proved by direct computations.
We omit the details.

(i) This is the defining relation (iii) of Definition 4.2.1
if p(aj) =1 . If p(aj) = 0 , by Definition 4.2.1 (ii), and the

formula (ii) , we have:

_ 2 _ -1 2
0 = IIEi,EjEk (q+q )EjEkEj + EkEj]
- J _ -1
- (Ea.+a.Ej ta Ean.+a.}Ek (a+q )Ea.+a.EkEj
i J i J i ]
-1, 9 d,
- (a*q g EjEkEa.+a. * Ek{Ea.+a.Ej *a Ean.+a.}
i 7 i 7]

_ -1 _ -1
= (a*q DEE, o By - (a*a DE, o EQE;

i ] i ]

-1, 9 4 -1

- (a*q Tiq EjEkEa.+a. *a “(a*q )EkEa.+a.Ej

. i ] |

-1

= - (gq+q ")IE ,E. ]

ai+aj+ak j

{vi) The case p(aN_l) = 1 follows from (4.4.3) since, in

this case, we have EN—12 = 0 . Assume p(aN_l) = 0 . By using
the facts p(aN_l) = play) = 0 and dN_1 = dN » and, by using

Definition 4.2.1 (i-ii) , (4.4.1) and (ii), we have:

0 = [Ey_,,(Ey_, By - (d®+1+a"2)E . *

N-1 ©°N N=1 “NTN-1
2 2 2

+ @?+1+a”HE (B E 2 - EE DD

E E
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= (q7+1+q D) (Ey_, EaN_2+aN_1EN - q Ey-1 ENEaN_2+aN_1
B} 2dy_y
- Gara BBy ey PNEN-1 PO (ara DEy- BnByy vey BN
2d
* EaN_2+aN_1ENEN—12 E N_IENEaN_2+aN_1EN—12}

- (q2+1+q—2){EN-IZEaN-2+aN—1+aN
- (q+q—1)EN-lEaN_2+aN_1+aNEN—1 * EaN_2+aN_1+aNEN-12}

- (q2+1+q—2)EEaN_2+2aN_1+aN’EN—1] :

(vii) This is the defining relation (vi) of Definition 4.2.1
if p(aN_l) =1 . Assume p(aN_l) = 0 . By (ii) , we easily see
EEN—Z’EaN_2+aN_1+aNB = 0 ., By (vi) , similarly to the proof of
(i), we have:

0 = LBy p LBy, +2ay_ veryEn-1 ]
- EEN-Z’{EaN_2+aN_1+aNEN—12 - (q+q—1)EN-lEaN_2+aN_1+aNEN-1
* EN-IZEGN_2+GN_1+GN}]]

_ -1

R e e
T NPy vy e By pve ) T By vty oy g rery gty N1
" By rey g sy ey p vy PN

= '(Q+q_1)2[E2aN_2+2aN_l+aN’EN-1]

(viii) If p(aN_z) =0 and p(x ) =1, then (viii) is

N-1

- h9 =~



defining relation (vi) of Definition 4.2.1. Next, we assume

p(aN_l) = 0 . Note that, by (i) and (vi), we have

6.1.2) [E E. .1 =0,
Uy gty YOy Y&y N2

6.1.3) [E JE, .1 =0
AN-g*O¥N-p* 2%yt Nl

respectively. Hence, by (4.4.5) and (ii), we have:

[L{E yEy L1L,Ey_(0,E 1
Qg toN_ g * N YOy N-2 N-1 N-1

p(ety, ) -d_.-d
(1+(-1) N-174 "N-1 "N,

<
1

((_l)p(aN_l)p(aN_z)qu_l . .
ON-g N 20N POy AN YNy
) d

- (_1)p(“N-3+“N-2+“N-1+“N)p(“N-2+“N—1 N

E E
By gty XyogtOy_g 20y Oy

}

Using p(aN_l) = 0 and dN_1 = dN , the right hand side equals

-1
(q+a " IE JE, ,,E, 1]
Xy gty p* 20+ N-2°N-1

E 1 . Hence,

Here we used the identity E = [E N-1

*N-27%N-1
by (4.4.2) and (6.1.3) , this equals

N-2°

(6.1.4) (q+q L [E
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Finally,

have

EEa

N-3

we assume p(aN_z) = p(aty,_,) =1 . By (i) and (ii)

E I =0

FON-2 N1 ON-2tEN-g

From this, we have:

[E

N-3°

(q+q

2

- (1+q

- (q+q"Hq

(q+q

E |
20t _ o+ 200y

1,-1
)M IEy_gs (E,,

2
N-2*%N-1 N

d 24
N N 2
YE E, E + q E E 3]
aN_2+aN_1 N aN_2+aN_1 N o +0t

N-2*O%N-1
)’1{(q+q'1>Ea E

+Q

-1
N

+

N-2*%N-1 EN-3*%N-27%N-1

EN
E EE
Oy g &N *Oy N Qo+t

N N-2 “N-1

+ (q+q 1ig EE E )

Hence, b

we have:

<
1]

N-2*Y¥N-17%N FN-27%N-1

,E 1
N-1 *N-37%N-2%%N-17%N

1

we

y Definition 4.2.1 (vi), Lemma 6.1.1 (ii) and (4.4.2),



[lE ,E
e N B N R N R I R Y
= - [E ,E ]

AN-3 N2 EN-1 YO XN TNy

I,E 1

o N-1

But, by (6.1.3) and (4.4.2), this equals

Hence we get the desired formula.

6.2. Similarly to the proof of the formula (i) of

Lemma 6.1.1, we obtain the following lemma.

i j k i j k
Lemma 6.2.1. For X—X—X (i<j<k) , X—=—=X—"30
i j k
X—X—"—>@ , the following identities hold:

[LLE. ,E.] +E, 1 ,E.1 = 0,
i j q(ozi,txj) k q(ai+a.,ak) i

J
[Ea’+aj,[Ej,Ek] 1=0

i )

q(aj,ak

or

6.3. Lemma 6.3.1. For 1<i<N-1 , we have the following

identities:

(i) For type B we have:

N ’
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[E= ,E= =1 _ =0
gy E;*Ey -4,
q

(ii) For type CN , we have:

[Ezg,’ E§.+§ ] 53 = 0 (p(si-eN) = 0)
i i °N i
q
In the formulas (iii) - (ix) below, we assume that A 1is of
type DN
(iii) [Ez = ,B= .= 1 =0 (p(g,-g) = 0,
si SN Si+8N i N
(iv) (Ez 7 ,Ex .o 1 _ =0,
"N &;*&n— -4,
_ q
(v) [fB= — ,BE= — 1 _ =0,
Ei*€n BNy -4,
q
(vi) [Ez-e—i ’EN—1] = 0 (p(Si-eN) = 1),
. . _ = o liee . T .= -
(vii) [E28. ,EN] = dN(q q )E8.+8 E8.+8 (p(ei SN) = 1),
i i “N-1 i °N
(viii) [Eg._g ’Ezg.] -3, = 0 (p(si-SN) = 1),
i N i
q
(ix) [Ezg' ’E8.+§ ] -2g.= 0 (p(Si-SN) = 1) .
i i N q i

Proof. (i) By Lemma 6.1.1 (i), (ii),(iv), we can easily show

[(E=x = ,E=- 1 =0,
Si SN Si

[[Eg._..g ,EN] = 0
i °N
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By (4.4.5), we have:

0 = [““[E-S—.-E ’EE.B’EN]]’EN]]
i N i
_ p(g,) -d p(E.)p(E,)
= (q!/24q 1/2)((1+(-1) N Nyqe-1y V7 N g
€. €.+E
i i N
) (_l)p(ei—eN)p(ei+sN) =d, +dy e
q €. +E.E.
i N 7i
p(E.-E,)DP(E.) -d. _
N i i
+ B= = Bz - (-1) ! q 'Ez Ex = )
Ei*EN & €i &i*Ey
_ p(E.-€,) -d. p(g,) -d
= (q!/24q 1/2)(_((_1) PONTg i lgys NN
(-1)p(ei-8N)p(8N)E— B
E, E,+Ey
p(E.-€,) -d.+d p(E,) -d. p(E.-€.)
f (-1 PNT g TN TNy Ty Cyy T TN e B
€.+E,. €.
i N 7i
p(E.-€,) -d. p(E.) -d
= - ¢ 1/2, 1/2)(( B i °N qa l-(-1) N —q N,
pc§i>p(§N)
(-1) [E= ,E= = I
€.’ B, +8

(ii) This can be proved similarly to (i)

(iii) By Lemma 6.1.1 (i)-(ii), it can be easily proved that

(6.3.2) 0 =

]
/)
3
o--l
|
t
|

(6.3.3) 0 = [Ex = 2Bz = 1
i
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If p(ei-SN_l) = 0 (resp. p(ei-SN_l) = 1) , by

Definition 4.2.1. (i)=-(ii) (resp. (v)), we have:

Hence, by (6.3.2-3) and (4.4.2), we have:

0 = EE—. = , {lEx _= ,ENB - EE§i+§N,EN_lﬂ}]

]
~
~

I
[y
~—

g

el

p(8i+8N)P(8N_1-8N) dN
+ (-1) . q }Eg +8 Eg iy
i °N 71 °N
p(S.—SN)P(SN_1+8N) d

((-1) 1 q N

P(E,-E\_)P(E,+E) -d,
+ (-1) q }Eg +E Eg -E
i "N i N

Since p(si—SN) = p(Si+8N) = 0 and di = dN , this equals

(a+ra”D Bz £ ,Ez .z 1, which implies (iii)
iTENT By

N

(iv) By Lemma 6.1.1 (ii), we can easily show:

(6.3.4) EEgi_EN,EN_ID =0 .

1f p(Ei—EN) =0, by (iii), (6.3.4) and (4.4.2), we have:

0= [[E= = ,B= .= 1,E, .1 = [E= =
€78y EytEy T N-1 ;78N &Ny



By (6.3.2) and (6.3.4), we have:

2dN 5
) =1 , this eqauls (l+gq YEx = . Hence,
Si-SN

by (4.4.3), we have (iv).

The foumula (v) can be proved quite similarly to (iv)
The formula (vi)-(iX) can be easily proved by using

(iii)-(v)

6.4. Lemma 6.4.1. The following identities hold in X

yE

(i) [E
« N

1] = 0 for type D

N_3+2aN_2+aN_1+a N N

(ii) [E ,Ey, ;1 = 0 for type D
N A VP A R VI

(iii)d [Ea

N

,EN] = 0 for type BN .

(iv) [Ea ,EN] = 0 for type CN

Proof. In the proof, we may assume that N = 4 . Put

Eabea = Eaa1+ba2+ca3+da4 , Demote play) by p(i)

(i) We are in one of the following three cases.
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(1) p(3) = p(4) = 0 ,
(2) p(2) = 0,
(3) p(2) = p(3) = p(4)

First consider the case (1). From (4.4.5), we have:

0 = [[LE E2],E4],E4B

1110°
= [E  10: g gy E40T
-d.-d a
op4) T937% . p2)yp(4) %3
+ (1+(-1) q ) {(~1) a “E;111E0101
d
_..p(123)p(24) 4
(-1 Eor01E1111?
+ 254EE E 1E, - (-1H)PQ2IP g (p 5
q 1111°' 54" %2 2" 5111154
By Definition 4.2.1, we can easily show EEllll’E4] = 0 . Since
p(3) = p(4) =0 and 53 = 54 , the right hand side equals
(a+a D E E ]
1111°%0101

Using (4.4.2) and Lemma 6.1.1 (iii) , we have:

(6.4.2)  [E;;;1+Eg101) = [51111’[E2’E41q53] = [E;,;;E,]
Hence we have [E1211,E4] =0 .
The case (2); by Lemma 6.3.1 (v), [EOIOI’E0111] _32 =0
q

Similarly to the case (1), by (4.4.2) and (4.4.4), we have:
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0 = [IIE E2],E3B,E4D - EEI,EE E 11

o101’

d
q 4EE

1101° 0111

F 1+ (_l)p(23)p(4)

0111 E JE

= (L 1101°B4% %0110

1101’

d
)p(124)p(23) 4E IE oo

- (-1 1101° %4

0110

' d 2d
(-1)P (23> “3; £ . (-1)P(22p(30) “%3

111170101

p(124)p(2)
) EZEE E4ﬂ

[E E, IE

1111°747 72

- -1 1111°

~-d
)p(1234)p(4)q 3E E

)p(124)p(2)
010171111

- (-1 (-1 }

’ -d
E ] - (-1)PQ2OP(234) T2 E

- {EEllOl’ 0111 111170101

d
)p(l)p(24)q 2E E

010171111 b

+ (-1

By Definition 4.2.1, it can be easily shown that

[E) )91 +Eqd = TE)y bED =0

Since p(2) = 0 , p(3) = p(4) and 33 = 52 » the above equals

d d

2 _ ,_1 P(L)p(4) %2
@ "Eyq11E0101 -1 T "Egi01E1111 0
-d d
2 _p(Lypca)y 92
* e TEjy44Ep0p v D @ "Egy101F1111 0}
_ -1
= (avq DIE 4.y,

Hence, similarly to (6.4.2), we have [E1211,E4] =0
Finally assume that we are in the case (3). We can easily

2g. - (q+q”! 2

0101 E1 YE E.E + EE

0101%1%0101 10101 = 0 and

show that E
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2 -1 2 _ ..
EOlOl E3 (q+q )E0101E3E0101 + E3E0101 = 0 . Then, similarly

to Lemma 6.1.1 (i), we can prove our formula.
(ii) The proof of (ii) is quite similar to that of. (i).

(iii) The proof is similarly to the case (2) in the proof of

E I =0

(i). By Lemma 6.4.1 (i), we have EEOOII’ 00123 = .

Hence, by

(4.4.2) and (4.4.5), we have:

0 = [[E ,E 1

E3B,E4B 4

d
q 4

_ 1/2. -1/2
= {EE0111.(q +q

0111’

0011’E0012]]II

Eq0127

-d d
_p() "% p(3)p4) %4, 172 -1/2
+ (1+(-1) q Y((-1) qQ (g +q )E0112E0011

oo11%0112

2d
4, 1/2 =-1/2
+ q (q +q )EE0112’E4]E3

_ 4, P(234)p(3), 1/2 -1/2
+ (-1 (q +q )[[E0112,E4BE3 }

d
- q!/2+q7 12 (1

d

3
T "Eyo11E0112)

3t . E

. _.p(34)p(344)
Eoo12d - D T Eo112f0011

0111°70012

+ (_l)p(2)p(34)

By Lemma 6.1.1 (iv), we can easily show EE0112'E4B = 0 . Hence

the above equals

-3 d
(a+-DP g 4 (PP

)p(234)p(34)(q1/2+q-1/2

1/2 -1/2
(@™ "+q YEq110E0011
(-1 ’Eqo11E0112 2 1}
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d

o Jl/72  -1/20 0 . p(34)p(3)_ " °3 :
(q +q Y{ -(-1» q E0112E0011
p(2)p(34) 33
* (=D 1 "Ego11E0112 ?
= (ql/2,q7172y ((L1,PBIPD) E4+(_1)p(4)+(_1)p<3> 'Ea)E E
=9 q a Q 0112%0011
L (=1H)P(230PBD) 1, P (D -a4+(_1)p(34) ES)E E
q q 0011%0112
1/2. -1/2 E4 p(4) p(3) '53
= (g +q Y{q “+(-1) +(-1) q )
_1yP(3)p(4)
-1 [E51127E0011 1
Hence, similarly to (6.4.2), we have [E0122,E4] =0
(iv) By Lemma 6.1.1 (v), we have
[50011’E4]q—2§4 [E0111’E4]q-234 = 0 . Therefore, using

(4.4.5) , we have:

0 = EEEEOIlO,ESB,E4],E4]

4d 2d
4y ((c1HyP (3P4 g F

- o P(4)
= (+(-D q 011150011

d
)p(23)P(34) 4E F

(-1 001150111

) .

Since p(4) = 0 , this equals

2

(q%+q”?

E ]

MEG 1 110Eg011

Hence, by Lemma 6.1.1 (v) and (4.4.2) , we have
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E 1 = [E

0 = LE 0011

EES,E4BD = [E E,]

o111’ 0111’ 0121’74

This completes the proof of Lemma 6.4.1.

6.5. Lemma 6.5.1. Let X+ be of type CN . Let i €

{1,...,N-1} . We have:

] = 0 (1<i<N-3)
N

0 (1<i<N-2) if p(Ei-E

(i) [Ex

£.+8. .'Eg
1

N-1 ©;°E
(ii)d [Ezgi, E

]

) = 0 .

N-1 N-1

Proof. (i) If i

N-2 , this is proved easily by using
Lemma 6.1.1 (ii),(vii). Assume i £ N-3 . By

Lemma 6.1.1 (i)-(ii) (resp. (viii)), we can easily show that

(6.5.2) 0 = [F= = ,E= —= 1
Ei7BN-2 &i*En-
(resp.
(6.5.3) 0 = [Eg ,= ,E 1)
itn-2

Using (4.4.2), from (6.5.3), we obtain:

0 = KEgi_._g s E= =1

N-1 ©n-278N



Hence, using this and (6.5.2), we have (i)
(ii) By Lemma 6.1.1 (ii), we can easily show that

EEgi_gN,EN_lﬂ = 0 . From this and the formula (i) , we can

immediately prove (ii).

red

6.6. Lemma 5.2.1 (and Remark 5.2.2) for ¢+

of type AN-l’

BN’ CN or DN can be proved using lemmas in 6.1 - 6.5. In
6.7 - 6.9 below, this will be done only in some special cases.
In the remaining cases, the proof can be done similarly and more

easily.

red

6.7. Proof of Lemma 5.2 (i) for o,

B C,, or

N-1’ N’ N
is of type B

of type A

DN . Here we give a proof in the case when ¢£ed N

and o = §i+§ (i+l < k < N-1) . The other case can be treated

Kk
similarly.

Since [Ei,Ej] = if li-jl 22, by (4.4.2) , we have

(6.7-1) E— = [[E— - ’E'- =y ] by ’E" ] by
€ g u-1 8u+2 qdu—l 8u+2 qdu+2

Hence, by Lemma 6.1.1 (i), we have:

(6.7.2) [Egi,Eu] =0 if i<u<N
\"

Hence, putting Ez = [...[E,E, 1 = +-*,E_ .1 = ,E )} = ,
€, N*EN-17 dy kel” dp o0k Ay
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we have:

6.7.3) B= = = (qt/2+q7 12" lip B
B 48, e, " "e

<

1.

Similarly to (6.7.2), using Lemma 6.2.1 (i), we have:

(6.7.4) (E=",E 1 =0 if k< u<N
8k u

Hence, we have:

(6.7.5) [Ex

si+§ ’Eu] =0 if i < uk-1 or k < u<N

k

By Definition 5.1.1, we have:

[E= — ,E, .1 =
Ei*8y k-1 .dy i*ex-1

By Definition 4.2.1 (i),(ii), it can be easily shown that

Hence, we have:

(6.7.6) [EZ

ei+§ Byl g =0

k q Kk
By (6.7.2), putting
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v

B = " = [...(Ey ,,E, .1~ +-+,E... 1= LE} =
IR N-2'En-3d T ket @M
we have:
Bz ,z = [[Bz = LBz .= 1= ,E= =V 1-<
Ei*ey €i78k-1 Ck-1"8N-1"q%-1 Ek"EN-1 IN-1

Hence, by Lemma 6.4.1 (iii), we have:

(6.7.7) [E=

g, +5, BN T 0

k

as required. Remark 5.2.2 (i) also follows from this and

(6.7.5).

.. red
6.8. Proof of Lemma 5.2 (ii) for ®_ " of type An-10 Bys Cy
or DN . Here we give a proof in the case when @fed is of type
BN and 8 = Si+8k (i+1 < k < N=-1)
By Lemma 6.1.1 (ii) and (6.7.2) , we have:
(6.8.1) (Ex  ,Ex1 5w =0 if i < u<N
Si Su 81 q di
Similarly to (6.7.1) , we have
E_ _- = [[E_ __— ,E— __ ] by ’E- _— ] by s
€i 8y €i78k-1 Ck-1"%k+1 qk-1 Ck+1"8y qdk+1
\'
E- = [E= , [E yE, 1 1l =
Sk 8k+2 k+1°'7k qdk qdk+2

if i <k <u<N
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Hence, by Lemma 6.2.1 (ii) and (6.7.4) , we have:

(6.8.2) [E= — ,B='1 =0 if k < u < N
€.-8 '"g
i u k

By (6.7.3) and (6.8.1-2) , we have:

(6.8.3) [E= = ,BE= .= 1
i %u EBi*Cyx g™

if 1 <1< k-1 or Kk < u £N.

If o = gi—gk , then we can inductively show the formula by

using the following fact.

(Ez = ,Bz =15 =
Si Sk Si+8k qdk di
15 1= =

[E= - ,[E= .= ,E }
BimBy B *Ep.y K gy qdkTY;
) -d d

P(E;+8y 1 IP(By~E) k+1 9dk+1
(-1) (q -q )Eg iy Eg +E
i "B+l Ej

k+1
p(E.+E, . )P(E,-€...) -d
- -1y i %k+1 K k+1” Tkl g

L SRR S
1

k+1 Si*Cge1 q9k+17Y

Since EE = [Ez — ,E
i

c. -8 ] i by (6.7.7) and (6.8.3), we have:

(6.8.4) [Ex ,Ex = 1 = = 0.
Si 81+8 q

By (6.7.5), (6.7.7) and (6.8.4), we have
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(6.8.5) (Ex ., B .o 1 5 =0 if k <u<N
Si+8u Si+8k q d

Other cases can be shown similarly.

6.9. Proof of Lemma 5.2 (iii) for ¢Ied of type An-1° Byo Cy

or DN . Here we give a proof in the case when Oied is of type

and o = Ei+Ek (i+1 < k < N-1)

By Definition 5.1.1 and (6.7.6), (6.8.5), we have:

B = 1 5
Bty qdk™ ¢y

[[E§i+§ E

<o
}]

’ 1 =
K+1 ¥ g9k
JE ]

i*8g B *Ey gAYy

[Eg

P(E.+E,) = =
(1-¢-1) ! Kgdgmdyyp _ 2

. - = _ _ 2 _
Since p(8i+8k) =1 , we have Eei+8K =0

Other cases can be proved similarly.

_76_



§7. Braid group action on the quantized enveloping algebra
Uh(G) of a simple Lie algebra G

7.1. In this section, we briefly explain the braid group
action on Uh(G) introduced by Lusztig [9] and [101]

Let (§,T = {al,...,an),p) be a triple system. Assume that
T is the set of the simple roots of a complex simple Lie

algebra G and that p(ai) = 0 for any o . Put

d, = (ai,ai)lz (1<i<n) and D = diag(d;,...,d ) . Let
2(ai,x)
s. € GL(6) be such that s.(x) = £ - ———q, (x € ) . Let
i i (ai,ai) i

¥ be the Weyl group, i.e., the group generated by the elements

o
h

algebra defined in Theorem 2.9.4. Put F, = E; . Then

s, (1<i<n) . Let U] = U:((6,",p),D) be the h-adic R-Hopf

Drinfeld’s [21] Uh(G) is equal to the unital subalgebra of Uz

h-adically generated by the elements E.,, F, (1<i<n) , H € #
o

(see Theorem 2.10.1). We have Uh = Uh(G) ® R<o> . We put
Uy (6,M = U (®
(ai,ai)

Let di = (1<i<n) and qi = exp(hdi) . Put

- (r) _ r . (r) _ r '
Ki = exp(hHai) and Ei = Ei /[r]qi. . Fi = Fi /[r]qi.

v -
r 9y " 9 ’
where I[rl ! = n ) In [9] and [10} , Lusztig
9 v=1gq. -gq,

1 1

introduced a braid group action on Uh(6,ﬂ)

Proposition 7.1.1. ([9] and [101) (i) For any 1<i<n , there
is a unique algebra automorphism Ti (resp. T;I) on Uh(G)

such that
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o -1 -1
Ti(Ei) = FiKi , {(resp. Ti (Ei) = Ki Fi) ,
o g -l SR
Ti(Fi) = Ki Ei s, (resp. Ti (Fi) = EiKi) .
T.(E) = 3 (-l)rqi—sEi(r)E.Ei(S) =0 ,
J r+s = -a, .
1]
(resp. T;I(E.) = 5 -1, 7%, g5 ) - 0y =
J r+s = -ga,. . 1 1 31
1]
T, (F) = 5 (—l)rqisFi(S)E.Ei(r) =0,
J r+s = -a,. . J
1]
(resp. T;I(F.) - s (—l)rqisEi(r)E.Ei(S) =0 ) (i®j)
J r+s = -a, . J
1]
) -1 )
T, (H) = Hsi(l) (resp. T['(H,) = Hsi(*) Y (A€ &)

(ii) Ti,s satisfy the braid relations:

T.T.T.+++ = T.T.T," (1<i#j<n)
1 ] 1 J

where m,. = 2 + 4(a.,a.)2/(a.,a J(,,¢.) . In particular, for
ij 1’7 i’71 i’ :
any w € ¥ , there is a unique element Tw such that

T =T, T, for any reduced expression w = s, °+--§
w 11 1r 11 r

7.2. Let & (c &) be the set of the roots of G and ¢+
the set of the positive roots with respect to T ., Put N = N
Lusztig proved:

Proposition 7.2.1. ([9] and [10]1) (i) If w € W and
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. €M satisfies w(x.,) € &, , then T (E.) € N and
i i + Wi +

Tw(Fi) € N_
(ii) If w € W and ai, aj € M satisfies w(ai) = aj ,

then Tw(Ei) = Ej and Tw(Fi) = Fj

§8. Commutator relations for root vectors of ﬂ+ (type F4).

8.1. First, in the subsections 8.1-3, we treat

N+ (c Uh(G(F4))) associated to the complex simple Lie algebra

G(F4) of type F4 . We denote this N+ by N+ . In §8, the

symbols T , ai , I+ s Ei"" respectively mean T , ai , I+ s

Ei"" defined for the simple Lie algebra G(F4) . So, for

example, W is the set of simple roots of G(F4) in an

Euclidean space & . Namely 1T = {&1, &2, &3, &4} with

. _ .o _ 1 _ _ _ .
&4 = 83 - 84 where Si (1<i<4) is a basis of & satisfying
(Si,ej) = 6ij . The Dynkin diagram of (§,M) 1is given by:
1 4 3 2
O—O:jO—T—O
82—83 83-84 84 5(81-82—83-84)

8.2. Let ®_ be the set of positive roots of G(F4) . Put

.1 1 n4a4 + n3a3 + n2a2 }. Then the number of

elements ¢+ 1 is equal to 15. Define Wy € ¥ by the following

O, = (B =0|8=a «

reduced expression:
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(8.2.1) w1 = 8.8 sS°szs4°s $0,°9,°8,8,°S ,$,°S.S5.8S

172 173 72 7371 7472 737271

The following lemma can be verified directly.

Lemma 8.2.2. For 1<t<15 , let si be the t-th generator
t
in the reduced expression (8.2.1) of w1 We put
Bt =8; "8y (ai ) . Then ¢+’1 = {Bt (1<i<15)}
1 t-1 t
For B8, = s S, (X, ) € ¢ , put
t 1, i1 1y +,1
eB =T, ++T, (E. ) By Proposition 7.2.1, we see that
i i
t 1 t-1 t
eBt € N+

8.3. By using Proposition 7.2.1, and reducing to rank 2
cases, we can obtain the following identities. Here we put

e = e _. .. . -~ . See also [10].
abed aa1+ba4+ca3+da2

Lemma 8.3.1. The following identities hold.

E

“leyy500 2]q—1 = ®1111 0 [ey5110810007 5 0
‘[ellzo’Ezlq—z = €)121 ¢
“leyyy10 Bl = 0, '[61111’E33q—1 = €191
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‘[elzzo’ézlq—z = 1221 0 [€11070819901 = 0
'[31121’E4]q—2 = 1221 » [€19090B31g = 0,
[31221’E43q2 =0 -leyyp10B3lg = €53y
[e1231°B41 = 0, ~lejyq,Eq1 =0

8.4. For type F we use the following fact.

4,

Lemma 8.4.1., Let X be the R-algebra defined for the

+

distinguished triple system (§,W,p) of type F4 (see §4). Let

V = n,ox, + + € P+ be such that n, = 0 or 1

1%1 7 Pg%y TR TRyE, 2

Then there exists an R-module isomorphism j ¢ N -> X
; v +,V +,V

+

such that jv(Ei '-°Ei ) = Ei '--Ei for any monomial
1 u 1 u

E. -**E (ozi +0 o4,
1 u 1 u

1l
<
~
[
=]
z

Proof. By Theorem 2.10.1, I, = (y.. (i#j)) where
+ iij

/2 (i#j) are elements given in (2.10.2). Let ¥ be the ideal

ij +

of N+ defined in Definition 4.2.1 for type F4 . Then, for

vePr N, =N /a n Ny o Ho = N 78, n N, ) -
lemma now follows by observing that I+ N N+ v = }+ N N+ v
v = nloz1 + n4a4 +n3a3 +n20t2 € P+ with n2 = 0 or 1

8.5. By Lemma 8.3.1, we can easily show:

Lemma 8.5.1. Let

The

if



red

o = aa1+ba4+ca +da2 € ¢+’1\{a1+2a4+3a3+2a }. Then we have

3 2

. = —(_1yatb+c+d
Iy Cag +bi +oi +di,.’ = 1D E

1 4 3 9 act, +bot  +co,+do

1 4 3 2

red
¢+

8.6. Proof of Lemma 5.2.1 (i) for of type F4 . Here

we put Eabcd = Eaa +bot +ed. +dor. By Lemma 8.3.1, Lemma 8.4.1
1 4 3 2
and Lemma 5.2.1 (i) for type B3 and C3 (see 86), it is enough to
show:
(8.6.1) [E_,E,1 _ = 0
o’ 2 q (a,az)
for By = Eyy110 Eyia1r Einapr Eqpgp o
and
(8.6.2) [E1232,E4] [E1232,E3] = 0
. 2
Since E,” = 0 and E, € R[Ea-a vE, 1l - (-0t ,0t,) the

2 q
formulas (8.6.1) follow from (4.4.3).

E, 1]

. _ 2 -2.-1
Since E1232 = (g"+1+q ©) [51231, 2 q_3 s by Lemma 8.3.1

. and Lemma 8.4.1, we have [F 0 . By

1232°E41 =
Lemma 8.3.1, Lemma 8.4.1, (8.6.1) and (4.4.5), we have:

0 = [LLE E

1221°E51

1 _,,E.1]
23
2 -3

) -1
= (arata TE,00E0000 4 TEg1E 037)

»E
q 2’73
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1

= (q+q )ILE

8.7. Proof of Lemma 5.2.1 (iii) for

) -1
1231’50011]q;2 = (a+q DIE ,4,,E4]

type F4

By

it is enough to show:

Lemma 5.2.1 (iii) for type C; (see §6),
(8.7.1) E =0 it ae o™ and 00 =0 .

We show (8.7.1) by the induction on

Since E.2 = 0 and E

2 LE

E,1

1111 = ““1110%2

[E

0= [[E,.. ,E.1 E 1. = (1+4¢%)E

1110°72° -1°"1111" 2
q 1 q

If ht(ed) >4, E_, = [EB,Ei]

o q-(oz,ozi)

ht (o)

-1
q

2
1111

for some

1111,E2]q_1 = 0 . Hence, by Lemma 8.3.1 and Lemma 8.4.1,

i € (2,3,4}

and B € @fef such that (8,8) = 0 . In this case,

[Ea’Ei]

q—(a,ai)
_ : 2 _
[EB’Ea]q—(a,B) = 0 since EB = 0 and (4.4.3)
0= [IEg BT _ g ) B (—ca,By+ca,a. ))
T q i q i
: {-(a,8)+(a,ai)} 9
= (1 + q )Ea

8.8. Proof of Lemma 5.2.1 (ii) for type F4

Lemma 5.2.1 (ii) for type B3 and 03 (see

show:

_83_
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By
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Qred

+,1

(8.8.1) [Ea,E =0 if o, B €

]
- a’
B a (a0, B)
By Lemma 8.3.1, Lemma 8.4.1 and (8.7.1), (4.4.3), we can

easily show:

red
+,1

[Ea’EB] =0 if o,B € 0 and ht(B) = ht(a) ,

and

0 if oa,8 € "% and ht8) - ht(a) = 1

[Ea’EB]q—(a,B) = +,1

In the case of ht(B8) - ht(a) 2 2 , we can choose the

elements 7y € @:e? and ai € T in such a way that

holds for some %_ € R* . By (4.4.2),

EB = %a[Ey.Ei]q_(Y,ai) o

see:

]

[E ,[E_ ,E. 1 _ _
o Y 1 q (Y,di) q (d,?+di)

[[E,,E 1 _ JE. 1
[> SaE 4 q (a,y) 1 q (a+v,ai)

+

L1y PP (Y)Y - (et,¥)
-1) q EY[Ea,Ei]q_(a,ai)

~(y,0.)

-1y P(?Y)p(ex.) i
(-1) i‘q [Ed’Ei]q-(a,di)EY

Since o < y < B , we finish the proof using part (i) of

Lemma 5.2.1.

§9. Commutator relations for root vectors of ﬂ+ (type G3

_84_

we



9.1. Let (&,T = {al,dz,as},p) be the distinguished triple

system of type G, (see 8§3). Let %, = ﬂh(@(GB)) be an h-adic

h
R-algebra with generators Ei s Fi (1<i<3) , H € ¥ and

relations:

(9.1.1) [Hl,H 1 =20 (HI’H € £ ,

2 2
(9.1.2) [H,Ei] = Oti(H)Ei s [H’Fi]

-oci(H)Fi (H € #) ,

P, )p(ar) Sh(hHai)
(9.1.3) E.F. - (-1) 1 FE =85, ———1 |
1 1 1 sh(hd >
1
2 _
(9.1.4) E,“ = 0,
1+]a, .l 1+]a. .|-v v
z 1 v l*laijl E. W' EE. =0 for i #j and
_ (-1 i joi
v=0 v
d,
q
p(ai) = 0 ,
2 _
(9.1.5) F,“ = 0,
1+]a,. .| 1+]a, .|-v v
s v 1+Iaijl F, ' FF. =0 for i#j and
_ (-1) i jii
v=0 v
d.
1
q
p(ai) = 0

Let N+ be the R-algebra with generators E

E E which

1 72 73
was defined in §4 for the distinguished triple system

(&,M,p) of type G3. Then it is obvious that there exists an

R-algebra map i  : N+ - ﬂh (resp. i_ : N+ - ﬂh ) such that

+

L+(Ei) = Ei (resp. L+(Ei) = Fi) (i =1, 2, 3) . Let

No= i M) and H_ =i N, ) (@ E€P)

Put Uh(G(Gz)) = Uh(€a3 & Caz,{a az}) (see 7.1).

3’
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Similarly to Theorem 1 (iii)-(iv) of [151, we have:

Lemma 9.1.1. (The triansular decomposiiion of ﬂh(Q(Gs)))

(i) The maps i+ and {¢_ are injective. As h-adic

topological R-modules,

- -
U >N, © SiH°1 e N_

(ii) There exists an injective h-adic topological algebra

map Uh(G(Gz)) - 4 such that J(Ei) = Ei’ J(Fi) = Fi

h

HA (A € &)

J
(i =3, 2) and j(HA)

We omit the proof.

9.2. We shall extend the braid group action on Uh((G(GZ))
in §7 to the one on Uh((Q(G3)) (> uh(G(Gz))) . By direct

computations, we can show the following lemma. We omit the proof.

1

Lemma 9.2.1. Let Ti’ T; € Aut(Uh((G(Gz))) (i =3, 2) be of

-1

Proposition 7.2.1, Then Ti , T1

(i = 3, 2) can be extended

to automorphisms of ﬂh(@(G3)) such that

1

Tg(E;) = -EgE; + q E\Eg » T,(E)) = E ,
T, e = “E,E; + o 'ESE, T, E) = E, ,
Ty(F)) = -qFgF) + FiF, , T,(F) = F, ,
T,lF)) = -aF Fg + FyF , T,LF)) = F, .
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1

Ti(HA) = Hsi(k) (resp. Ti (HA) = Hsi(k) ) (X € é)

(i = 3, 2)

9.3. Put
(9.3.1) ellO = T3(E1) ’ e111 = T2T3(El) s e131 = T3T2T3(E1) ’

- -1.-1 .
(9.3.2) €197 = (q+q ) Eelll,ESB (see 4.4 for the notation
E » ]] )

(9.3.3) 6132 = T2T3T2T3(E1) , e142 = T2T3T2T3T2T3(E1)

Lemme 9.3.4. We have:

fe ,E. 1 =0
¢’ i

ab

. . red
if i € {3, 2} and aoz1+boz3+coz2+ozi ¢ ¢+

Proof. We are in one of the following three cases.

(i) (a,b,c,i) (1,1,0,3), (1,1,1,2), (1,3,1,3), (1,4,2,2) ,

(ii) (a,b,c,i) (1,2,1,1) ,

(iii) (a,b,c,i)

(1,4,2,3) .

(i) In this case, if we write €abe = Ti T, +--T, (El) as in
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(9.3.1-3), then, by Proposition 7.1.1 and Proposition 7.2.1, we

have:

-1
(T, T. ---T. )Y "(E.)> = - exp{(-hH )X
i1, iy i Y

where ¥ = (s, ‘--s, )_l(ai) and
2 u

X = (Ti °'~Ti )-1(Fi) € X_ y Hence we have (9.3.5) in this

2 u i
case.

(ii) By (4.4.2) and (i), we have:

_ -1.-1
le;,q B0 = (a+a™ )7 Mle;, ,E4],E,]

1y=1pe 1 (E.), T

i, _ -1,-1
(a+q 1110 IEgEp11 = (a+a 7T, T, (E, 5 (Ex) ]

-(g+q " H e

110°Egl = 0

(iii) By Proposition 7.2.1 and (i), we have:

[ >, T, T, T, T,T

E, 1 = [T, T, T, T,T T3(E 2 TgT,Tq

€142°%3 2'3t23%9
E.J =0

(E3)]

1 2

= [e

110°73

This completes the proof.

Lemme 9.3.5. We have:

. _ -1
(i) €110 = 4 EEl,E3]
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. -1
(ii) €140 = 4 Eelsz,ESB

(iii)d
_3|[

E.1 , e = q [

(9.3.6) e ellO’ 9

111 - ¢
e = q-aﬂe E, ]
132 13172

In paticular, €.be € N+

Proof. (i) Clear.

(ii)

T, T, T, T, T, T,(E;> = T, T, T, T,T, (e )

142 2°3°2°3°2°3" "1 2°3°2°3°2 7110

-1
q KT2T3T2T3(E ),T2T3T2T3T2(E3)]

[¢)
il

1

By Proposition 7.2.1, T, T, T, T,T

2TgT,Tqg 2(ES) = E, . Hence

3

(iii) The formulas (9.3.6) can be verified by direct
computations. We sketch the proof. We write

e = T, °"Ti Ti (El) as in (9.3.1-3). Then

..1[[

Here, if (b,c) = (1,1) (resp. (3,1), (3,2)), then

(y,z2) = (0,0) (resp. (1,0), (1,1)) . By Proposition 7.2.1 (ii)

3

2

Ty cooTy (B €N, p oo

u-1 +(c-z2)x

3
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In fact, by direct computations, we can show that

_ -3 -4 -1.-1
T2(E3) = q EES,EZH (resp. T3T2(E3) = q (q+q ) EEEZ,Eaﬂ,ESB,
-4 1

= -1,-1 ; -
T2T3T2(E3) = q {(gq+q ") K[ES,Ezﬂ,Ezﬂ) if (b,c) = (1,1) (resp.

(3,1), (3,2)). By the formulas in Lemma 9.3.1 and the formulas
which we have already shown in this lemma, and by using the
formula (4.4.2) repeatedly, we have the formulas (iii). For

example,

- ~ - .—1
€111 = T2T3(E1) = Tz(ello) = q EEI,TZ(E3)]

_ =4 I
= q [[EI,E3],E2] = q [ellO,Ezﬂ

This proves the first formula. The second (resp. third) formula
can be proved similarly using the first one (resp. the first and

the second ones).

Lemma 9.3.7. We have:

X 2 _ .
(i) €lpe - 0 if «(b,ec) # (2,1)

(ii) Eelb ]l =0 if b+c-y-z =1 .

c’elyz

Proof. (i) This is obviuos from (9.3.1) and (9.3.3)

(ii) If (b,ec) # (3,1), then, by Lemma 9.3.6,

2

elyz = 0

®ibe € R [elyz’Ei] for some i € (3,2} . By (i),
Hence, by (4.4.3), we have (ii) . If (b,c) = (3,1) , then

(v,2) = (2,1)
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Since Ee111'e121“ = 0 , we have

0 = Eﬁﬂelll,eIZIB,ESB,Esﬂ
_ -2 2 P S
= (1l+q ){e121((q e131) (-1)q "({(q e131)e121}
2 2 2
* (areygdey9; - (1ave (a7 4y
_ 2, =2 2
= g7 (q “+1+q )Eelzl,e131]
by (4.4.5). Hence we get (ii).
_ red _
For o = aoc1+boz3+coz2 € ¢+ , put Eabc = Eaa bt + o0t

1 3 2
The next lemma easily follows from Lemma 9.3.6.

Lemma 9.3.8. We have:

4 4

110 = 98330 » Eygp = aeyyy 0 Eppy 2 ey,

E = q6e E = qge E = qloe
131 131 * “132 132 * “142

ty

142

By Lemma 9.3.7 and Lemma 9.3.8, and an argument similar to

that in 8.8, we have:

Lemma 9.3.9. Let o , 8 € ®.°] be such that o < 8 . Then

we have:



= p3 E *E

C LI 3
Yl""’yu € ¢£e?(a<8) 71""’Yu Yl Yu

[Ea’EB]q—(a,B)

e R L]
for some ch""’Y

9.4, By the definition of ﬁh (see 9.1), we can easily see

that there is a C-algebra isomorphism r : ﬂh - ﬂh such that

r(Ei) = Ei R r(Fi) Fi s T(H) = H (He€ #) , r(h) = =h

Put
€010 = B3 » €g11 = To(Eg) , epq, = T,TH(E,) ,
€o21 = ToT3Ty(Eg) » egqy = TyTaT,To(E,) , ey, = E,

By Proposition 7.2.1, we see that the above elements belong
to ﬂ+

By direct computations, we can get commutator relations
for the above elements. For example, such commutator

relations are found in Section 5 in [10] . From them, we have:

Lemma 9.4.1. We have:

(i) EOIO E, , E -r( ) , E

E

032 ~
) I E = E

011 €011

), E031 = -r(e

3

021 = T(&py, 031

...92..



(ii) The q-root vectors {5010’ EOll’ E032’ E021’ E031’ EOOl}

satisfy the commutator relations in Lemma 5.2.1 (i)-(ii)

9.5. By lemmas in 9.3-4, we can prove Lemma 5.2.1 and

Remark 5.2.2 for N+ of type G3 . We omit the details.

810. Main results.

10.1. Let (&,U0 = {al,...,an},p) be the triple system

satisfying the assumption in 3.1.

red

Lemma 10.1.1. Let o € ¢+ Then, in the h-adic topological

R -Hopf algebra ”)363 , we have:

- _ .. _p()
(10.1.2) A(E) (E, ® 1 + exp (V/h H o ® E )

- ,C
€ 2 pred Upt, ® Evl Ey

Yl""’yu € +’g(a)(<0t)

Proof. We use the induction with respect to the order <«

on ¢fe§(a) . Then, by using Definition 5.1.1 and Lemma 5.2.1,

we can show that

- _ -y P
(10.1.3) AT(E) (E, ® 1 + exp (V/h H o ® E )

€ z
mred

Yioeea¥y € 0.7 gy (KOO
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p(?1)+-°°+p(yu)

X, o _..._. exp(/hH_ Yo 8 E E
« Yl Yu Y1+ +Yu Yl Yu
for some X el € XN v e where u = ¢ (see 3.2
o Yl Yu +,0 Yl Yu o
for the notation Ca)
noyl_y h
10.2. Put ¥ (t) = @ =1 € Cltl . Let g = e . As an
i=1
immediate consequence of Lemma 5.2.1 and Lemma 10.1.1, we
have:
Lemma 10.2.1
< m < n
o o
(10.2.2) < n E , W E >
o € ¢£ed o o € ¢red o
+
n
= m a8 ¥ ((-1)p(“)q(“'“))<Ea,Ea> o
o € ¢+ (o 's s
' <
(See 5.3 for the notation m red .
x € ¢+
Proof. Note that < , > is symmetric . Let 7 € ®7°% pe
H . = . = -
such that mY + nY 0 and mY ny 0 for all 9y > vy
Assume mY - nY . By Lemma 5.2.1 and Lemma 10.1.1, we have:
< m < n
o o
< m E , W E >
o € mfed « o € ¢£ed «
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< <
[v4 Y - o
= ¢ ™ E_%E 8 E , T AT(E.) %>
o € ¢£ed(<v) « ¢ ¥ o € ¢£ed «
< m m_-1
o y
= ¢( W E.%E ® E. ,
o € ofed(<v) « Y Y
< n n
«omo (E, 8 1) 0‘)(EY ® 1 + exp(/h H;)op(y) ® E,) LSN
« e oty
< m m -1
o Y
= <( m E.%E 8 E. ,
« e ol®yy © Y Y
< n
[v4
¢ n (E ® 1) %
o € mfed(<v) «
n -1
¥ (FDPMIGTY g Y T ip VR HePY) 8 By
n, y ¥ y
= (@ (-DPPgTT,
v
< m m -1 < n n_~1
o Y (04 Y
<C m E. %E ,( T E. ®E >
« € oy ® Y @€ oy & Y
where we regared EY_I as 0

Iterating this procedure, we can prove the lemma.

10.3. Here we determine the values <Ea’Ea> (ot € @Ied)

Define d, € Z (x € o7) by

1 if («,00) = 0 ,
d = 2 if 0% ig of type G, and « = o +20, +ot
o + 3 preay ey,
ligégll othewise.
- . o & red
For o = clal + + Cnan € ®+ , put
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d ~-d n d -d. ¢

b)) = (q %~ q FCE_,E> / Mg - q 1) e K.
o i
red .
Lemma 10.3.1. For any o € ¢+ sy b(a) can be written as
b(a) = (-1)%P
for some a , b € Z . More precisely, for each type of Ofed ,
b () (ot € ¢£ed) are given by:
(i) (Type Ay-1?
- _ 4,
b(Si-e.) = T dﬂq (i<j)
i<8<¢j
(ii) (Type BN)
- = - EQ - - EQ
b(Si-e.) = 1 qu (i<j) , b(g.> = ™1 qu ,
1<2<] i<1<N
o IO _ 4 _ 2d,
b(81+8.) = (-1) dN( m qu Yo om qu Y (i<i)
J i<8<j j<2<N
(iii) (Type CN)
o _ d, _ 2d, o
b(ei—e.) = 0 dlq (i<iy) , b(28i) = T q (p(Si-SN)=O),
bic¢ i<g<N
d d 2d
b(E,+8 ) = q N( T d,q &y m d,q Ly Gy .
J i<0<j j<4<N

(iv) (Type D,)

N
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d ZdQ

b(Ei-E.) = T Elq 2 (i<jiy , b(2§i) =dy T g (p(Ei—EN)=0),
<8< i <A<N
_ dy _ d, _ 2d,
B(E4E) = dya (T dga HC T dya ) <)
J i<8<j j<4<N-1
(v) (Type F4) Here babcd denotes b(aa1+ba4+ca3+da2) .
_ _ -2 -4 -4
1000 =1 2 Prigo = 79 " 2 Pyyg0 T 9 0 s Prygg T 72
_ -5 -6 -6 _ -8
Pi111 T 7% s Pyosg =@ 7 s byysy =@ 0, By = ma T,
-9 __-12
Pioggp =4 7 s Pyogy = 74
b =1,b =-al, b =q7% , b = ¢4
0001 = % * Poo11 T 7% Ppyyp T s Ppyoy T TR
_ - _.—2 _ =2 _
Poo1o =1 2 Por1po = 72 s Ppyag T2 bgygo =L
(vi) (Type G3) Here babC denotes b(aa1+ba3+ca2) .
) _ 4 6
Biogo =1 s Pyyjgp =@ s byyy =0 5 bygy =@,
6 9 10
Bygy) =4 5 bygy =27, by, = a7,
) .3 4 6
Boor =1 s Poyp =@ 5 bgyy =8, bggy = A,
_ .3 _
Bogp =2 s Py =1

Proof. Here we sketch how to caluculate <Ea’Ea>

(ot € mfed) . Put La = eXp(/EH&)Op(a) for o € QZEd . We are in
one of the cases (1) Ca = 1 and (2) ca = 2 . Firstly assume

that we are in case (1) . Suppose ht(a) = 2 and o € mfe? . In

this case, there exists o, € T such that a - o, € 9]°] . Let

¢red (0 £ u £r) and

r € Z+ be such that o - ux, € -
J +,1

o« - (r+Do, € 077

J
Put B = o ~ aj and ¥y = o - raj . By the definition of
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Ea (see Definition 5.1.1), EB = yﬂulﬁEy,Ejﬂ,Ejﬂn,Ej] and

E, = x[E_,E.] for some x, ¥ € Rx . By (10.1.3), we have:
8 Y

p(B)p(aj) -(8,x.)

- - (- J -
<Ea’Ea> = x(EB ® Ej (-1) q Ej ® EB,A (Ea)>
5 p(B)p(aj) —(B,aj)

X y(EB ® Ej - (-1 q Ej ® EB’
e ® ® , - . . - . s e e ey - .
I EEY 1 + LY EY A (EJ)B A (EJ)B A (EJ) 1>

By direct computations, we see that this equals

) p(B)p(a.) -(B,0.)
2°¢ -(-1) 1 q J E; ® Eg,

p(?)p(aj) (v,a.) (r-l)p(dj) —(2?+(r—1)aj,aj)

(-1) qQ bo1-¢-1) aQ }
rp(a.) rdo.,o.)

1-¢-1) a1 poem>
pla.) (aj,aj) i 8 ]

1-(-1) J ¢q
(r-1Dp(at,) -(r-1>(et,,ct.)
= -z2¢-1) iq it
- - _ rp(ee.) rice,,o0.)
(r l)p(ozj)q 2y+(r l)aj’aj)}l-(—l) J q 3]
plax.) (o.,t.)
1-¢-1y .4 43

{1-(-1)

<EB’EB> .

Hence we can calculate (Ea’Ea> by the induction on ht(o) .

red

Next assume that we are in case (2). Suppose o € ¢+ By

the definition of Ea (see Definition 5.1.1), there exist

8, veo'® such that « =8+ v, ht(¥) - ht(B) < 1 and

E, = z[Eg,E, ] for some z € R* . If ht(y) - ht(8) = 1 , then
- X . .

EY = wEEB’EY—B] for some w € R . In this case, since

cY =1, similarly to the proof in (1), we have:
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1 )p(v—b)p(B)q(v-B,B)

<E A (EY)> w (-1 <EY EY

Y-8 ® EB’
By (10.1.3), we have:

"(BsY)

_ _ 1 PB)DP(Y) -
<Ea’Ea> = Z<EB e E? (-1) q EY e EB,A (Ea)>

Y 14 8’
[(Eg 8 1 + Ly ® Eg), (E, © 1
= Shty),ht(B)r+1 w—l('l)p(s)p(y_B)q(B’Y—B)<E JE,><Eg,Eg>T
E, gly_g ® Eg + L, ® E}1>
2P BRI B (1 RBIPO) (B, ¥ -(B,7),
- 6ht(?),ht(B)+1w-2('1)p(ﬂ)p(y-s)qw'Y-B)<E JE,><Eg,Ep>" 1)
<E, ® E4,E L, ® Ey>
= -z22((1-q" Z(B’Y))<EY E,><Eg,Ep>
) aht(Y),ht(B)+1w-2(-1)p(B)q (B’B)<Ev’Ev>2}

Since CY = CB =1 , using results in case (1), we can get

<Ea,Ea>

10.4.

Proposition 10.4.1. (TAe Ponincaere—Birdhoff-Witt theorem

Foar N+ and N,

(i) The R-module N+ is a free module with a basis
< na
{ . 2 Qred Ea (na € Z+ if (a,0¢) # 0, na = 0, 1 if (x,o) = 0)})
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(ii) Let N_ and I, (resp. N+ and f+ ) be the R-algebra
and the ideal defined in 2.9 (resp. 4.2) respectively. Then
N, = N+ and I_ = ﬂ+

Proof. By Lemma 10.3.1, <Ea’Ea> # 0 . Therefore, from

Proposition 5.3.1 and Lemma 10.2.1, the proposition follows.

10.5. As an immediate consequence of Theorem 2.9.4 and

Proposition 10.4.1, we have:

Theorem 10.5.1. Let (§,0 = {oy, ..., },p) and D be the
triple system and the diagonal matrix of type XN described in
3.1. Let ¥ be the complex simple Lie superalgebra of type XN
Let U(9) be the enveloping superalgebra of ¥ . Let Uh be the
R-Hopf superalgebra defined for the R-Hopf algebra

Ug((é,ﬂ,p),D) (see 1.9). Let & be an ideal of U, h-adically

h
generated by the elements {H € %Iai(H) = 0 (1<£i<n)}. Then an
R-Hopf superalgebra Uh(@) defined by Uh(@) = Uh/é is
topologically free. Moreover, as C-Hopf superalgebras,

U(%) =~ Uh(g)thh(@) .

10.6. Here we give the main theorem. For ¢ € Oied s put
F_o=EoP® € y? . Let g.'s be basis elements of &
o o h i
n
such that (Si,sj) = 8ij . Put tO = Z HSi ® H8i € X ® X . Let



e(u:t) = 2 (un/Wn(t)) be the formal power series called the
n

ht (o) 1

“q-exponential™. Put u(a) = (-1) b(ot)

Theorem 10.6.1. (Universal R-natrix of Uz) Let ® be an

element of Uz & Ug defined by
< d. -d
&= (T e(@ ®a HuE, ® Faop(a) s (-1 R (@),
red
ae¢+
-(% T (-1y%9¢ & od}'exp(-hto).
c,d €{0,1)

Then (U:,A,%) is a quasi-triangular Hopf algebra.

Proof. Use Lemma 2.9.10, Lemma 10.2.1, Lemma 10.3.1 and

Proposition 10.4.1. Here we note the facts Q/(Ea) = E

-d. d. ¢
i

. (q -q ) o 1a1 +°--+cnocn €

a »

¢red

+

Q (Fa) = {i

LL— =

Appendix

A.1. We use the notation in 2.1. Let .H+ be an ideal of
N+ generated by the elements of Definition 4.2.1 (i) - (iv).
Put N, = N,/I, . We define an ideal I_ of N_ in a similar

way. Let L be the ideal of Uﬁ h-adically generated by the
o
ﬁh/L

. g
elements in [ _u I_ . Put Uh
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Lemma A.1.1. Let ﬁ+ : N+ - Ug be an R-algebra map defined

by x + H+ » x + L . Then ﬁ+ is injective.

Proof. By direct computations, we see that

F..I, eI,.F, + I, (1<i<n) . Hence L, = H+S[%R]R<0>N_ is an
ideal of ﬁ; . Similarly, we see that L_ = N+S[%R]R<0>H_ is

also an ideal of Uz . Hence L =L_+ L_ . In particular, we

see that L n N+ = H+ . This completes the proof.

A.2, For v € P, let N = N + 1 N and

+ +,V +,V + +

I = N nl, . Then N =N /I

N-2 N-1
14 x<:::z , then I = ().
N TaONop &N TN

In particular, rank N+ o 120 ot = 6 . Hence
i1 i i+l

Poincare-Birkhoff-witt type theorem can not hold for Ug

11
A.3. Let U be the Hopf superalgebra called the

h

“quantized Kac-Moody superalgebra" in [7]. Here we understand
3
that Uh is defined as an h-adic R-Hopf superalgebra. Even if
we take the Note added im proof in [7] into account, we can
. . . *. o o
show that there exists a natural epimorphism (Uh ) o Uh of
*

Hopf algebras. Hence, for Uh s @ P.B.W. type theorem can not
hold contrary to their assertion (Proposition 3.3 and Remark

under it) in [7]
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