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Abstract;

Inclusive Spectra and the two—particle'correlation
functions of nucleons and pions in high—energy_heavy—ion
reactions are invéstigated’based on the statisticai model.

Our formulation is fnlly relativistic and is applicable to

the reaction inclnding multi-pion production. The dynamical
correlation results from théVStrong interactions among
nucleons and pions in the.thermal system. Using the S-matrix
formulation ongrand partition funotion, we_oerive expréssions
forﬂinclusite cross sections and the correlation functions:

in terms of the phase shifts of hadron-hadron scatterings.

E

We calculate these functions for selected heavj-ion
reactions With nigh—nultiplioities using a large amount.of
experiméntal data on the phase shifts. Some'reaults for the
‘reactionS‘Fe+Cu and Ar+KCl at o0 MeV/A are shown and dié—
cussed. Furthermore the calculated proton—proton correlation
is compared with experimental data on the reaction Ar+KCl
at 1.8 GeV/A. We £ind that the reasonable value of parameter
bpc (the density'of the thermal system) should satisfy tne
condition,‘pc%d.SoO,_pO being the density of the normal
nuclear matter. Also, it appears that the contribution of
the p meson‘resonance.to the pion—pion correlation is very>
small because of its larger mass than the threshold of ww
Scattering. Our analyses for the pion-nucleon interaction
reveal that the finité width of the A resonance plays an

important role for the plon spectra{
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§1. Introduction

The primary mbtivation for studying high-energy heavy;
ion collisions has been"to achieve high nucleaf densities
and high temperatures during the'cbllision,_and fo obtain an
informétion on theAnature of nuclear matter. beyond the'péint
of normal nuclear density and temperature. Various new

' 1,1 1,2 .
phenomena, such as shock waves , pion condensation R

: 1,3
nuclear density isomers

1,4 - . 1,5
quark- matter = and hidden color (QCD) effect , ete,

, the transition from nuclear- to
have been predicted to occur under sﬁch extreme conditionsf
A large amqunt of experimenﬁal‘data cqncerning the relati-
visti¢ heavy-ion reactions with'beam eneréiesifrom a few
hundfédwﬁev_to a few GeV per nucleon have been acCumﬁiatécilf6
These have'come-mostly from thé Bevalac at the Lawrence
Berkeley Laboratory.

However, untii now those expected unusual phenomena
are not confirmed yet experimentally; 'Various reésons for
this situation are considered:-(i) The incident beam energy
is ndt enough to induce these phenomena. (ii) As these
various processés bcéur-simulﬂaneously; the observed data
ére iargely smoothed as if there is no such abnormal feature.
(iii) Production cfoss sections of the new phenomena are so

small that they are buried in the ordinary processes. (iv)

The physical quantities observed so far are not suitable



for detecting such phenomena._'

Therefore it is 1mportant to calculate accurately the
background value for these phenomena with theoretical models
in order to find out the extraordinary feature. |

A great variety of theoretical models have been used to
calculate the baokground processes. They are the statistical
modell'7 with a simplified participant-spectator geometry18
" (the nuclear fireball model), the nuolear fluid—dynamical
modell'g-and the microscopic cascade modell°;0 ,_etcl°11
All these models have been successful in describing at least
the gross feature of inclusive distributions1 1{ Various
quantities to provide a test of these models have been

: 1,13 :
suggested such as the particle correlation ’ R the energy .

1,14
dependence of the pion multiplicity , the ratio of deuteron

115 1,16
to proton s Tthe collective hydrodynamical side-way flow

the strange particle productionl'17 and the antiproton
prOductionl.li In particular , under the present eXperi—_
mental situation, obVious differenoes among the existing
dynamical models will appear’in-the particle correlations,
which may be sensitive to the existence of the exotic
phenomena. Thus a detailed investigation of the correlation
functions is essential to seleot out a reasonable theoretical
‘model and to reveal the newlphysics.

Among the various models the statistical model is con-

vsidered to be an appealing one for the following reasons:



(i) it is'simple; and (ii) the recent data mostly sorted into
‘central'collisions areﬂwaii deaaribed by‘the Statistical
~model in the gross featurelﬂa. Note that the data»averaged
over the impact parameter should not be compared directly
with the statistiéal modei'based on the assumption of the
thermal eqﬁilibrium, because such data contain a considerable
. contribution of the pefipherai'collision. In the latter
oollision}pimber of participating particles is not enough to
‘reach an equilibrium. | o |
The purpose of this paﬁer.is'to inﬁestiéaté’in detail
the system produced by the ceﬁtral'high—energy heavy-ion
oolliSiOnrbasing on the statistical model. We take account
of Various interaotions,among hadrons involted in it in terms
“of the scattering phaSe shifts. Our formulation is fully
relativistic and.is applicable to a system with super high’
temperature. Using the method of statistical mechanics
formulated by Dashen, Ma and'Bernsteig'zofor the relativis-
.tically interacting system, we deriﬁeiexpressions for the
one-particle distribution and the two-particle correlation
fﬁnction.‘ These functions involvé, in additidn tdtwell known
terms of ideal-gas, some new remarkable terms due to‘the
intefactions. These are written by using the'phase shifts
of the nﬁdleon—nucleon, the nuéleon—pion and the pion—pion
scattering. Then we calculate the inclusive cross section

and the correlation of protons and pions for selected heavy-

ion reactions with high—multiplicities. A large amount of



experimental data on‘the phase shifts is utilized in our
“calculation. | -

o -The_proton—proton correlation functibn has been studiéd
by Kdoninl'?{ _However,~his treatment is nonrelativistic ahd
formulated by using a nuclear potential between protons. So
the method is not applicabie to-the system.includingvpions.
Above the enefgy ébout 1.0 GeV/A the cbntfibutioh of the

pion production can not- be negligible.
' ’ 1,22

In Kapusta's simple fireball modei >, the sjstem con-
taihs the A resonance with zero‘width. 'His %reatment is
_insufficient becaﬁse, according to our analysgs, the finiﬁe
width of the resonanéé plays an important roié for the pion
spectfa. | J

 The Contenﬁs of this Workiaré as follows:-Ih §2 we
~give a brief review of the S-matrix formulation of the grand
paftitiOn furiction for the system éomposéd of one species
of particle which Was_preséﬁted in‘Ref. 1.20. The two-
particle_correlation fuhctionvis expfessed‘in terms of the
scattering phase shifts in §3. _Section I is devoted to the
summary of an interferometrié correlation effect dfythe
identical particleé'in our framework. Wevderive in §5 the
expressioh of the two-proton cofrelation and'inciusive dis-
tribution functions integrated over the impact paraméter.
forithe reaction of equal—mass nﬁclei. Then we apply them
to heaVy—ioh‘reactions Fe+Cu and Ar&KCl at 400 MeV/A. Con-

tributions due to the pion production are neglected at this

_ A



energy.

In §6 we treat the system composed of pions and nucleons,
and.genefélize the formulas forbthe“inciusive cross section
and the two-particle correlationrfunction—in'§5 so.és to
include,thé pion pfoduction. Using these formulas, we
calculéte'in 87 tThe protoheproton corrélatioﬂ functioné at
higher ehergies and compare them'wifh preliminafy experimeﬁts
in the reaction Af+KCl at 1.8 GeV/E'zs. We find that the
_ reasonablé value of the paraméter-pc (density of the thérmal
System) should Satisfy the condition, Pe %O.Spo, with Pg-
-being the normal density of the nuéléar matter. The pion-
‘pionjcorrelation functions are alsplcalculated for various
combinatiéns of colliding nﬁclei. It appeafs that‘the
contribution of the p meson fesonance to the dynamicalAcorre—
lation function isvvery smali because of its larger mass
than the threshold of the pion-pion scattering. The remainder
of‘§7ris devoted to}caléulationsrfor the inclusive distribu-
tions of protons and piohs and We compare them with the data.
for the reaction Ar+KCl at 0.8 GeV/Ay;ﬂi' Our result fits
befter to the data of pion spectra than the simple fireball'
model_does. | |

Finally, Section'8 contains a summary of our results
and some cohcluding remarké. .Appendix A gives some conve-
nieht formulas for the derivation of Eq. (2.13) in §2. In
Appehdix B we describe a brief review of the simple nuclear
fireball model formulated by I{apuis;'t:al'."22 and generalize it

80 as to include the hadron-hadron interactions.

__5'_



§2. S-matrix formulation of grand
partition function
. 2.1 e
In this section S-matrix formulation ° ongrand partition
function is briefly reviewed. For the simplicity of discussion,
we treat the system composed of one species of’particles withA

Boltzmann statistics. The grand partition function is given by

Z = tr exp[-B(H - uN)] , o _ (2.1)
where 6"1 is the temperature, " ¢ the chemical potential, and
H=H, + gI_ i | (2.2)

HO and HI being the free and interaéting Hamiltonian,

respectively. To evaluate the trace, we use the complete

set of HO' The eigenstate of H, is labelled by the set

0
(g} = {kl,kz,..,kN}, and is denoted as

| by oKy, ok N

N> = |k1>|k2>...lk >

for N-particle state. Here |k> is a single particle state of

HO with momentum k. Then the grand partition function is

A S , ‘ (2.3)



where

-gH ' gH
tryg e B = ¥ kgl kygle T kg gy (2.14)
and ) is the fugacity
A = exp(pu) - | | (2.5)

The right-hand side of Eg. (2.4) may be interpreted as the
amplitude of_fiﬁding the,state ke ey - > at the imaginary

- time —iB‘when the state lklk2..kN> is given at time zero.’

Let us write Eqg. (2.4) as the FeynmanéDyson diagrammatic
expansioh as shown in Fig. 1; In the figure the circalar

~ boxes mean thé cohnected diagraﬁ with all order interactions.
Let Cv(Kv)'be thercontribution of_the connected.diagraﬁ with v

particles with mqmenta kl,kz;.;.,kv as shown in Fig. 2, then

v oy

by e T e @0y )™ (2.6
‘ .mv} Ky '

v

where the positive integer m, is selected so as to satiSfyv

The division by’Hv mv! is to avoid counting the. same amplitude
more than once. This 1s in accord with the basic rule of
statistical mechanics that each distinct configuration must be

counted only once. Summing over N, we find



o * 1 IRV . m_
s=n e (AV T te) )™
m=0""v K
v : Y
=exp [ J ¥ (¢r. B 1 . 2.
- v=l :
Hereafter we use the suffix n instead of Y. The subscript c

- denotes that only the connected”diagfams are kept. We write

Eq. (2;7) as

E=2 . B ,’(?;85
Eq ;'expﬁx trle;BH ) , - (2'9); |
>Eint  exp [ nzé A (#rne;BH )y ] ;
- exp [V n§2‘xn aigt 7 (2.10)
wheré
Vaihtv%:(trn e~ BH ); s

and V is the volume of the'system.r.The partition function
fEO is the ideal-gas part of E.

nt

Now we express Ei +-in terms of the S—matrix; Let us first

- calculate the term from n=2. We have

(tr2e~BH )é =_tr2(e~BH - e—BHO )

_8_



= - X e BE Inm tr.(6-¢.) , (2.11)
gy 2 |

where

o~ E-H. - »(.2-1_2>

2,1
Using the identity °

in the formal theory of scattering( see
Appendix A )

er(sl 5* S) = —4i Im tr(c-GO) ,  (2.3)

qu. (2.11) can be written as

o NP | |
(¢r, e = g [Tam 7PE (bry ST gpS), . (2.14)

One can obtain the similar result as above for the terms

s
_ H _ l ,m. - _.BE -—-l 16—:— -.
(br, e™PD), = 7 [T4E e (trn.s 58, - (2.15)
- Eq.

>21
(2.15) can be extended to quantum statlstlcs

Also the quantlty 29 must be replaced by the one calculated
with quantum statistlcs

2,2
and is given as follows
E, = exp [V y e aéO) ] , (2.16) l
n=1
-1 ' v 2, 2 o
(0) _ (-p)" gV3 [a3p emB P IM , . (2.17)
" o (2m) _



Wheré'g is the statistical weight of spin, and -

+1 (the Fermi—Dirac statistics)
vy =4 -1 _ (the Bose-Einstein statistics)
0 (the Boltzmann statistics) .

From Egs. (2.10) and (2;16), the partition function can

be expressed as-

5 =exp(V § aAMa) . j.v ' (2.18)
n=1 n o
a =al0) 4 int >2) .,
n n n =
2, ='ya§LO) - 'v o - (219

In the‘application to high—energy'heavy;iqn feactions,
contributions bf ainti (n > 3) to the érand partition
function cbuld be negligible. In the next section we express
‘the two—pérﬁicle correlatioh functlon due to'interactions in
terms of the Scatﬁering phése shifts by taking écéount;of

only'a;nt.'

—10—



§3. Phase-shift representation for

two-particle correlation function
By using the relation
S =1 - 2rig(E-H)OT - (3.1)

Eq. (2;1&) can be divided into three terms:

(er, e
= [TaE e BE try{ - %w%E-ES(E—Hb)(T+T+)]
o A + .
- wils (B-Hy)T's (B-Hy) ST - s(E-Hy) & 6 (B-H)T]
- L 88(E-H))  38(E-H.) | '
- wil6 (B-H)T —go= T -~y T S(B-HTI . (3.2)

The third term above gives no contribution, becausé it reads

aG(Eb—E )

-BE a
b
aEb

—'niz e

[|<a]T|b>]2 = |<b]T|a>|®] . (3.3)
ab ) .

The second term in Egq. (3.2) which we denote as A2 can be

written as follows:

: A2’= - 7i gb e‘BEa_5(Ea—Eb)[Tga(Eb)-ggg-Tba(Eb)] (3.4)

—11-



= -1 3 '[.("2:)3]“ il a,bfd3p1d3p2d3pid3 y BBy
x §(E,E,) ‘tT (B Tbg<E5)] , - (3.5)
where
Ea = /;§+m2 % /b§+m s E; =,{;i2%m2 +I¢bé2+m2 .b

Division by 2! in Eq. (3.5)fis done from the same reason as -
the division by ng! in Eq. (2.6). Note that the replacement

: : ’ 3,1
of summation by integration is done relativistically

The contribution of,inelastie reaction is neglected. Using

the relations

(3) (g s | »
. C(2ms (pl+p2—pl~p2) /s £ o, (3.6)
ba - ve Y 0 0_,0_,0
P1PoPy p2
and
(2n) 6(3)(0) . 3D

we obtain the expression for A2 as
S 3. .3 . OO/—‘
V.42 dP197P,  _g(pl4p0) (PitPy)Ys
Ay, = [ — ] ) f———ﬁ——ﬁ* e 172 :

(217)3 - spin a,b Py Ps

1 -1 3
x v (T) Ide' (fba '5-_’ ba)p"‘p 3 (3.,8)

— 12—



where fba is the scattering amplitude of particles with
momenta py and'p2 to p and p5, P is the magnitude of
momentum of particles in their c.m.'system, and

2 : / 2 + 2

_S’= (p1+p2) | s pk k m .(k=1,2)A . (3-9)

The first term in Eq. (3.2) which we call as A becomes

1
3 3, - |
~ d°p,d 0,0

3 _
(2ﬂ) spin a,b pl p2.

X_ﬁ_i(f +f)

A\ 2 “Taa 6=0 2 (3f10)

6 being the c.m. scatterlng angle

In the following we treat the case of splnless partlcles_

in order to simplify the formulatlon. ‘We will consider the
case of,particleS,With,spiﬁ later.»-By using the expan51on

1 218

£(8) = 535 1 (21.+1) (e
_ ~ I _

L - l)PL(cQSB)Am, C(3.11)
we obtain the identity

’ . as - :
ZL(2L+1)35£ = fdQ (f *5 £) +

N b

G5 (PP .(3.12)

Q)QJ

Then Eq. (3.2) becomes

—13—



[
i
<
et
he}
-
1
v
(\
kol
S
+
ke
N
-

x[1. 1 (2141) —2 — T 1— (pf+pf ) 0]
| p2 L ‘ dp 2p2 3P

Thus we obtain the following result:

2,.int _ .2 _gH
AVan T = AT (tr, e YT,
= 5 Ja%pya’p, M pypy)  , (3.18)
where
1nt
(pq,P;,)
v 0, 0, (p%+p%)/E a5
= [AV 92 B(pytpp) 171 720 T L 2T vy D
(2 3 . : 0.0 v _ 2 ap
™) 4py ps p° L
0,0 « |
/s ¥ (pl+p2)ﬂ,a | _
+ ————"‘—ZVpO 0 [211’6(f+f)e=0 - T s'ﬂ(pf-i-pfﬁ)e:()]} .(3.15)

1P2

14—



The quantity C1nt becomes the dynamical two-particle correla-

tion function due to the interactiohs,_which we shall discuss

in §5. We define a quantity Rlnt(pl,pg) as

1nt 1nt(pl,p2)/(

L do ) =2, , (3.16)

(p;,pP5) =
172 %in d3p1 Gln d3p2

Oin being the inelastic total cross section. For ideal

Boltzmann gas the inclusive cross section is given as

0
(_1_do _ AV _-Bp

do 4y = . (3.17)
9in (13p'0 (2ﬂ)3 .

Then Rlnt(pl,pz) can be expressed in terms of phase shifts as
0, 0y
» (p +p,)vs
1nt 12 :
(br,0,) = —=—2"— L 8¢ Y(214+1)R- (p) (3.18)
1°%2 0.0 L
4p1p2 v L ,
where

R, . (p) = 1 sing [—gﬁg— éos& + gi& siné ]' ‘ (3.19)
L 2 1, L0, 0 ©°°°L T @p L4 y
p- P +P5

For the case of particles with spin, Egs. (3.17), (3.18)

and (3.19) are replaced as follows:

1 dg, o EN_-ep (3.20)
Olnbdgp (2ﬂ)3 :
0,0
Lint (py+py)/s 4 g,

7Z§<2J+1>R§<p> , (3.21)

15—



S

. . 4§
S I T 28p S J ...8 1 , (3.22),
R;(p) = — sindy [ 55 cosdy + a5 siné;
p P+P5

where.J and S are total angular momentum'and spin, respec-
tively.

| The correlation Rint has_thevfollowing features: (i)
The.éxpression is simple and relativistic, and (ii) it isgr
expressed in terms of phase shift of which werhave a large
- amount of experimental data. In thé energy regioﬁ we deal
Cwith in §5, the first term in Eq. (3.19) is dominant. (iii)
So if the interactioﬁ is attracti&e (repulsive), the corfe—
lation becomes positive (negative); (iv) Contribution of

s wave :is dominant in the small relative momentum region,

because

""" finite (L=O)V '
{ 0 (t#0) - (3:23)

16—



gl. Identical particle effect

In the quantum‘statistics‘there is an interferometric.
correlation effect of identical particles even for ideal gas
known as the Hanbury Brown—-Twiss effect in radio astrophys-
ics?'1 In this section we derive the correlafion functidn,
for various statistics. |

The fluctuation of particle nuﬁberrfor the system of

identical free particles is given by the relation

, 2
2 3 -
AT = log E
- 3X2- 0
- v J n(m-1) al0)\n o (4.1)
n=2 , no- .
_ o | |
= fadp —52¥§-(—Y)l2 e 2PP : 0 (8.2)
J (2’”)

(1+ yae P )2

I

| 0, 0
faPp,ap, E;g%§~(—y)x2 e~ B(P1¥P) 5(3)(pi;p2)_
. 2T

x L3 , o (h3)
[1+ yxe“B(p1+p2>/2]2

where g is the statistical weight of spin. The integrand of

Eq. (4.3), which we denote as C(O)(pl,pé), can be interpreted

;_]:7__



as the correlation function of identical free particles as

shown in §5:

. _ _ 3 ‘
(0) 1 dg . 1 dg o 2p3 (3
c (pl’p?) Oin d3pl)0 Oin d3p2)0 A
x : (4.1)
[1+ yxe‘B(p1+p2)/2]2

C(O)(pl,p2) has a deflnite 51gn independent of Py and p, ..
As the condition j Bp |<<1 is fulfllled in our application
to haevy—ion reactions in the following section, Eq. (4.4)

can be written approximately as

(0}, 1 dg 1 dg (2w> NE P
C (b-,p,) = (= ——), (= - —=—),(-v) (p,-P5)
Pj,P) in d3pl 0 ‘o, d3p2 o' 1P

(4.5)

We define R(O)(pi,pz)'as
(0),. (0 do 1 do
R Do) = (0 ,05) / ( )y (& )
(pl p2 , pl 2 1n d3pl 0 Uin d3p2 0
- (2 ) (3) .
= (-7) 5 8 pyey) (4.6)

We replace hereafter the delta function 6(3)(p1—p2) with



o o 125 12
1 e"(pl-p2) /20

(/210"
considering the finiteness of volume of thé thermal system.

From Eq. (3.7) the parameter o' can be determined as

I |
ot = B | | w.n

Then we obtain

D p,)

& do Yo L do y. L=1) e~(p1—p2)2/2o'? , (4.8)

%in adp, % %in adp, 0 &

and

2 2 '
R(O)(plapg) =_(_;)‘e’(p1’p2) /20 . (4.9)

19—



§5. TWo—partiole correlation in high4energy heavy-ion

reactions at a few hundred MeV per nucleon

In this seotion the’expreésionhof the two—particlé
correlation function is derived. We apply it to heavy-ion
reactions af a fewvhundred'MeV/A. Contributions of the pion
production can be neglectedlat this energy;

In'the following we employ the simplé Kapusta's nuclear
fireball model ~  for the statistical system without inter-
action. This system is described by the grand partition -
funetion EO. Details of the fireball'model will be presented
in Appendix B.

The two—pérticle correlation function Cb(pl,p2) at fixed

impact parameter b is defined as

: __. 1 " do -1 do
Cplpiopp) =I5 === — 1, - [T =S —hl5

1 do
%in d3p.d> in d : in 4

1.
3p.2 b _

(5.1)

' 3 | 3 .3 :
Here [(do/ad p)/oin]b and [(do/4 pld pz)/oin]b are the single
particle and the two-particle distributions at fixed impact
parameter b ,>respectively. Thé corre1ation function can be

obtained from the grand partition function & = X in the

0-Zint

at fixed impact

following. The fluctuation of the number ny

parameter b is given by

,<nb(nb_1)> - <nb>2 = fd3p1d3p2 Cb(pl,pé) ,» (5.2)

90—



and can be expressed in terms of £ of the system at the
© impact parameter.b by using Egs. (2.18), (3.14) and (4.1):

2
2 9 =
] A ——210g o

%

(0) A0 2 int

=V .7 n(n- La, + VATa_

int

Jadp adp, I c(°)<pl,p2> + ol p) 1, (5.3)

int

. (0)
where C (pl,p2) and Cb

(pl,pz) are prev1ously glven in

Egs. (4.8) and (3. 18) respectively. Thus we get

int

¢ tpy5p,) = ¢{y,p) + Ly . (5B

The single particle distribution which we denote as I,(p) 1is

obtained from the partition function £, and can be written as

I = @) + fd3 lnt<p,p ), (5.5)

where Iéo)(p) is the single particle distribution obtained
- from the partition function Eo and is'given in Eq. (3.17).
Eq. (5.5) is obtained from the relation

= o = =
<ng > = ABA ( log _0.+ log &,

jiz— 4 1a% . . (5.6)
1n d3

.,2“]_



. From the definition of the function R;nt(pl,pé) at fixed

b [ Eq. (3.16) 1, Eq. (5.5) becomes
e =50 L1+ a® 1 (5.7)
where
&® = fadp V0@ & weny . (5.8)

To compare with the experiments, the single éarticle

distribution Ib(p) and the two-particle distribution

1
[ do

= _”_______]vb= C. (P, P,) + T (p)T, (p5) (5.9)
Sin alpjadp, D D12 p'P1/Hp P2 2

should be integrated’over-the impaét parameter. The
integrated two—particle'correlatioh which we denote as

-C(pl,p2) is given by

Clpy,py) = < Cplpy,py) + I (p)Ty(py) >y

- < Ib(pl) >y < Ib(pZ) b , (5.10)
where-
d 1 bmax
< Q) >, = —7— [2wbdb Q 5 (5.11)
b 0 , .
max :
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bmaX being the maximumdimpact parameter. The function I (p).
and C (ml,pz) are dependent of the impact parameter, because
in these functions the quantities T u, and V vary with it.
The explicit dependence is determined by solving-the equa-—
tion of State for the fireball.( See Appendix B )
We ealeulate C(pl,p2) for the collision of equal-mass

nuclei. In this case the temperature is shown te bei |
.independent of{the.impact parameter. So we can write

L) = n{® 1) (5.12)

(0)

- for the ideal gas,_where e is the total proton number in
the fireball at the fixed impact parameter, and the functlon'

, I<O)(p) is independent of b. Eg. (3.21) is written as

1nt _ 1 1nt :
where
S 0 0' _
; (p +p,) Vs _
1nt<p1;p2> = 8r —=2— I RS  ,  (5.14)
llplp2 8 d :
1nt

(pl,pz) being independent of b. From Egs. (5.7), (5.8)
and (5.13) the single-particle distribution integrated over

the impact parameter, which we denote as I(p), 1s obtained

~ as follows:



1) = 1w e 1, (5

where
1) = «nl® 5 1@¢) (5
- 7b b _
and
) = & fadpr T By L (5.
: v - =
0
Here VO is related to,V through the following relations;
s - g . (0)
~ n o
-2 b
V—O = Bc njﬁ)— s (5
D - .

where o, is the density of the thermal system (i.e. the
5,1 :
critical density in the fireball model ), and is one of

(0)
b

pendent of the impact parameter in the case of equal-mass

parameters in our model. The ratio nb/n becomes inde-

- nuclei.

- Finally we define the normalized correlation function

R(pl,p2) as

R(py,p,) = Clpp,p,)/I(py)I00,) (5.

24—

.15)

.16)

17).

.18)

-19)

20)



This fuhction,is obtained from Egs. (5.10) and (5.15), and

written as

: ‘ HBT, L Rd |
R(py,P,) = By + R (p,b,) + ROV (py,p,y) o

The first term in Eq. (5.21) is given by

(5.21)

(5.22)

Itbrepresents‘ﬁhe fluctuationvbf pfoton number'dué to its

impact parameter dependence, and is independent of P, @

Ps- To select high-multiplicity events we reStriQt

y 0.7, ¥

maxé . X bglng defined by

ma

b
max

max
Rp + RT

where Rp(=RT) is the radius of the projectile(target)
nucleus.r In this case,.RL

Figs. 3(a) and (b). The second term, RIDT

nd-

(5.23)

can be negligible as shown in

(pl,pz), is due to

the identical particle effect (Hanbury Brown-Twiss effect),

and is expressed as

Py,Ps) = = ' ~ >
| VTR 14 ) 101+ etpy) 1

where

__215__
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HBT( ) =
pl >p2

N

(5.25)

The b dependence of o' can be determined-by Egs. (4.7) and

(5.18). The last term in Eq. (5.21), RO®

(pl,pé), represents
the dynamical correlation due to the nucleon-nucleon inter-
actions, and is written as

. dyn(pl,pz) |
(plapz) = N ; Y (5e26)

L1+ elpp) L1+ €(p2) 1

dyn

‘where -

dyn

lrlt(pl,p2) being given in Eq. (5.14).

_ Using Eq. (5.21)5 we Calculate the protén—proton corre-—
lation fuﬁction R(pl,pé) for»varibus reactions at 0.4 GeV/A
in thellaboratofy system. At this energy thercontribution
of pionrproduction can be neglected. In Fig. U4(a) the
dependencevof the correlation function on azimuthal anglé
between twd protons for reaction Fe+Cu is Shown‘at the same
kinetic energyr(TL) and»polar scatteringvahgle.(eL) for both

protons. Asymmetry of the mass and the charge between Fe and Cu

— 26—



dyn(P RHBT '

is neglected here. The functions R 1,p2), (pl,p2)

and-R(pi,pg) are shown separately. We put tentatively

Vpax=0:5 and p_ =p, in Fig. h(a); Ypax-0-5 and p =0.3p, in

ma
Fig. 4(b). The quantity polis-the normal‘density of nuclear
matter. The same correlation functions fofrreaction Ar+KCl
are shown in Fig. 5(a) and (b) with the same pérameters usea
in Fig. H(a).and (b). The Y pax dependence of R(pl,pg) is
shown in Figs. 6(a)(b) and 7(a)(b) for pc=p0-and pc=0.3po at
the same TL and eL as used in Fig. 4. Wé can see thé value

of R at the peak increases with Ypax®
The P dependence of R(pl,pz) is shown in Fig. S(a) and

(b) with the same 6 and T. as in Fig. 4. 1In the calculation

L L
- 5,2
we take account of the partial waves L<6 . The peak of

Rdyn

is dué to the strong aﬁtractive force in the 180 channel
of proton—proton scattering. The results are almost well |
described With only the S;wave contribution as shown in

Fig. 9, and agree qﬁaliﬁatively with Xoonin's nonrelativistic
models'g. The relativistic effect decreases the correlation.
functioh by a few percent at the peak of R.

The 6;, and T dépendenée Qf R(pl,p25 are»shoWn in Figs.'
lO(a)(b) and 1i(a)(b)'with the same parameters as in Fig.
4(3). The dependence of R(pl,pz) én projectile and target
nuclei is also shown in Fig. 12(a)-(c).

At higher energlies we must consider the contribution

from the pion production. In the statistical model the

— 27 —



proton-proton correlatioﬁ beCOmes.small at high energies.
Because the density of pion increases at high energies and .
rcorrespohdingly that of proton decreases for fixed hadron
density (See Appendix B). In the next éection we discuss

the pion contribution to the correlation'fuhction.



‘§6. Two-particle correlation in high—energy heavy-ion

reactions at a few GeV per nucleon

In this section we generalize the formulas for the
single particle distribution'and the two—particle_correla—
tion function in thé pfevious section so as to'include the
pion~contributién and apply them to therheavy—ion reaction
at higher energies. In section 2 we have formulated the
grand partition function for'the systeﬁ composed of one
specieé of particlés by using tﬁe S.mabrix; ‘Eqs,-(2.7)m
(2.10) afe readily extended fdr the syséem of mofe than two
species of hadronss'l. For example, we have the following

results for the system of pions and nucleons:

E= 8y . By | (6.1)
I 6.2
Bigp = exol J F A Com 1 > (6.3)
. " m=0 n=0
>Wheré
Cnm = (trnme_BH)c (n+m;2) .
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=)
=0

function £ for the nucleon and the pion, respectively. The.

Here-EéN) and are the'ideal‘gas’parts of the partition
Quantity Cnm correspdnds to Cv “in §2, and is the contribu-
tion of the connécted.diagram with m pions ,and n nucleons as
shown in Fig. 13. .From Eg. (6.3) one can obtain the diagra-
mmatic expahsion of log Eint ‘as shown in Figf 14.7 In
application'to the,heavy—ion reaction, contributions of

Cnm (n,m;S) to the grand partitidn function could be negli-
gible. Thus Eq. (6.3? can bevwritten as

log Bjp = A7 Cpg + ACpy + 002 . (6.4)

The two-particle correlation function for hadrons
A and B ( A,B = nucleon or pion ) at fixed impact parameter

b is defined as

AB 1 4ot 1 do®
]b - L 3 ]b[o 3
in d Py in d Ps

1 .
o 3 3 b
in d pld Ps

o}

(6.5)

This correlation function can be obtained from the grand

partition function by using the same procedure done in
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Eqs. (5.2) - (5.4). We have

int

c(O)b<pl,p2> +C8t ypy) - (6.6)

Cap,p{P1:P2) = 8pp

The first term Cig)b , is the correlation due to the
identical particle effeét:

C(O)b(pl’pz) = I(O)(pl) I(O)(pz) Rggzb(pl’p2) > (6.7)

where (O)(p) is the 31ng1e partlcle distribution obtained
A,b A
from the partition. functlon H( ) ’namely
A-v' 20
0 g -
{0y = AA o b (6.8)
(2m)
_ -Bu | |
Ay = e TTA - (6.9)

Here_gA and u, are the statistical weight of spin and the
chemical potential of the hadron A, respectiveiy. By

assuming chemical equilibrium, Uy is given by
i (nucleon)

My = | (6.10)

0 _ (pion) .,
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where p is the chemical potential'corresponding to the
baryon number conservation. See Appendix B for a detailed

discussion. The quantity R< >(p1,p2) in Eq. (6.7)-1is

(0) _ 1 —(p.-pb,)/20"
Raa,p®1:P2) = -y = ¢ L P2 5 (6.11)
where
+1 (fermion)
YA = : , - (6.12)
] (boson)

The second term of Eq. (6.6), Cigtbi, is the correlation due
2 . )

to the interaction betWeen the hadrons A and B:

1nt (O) (O) int

(6.13)

where
1 (A=B=nucleon or pion)
Kpp = » (6.14)

1/2 (A=pion, B=nucleon)

and
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gint _ 8 (p)+p3) /5 S, 0 0

00 é
4pipyg,8p J

(6.15)
35,0 _0 . ‘
In the Eq. (6.15) RJ(pl,pz,p) is expressed as
: as>
Rs(po,po5p) =1 sineS [ —2BP_ cos8S + L 5insS ] o,
JyE1°+2 2 J 0, 0 J J
p (py+p5) dp
1 2 :
(6.16)

Where 6§ is the scattering phase shift ofithe collision.

Vgetween'A and B with total spin S and tQtal;angular momentum

. : _ ,
Similarly the siﬁgle parficlé distribution at fiXed

- impact parameter b can be obtained as

4 A
1 dg
I, ) = [ 92
L P
= 1@r e @1, (6.17)
where
cp,p®) = I ey SO R GORE" ) . (6.18)
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In order to compare with the éxperiments,'we should integrate
the single particle and the two-particle distributions over
the impact parameter as in §5. In‘the.following we treat

the collision of equal-mass nuclei. In this case we can

int

express the quantities (0)(p) and RAB b
_ : s

(pl,pz) as follows

. (See Eqs. (5.12) and (5.13)):

(0)(") ) ./({Ot)) Y@ (6.19)
igtb(p1>pz)'= %’ﬁigt(pl,p2)< , (6.20)

(0)
A,b

‘ball at fixed impact parameter b which is obtained from

where n is ﬁhe total number of the hadron A in the fire-

the partition funcﬁioh Eéo) and

~ T Bm 0 '
1y = 2 B 76D , (6.21)
A i m3 K,(gm,)

Ty BplBmy )

0, 0, — _
(py+p5) Vs :
A t 1%v2

Hpipogpegn S J

Here mA is the mass of the hadron A and K2(x) is the



modified Bessel function (See_AppendiX B). The quantities

Sint
- For conve-

££O>(p) and R (pl,pg) are independent of b.

nience we define the following quantity;

A(O) né’% néo) (6.23)

where (O) is the total proton number and r&o) becomes

independent of b for the collision of equal-mass nuclei.

~Using Eq. (6.23) we can express Eq. (6.19) as

(0)<p> {0 n(0) $(0 ey | (6.24)

From Egs. (6.17) (6.20) and (6.24).the integrated single
particle distribution which we denote as IA(p) can be ob-

tained as

1,0 =+ @l T D@ [ e 1, (6.25)

where

. _ .
max .
<n(o)> = :zL [2mbdb n(o) , (6.26)
b ~ b
max
‘bmax being the maximum impact parameter, and

éo) fd3p? 1% ") lnt(p,p') . (6.27)

<[

e (p) % B
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Here, as in §5,

Vy = V/ng (6.28)
2, . .,35 0O |
= Ee( 1 + 5Ty ) ;T57 , (6.29)
. : : b -
Whefe'
rL.=n, /0, ' (6.30)

oy and ﬁb being the total ﬂ+ and proton number in the fire;
ball>obtained from the parﬁition fdnctibn E;‘and pé the
critical density. Eq. (6.28) is obtained from the constraint
that the hadron degsity be o, (See Appendix B).
Fina11y>the integrated correlation function CAB(pl;bZ)
can be_obtained from Eqs} (6.6), (6.7) and“(6.13). We define

the normalized correlation function RAB(pl’p2) as

| Cap(Pq5P5)

Ryp(pysp,) = — 2B 172 (6.31)
AT 1 () Ia(p,)
APy’ 1gPo

Using Egs. (6.20) and (6.2L4) we get the final results;
_ HBT _dyn
Bap(P15Pp) = Ry + Ryp (py,p,y) + Byp (py,p,) - (6.32)
36—



The first.term in Eq. (6.32) is the same quantity as Eq.
(5.22)

R, = > -1 . (6.33)

and can be negligible fdr-high—multiplicity events with

V. <0.7 (y 4 Pbeing given by Eq. (5.23)). The second term

max'\:

HBT,

due to'Hanbury Brown-Twiss effect R (pl,p2) is given‘by

HBT(pl;pz)
5 (py,P,) = , (6.34)
[1 + ¢ (pl)] [1 + sB(p2)]

HBT

" where

‘ ("'Y ) 2 1
HBT _ A 1 5 <nt2) eXp—(pl—‘p2) /20

(6.35)

The b dependence of o' can be determined by Egs. (4.7) and
(6.28). ‘The last term in Eq. (6.32), R dyn(pl,pz) is given

by

dyn
(b 5P5)
(P P,) 1772 ,  (6.36)
[1 + eA(pl)] [1+ e5(0,)]

dyn




where

AB ' .
dyn _ K ~int .,
CAB (plypz) - '<*“V—>“ RAB (p1;p2) b} (6-37)

~int ' . .
Ryp (pP1,P,) being given by Eq.v(6.21).

Tn the next section, using Egs. (6.25) and (6.32), we
calculate the single particle and two-particle disfributions
for pioné'and nucleons and compare them with experiments ét

higher energies.
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'§7. Numerical results and comparison with

experimehtal data at higher enérgies
In this section we'give the results of numerical calcu-
lations of Egs. (6.25) and (6.32) and comparé them with the

jexperimental data at higher energies.

7.1) the proton-proton correlation

" When the incident energy becomes larger than about 1
GeV/A , effect of the pion production to:various'Quantities
can not be negligible. "Fig. 15(a)~(c) show the beaﬁ—energy
dependéﬁce of the azimuthal angle distribution'of the protoh—‘
proton correlation R(pl,pz) for the feactibns Ar + KC1,

Fe + Cu_and U+ U. Ve employ the same'parametéfs ( Pe Y )

max

and the.same'TL

x=0.5, T =0.1 GeV and 6L=3O°]. For fixed hadron denSity;

and 6, as those in.Fig. k(a) in §5 [pc=po,

yma

the density of pion increases with incident energy and corre-
spondingly that bf prqtoh»decreases.' Therefore the QOrrelaf
tion due %o proton-proton interactionsvbecomes smaller.
Preliminary experimenté7'1 on the protonfproton corre—
lation in the reaction Ar + KC1 at 1.8 GeV/A are compared
with our Calculation.in.Fig. 16. Asymmetry of the mass and

charge between Ar ahd KC1 is neglected here. A good fit is

given at Pe = Py and Ymax = 0.4 as shown by a solid curve.
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As the selected data have large multiplicities’of charged
particles, one may ﬁut ymaX;OQS_in this experiments. Then,

in order to get eomparable values to the data, we must have
at-leest Po> O.5p_O . For instance, a dashed curve is obtained
with pc.= 0.3p5 and y__. = 0.8 . Ih»Fig. 16 the result of
Koonin’+? 1is also shown by a dotted line, which agrees

qualitatively with ours.

7.2) the pion-pion correlation k

'Figé. 17(&)—(e) and 18(a)-(c) show the dependence of
the correlation function on azimuthal'angle between two
positive (or negati&e ) pions in the reactions Ar +»KCl,

Fe + Cuand U + U. at 1.8 GeV/A in the laboratory system.
Same Values of the»kinetic'energy(TL) and the polar angle(eL)
vare taken forrboth pions._>We put -tentatively yﬁaé = 0.5

dyn

and p, = py. It is shown that the correlation R (py5P5)

due to pion-pion interactions is almost negligible at this
energy. In the calculations we take account of the partial

waves L<57.3, The Y and'pc dependences of R(plgpz) are

ax
shown in Figs. 19 and 20, respectively. The correlation R
for various nuclei are also shown in Fig. 21. The qualita-

tive difference among three reactions in Fig. 21 can be
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' easily understéod,from,the v dependence of o' (See Egs. (4.7) 
~and (6.35) ). Fig. 22(a);(c) show the beam—-energy depend-
..ence. Fdr fixed hadron density; the increase of pioﬁ
vmultiplicity means the increase bf’the volume V, so o' becomes

- smaller at higher beam energies.

dyn

Fig. 23 shows the correlation function R (pl,pz) for
nt and 7 . The contribution of the p meson resonance is
very small. This is caused by the larger mass of p meson

than the threshold of m'm  scattering.

7.3)  the pion-nucleon interaction

in the simple fifebail modél formulated in Appendix B.1
~ which wé call}ideal—géé model from now on, the system
,éontains A resonances with zero width instead of employing
"reaiistic pion- nucleon interaétion. In OQP model the inter-
aetion is ihtrodﬁced in terms of experimental scattering
 phase Shifts with L<57.% . So it is very interesting'to
compare our model with the ideal-gas model. Of course 1if
‘wé ﬁeglect the other interactions among pions and nucleons
excépt the one in the I%J=3/2 channel and take the width of
the A resonance to be zero, our model becomes equivalent to

the ideal-gas model.
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VUsing Eqs.v(B.éu)—(B:30):in Appendix B,‘we calculate
thevavefagé'mﬁltiblicity of ﬂ+ per proton, the entropy per
baryon and thevchemiéal'potential.. The results are given in
‘Table I. For comparison we‘also.show'in.the parenthéses the
same quantities with the ideal—gas model. The values ih
Table I are independent Of'projectile~aﬁd_tafget nuclei,.

In our model the multiplicity of pion is slightly largér
than the’one in tﬁe ideal—gas model. Therefore the ehtropy
per béryon of our modél is also largér. The increase of‘pioﬁ
multiplicity in our model results from the finiteﬁéss of
width of the resonance. ‘Low—maSS side of the tail of the A
résonéngé yields a finité.contributionlto the multipliéity
at rather loﬁ energy of O.8:GeV/A.

~ Figs. 24 and 25 show the proton and pion inclusive dis-
tributions for the reaction Ar+KC1 at 0.8 GeV/A caléulated
by_using Eq. (6.25). The dashed lihés are obtained by the
ideal-gas model. The data are from Ref. 7.5. The parameter

Vnax is determined so as to fit the experimental proton
spectra. To fit.to the pilon spectra, calculated values aré
multipliéd by the factor 1/2 - 1/3. All mbdelsrbased on the-
equilibfium aésumptionvgive rathér higher pion multiplicities
than bbsérved for wvalues of Pe below or equal to g - |

Exéept the norﬁalization, our calculationé fit better to the

data than the ideal-gas model does 1n the low-energy region.

This feature can be easily understood. The peak of pion
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spectra in the ideal-gas model is caused by the decay of A.
- As stated above, a lower maSs part of the tail of A makes

the position of the peak of pion spectra shift to lower energy.
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§8. Conclusions

_ The nonfelativisticﬁproton—prdton correlation functions
R and C for heavy-ion collisions at low beémfenergies have
been:investigated by.Koonin in terms of the soft Reid poten-
. tial. Wé'express thésevfunctions relativisticaliy_with the
scétterihg phase Shifts by using the S-matrix formulatidn of
statistical hechanics in §5.

There ére two pafameters in our model;’the critical
.denSity P ( . density of the thermal system Y[Eq.(5.19) and
Eq.(B.11)] and the maximum.value of the impact parameter
Y max [Eq.(5.23)7. The formér'is considered to be independent
of the kind-of dbl1iding nuclei and theif enérgies, but the -
latter may Vary With different experimeﬁtalAsituations.

We have studied the,pfotdn—proton correiation function at
400 MeV/A, usingvsomerfixed>Values of_ﬁhe parémeters. 'The'
correlation R(plgp2)'has a peék due.to thé strong attractive
- force invthe'lSO chénhel of the protonQprotdn scattering.
The other.intéractions ére almost negligible in this.energy
region. The value of R at the peak increases with ymax and
Pge Fufthermore The correlatidn R increases as the volume
Qf the therﬁal system becomes larger. The,latter is a
geheral,feature of the statlistical model:

The relativistic effect decreases the corrélation

function by a few percent at the peak of R. The results
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agree qualitatiVely With’Kobnin'é 6ne by chdosing appropriate
values df the parémeters. The pion contrbution.is neglected
at this ehergy.v |
In §6, in order to inVestigate theAheavyéion reactions

at higher ehergieé inlwhich_pionrproduction can nof be
-negligible, we have generalized the formuias for the single
particle'distribution and tWo—particle correlation_function‘
given ini§5. To our knowledge, there has been no investiga-
tioh on the heavy-ion reactioh which includes the pion-nucleon
andvpion—pion interactiohs rélativisticallyﬁ The hydrodynam—:
ical model does not include the”pioniexplicitly. In thé
nuclear‘caScade model‘the treatmehtrof the interactiohs
.between the produced pions aﬁd the nucleons is insufficient.
In §7 using the experimenﬁal'datarof the pibn—pion, the»
pion—nﬁcleon and the nucleon;nucléon scéttering phase shifts,
We have calcuiatéd relativiétically the prdton—proton and
rpion—pion correlations and'the inclusive’distributioné of
protons and pions.' |

| Therproton—proﬁon correlation R decreases with incident
beam-energy in our model. A good fit to experimental daté'
has been obtained with suitable'parameters. From our
analyses, we find that the reasonable value of pc should
satisfy the condition, pC%O.BpO .

The contribution of the p meson resonance for ﬁ+ﬁ_

correlation is very small because of its larger mass than the

threshold of = scattering.
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The simple fifebell model uses the A resonance with zero
width instead ef employing realistic pien—nucieon iﬁteraction,
and so its treatment is ineufficient. ‘In our mOdel-the |
interaetion is taken into account exectly by using the
experimental phase shifts of pion—nucleon.SCettering.‘ Indeed
our calculation for the pion inclusive cross section in-the
reaction Ar + KCl at 0.8 GeV/A fits better to the data dn
the low-energy region than the simple fireball model does.
This faveureble feafure in our model is caused byvthe low-
mass tail of A resonanee. We emphasize thaﬁé in the high-
'ehergy heavy-ion reections, the A‘fesenance shOuldAbe treatea
:es a real one with the width experimentally observed.

For three—particie-correlatien function, etc., the
terms C_ (n,m>3) become essential. The_investigation on
thesebcontribution to the grand partition function willv
eppeaf in the forthcoming paper.

Contribution of Coulomb interaction is neglected in

our calculations. It is considered to Dbe small between the
8,1

particles‘with'high momenta Effects of the composite
particle (deuteron, alpha, etc.) production are also neglected.
Our results may be altered to some extent in the‘region‘where

the Coulomb effects and/or the composite barticle produoﬁion'

cannot be ignored.
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Appendix A

Formal Theory of Scattering and the Derivation of Fqg. (2.13)

Usingrthe operators G and G, given by Eq. (2.12), we

0

define the following operators which are functions of the

complex ehergy B

=

I
s
+
=
&

I
jan
=S

s=aot%a - (A.1)

% ' % '
where Q@ (E) = Q(E ). Following identities can be derived

easily from these definitions:

1

Q7 =1 -GyH = 6,67, - (2)
T = Hp + HGGT | o (A.3)
S=1+ (¢ - ¢y . i (A.4)
o~ Y o '
st =1 (a, - G+)T+ S (A.5)
o~ %o ’ .
¢t =¢ , ¢ =q, , ot=1 . (A.6)



When the variable E approaches the real axis, Egs. (A.4) and

(A.5) become

2
It

1 - 2ﬂiG(E—HO)T R | (A.T7)

1+ 2ﬂiG(E—HO)T+' i | (A.8)

2
It

The operator S formally given by (A1) is actudlly related
to the S-matrix describing the actual scattering processes.
From the definition (A.l1) the following relation can be

-

derived easily

=

tr(s™T s) = 2iTm tr(e~1o- @) . - (A.9)

Using Eqs.‘(A.l) and (A.2) and utilizing the fact

one can obtain the relation;
br(g~ 30 0) = -2 tr(G - G.) (A.10)
" JE ' Y T )
From Egs. (A.9) and (A.10) we have the final result:

tr(sTt %%-s) = -4i In tr(6 - Gd) . (A.ll)
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Appendix B

The Statistical Model with a Simplified Participant-

Spectator Geometfy

In this appendix we give tne brief review of the
sﬁatistical.model with a simplified participant—spectator
»geometry which has been applied to relativistic heavy—ion:
reactionsiand discuss thebgenerelizatiQnACf %hisrnodel 50

as to include the hadron-hadron interactions.

B.1) A simplified participant—spectator geometry

Consider the collisicn of two heavy ions at a given
impact parameter b (Fig. B—l) | A ceftain parf of projectile
nucleus w1ll meet a certain part of target nucleus. Since
the energy of collision is very high, the systems P and T
Shown in Fig. B-1 will fly off after»the collision with
essentially unchanged velocity. Thus the systemrP(T) can
be called the pfojectile(target) specfators. Residual parts
of each'nucleuS5 hcwever, will hit together. If the incident
energy is large enough, many hadrons(pions, kaons, etc.)
can be produced and they together with hitting nucleons are

called participants.> This clean-cut participant—spectator
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model stated aboVe;is confirmed experimehtally. Of course,
ffdm'more detailed investigation this simple geometrical
description may be”alteredvto_some extenf. In the following
we discuss the participants bnly. The sYstem composed of

these participants has been called " nuclear-fireball ".

B.2) The nuclear~fireball model .

In the nuclear-fireball model the thermél equilibrium
is aSsﬁmed forvthe‘fireball composed of many hadrons. Thié,
fireball includes the.hédronicrresonahces ( A,'N*, 0, K*5
ete. ), so in this model the hadron-hadron interactions are
partially taken intb aécount in terms ofrreéonancevabproxi—
mation. | | |

| The grand partition function of this thermal system

can be written as
V) o, (B._l).
where

el oy =P (B.2)

Here T, V and pi are the temperature, the volume and the
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chemical potentiél of the i-th hadron. Assuming chemical

equilibrium, we have
Ui =_BiuB +.SipS‘ R " . . , (B.3)

where Bi and Si are the bafybn number and the strangeness of
the i—th:hédron,.respectively, Thus all chemical potentials,
- Hs, can be expressed in terms of two chemical potentialluB'

and corresponding to the baryon number and strangeness

s
cdnservation, respectively. The Gell—Mann—Nishijiha rela-
tion for an isospin'averaged Q=A/2 system yields Q=(B+S)/2,v -
wherebQ is the téﬁal chérge and'A the atomic number.;-Thus if-
one conserves B and S, Q is automatically conserved on_the,

- average. |

In the Boltzmann statistics, E can be expressed as

~(0) _ i .3 Bp '
log ;77 = MV (2W)3 f{d’p e N (B.4)
ALV Bimg Kp(emp) (B.5)
10 g Bmg 2 : a

where g4 is the internal degree of freedom(spin and isospin)

and m; the mass of a particle of type i,'énd

p0= p2+m2 .
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',Kn(x) is the n-th Bessel function. From this partition-
function the number and the energy of ‘the i~th hadron can

be obtained as follows:.

3

 g.m3 K, (Bm,) -
Ngo) - ALY e i . (B.6)
i 1, 2 Bm. .
ﬂ i
' K. (fm,)
(0) _ 1 1P717

For a given impact parameter we can calculate the mass.WFB,

the baryon number B and the strangeness S of the fireball

_ FB?- FB
~uniquely by the kinematics.and_the geometry. The unknown
parameters are B, V, UR> and Ug - They are determined by the
~equations for the conservation of the energy, the baryon number

and the strangeness, and the constraint that the hadron number

density of the fireball be pé (the critical density):

(0) _ 4 .

_g Bi 7 = Wpg , (B.8)
(0 o o
:21:_ BiNi. _‘ BFB ] . (B.9)

(0) _
% SiN; 77 = S (B.10)
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'% 5 Ngo)-=vpc' , | (B.11)
L |

The charm particle production will not be considered in this
paper but it is straightforward to include it.-
The inclusive Spéctra-of the i-th hadron in the fire-

ball frame at the fixed impact parameter are then given by

(0) » o
- dN: <.
(G =y hge™ e
d-p . 2™ .
- {0 L 1 BP0 (B.13)
hms Ky (Bmy) |

If the a-th hadron will decay and produce.thé i-th hadrbn,

one must add this contribution to Eqg. (B.12);

a0 A i
(—=*)., = (B.12) + (2)a7t (B.14)
3p P g 335 P A

For the case of two-body decay (a+ i + i' ), we approximate
thé distributibns of the i-th and i'-th hadron to be 1sotropic.

Then this contribution becomes

_ 54 —



2@ = fad, (), S 8(B-E)
d d°p, wac
m_,2 A_Vg _ x=E_ - _ _
i BX(1+BX)] 2 (B.15)
Pe (2m)- 8 p x=Ea
Here
Lt o, 22 022 522 1/2
P, = (ma m, gy ~2m My -2m my  —2m Ty ) /2ma
: 2 2 \1/2
EC = (pc + m, ) i
E = (Ep’ - p..p)/m
a Fart a 2
+ L0 2
,Ea = ma(ECp + pcp)/mi K o (B.16)

The inclusive cross section in the laboratory system (Lab)

is given by

an’0) - ant0)

(g5—35q), = PrPo () , ©(B.17)
dTLdQL Y0 d3p b : | |

where
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p? =
_ .0

Ty, =P -

YFB = (l —

Here BFB is the velocity
angle in the Lab system.

the impact parameter, we

2 \-1/2 | . -

B%p) .- (B.18)
of the fireball and'eL'the emission
After ihtegrating Eq. (B.17) over

obtain the final expression for

inclusivé distribution of the i-th hadron:

an0)
1

dTLdQL

_ 1
gin
T

L
2
max

y

where

g

in _

max 'dN§O>

f 2modd (qrag Iy

LML

fymax ngo)
2ydy (/=5 )
0 dTLdQL vy R (B.19)
, , : |
bmax iy
y . = (B.21)
max g 4+ R
o) T
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Heré b )
v m

aX’is the maximum impact parameter and Rp(RT) the

- radius of the projectile(tafget)_nucleus. In the simple
nuclear—fireball»model'stated abbve,lthere are two free
parameters p_ and ymax'. |
| »ASome,reSults from the modellare shown in Figs. 24, 25,
B-2 ahd B—3; Note that thelexperimental protou spectra iu
the low energy regionZShould not be eompaféd difectly With
:the nuclear-fireball modél unless one includes the CQulomb
effecﬁs. The‘fireball model describes successfully at -
least the gross féature of inélusive disfributionéu Partic-
ularly it fits better to thé selecfed data with high-multi-
plicitieé as shown in Fig. B-3 and Réfs. 9é)—94). VHOWéVéf;
the model fails to reproduée the observed pion production
rate (See,sectionv7.3).: A1l models based on the equilibrium
aésumption give father higherkpion multiplicity than observéd°
Some reasons for this situation has been considered: (i)
The energetic pions pfdducéd at thé early stage of the fire-
ball carry out a considérable energy; or a combression energy
term which lower the temperature of the system‘may be added
to the fireball model. (ii) A sighificént amount of pion
absofpﬁioh by the spectator nucleil may,éccur. (iii) Theb
incident energy is not enoughito reach the thermal equilibrium
' for piou cdmponent of the fireball because of its small

particle number.



B.3) A'generalized nuclear-fireball model

We'geheralize the nuclear-fireball mddel stated in 3.2
so as to include the‘hadron—hadron iﬁtefacfions. .Iﬁ the
generalized model , instead of resonance approximation, all

~interactions among hadroné are taken into accouht and s0
the fireball contains no resonance as an elementary particle.
'In.the following, for.the‘simpliciﬁy of disCussidn, we treat
the system‘cohposed of pions and7nucleohs.
»The’grand‘partition funétidn of this sysﬁem ﬁas been
,alreadyAgiven by'Eqs. (6.1)-(6.3):

(B:U:V) T - (B°22”)

E(B,1,V) = E5(8,u,V) E; .

" Here, as in §6, we neglect the term Cnm(n,m;3)g Thus E, ¢

can be written as
‘log E = 22C.. + AC.. + C " (B.23)
“int C20 0 711 02 o :
’By-using these‘partition fuhctions, the multiplicities

of nucleon and pion can be obtained as follows:

_ (0) , (int) ' ,
Ny = Nyl N, (B.24)

No= nl0) 4 ylint)
™ ™ ™ .

(B.25)



where

(0) - o~ | (0) _ :
' = G 5 N7 =0
(int)._v ) L2
Ny = ACyp *+ 247Gy ’
NPE) - ey ac (B.26)

i AR | 02

The quantity Néo) and Nio) are already given by Eq. (B.6).
Similarly the total energy of the system can be expressed
as |
E=-[ log E], - , (B.27)
. 98 : :
The unknown parametérs in this case are B, p and V. These

are determined by the following relations like as Egs. (B.8)-

(B.ll);

E = Wpg , (B.28)

NN = BFB Py » 7 (B.29)
Ln o+ = -  (B.30)
VYN g Pe ) : '

Using thus determined parametefs, we can calcﬁlate
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. the inclusive cross section and the two-particle correlation

function by Egs. (6.25) and (6.32).
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Table I. Calculated values of the chemiéal‘potential(u),.the 1 to proton(P) ratio
and the entropy per baryon(B) for various incident energies(ti). Values
estimated from the ideal-gas model are shown in parentheses. All these

“values are independent on projectile‘and target nuclei,

t, (Gev/a) | 0.8 1.8 2.1

T (MeV) 76 - 109 115
L (GeV) 0.8 S 0.61 0.57
(0.82) (0.66)_ (0.64)

| 0.15 0.49 0.56

LRSS (0.11) | (0.36) (0.42)

| 5.3 8.1 8.7

S/B ] (5.0 (1.5 | (8.0)




Figure Captions

Fig. 1. A typical diagram in the FeynmanQDyson expansion
of Eq.‘(2.4)'which correspoﬁds td a‘térﬁvih Eq. (2.6). .
The momenta’Kv, KV'; ... mean various sets of momenta
of v partiéles: The connected part of v pafticles»

ocecurs m, times 1n the figure.

Fig. 2. A connected diagram corresponding to Cv(Kv); The

k. are inter-

v particles with momenta k., k,, Y

acting with each other.

Fig. 3. Dependence upon the maximum impact parameter'ymax

of the correlaﬁion RL for the reaction (a) Fe+Cu'and

(b) Ar+KC1.

Fig. 4. Proton-protdh cofrelétions in the feaction Fe+Cu
| at 0;4 GeV/A. Variablé ¢L is the diffefénce-between
the azimuthal angleé'ofAtwo'scattered prbtons.i.The
‘and the kinetic energy T. are fixed

L L
for both pfotons at 30° and 0.1 GeV in the laboratory

“scattering angle ©

system, respectively. The paraméter'ymax and the
critical density o are chosen as ymaX=O.5vand (a)
P.=Pg and (b) pc=0.3po, o being thé normgl density

of nuclear matter.



Fig. 5. Proton—proton correlations in the reaetion Ar+KC1

at 0.4 GeV/A. T. and 6. are the same as in Fig. 4.

L L

The parameter y and p, are chosen as ymaX=O.5 and

max

(a) p,=py and (b) p¢=0-3po-

Fig. 6. Dependence upon y

of ¢, distributions of the
max L -

proton—protonrcorrelation function R in the‘reaction'
Fe+Cu at 0.4 GeV/A With.the‘parameter (a) pc=p0 and
(b) pc=0.390.-7TL and 6, are the seme‘es-ln Fig. 4.
Fig. 7. Dependence upon ymak of the proton-proton correla-
tion function-R in the reaction'Ar+K01 at 0.4 GeV/A'
w1th the parameter (a) Pa=Pg and (b) Pe 0.390. TL
and 6, are the same as in Fig. 4.
Fig. 8. Dependence upon p, of ¢L distributions of the
proton—proton correlatlon functlon R in the reaction
(a) Fe+Cu and (b) Ar+KC1l at 0.4 GeV/A w1th the para-
meter ymaX=O.5. TL and GL are the same es,ln Fig. 4.
Fig. Q. Contributions to the correlation function Rdyn
from various partial waves of proton-proton
scattering in the reaction Fe+Cu at 0.4 GeV/A. TL

and eL arefthe’same_as'in Fig. 4. The parameters are

taken as ymaX=O.5 and Po=Pg- The values for 3P and

0



3Pl partial wa#es are multiplied by.factér'loz.

Fig. 10. Proton-proton correlation function R with various
kinetic energies of two protons in the reaction
(a) Fe+Cu and (b) Ar+KCl at 0.4 GeV/A. Same value

of the kinetic'eﬁergy T  is taken for both protons.

L
The scattéring angle eL is fixed at 30° for both,pfo—

and'pC are the same as in

tons. The parameters Y max

Fig. 9.

Fig. 11. | Proton-proton correlation function R withvvarious'
scattering angles QL in the reaction (a) Fe+Cu
and. (b) Ar+KC1l at 0.4 GeV/A. Same_value’of the scat-

tering angle 8. is taken for both protons. The

L

kinetic'energy TL is fixed at 0.1 GeV for both pfotons.

The parameters y ,and p, are the same as in Fig. 9.

max

Fig. 12. Proton-proton correlation functions for various.

combinations of colliding nuclei at 0:4 GeV/A;

HB? and (c)ARdyn. T; and 6, are the

same as in Fig. 4. The parameters ymax-and pc‘are

(a) R, (b) R
the same as in Fig. 9.
Fig. 13. A connected dlagram corresponding'to-cnm. Here

n and m are the number of nucleons and pions, respec-

tively.



Fig. 14.

Fig. 15.

Fig. 16.

Fig. 17.

Diagrammatic expansion of log Eint'
Proton-proton correlation function R with varidus
incident energies in the reaction (a) Ar+KCl s

(b) Fe+Cu and (¢) U+U. The scattering angle 6. and

L

the kinetic energy T. are fixed at 30° and 0.1 GeV

L
for both protons, respectively. The parameters»are-

taken as ymax=0‘5 and Po=Pg-

FCQmparison of ﬁhe experimental data on the protbh—
protoh‘correlation'function R(Ap) with our éaléula—
fion, where Ap=|p1—p2[/2.- Reaction is Ar+KCl colli-
sion at 1.8 GéV/A; Kinematical variébles_are fixed
as pé|p1+p2|/2=l.0 GeV/c and 6L=13,Q5°. The param-
eters are set aS'p¢=pO and ymaX=O.4 for the solid
curve, p =0.3p, and ymaX=O.8 for the dashed curve.
Koonin's'result_for =0 and r0=2 fm is also shown by
the dotted éurve for cémparison;' |

+ +

Azimuthal angle (¢L) distributions of T m (or

n w ) correlation functions in the reaction (a) Ar+
KC1 ,v(b) Fe+Cu and (c) U+U at 1.8 GeV/A. The scat-
are fixed

tering angle 6. and the kinetic energy T

L L
for both pions at 30° and 0.1 GeV in the laboratory

system, respectively. The parameters are taken as



_ - ' i . - -dyn
ymaXfO.S and pc—po. The correlation function R

is almost zero.

Fig. 18. ﬂ+ﬂ+ correlation functions in the reaction (a)

AP+KC1 , (b) Fe+Cu and (c) U+U at 1.8 GeV/A for

L are taken for

T.=1.0 GeV. Same values T and 6

L L

and pC are the same as

both pions. Here OL, Ymax
in Fig, 17.
Fig. 19. Dependence upon Ymax of ﬂ+ﬂ+ correlation function

R in the reaction Ar+KCl at 1.8 GeV/A. T, and 6,

- e

are the same as in Fig.‘18. The parameter P is

taken as p¢=p0.

Fig. 20. Dependence upon Pe of w+n+ correlation function

. R in the reaction Ar+XKCl at 1.8 GeV/A. -TL and QL -

are the same as in Fig. 18. The parameter Vmax 1S

chosen askyﬁax=0.5.

Fig. 21. ﬂ+ﬂ+ correlation function R for various combinations
of colliding nuclei at 1.8 GeV/A. Trs 05 Y4 20d

p, are the same as in Fig.vl8.

. + + . .
Fig. 22. w w correlation function R with various inci-

dent energies in the reaction (a) Ar+KCl ,(b) Fe+Cu



and (c) U+U LT and'pc are the same as

L? eL’ Imax
in Fig. 18.

Fig. 23. | Azimuthal angle distributions of ﬂ+ﬂ— correlation
function R¥Y™ in the reaction Ar+KCl at 1.8 GeV/A.

T 9 :and p, are the same as in Fig. 18.

L> “L> Ymax

The values of Rdyn

are multi@lied by factor 102.,'

Fig. 2L, InCluSiVé.CfOSS section bf proton in the reaction
Ar+KCl at 0.8 GeV/A with variousbscattering angles
in the 1abofatory system. bur results are shown by
the solidrgurves with the parameters pc=p0 and Ymax
=0.5. For comparison, calculations bvaapusta's_
simple fireball model with the samé parameters P

and Ynax 2T€ also shown by the dashed curves.

X
Fig. 25. Same as Fig. 24 for pions.

Fig. B-1. Participant—spectatorbgeometry. Parts P and T
are the>projectile and target spectator, respectively.

The figure is drawn in the c.m. system.

Fig. B-2. Neutron inclusive cross sec¢tion for the reaction
Ne+U at 337 MeV/Avcompared with the simple fireball

model (pC = po). Data are from ref. 101.



Fig. B-3. Inclusive cross section of charged particles for
Fe on Al, Cu and W at 1.88 -GeV/A. The results from
- the simple fireball model are'drawn by the solid -
curyes with the parameters-pc = 0 and Ypax = 0.7
(A1), 0.5(Cu) and 0.3(W). Almost the same results
are obtained for p, = p, and y__. = O.8(A}), O.6(Cu)

and 0.4(W). Data are from ref. 94.
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