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ABSTRACT

In this thesis, considering the imprecise nature of the human judgements
in the real-world decision situations, two types of fuzziness of human
Jjudgements are incorporated in multiobjective linear, linear fractional
and nonlinear programming problems with fuzzy parameters. One is the
experts' ambiguous understanding of the nature of the parameters in the
problem-formulation process, and the other 1is the fuzzy goals of the
decision maker for each of the objective functions. The fuzzy
parameters, which reflect the experts' ambiguous understanding in the
problem-formulation, are characterized by fuzzy numbers. The concept of
M-a-Pareto optimality is introduced on the basis of the a-level sets of
the fuzzy numbers and the fuzzy goals of the decision maker for each of
the objective functions are quantified by eliciting the corresponding
membership functions. In our interactive methods, the satisficing
solution of the decision maker can be derived efficiently from among an
M-a-Pareto optimal solution set by updating his/her reference membership
values and/or the degree « together with the trade-off information.
Based on the proposed methods, interactive computer programs are written
to implement man-machine interactive procedures. To demonstrate the
feasibility and efficiency of the proposed methods, several illustrative
numerical examples are shown along with the corresponding computer

outputs.
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CHAPTER 1

INTRODUCTION

1.1 Introduction and Historical Remarks

Recently, 1t is increasingly recognized that most of the real-world
decision making problems usually involve multiple, noncommensurate, and
often conflicting objectives. For such multiobjective programming
problems, multiple objectives are usually noncommensurable and cannot be
combined into a single objective. Moreover, the objectives usually
conflict with each other in that any improvement of one objective can be
achieved only at the expense of another. Consequently, the aim in
solving multiobjective programming problems is to find a compromise or
satisficing solution of a decision maker (DM) which is also Pareto
optimal based on his/her subjective value-judgement (Chankong and Haimes,
1983a,1983b; Cohon, 1978; Grauer, Lewandowski and Wierzbicki, 1982;
Grauer and Wierzbicki, 1984; Haimes, Hall and Freedman, 1975; Hwang and
Masud, 1979; Steuer, 1986; Zeleny, 1982).

Two types of approaches for the determination of a compromise or
satisficing solution of a DM in multiobjective programming problems have

been developed. They are:



(1) goal programming approaches (e.g. Charnes and Cooper, 1961,1977;
lgnizio, 1976,1983; Lee, 1972) |
(2) interactive approaches (e.g. Geoffrion, Dyer and Feinberg, 1972;

Musselman and Talavage, 1980; Sakawa, 1981,1982a; Sakawa and Mori,

1983,1984; Sakawa and Seo, 1980,1982,1983; Sakawa and Yano, 1984b;

Steuer and Choo, 1983; Wierzbicki, 1979a,1979b,1980: Zionts and

Wallenius, 1976)

The goal programming approaches, which assume that the DM can
specify hiss/her goals of the objective functions, first appeared in a
1961 text by Charnes and Cooper (1961) in order to deal with
multiobjective linear programming (MOLP) problems. Subsequent works on
goal programming approaches have been numerous including Charnes and
Cooper (1877), Ignizio (1976,1983) and Lee (1§72).

The interactive approaches, which assume that the DM is able to give
some preference information on a local level to a particular solution,
were first initiated by Geoffrion et al.(1972) and further developed by
many researchers such as Sakawa (1981, 1882a), Sakawa and Mori (1983,
1984), ©Sakawa and Seo (1980,1982,1983), Sakawa and Yano (1984b), Steuer
and Choo (1983), VWierzbicki (1879,1980) and Zionts and Wallenius (1876).

The interactive goal programming method proposed by Dyer (1972) is a
first attempt to provide a link between goal programming and interactive
approaches. Since then several goal programming based interactive
methods which combine the attractive features from both goal programming
and interactive approaches have been proposed (Masud and Hwang, 1981;
Monarchi, Kisiel and Duckstein, 1973; Weistroffer, 1982,1983,1984).

However, considering the imprecise nature of the DM's judgements in

multiobjective programming problems, fuzzy programming approaches (e.g.



Kickert, 1978; Zimmermann, 1983: Zimmermann, Gaines and Zadeh, 1984) seem
to be very applicable and promising for solving multiobjective
pProgramming problems.

An application of the theory of fuzzy set (Zadeh, 1965} to
multiobjective linear programming problems was first presented by
Zimmermann (1978) and further studied by Leberling (13981) and Hannan
(1981). Following the fuzzy decision or the minimum-operator proposed by
Bellman and Zadeh (1970) together with linear, hyperbolic or piecewise
linear membership functions respectively, they proved that there exist
equivalent linear programming problems.

However, suppose that the interaction with the DM establishes that
the first membership function should be linear, the second hyperbolic,
the third piecewise linear and so forth. In such a situation, the
resulting problem becomes a nonlinear programming problem and cannot be
solved by a linear programming technique.

In order to overcome such difficulties, Sakawa (1983a, 1983b) has
proposed a new method by the combined use of the bisection method and the
linear  programming method together with five types of membership
functions; linear, exponential, hyperbolic, hyperbolic inverse and
piecewise linear functions. This method was further extended for solving
multiobjective linear fractional (Sakawa and Yumine, 1983) and nonlinear
programming problems (Sakawa, 1984a).

In these fuzzy approaches, however, it has been implicitly assumed
that the fuzzy decision or the minimum-operator of Bellman and Zadeh
(1970) 1s the proper representation of the DM's fuzzy preferences.
Therefore, these approaches are preferable only when the DM feels that

the fuzzy decision or the minimum-operator is appropriate when combining



the fuzzy 9goals and/or constraints. However such situations seem to
rarely occur, and consequently it becomes evident that an interaction
with the DM is necessary.

Under these circumstances, assuming that the DM has a fuzzy goal for
each of the objective functions in multiobjective programming problems,
several interactive fuzzy decision making methods have been proposed by
incorporating the desirable features of both the goal programming methods
and the interactive approaches into the fuzzy approaches (Sakawa, Yumine
and Yano, 1984a,1984b; Sakawa and Yano, 1984a, 1985b,1985d).

However, when formulating the multiobjective programming problem
which closely describes and represents the real decision situation,
various factors of the real system should be reflected in the description
of the objective functions and the constraints. Naturally these
objective functions and the constraints involve many parameters whose
possible wvalues may be assigned by the experts. In the previous
approaches, such parameters are fixed at Some values in an experimental
and/or subjective manner through the experts' understanding of the nature
of the parameters.

In most practical situations, however, it is natural to consider
that the possible values of these parameters are often only ambiguously
known to the experts. In this case, it may be more appropriate to
interpret the experts' understanding of the parameters as fuzzy numerical
data which can be represented by means of fuzzy subsets of the real line
known as fuzzy numbers (Dubois and Prade, 1978,1980). The resulting
multiobjective programming problem involving fuzzy parameters would be

viewed as the more realistic version of the conventional one,.



Recently, Tanaka and Asai (1981,1984) formulated the multiobjective
linear programming problems with fuzzy parameters., Following the fuizy
decision or the minimum operator proposed by Bellman and Zadeh (1970)
together with triangular membership functions for fuzzy parameters, they
considered two types of fuzzy multiobjective linear programming problems;
one is to decide the nonfuzzy solution and the other is to decide the
fuzzy solution.

More recently, Orlovski (1983,1884) formulated general
multiobjective nonlinear programming problems with fuzzy parameters. He
presented two approaches to the formulated problems by making systematic
use of the extension principle of Zadeh (1975) and demonstrated that
there exist in some sense equivalent nonfuzzy formulations.

Very recently, in order to deal with the multiobjective linear,
linear fractional and  nonlinear programming problems with {fuzzy
parameters characterized by fuzzy numbers, Sakawa and Yano (1985c,1885e,
1986b, 1986d, 19861, 19869, 19861,1986j) introduced the concept of
a-multiobjective programming and (M-)«-Pareto optimality based on the
a-level sets of the fuzzy numbers. Then they presented several
interactive decision making methods not only in objective spaces but also
in membership spaces to derive the satisficing solution of the DM
efficiently from among an (M-)a-Pareto optimal solution set for
multiobjective linear, linear fractional and nonlinear programming
problems as a dgeneralization of their previous results (Sakawa,1983a,
1983b,1984a; Sakawa and Yano, 1985f,1986h; Sakawa, Yano and Yumine, 1986;
Sakawa and Yumine, 13983; Sakawa, Yumine and Yano, 1984a,1984b).

Finally, it is appropriate to mention some application areas of the

multiobjective approach. Although most of the early practical



applications have been accomplished in the areas of water resources
planning (see, for example, the texts by Haimes 1977, Cohon 1978),
regional planning (e.g. Rietveld 1980) and environmental planning (e.q.
Nijikamp 1979). Many other real-world problems are inherently
multiobjective. As we 1look at recent engineering and industrial
aﬁplications of the multiobjective approach, we can see contihuing
advances. They can be found, for example, in the areas of optimal design
of shallow arches (e.g. Stadler 1983a,b), electronic circuit design (e.q.
Lightner 1879), operation of a packaging system in automated warehouses
(e.g. Sakawa 1983b), management of the erection of a cablestayed bridge
(Ishido, Nakayama, Furukawa, Inoue and Tanikawa 1986) and pass scheduling

for hot tandem mills (Sakawa, Narazaki, Konishi, Nose and Morita 1986).

1.2 Outline of the Thesis

In multiobjective programming problems, multiple obJjectives are
often noncommensurable and conflict with each other, and consequently the
aim 1is to find a compromise or satisficing solution of a decision maker
(DM) which 1is also Pareto optimal based on his/her subjective value-
Judgement.

However, considering the imprecise or fuzzy nature of the human
Judgements, a fuzzy approach seems to be very applicable and promising
for multiobjective programming problems under fuzziness. Two types of
fuzziness of human Jjudgements should be incorporated in multiobjective
programming problems. One is the experts' ambiguous understanding of the
nature of the parameters in the problem-formulation process, and the

other is the fuzzy goals of the DM for each of the objective functions.



In order to cope with both types of fuzziness, in this thesis, we
formulate multiobjective linear, linear fractional and nonlinéar
programming  problems with fuzzy parameters and present several
interactive decision making methods for obtaining the satisficing
solution of the decision maker based on his/her subjective imprecise
value-judgements. The fuzzy parameters 1in the description of the
objective functions and the constraints, which reflect the experts’
ambiguous understanding of the nature of the parameters in the problem-
formulation process, are characterized by fuzzy numbers. The concept of
e-multiobjective linear, linear f{ractional and nonlinear programming
together with M-o-Pareto optimality is introduced based on the «-level
sets of the fuzzy numbers. The fuzzy goals of the DM for each of the
objective  functions are quantified by eliciting the corresponding
membership functions. Then interactive decision making methods for
multiobjective linear, linear fractional and nonlinear programming
problems are presented to derive the satisficing solution of the decision
maker efficiently from among M-«-Pareto optimal solution sets based on
his/her subjective Jjudgement. On the basis of the proposed methods,
time-sharing computer programs for all the proposed methods are written
in FORTRAN to implement man-machine interactive procedures. Illustrative
numerical examples for multiobjective linear, linear fractional and
nonlinear programming problems with fuzzy parameters are demonstrated

along with the corresponding computer outputs.

Organization of each Chapter is briefly summarized as follows:
Chapter 2 1is concerned with a new linear programming based on an

interactive decision making method for the multiobjective  linear



programming problems with fuzzy parameters in order to derive the
satisficing solution of the decision maker from among an M—a-Paréto
optimal solution set by wupdating his/her reference membership values
and/or the degree o on the basis of the current M-a-Pareto optimal
solution as well as the trade-off rates.

In Chapter 3, a new interactive decision making method for
multiobjective linear fractional programming problems with fuzzy
parameters is proposed on the basis of the linear programming method. In
the proposed interactive method, the satisficing solution of the DM can
be derived from among an M-o-Pareto optimal solution set by updating
his/her reference membership values and/or the degree « together with
trade-off information.

Chapter 4 is devoted to developing a new interactive decision making
method for multiobjective nonlinear programming problems with fuzzy
parameters. In the proposed interactive decision making method, in order
to generate a candidate for the (local) satisficing solution which is
also (local) M-a-Pareto optimal, if the DM specifies the degree « of the
a-level sets and the reference membership values, the DM is supplied with
the corresponding (local) M-«a-Pareto optimal solution together with the
trade-off rates. Then by considering the current values of the objective
or membership functions and « as well as the trade-off rates, the DM acts
on this solution by updating his/her reference membership values and/or
degree «.

Chapter 5 develops new interactive computer programs on the basis of
the methods proposed in Chapters 2,3 and 4 to facilitate the interaction
processes. Moreover, in order to demonstrate the feasibility and

efficiency of both the proposed algorithms and the corresponding computer



programs, interaction processes for several numerical examples for
multiobjective linear, linear fractional and nonlinear programming
problems with fuzzy parameters under the hypothetical decision maker are
shown together with the corresponding computer outputs.

The Appendix presents generalized scalarizing methods for
multiobjective programming problems, called the hyperplane methods, by
putting the special emphasis not only on generating Pareto optimal
solutions but also on obtaining trade-off information. The results
presented in the Appendix are the theoretical basis for the trade-off

information used in Chapters 2,3 and 4.



CHAPTER 2

INTERACTIVE DECISION MAKING FOR MULTIOBJECTIVE LINEAR
PROGRAMMING PROBLEMS WITH FUZZY PARAMETERS

2.1 Introduction

In multiobjective programming problems, multiple objectives are
usually noncommensurable and cannot be combined into a single objective.
Moreover, the objectives often conflict with each other in that any
improvement of one objective can be achieved only at the expense of
another. For most such multiobjective programming problems, in addition
to the decision analyst's role, value-judgement-based analysis of a
decision maker plays an essential role. To be more explicit, it is
particularly important how to combine the roles of a decision maker and a
decision analyst in order to find a compromise of satisficing solution of
a decision maker which is also Pareto optimal. However, when formulating
the multiobjective programming problem which closely describes and
represents the real-world decision situation, various factors of the
real-world system should be reflected in the description of the objective:-
functions and the constraints. Naturally these objective functions and
the constraints involve many parameters whose possible values may be

assigned by the experts. In the conventional approaches, such parameters
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are fixed at some values in an experimental and/or subjective manner
through the experts' understanding of the nature of the parameters.

In most real-world situations, however, it may be reasonable to
assume that the possible values of these parameters are often only
imprecisely or ambiguously known to the experts. In this case, it would
certainly be more appropriate to interpret the experts' understanding of
the parameters as fuzzy numerical data which can be represented by means
of fuzzy subsets of the real line known as fuzzy numbers (Dubois and
Prade 1978,1980). The resulting multiobjective programming problem
involving fuzzy parameters would be Viewed as the more realistic version
of the conventional one.

Recently, Tanaka and Asai (1981,1984) formulated the multiobjective
linear programming problems with fuzzy parameters. Following the fuzzy
decision or the minimum operator proposed by Bellman and Zadeh (1870)
together with triangular membership functions for fuzzy parameters, they
considered two types of fuzzy multiobjective linear programming problems;
one is to decide the nonfuzzy solution and the other is to decide the
fuzzy solution.

However, it should be emphasized here that their approaches are
preferable only when the decision maker feels that the minimum-operator
is appropriate. In other words, in general decision situations, human
decision makers do not always use the minimum-operator when they combine
the fuzzy goals and/or constraints. Probably the most crucial problem is
- the identification of an appropriate aggregation function which well
represents the human decision makers' fuzzy preferences. [f the
appropriate aggregation function can be explicitly identified, then the

problem reduces to a standard mathematical programming problems.
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However, this rarely happens and as an alternative, it becomes evident
that an interaction with the decision maker is necessary. |

In this chapter, we focus on the multiobjective linear programming
problems with fuzzy parameters characterized by fuzzy numbers. To cope
with the fuzzy parameters of the experts' together with the fuzzy goals
of the decision maker, the concept of M-a-Pareto optimality is introduced
by extending the ordinary Pareto optimality concept. Then a new
interactive decision making method to derive the satisficing solution of
the decision maker efficiently from among an M-«-Pareto optimal solution
set 1is presented on the basis of the linear programming method as a
generalization of the results for multiobjective linear programming

problems without fuzzy parameters by Sakawa (1983a,1983b).

2.2 Problem Statement and Solution Concept

Consider multiobjective linear programming (MOLP) problems of the

following form:

min ( clx ) c2x s ees s ckx )
subject to (2.1)

XxXEX = {xei | a;x S by J=lhms x 20 ),

where X is an n-dimensional column vector of decision variables, Cy

-12-~



C +sC are n-dimensional cost factor row vectors, al. a2,.‘., a_ are

2509 k m

n-dimensional constraint row vectors and bl’ b2,..., bm are constants.

Fundamental to the MOLP is the Pareto optimal concept, also known as
a noninferior solution. Qualitatively, a Pareto optimal solution of the
MOLP is one where any improvement of one objective function can be

achieved only at the expense of another.

Definition 2.1 (Pareto optimal solution)

X% € X is said to be a Pareto optimal solution to the MOLP, if and

only if there does not exist another x € X such that cix s cix* .

i=l,...,k with strict inequality holding for at least one i.

In practice, however, it would certainly be more appropriate to
consider that the possible values of the parameters in the description of
the objective functions and the constraints usually invoive the ambiguity
of the experts' understanding of the real system. For this reason, in
this chapter, we consider the following multiobjective linear programming

problem involving fuzzy parameters (MOLP-FP) :

—~

min ( clx , c2x be e ckx )
subject to (2.2)
x €X(a,b) p (x€E | ax sb.=l,....mix20 )

-13-
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Here Ei = (Eilq...,c. )9 and a- = (g.

~ -

in j Jl""’ajn)’ bJ represent

respectively fuzzy parameters involved 1in the objective function Eix

and the constraint 5jx s EJ .

These fuzzy parameters are assumed t0 be characterized as the fuzzy

numbers introduced by Dubois and Prade (1978,1980)., It is appropriate to

review here that a real fuzzy number p is a convex continuous fuzzy

subset of the real line whose membership function ug(p) is defined as:

(1) A continuous mapping from En to the closed interval [0,1],

(2) us(p) = 0 for all p € (-m,pll,

(3) Strictly increasing and continuously differentiable on (pl,p2),

(4) u;(p) 1 for all p € [pé,pé],
(5) Strictly decreasing and continuously differentiable on (p3,p4),

(6) ug(p) = 0 for all p € [34,+m ).

Fig. 2.1 1illustrates the graph of the possible shape of the fuzzy

number p.

~ -~

We now assume that Eil""’g‘ R 531,...,3. and b. in the MOLP-FP

in Jjn J

are fuzzy numbers whose membership functions are u~ (c.,),...,u~ (c ),
cil il cin in

ugjl(ajl),..., ugén(ajn) and q;j(pj) respectively. For simplicity in

the notation, define the following vectors:

-14~
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Fig., 2.1 Fuzzy number

Then we can introduce the following o-level set or o«-cut (Dubois and

Prade 1980) of the fuzzy humbers gjr ., b, and c._ .

Definition 2.2 (a-level set)

The «-level set of the fuzzy nhumbers gjr’gj and Eir is defined as the

ordinary set La(g,ﬁ,g) for which the degree of their membership functions
exceeds the level o«
La(a,b,c) = {(a,b,c) | ugsr(ajr) 2 «a, W% (pj) 2 «, %ir (qr ) 2 a,

i=1,...,Kk, J=1,...,m, r=1,...,n } . (2.3)

-15-



Fig. 2.2 «-~level set

The concept of the w«o-level set is illustrated in Fig. 2.2. As can be

seen from Fig., 2.2, it is clear that the level sets have the following
property:
o &  if and only if L (a,b,c) DL (a,b,C) . (2.4)
% %

For a certain degree «, the MOLP-FP (2.2) can be understood as the

following nonfuzzy a-multiobjective linear programming («-MOLP) problem.

min { clx, c2x e eas ckx )
subject to
X €X(a,b) p { x €E | ax Sb ,J=l,...mix20}, (2.5)

(a,b,c) € La(S,S,E) )

-16-



It should be emphasized here that in the «-MOLP the parameters
{a,b,c) are treated as decision variables rather than constants.
On the basis of the a-level sets of the fuzzy numbers, we introduce

the concept of «o-Pareto optimal solutions to the «-MOLP.

Definition 2.3 (a-Pareto optimal solution)
x¥ € X(ax,bx) is said to be an a-Pareto optimal solution to the «-MOLP

{2.5), if and only if there does not exist another x € X(a,b), (a,b,cC)
€ La(S,B,E) such that c;x & cpxx , i=1,...,k, with strict inequality

holding for at least one i, where the corresponding values of parameters

{ax,b*,c*) are called «~level optimal parameters.

2.3 Interactive Decision Making under Fuzziness
2.3.1 Fuzzy Goals

As can be immediately understood from Definition 2.3, in general,
o¢-Pareto optimal solutions to the «-MOLP (2.5) consist of an infinite
number of points and some kinds of subjective judgement should be added
to the quantitative analyses by the decision maker (DM). Namely, the DM
must select his/her compromise or satisficing solution from among
a-Pareto optimal solutions based on his/her subjective judgement.

However, considering the imprecise nature of the DM's judgement, it
is mnatural to assume that the DM may have imprecise or fuzzy goals for

each of the objective functions in the «-MOLP (2.5). In a minimization

-17-



problem, a goal stated by the DM may be to achieve "substantially less"
than A. This type of statement can be quantified by elicitiné a
corresponding membership function.

In order to elicit a membership function “i(CiX) from the DM for

each of the objective functions Cix’ i=l,...,K, in the «-MOLP (2.5), we

first calculate the individual wminimum and maximum of each objective
function under the given constraints for « = 0 and « = 1. By taking
account of the calculated individual minimum and maximum of each
objective function for o« = 0 and o =1 together with the rate of
increase of membership of satisfaction, the DM may be able to determine

his/her membership function ui(CiX) in a subjective manner which is a
strictly monotone decreasing function with respect to Cix.

So far we have restricted ourselves to a minimization problem and

consequently assumed that the DM has a fuzzy goal such as " cix should

be substantially less than Ai"‘ In the fuzzy approaches, we can

further treat a more general case where the DM has two types of fuzzy

goals, namely fuzzy goals expressed in words such as " cix should be

in the vicinity of Ci" (called fuzzy equal) as well as " cix should be
substantially less than Ai or greater than Bi" {called fuzzy min or

fuzzy max). Such a generalized o-MOLP (Ga~-MOLP) problem may now be

expressed as:

fuzzy min cix (i €1,)

fuzzy max cix (i €1,)

-18-



fuzzy equal cix (i € 13)

subject to X € X{a,b) (2.6)

(a,b,c) € La(E,E,E)

where 1. UI,UI,= {1,2,...,k } .

1 2 3

In order to elicit a membership function ui(CiX) from the DM for a

fuzzy goal like " cix should be in the vicinity of Ci"’ it is obvious

that we can use different functions to the left and right sides of Ci‘

Concerning the membership functions of the Gu-MOLP, it is reasonable

to assume that ui(CiX)’ i € I, and the right side functions of ui(cix),

1

i € I3 are strictly monotone decreasing and continuous functions with

respect to cix, and ui(CiX)’ i€ 12 and the left side functions of

ui(ciX)’ i € I. are strictly monotone increasing and continuous functions

3

with respect to cix. To be more explicit, each membership function

“i(CiX) of the Ga-MOLP for i € 1 i €1l, orié€ 13 is defined and its

1’ 2
possible shape is depicted as follows:

(1) 1€ I1

. 1
1 or =1 if (CiX)R P-4 cix ,
u. (c.x) = Do, c.x) if (c,x)) s cxs (cxl (2.7)
i i iR i iR i i™R "’ *
0 or =0 ' if c.Xx a (C x)0
i iR’

-19-



“1(°1x)

i
!
1
i
!
!
I
1
[}
!
1
1
1
|
|
|
1

1 0
(cix)R (cix)R c X

Fig. 2.3 Fuzzy min membership function

(2) i € 12 :
0 or =0 it (c.x? zcx
i™°L it
_ . 0 i
ui(CiX) = DiL( cix ) if (ciX)L s cix s (CiX)L , (2.8)
. 1
1 or 21 if cix b4 (CiX)L s

"1(°1x)

0 1
(cix)L (Cix)L c,x

Fig. 2.4 Fuzzy max membership function
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(3y i€l

ui(CiX)

Here it is

. 0
0 or =0 if cix s (c. x)L )
D., (c.x) if (c x)0 S X S (c x)1
iL S ¥ 2 G L
1 if (c.x)) S ¢ x & (g ) (2.9)
XL R .
D.(C.X) if (c.xl scxs c.x?
ir'Ci ¥R 2 ¢ ¥R o
0 or -0 if (c.x)? 5 ¢ x
i™'R it e

assumed that DiR(CiX) or DiL(CiX) is respectively a

strictly monotone decreasing or increasing and continuous function with

respect to cix

are unacceptable

and may be linear or nonlinear, and (cix)E and (cix)g

1
L

1

levels for cix and (cix) and (CiX)R are totally

desirable levels for cix.

(e x)

(cix)g (cix)ll‘ (cix); (cix)g c,x

Fig. 2.5 Fuzzy equal membership function
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When fuzzy equal is included in the fuzzy goals of the DM, it is

desirable that cix should be as close to Ci as possible. Consequently,

the notion of «-Pareto optimal solutions defined in terms of objective
functions cannot be applied. For this reason, we introduce the concept
of M-a-Pareto optimal solutions which is defined in terms of membership

functions instead of objective functions, where M refers to membership.

Definition 2.4 (M-«-Pareto optimal solution)
X% € X(ax%,b*) is said to be an M-«-Pareto optimal solution to the

Go-MOLP, 1if and only if there does not exist another x € X(a,bl}, (a,b,cC)
€ La(a,b,c) such that ui(CiX) 2 ui(ch*),i=l.....k, with strict

inhequality holding for at least one i, where the corresponding values of

parameters (a%,b%,cx) are called o-level optimal parameters.

Observe that the concept of M-a-Pareto optimal solutions defined in
terms of membership functions is a natural extension of that of «-Pareto
optimal solutions defined in terms of objective functions, when fuzzy
equal is included in the fuzzy goals of the DM.

Having elicited the membership functions ui(cix),i=1,...,k from the
DM for each of the objective functions cix, i=t,...,k, if we introduce a

general aggregation function

”N %(qxh %(%XL”.,%(%XL o ), (2.10)

a general fuzzy «-multiobjective decision problem (Fa-MODP) can be

defined by:
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max uD( ul(CIX)’ u2(02x),..., uk(q(x), o ), (2.11)

subject to

(x,a,b,c) €EPla), «€[ 0, 1]. (2.12)

where P(a) is the set of M-«a-Pareto optimal solutions and corresponding
a-level optimal parameters to the Ge-MOLP.

Probably the most crucial problem in the F«-MODP is the
identification of an appropriate aggregation function which well

represents the human decision makers' fuzzy preferences. If uD(.) can be

explicitly identified, then the Foa-MODP reduces to a standard
mathematical programming problem. However, this rarely happens and as an
alternative, it becomes evident that an interaction with the DM is
necessary.

Throughout this section we make the following assumptions.

Assumption 2.1 The fuzzy goals of the DM can be quantified by
eliciting the corresponding membership functions through the interaction
with the DM.

Assumption 2.2 uD(.) exists and is known only implicitly to the DM,
which means the DM cannot specify the entire form of uD(.), but he/her

can provide local information concerning his/her preference. Moreover,

it is strictly increasing and continuous with respect to “i(’) and «.

2.3.2 Minimax Problems
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For generating a candidate for the satisficing solution which is
also M-a-Pareto optimal in our decision making method, the DM is asked to
specify the degree « of the a-level set and the reference levels of
achievement of the membership functions, called reference membership
values. Observe that the idea of the reference membership values first
appeared in Sakawa, Yumine and Yano (1984a.,b) can be viewed as an obvious

extension of the idea of the reference point of Wierzbicki (197%a). Once
the DM's degree o and reference membership values ﬁi, i=l,...,k, are

specified, the corresponding M-e-Pareto optimal solution, which is in a
sense close to his/her requirement or better than that if the reference
levels are attainable, 1is obtained by solving the following minimax

problem.

min max (u, - b (cx) ), (2.13)
X € X(a,b) 18isk

(a,b,c) € La(E,B,E)

or equivalently

min \Y

subject to ﬁi - ulgx) S v, di=lnk (2.14)

aJXSbJ L] J=19-.‘,m9 XZO 3

(a,b,c) € La(E,B,E).

Fig., 2.6 illustrates a graphical description of the minimax problem.
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However, with the strictly monotone decreasing or increasing
membership function given by (2.7)-(2.9), which may be nonlinear, the
resulting problem becomes a nonlinear programming problen. In order to

solve the formulated problem on the basis of the linear programming
method, we first convert each constraint ﬁi - ui(CiX) Sv, i=l,...,k, of

the minimax problem (2.14) into the following form using the strictly

monotone property of DiL(') and DiR(°)

“z(czx)
1
E2
u2(0§x*)
0 1 pl(clx)
Fig. 2.6 Minimax problem
-1 - :
cix s DiR( ui -v), i € I1 U 13 {2.15)
-1, - )
cix p-3 DiL( ui -V ), i€ I2 U 13 (2.16)
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Now we introduce the following set-valued functions siR(')’ SiL(.)

and Tj(.,.).
Sipley) = { 6w | gx & Dl -~v) ), 1€LUL (217
5.t = { v | ox 2 b (T ~v) ). i€ LUL  (2.18)
Tia;b) = { x| a;x & by } o, o=tk (2.19)

Then, it can be verified that the following relations hold for

SiR(‘)’ SiL(.) and TJ(.,.). when x 2 0 .

Proposition 2.1

1 2 1 2 1 2
(1) If % scr then Smu%) ) %Ruﬁ) and Su}c) C Sm(q).

1 2 | 2
(2) 1f aj S aj, then Tj(aj,bj) D TJ(aJ,bJ).
1 2 1 2
(3) 1f bj s bj, then TJ(aJ,bJ) C TJ(aJ,bJ).

Now from the properties of the x~-level sets for the vectors of the

fuzzy numbers c a. and the fuzzy numbers Ej, it should be noted here

i’ J

that the feasible regions for ci,aj and bj can bé denoted respectively by

the intervals [ c%a, c?a 1.0 a%a, %a ] and [ ﬂfa, 3§a ] as shown in Fig.
2.7.

Consequently, by making use of the results in Proposition 2.1, we
can obtain an optimal solution to (2.14) by solving the following

problem.
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Fig. 2.7 Feasible region for Ci’ aj and bJ

min v

subject to  c¥x S Dl(L-v), 1€, U I (2.20)
o iR" ¥ : 1 37 :
Ry 2 0lcn-vy, 1€e1.U 1
i o Lt ¥ : 2 37
L R -
ajax 2 bja , J=1,...,my, x 220

It 1is important to note here that in this formulation, if the value
of v is fixed, it can be reduced to a set of linear inequalities.
Obtaining the optimal solution v to the above problem is equivalent to

determining the minimum value of v so that there exists an admissible set

satisfying the constraints of (2.20). Since v satisfies Emax -1 3Sv s

”max’ where umax denotes the maximum value of ui , i=1,...,K, we have
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the following method for solving this problem by combined use of the

bisection method and the simplex method of linear programming.

Step 1.

Step 2.

Step 3.

Set v and test whether an admissible set satisfying the

umax
constraints of (2.20) exists or not by making use of phase one
of the simplex method. If an admissible set exists, proceed.

Otherwise, the DM must reassess his/her membership function,

Set v = amax - 1 and test whether an admissible set satisfying

the constraints of (2.20) exists or not using phase one of the

simplex method. If an admissible set exists, set vx = 1.

Mnax”

Otherwise 9o to the next step, since the minimum v which

satisfies the constraints of (2.20) exists between ﬁmax - 1 and
umax‘
For the initial value of v = Bmax - 0.5, update the value of

v using the bisection method as follows :

n+1

v - 1/2

vn+1 n

if admissible set exists for vn s

n+l . L .
n+1 vn + 1/2 if no admissible set exists for Vn .

v
Namely, for each vn (n=1,2,...), test whether an admissible set

of (2.20) exists or not using the sensitivity analysis technique
for the changes in right hand side of the simplex method and
determine the mnminimum value of v satisfying the constraints of

(2.20).
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In this way, we can determine the optimal solution v*. Then the DM

selects an appropriate standing objective from among the objectives Cix’

i=1,...,k. For notational convenience, in the following, without loss of

generality, let it be Clx and 1 € 11‘ Then the following linear

programming problem is solved for v = v,
min cL X
lo
subject to  c“x s Dlcm -wx), i€1,UI (2.21)
io iR™ i ’ 1 3’ :
Ry 2 plen -vx), 1€LUI
io i’ i ' 27 °3°
L R .
ajax S bja R Jj=l,...,m, x 2 0 .

For convenience ih our subsequent discussion, we assume that the
optimal solution x» to (2.21) satisfies the following conditions:

L -1

ciax* = DiR( Ui -y¥ ), 1€ 11U ISR ;
Ry = pln -w), 1€1LU1
i o it My ’ oV g -
where 13 = I3LU ISR and ISLn ISR = ¢ ,

. , Lo, . R ..
Then it is interesting to note that Cia(l = Il U I3R)’ cia(l € 12 U IBL)

aga and b§a (j=1,...,m) are o-level optimal parameters for any M-a-Pareto

optimal solution.
The relationships between the optimal solutions to (2.20) and the
M-o~Pareto optimal concept of the Ga-MOLP can be characterized by the

following theorenms.
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Theorem 2.1
If x* is a unique optimal solution to (2.20), then x* is an

M-o~Pareto optimal solution to the Ge-MOLP.

(Proof)
Assume that x% is not an M-a-Pareto optimal solution to the Ga-MOLP.

. L .. R .. L R
Then, since Cia(l € I1 U ISR)’ C'a(l € 12 U ISL) and aja, bja

i (j=1,...,m)

are o-level optimal parameters to the Gu-MOLP, there exist X € X(a,b) and

~ o~ o~ L .
(a,b,Cc) € La(a,b,c) such that ui(CiX) P 3 ui(ciax*), (i € I1 U ISR)’

b (e,x) 2 ui(cfax*), (i € 1, Uly ), strict inequality holding for at

least one i. Then it holds that

max ( ﬁi - ui(c%ax*) ) 2 max G- ow(gx) )
i€ I1 U I3R i€ I1 U I3R
2 max { ixi - ui(cli‘ax) ),
i € I1 U I3R
max ( Di - ui(c§ax*) ) 2 max ( hi - W (g x) )
i€ I2 U I3L i€ 12 U I3L
- R
P max ( ui - ui(ciax) ),
i € I2 U I3L

which contradicts the fact that x»* is a unique optimal solution to

(2.20). q.E.D.

Theorem 2.2

If x% 1is an M-e-Pareto optimal solution to the Ge-MOLP, then x* is

an optimal solution to (2.20) for some 1 = ( DETRRY ).
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(Proof)

Assume that (x%,v%) is not an optimal solution to (2.20) for any u

satisfying
o= w0 = ux i€er, Ul
i i e ’ 1 3R
ho- w(R x) = vk, i€l UI
i i Tiax ’ 2 3L

Then there exists x € X(a,b) such that

- L - .
ui - ui(ciaX) < ui - uj(c‘;ax*), i € I1 U I3R
- R - R .
ui - “i(ciaX) < ui - ui(ciax*), i € 12 U I3L

L . L L .
This implies that ”i(ciaX) > ui(ciax*)’ (i € I1 U ISR)’ ui(éiax) >

u.(cR x%), (i € I, U1, ), which contradicts the fact that x* is an
1 Tl 2 3L

M-a-Pareto optimal solution to the Ga-MOLP. Q.E.D.

It must be observed here that for generating M-a-Pareto optimal
solutions wusing Theorem 2.1, uniqueness of solution must be verified.
In the ad hoc numerical approach, however, in order to test the M-a-
Pareto optimality of a current optimal solution x*, we formulate and

solve the following linear programming problem:

max

n e
m

subject to

. L -
c; X + €, = ciax* R ei 20, 1€ IIU ISR (2.22)
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R _ R ,
Ciax - €, = c‘ax* R Ei 20,1¢€ 12U I3L

Let X and € be an optimal solution to (2.22). If all Ei = 0, then xx is

an M~«-Pareto optimal solution. If at least one Ei >0, it can be easily

shown that X is an M-a-Pareto optimal solution.
2.3.3 Interactive Algorithm

Now given the M-«-Pareto optimal solution for the degree o« and the
reference membership values specified by the DM by solving the
corresponding minimax problem, the DM must either be satisfied with the
current M-o-Pareto optimal solution and «, or update his/her reference
membership wvalues and/cr the degree « . In order to help the DM express
his/her degree of preference, trade-off information between a standing
membership function and each of the other membership functions as well as
between the degree « and the membership functions is very useful. Such a
trade-off information is easily obtainable since it is closely related to
the simplex multipliers of the problem (2.21).

To derive the trade-off information, define the following Lagrangian
function L corresponding to the problem (2.21).

L = c% X 4+ ¥ T. {éﬁ X - Db
o ier, U 1, IRl
1 3R

iRU Y - vx) }
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m
oor o om ey v -8 x ) r Tad x-B ) 223
1612U ISL 1 1 1 o j=1 J Ja Jo

I

where I and AJ are simplex multipliers corresponding to the

iL’ "iR

constraints of (2.21).

Here, we assume that the problem (2.21) has a unique and
nondegenerate optimal solution satisfying the following conditions

> 0, i€l

(1) T U I3R’ i1

iR 1

(2) HiL > 0, i€ 12U I3L'

Then, by using the results in Haimes and Chankong (19739), the

following expression holds .

a( cL X )
_ le _ I
— =
g ¢ x )
le

iel, U I3R’ i =1 (2.24)

iR’ 1

3 cL X )
le

- e R e = ..'n‘
3 cR X }
i

iL’ i € 12U I3L (2.25)

Furthermore, using the strictly monotone decreasing or increasing

property of DiR(‘} or DjL(‘) together with the chain rule, if DiR(‘) and

DiL(‘) are differentiable at the optimal solution to (2.21), it holds
that

aul( c%ax ) DfR( c%ax )

aui( iax ) DjR( io‘x )

au, cll‘ax ) D; clfax )

- = - —a— T , 1 €1,U1 (2.27)
' R il 2 3L
au (& x) D; € & x )
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where D{R(') and D{L(') denote the differential coefficients of DiR(‘)

and DiL(') respectively.

Regarding a trade-off rate between ul(c%ax) and «, the following

relation holds based on the sensitivity theorem (for details, see, e.g.,

Luenburger 1973 or Fiacco, 13883).

au, c‘; X ) . a(c%a) a(éga)
— - DiR(ClaX) X o+ ¥ HiR X
3o A IEIIU ISR o
a(c*fa) " a(aL.a) 3B )
- Y. HIL X + z AJ { X - }
1612U I3L Ju J=1 Jo 3a

(2.28)
It should be noted here that in order to obtain the trade-off rate
information from (2.26)-(2.27), all the constraints of the problem (2.21)

must be active for the current optimal solution. Therefore, if there are

inactive constraints, it is necessary to replace Di for Iinactive

constraints by D, (c; x¥) + v¥ or D, (CR x*¥) + wvx and solve the
iR "ie iL 7o

corresponding problem (2.21) for obtaining the simplex multipliers.

Now, following the above discussions, we can present the interactive
algorithm in order to derive the satisficing solution for the DM from
among the M-«-Pareto optimal solution set. The steps marked with an

asterisk involve interaction with the DM,

Step 0. Calculate the individual minimum and maximum of each objective

function under given constraints for « = 0 and o« = 1.
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Step 1%, Elicit a membership function Ui(CiX) from the DM for each of the

objective functions.

Step 2x. Ask the DM to select the initial value of o« (0 § « § 1) and set

the initial reference membership values ﬁi= I, i=l,...,k.

Step 3. For the degree « and the reference membership values specified

by the DM, solve the minimax problem and perform the M-«-Pareto

optimality test.

Step 4%, The DM is supplied with the corresponding M-«-Pareto optimal

one
one

the

solution and the trade-off rates between the membership
functions and the degree o . If the DM is satisfied with the
current membership function values of the M-o-Pareto optimal
solution and «, stop. Otherwise, the DM must update his/her
reference membership values and/or the degree o by considering
the current values of the membership functions and o together
with the trade-off rates between the membership functions and

the degree «, and return to step 3.

Here it should be stressed for the DM that (1) any improvement of
membership function can be achieved only at the expense of at least
of the other membership functions for some fixed degree «, and (2)

greater value of the degree « gives worse values of the membership

functions for some fixed reference membership values.

2.3.4 Numerical Example
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To clarify the concept of M-o-Pareto optimality as well as the
proposed method, consider the following three objective linear

programming problem with fuzzy parameters.

~

fuzzy min Z,(X,Cp) L 2%+ CioXy

fuzzy max Z,(X:Cy) 43X = CyoX,

fuzzy equal  z5(X,C3) & €% - X, (2.29)
subject to x €EX A { (%) | 3% +% - 1250,

where 512. 522, and Eél are fuzzy numbers whose membership functions are

given below:

)

u~ (¢ max ( 1 - 0.5 lc12 - 4!, 0,

c12 12
u622(c22) = max (1 - 2 lc22 + 0.751, 0 , (2.30)
UE31(C31) = max (1 - lc31 - 2.5/, 0) .

Fig. 2.8 Fuzzy numbers CI2’ c22, c31
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Now, for illustrative purposes, suppose that the interaction with
the hypothetical DM establishes the following simple linear membership

functions for the three objective functions.

| Z s 5,
ul(zl) = DIR(ZI) = (20 - zl)/ls, 5= Zy S 20,
0 20 5z,
0 z, 83,
u2(22) = D2L(22) = (22- 3)/9, 3 s Z5 s 12,
1 12 5 22,
0 24 s -3,
D3L(23) = (zg+ 3)/3, -3 52z 80,
u3(23) = 1 23 = 0,
D3R(23) = (6 - 23)/6, 0 s Zq s 6,
\ 0 6 S Zg.
u (z)) Hy(zy)

Fig. 2.9 Linear membership functions representing fuzzy goals
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Fig. 2.9 illustrates a graphical description of the hypothetical
DM's linear membership functions representing his/her fuzzy goals.for
each of the objective functions of (2.29).

Also assume that the hypothetical DM selects the initial value of

the degree « to be 0.5, and the initial reference membership values

(u U

3) to be (19730, 5/6, 1). Then the corresponding M-«-Pareto

1’ u29

optimal solution can be obtained by solving the following problem.

min v
X €X
subject to
_1 -
2xl + 3x2 s DIR( u1 - v )
3, + X, 2 Dl(m, -v)
1 2 2L 2
2X, - X s plen, -vo
1 2 3R 3
3%, - X > DT, -v)
1 2 3L° 73

Solving this problem by combined use of the bisection method and the
simplex method of linear programming, we obtain the optimal solution vx =
1/6. In order to obtain the corresponding optimal values of the decision

variable xx, we solve the following linear programming problem for v =

1/6.
Xmérx 2x1 + 3x2
subject to
B+ X, 2 Dy (T, - ux)
2%, = X, & Dgé( g - ux )
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1

3L - v

3X, - x2 P4 D, ( u3

As a result, we get the following optimal values for v, xx, ZT b

z (X*;CL

R .
NP B S NN PN W NN JS RT3 SON(Z DTS LIRPPPI S

and the simplex multipliers ( H?L’ H§L’ H§R).
(XT’ x§) = (2, 3), (ZT’ 25, z§) = (13, 9,1),
(ur, u§, u§) = (7/15, 2/3, 5/6 ), ( HfL, Eﬁa. Eﬁe) = (8/5, 0, 7/5).

From (2.26) and (2.27), the +trade-off rates among the membership

functions become as follows:

A -
i aul( zf ) _ i ?1R‘ zr ) H§ . (-1/15) _E_ _ 72
. L ’
3u2( 25 ) D2L( 25 ) (1/9) 5 75
i RS LA U M M no- - sy o 42
. L _ ’
8“3( zg ) DBL( zg ) {-1/6) 5 75

Concerning the trade-~off rate between ul(zl) and «, from (2.28) we have:

L
8u1(zf) acla ac% aéga

¢ —‘—'—‘a -
Diglzp) | vy 2! L Xft X
o do.

do da 2 }
= (-1/15) { (1/2)x3 + (7/5)x1x2 - (8/5)x(-2)x3 }

= -138/150.
Observe that the DM can obtain his/her satisficing solution from
among an M-o-Pareto optimal solution set by updating his/her reference
membership values and/or the degree « on the basis of the current values

of the membership functions and o together with the trade-off rates among

the values of the membership functions and the degree «.
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2.4 Conclusion

In this chapter, we have proposed a new interactive decision making

method for multiobjective linear programming problems with fuzzy

parameters to cope with the imprecise nature of human judgements. As the

conclusions of this chapter, the desirable features of our proposed

method will be summarized as follows.

(1

(2)

(3)

(4)

(5)

(6)

The experts' ambiguous understanding of the nature of the parameters
in the problem-formulation process can be incorporated.

The fuzzy goals of the DM can be quantified by eliciting the
corresponding membership functions, which may be nonlinear.

For the degree o and the reference membership values specified by
the DM, the corresponding M-a-Pareto optimal solution can be easily
obtained by solving the minimax problems based mainly on the well
known linear programming method.

M-a-Pareto optimality of the generated solution in each iteration is
guaranteed by performing the M-a-Pareto optimality test.

The trade-off information between the membership functions and the
degree « 1is easily obtainable, since it is closely related to the
simplex multipliers of the minimax problems.

The satisficing solution of the DM can be derived efficiently from
among M-o-Pareto optimal solutions by updating his/her reference
membership values and/or the degree o« based on the current values of
the M-o-Pareto optimal solution together with the trade-off

information between the membership functions and the degree «.
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In the next chapter, we further proceed to the multiobjective linear
fractional programming problems with fuzzy parameters as a slightly

generalized version of this chapter.
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CHAPTER 3

INTERACTIVE DECISION MAKING FOR MULTIOBJECTIVE LINEAR
FRACTIONAL PROGRAMMING PROBLEMS WITH FUZZY PARAMETERS

3.1 Introduction

As indicated in Kornbluth and Steuer (1981b) linear fractional
objectives (i.e., ratio objectives that have linear numerator and
denominator ) are useful in production planning, financial and corporate
planning, health care and hospital planning and so forth. Examples of
fractional objectives in production planning include inventory/sales,
output/emplovee, etc. - However, for single objective linear fractional
programming, the Charnes and Cooper (1962) transformation can be used to
transform the problem into a linear programming problem.

Concerning multiobjective linear fractional programming (MOLFP) few
approaches have appeared in the literature (Choo and Atkins 1980;
Kornbluth and Steuer 1981a,1981b; Luhandjula 1984; Sakawa and Yumine
1983). Kornbluth and Steuer (1981a,1981b) present two different
approaches to MOLFP; one is the simplex-based approach and the other is
the goal programming approach. Choo and Atkins (1980) proposed an
interactive approach to MOLFP based on the weighted Tchebycheff norm.

Luhandjula (1984) presents a linguistic approach to MOLFP by introducing

-42~



linguistic wvariables to represent linguistic aspirations of the decision
maker (DM).  Sakawa and Yumine (1983) presented a fuzzy approach for
solving MOLFP by combined use of the bisection method and the linear
programming method together with five types of membership functions ;
linear, exponential, hyperbolic, hyperbolic inverse and piecewise linear
functions. Recently, Sakawa, Yano and Yumine (1986) have presented a
new interactive fuzzy satisficing method by combined use of the bisection
method and the linear programming method to derive the satisficing
solution for the DM efficiently from among a Pareto optimal solution set
by updating his/her reference values for each of the membership
functions, called the reference membership values, as a generalization of
the result in Sakawa and Yumine (1983).

In this chapter, we further focus on multiobjective linear
fractional programming problems with fuzzy parameters, which reflect the
experts' ambiguous understanding of the nature of the parameters in the
problem-formulation process. Then by considering the imprecise nature of
the DM, we present a new interactive decision making method for obtaining
the satisficing solution of the DM on the basis of the linear programming
method as a generalization of the method of Sakawa, Yano and Yumine

(1986) for MOLFP.

3.2 Problem Statement and Solution Concept

Consider multiobjective linear fractional programming (MOLFP)

problems of the following form:
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min Zl(X) pl(x)/ql(x)

min 22(x) = p2(x)/q2(x)

e e e e e e e (3.1)

min zk(x) pk(x)/qk(x)

subject to X €X ={ x € & | a;X 8 by, J=li...k 3 x20)

where x is an n-dimensional column vector of decision variables, a. is an

J
n-dimensional constraint row vector, bj is a constant, zltx),...,zk(x)
are kK distinct linear fractional objective functions and

Py(X) = CyyXp * CipXp # e ¥ CiXy * G ey (3.2)
qi(x) = d“x1 + di2x2 + ...+ dinxn + di,n+1‘

Here it is customary to assume that the qi(x) > 0 for all x € X,

Fundamental to the MOLFP is the Pareto optimal concept, also known
as a noninferior solution. Qualitatively, a Pareto optimal solution of
the MOLFP is one where any improvement of one objective function can be

achieved only at the expense of another.

Definition 3.1 (Pareto optimal solution)
x¥ € X is said to be a Pareto optimal solution to the MOLFP, if and

only if there does not exist another x € X such that zi(x) s zi(x*),

i=1,...,k with strict inequality holding for at least one i.
In practice, however, it would certainly be appropriate to consider

that the possible values of the parameters in the description of the

objective functions and the constraints usually involve the ambiguity of
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the experts' understanding of the real system. For this reason, in this
chapter, we consider the following multiobjective linear fractional

programming problem involving fuzzy parameters (MOLFP-FP):

min z(x,c,d) AR zl(x,El,EI), ZZ(X,E ,&é),..., zk(x,ék,d%) ) (3.9)
subject to X € Xta,b) p { X € E'| a;x S by, d=l,....m 3 x 20 },
where zitx,Ei,ai) = pi(X’Ei)/qi(x’Ji)’ (3.4)
and | pi(x,Ei) = Eilxl + 612X2 + ... 04 Einxn + é;,n+l’
qi(x,ai) = 511X1 + aizxz + ... * Einxn + &;,n+1‘ (3.5)
Here C; = (Ciyv..rCypnCy py) 45 = () ysenendypedy o) and
Sj = (531""’53n)’ 65 represent respectively fuzzy parameters involved

in the objective function zi(x,Ei,ai) and the constraint gjx s 5& .

These fuzzy parameters are assumed to be characterized as the fuzzy

numbers introduced by Dubois and Prade (1978,1880).

-~ o~

We now assume that Ei’ di and aj R 5& in the MOLFP-FP are fuzzy

numbers whose membership functions are u~ (¢, ), ur (d.) and u~ (a,) ,
ci i d1 i aj J

ug (bj) respectively. For simplicity in the notation, define the
J
following vectors:

-~ ~ -~ -~

c = (cl,...,ck). c= (Cl""’ck) , d = (dl"“’dk)’ d = (dl,...,dk) s
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a= (a ,a.), a = {(a ,...,am) y b= (bl""’bm)’ b = (bl”"’b ),

177" m 1

ug(c) = (UEI(CI)’...’HEk((k)) s gf(d) = (%q (q ),...,%; (i ),
ug(a) = (ugl(al),...,ggn(qn)) , q;(b) = (¥ﬂ (q ),...,%; (R ))

Then we can introduce the following «-level set or «a-cut {Dobois and

~ ~ -~

Prade 1980) of the fuzzy numbers a , b , ¢ and d .

Definition 3.2 (a-level set)

The a—lével set of the fuzzy numbers a,b,c and d is defined as the
ordinary set La(g,ﬁ,g,a) for which the degree of their membership
functions exceeds the level «

L (a,b,c,d) = { (a,b,c,d) | My (ajr) z o, qijtgj) 2 o uo (G ) 2 o,

« Jr Cir
u&ir(dir) 2 «, i=1,...,k, j=1,...,m, r=1,...,n }. (3.6)

It is clear that the level sets have the following property:

o, S if and only if L (a,b,c,d) DL (a,b,c,d) . (3.7)
1 % ozl '0:2

For a certain degree «, the MOLFP-FP (3.3) can be understood as the
following nonfuzzy «-multiobjective linear fractional programming

(x~-MOLFP) problem.

min z(x,c,d) 4 (2, (X,¢;,d))2,(X,Ch0d5) 500042, (X, Gy D)

subject to
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x € X(a,b) 5 {x€E | a;x 8 bj,d=l,..omix 20}, (3.8)

(a,b,c,d) € La(E,B,E,&) ,

where Zi(x’ci’di) = pi(x’ci)/qi(x’di) s (3.9)
and pi(x,ci) = c“x1 + ci?_x2 + ...+ Cinxn + Ci.n+1’ (3.10)
9,40 = dy Xy HdioXy Foe Hdp X+ dp

It should be emphasized here that in the «-MOLFP the parameters
(a,b,c,d) are treated as decision variables rather than constants, and it

is customary to assume that the qi(x,di) > 0 for all x € X(a,b)., In this
chapter, for simplicity, we further assume that the pi(x,ci) > 0 for all

X € X(a,b).
On the basis of the a-level sets of the fuzzy numbers, we introduce

the concept of «-Pareto optimal solutions to the «~MOLFP.

Definition 3.3 (a-Pareto optimal solution)
x%¥ € X(a%,bx) is said to be an «-Pareto optimal solution to the

o~MOLFP (3.8), if and only if there does not exist another x € X(a,b),
(a,b,c,d) € LG(E,B,E,&) such that z;(x,c;,d;) S z; (xx,c6.d8), i=1,....k,

with strict inequality holding for at least one i, where the
corresponding values of parameters (a%,bx,cx,d*) are called o-level

optimal parameters.

3.3 Interactive Decision Making under Fuzziness
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3.3.1 Fuzzy Goals

As can be seen from Definition 3.3, wusually, «-Pareto optimal
solutions consist of an infinite number of points, and the DM must select
his/her compromise or satisficing solution from among «-Pareto optimal
solutions based on his/her subjective value-judgement.

However, considering the imprecise nature of the DM's judgement, it
is reasonable to assume that the DM may have fuzzy goals for each of the
objective functions in the «-MOLFP (3.8). For example, a goal stated by
the DM may be to achieve “"substantially less" than A. This type of
statement can be quantified by eliciting a corresponding membership
function.

In order to elicit a membership function “i(zi(x’ci’di)) from the DM
for each of the objective functions Zi(x’ci’di)’ i=1,...,K, in the

«-MOLFP (3.8), we first calculate the individual minimum and maximum of
each objective function under the given constraints for « = 0 and « = 1.
By taking account of the calculated individual minimum and maximum of
each objective function for « = 0 and o« = 1 together with the rate of
increase of membership of satisfaction, the DM must determine his/her

membership function “i(zi(x‘ci’di)) in a subjective manner.

It is significant to note here that, in the fuzzy approaches, we can
treat two types of fuzzy goals; namely, fuzzy goals expressed in words

such as " Zi(x’ci’di) should be in the vicinity of Ci“ (called fuzzy

equal) as well as " Zi(x’ci’di) should be substantially less than
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Ai or greater than Bi" (called fuzzy min or fuzzy max). Such a

generalized «-MOLP (Ga-MOLP) problem can be expressed as:

fuzzy min Zi(x’ci’di) (i € Il)

fuzzy max Zi(x’ci’di) (i € 12)

fuzzy equal Zi(x’ci’di) (i € 13) (3.11)
subject to x € X(a,b)

(a,b,c,d) € La(S,B,E,E)

where I, U 12 U 13 = {1,2,...,k } .

1

In order to elicit a membership function “i(zi(x’ci’di)) from the DM
for a fuzzy goal like *“ Zi(x’ci’di) should be in the vicinity of Ci"’ it

is obvious that we can use different functions to the left and right

sides of Ci’

For the membership functions of the Gou-MOLFP, it is reasonable to

assume that ui(zi(x,ci,di)), i € I1 and the right side functions of

“i(zi(x’ci’di))’ i € I, are strictly monotone decreasing and continuous

3

functions with respect to Zi(x’ci’di)’ and ui(zi(x,ci,di)), i € I, and

2

the left side of ”i(zi(x’ci’di))’ i € 13 are strictly monotone increasing
and continuous functions with respect to Zi(x’ci’di)'
To be more specific, each membership function “i(zi(x'ci’di)) of the

Ga-MOLFP for i € Il’ i€ 12 ori € I3 is defined as follows :
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(1) 1€l

; 1
i or =21 if Zi(x’ci’di) s ZiR’

) | 0
ui(zi(x,ci,di)) DiR(Zi(X’Ci’di)) if ZiR s Zi(x’ci’di) s ZiR’

. 0
0 or -+ 0 if ziR s Zi(x’ci’di)’ (3.12)

(2) 1 €1

. 0
0 or =20 if Zi(x’ci’di) = ZiL s

_ . 0 1
ui(zi(x,ci,di)) = DiL(Zi(X’Ci’di)) if ZiL = Zi(x’ci’di) s ZiL’
. 1
1 or 1 if ZiL s Zi(x’ci’di) (3.13)
(3) i € I3 :
0 or =90 if z,(x,c.,d.) S ZO
i i iL ’
D.. (z.(x,c.,d.)), if z° Sz (x,c.,d) § zZ.
iL it iL S T iL’
_ . 1 i
“i(zi(x’ci’di)) = 1 if ziL s Zi(x’ci’di) S ZiR,

. , i 0
DiR(Zi(X’Ci’di)) if ZiR s Zi(x’ci’di) 3 ziR s

0 or =»0 if Z°

iR S Zi(x’ci’di) . (3.14)

where DiR(Zi(X’Ci’di)) or DiL(Zi(X’Ci’di)) is respectively a strictly
monotone decreasing or increasing continuous function with respect to

Zi(x’ci’di) and may be linear or nonlinear, and Z?L and Z?R are

unacceptable levels for Zi(x’ci‘di) and z1 and ZiR are totally desirable

iL

levels for Zi(x’ci’di)‘
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When fuzzy equal 1is included in the fuzzy goals of the DM, it is

desirable that Zi(x’ci’di) should be as close to Ci as possible,

Consequently, the notion of «-Pareto optimal solutions defined in terms
of objective functions cannot be applied. For this reason, we introduce
the concept of M-a-Pareto optimal solutions which is defined in terms of
membership functions instead of objective functions, where M refers to

membership.

Definition 3.4 (M-a-Pareto optimal solution)
X% € X(a%,bx) is said to be a M-a~-Pareto optimal solution to the

Ga-MOLP, if and only if there does not exist another x € X(a,b),(a,b,c,d)

€ L (a,b,c,d) such that u. (z, (x,c..d,)) 2 W (z (x*,c¥,d%)),i=1,...,K,
¢4 1 1 1 1 1 1 1 1

with strict inequality holding for at least one i, where the
corresponding values of parameters (ax,b%,cx,dx) are called o-level

optimal parameters.

After eliciting the membership functions uj(zi(x,ci,di)), i=t,...,K
from the DM for each of the objective functions Zi(x’ci’di)’ i=1,...,K,

if we introduce a general aggregation function

l’dl))""’ Uk(zk(x’ck’dk))’ x ), (3.15)

a general fuzzy a-multiobjective decision problem (Fa-MODP) can be

uD( ul(zl(x,c

defined by:
max uD( ul(zl(x,cl,dl)),..., uk(zk(x,ck,dk)), o ) (3.16)
subject to
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(x,a,b,c,d) € Pla), «€ [0, 1] - 3.17)

where P(a) is the set of M-«-Pareto optimal solutions and corresponding
«-level optimal parameters to the Go-MOLFP.

Probably the most crucial problem in the F«-MODP 1is the
identification of an appropriate aggregation function which well

represents the human decision makers' fuzzy preferences. If uD(.) can be

explicitly identified, then the Fo-MODP reduces to a standard
mathematical programming problem. However, this rarely happens and as an
alternative, it becomes evident that an interaction with the DM is
necessary.

Throughout this section we make the following assumptions.

Assumption 3.1 The fuzzy 9goals of the DM can be quantified by
eliciting the corresponding membership functions through the interaction
with the DM.

Assumption 3.2 uD(.) exists and is known only implicitly to the DM,
which means the DM cannot specify the entire form of uD(.), but he/she

can provide local information concerning his/her preference. Moreover,

it is strictly increasing and continuous with respect to ui(.) and «.

3.3.2 Minimax Problems

Having determined the membership functions for each of the objective

functions, in order to generate a candidate for the satisficing solution
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which is also M-a-Pareto optimal, the DM is asked to specify the degree «
of the o«o-level set and the reference 1levels of achievement of the

membership functions, called reference membership values (Sakawa and Yano

19851). For the DM's degree « and reference membership values ui,

i=1,...,k, the corresponding M-a-Pareto optimal solution, which is in a
sense close to his/her requirement or better than that if the reference
levels are attainable, is obtained by solvihg the following minimax

problem.

min max ( u, - z; (X,cyd) ), (3.18)
X € X(a,b) 1818k
(a,b,c,d) € La<595,6,a)

or equivalently

min v
subject to ﬁi - bz (x,0Hd ) S v, islhonk o, (3.19)

ajx s bj s J=l,..o0m, X 2 0,

(a,b,c,d) € La(S,B,E,&)

A graphical description of the minimax problem is depicted in Fig. 3.1.

in order to solve the formulated problem on the basis of the linear
programming method, we first convert each constraint ﬁi - ui(zi(x.ci,di))

Sv, i=1l,...,k, of the minimax problem (3.19) into the following form

using the strictly monotone decreasing or increasing property of DiR(’)

and Di (.).

L
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y(2z,(x,¢,,d,))
1 F
_ m
H2 /7:
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| !
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I 1
i { —
0 ul(zl(X*)C-f)d'f)) I-ll 1 ul(zl(x,cl,dl))

Fig, 3.1 Minimax problem

1

Zi(x'ci’di) S DiR( ui -v), 1€ I1 U I3 (3.20)
-1. - )
Zi(x’ci’di) 3 DiL( ui ~-v), 1€ 12 UI3 (3.21)

Since qi(x,di) 2 0 for all x € X(a,b) (by assumption), each

constraint (3.20) and (3.21) can be converted as follows:

-1, = :
pi(x,ci) s DiR( ui— v ) qi(x,di), i€ ]1,U 13 (3.22)
-1, - .
pi(x,ci) P4 DiL( ui v ) qi(x,di), i € 12 U I3 (3.23)

Then, we introduce the following set-valued functions RiL("‘) ,

R..(.,.) and T.(.,.).

iR J
) -1, s .
RiL(Ci’di) = {(x,V)| pi(x,ci) 2 DiL( W= v )qi(x,di), i€ I2L113} (3.24)
- -1 = .
RiR(ci,di) = {{x,v)} P; (X,C;) s DiR( W= v )qi(x,di), i € IILJI3} (3.25)
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Tj(aj,bj) = {x| a;X s bj } (3726)
Then it can be verified that the following relations hold for

RiL("') ; Ri (.,.) and TJ("‘)’ when x « 0 .

Proposition 3.1

1. 2 1 2
(1 1f Ci s ci , then RiL(Ci’di) C RiL(Qi,di)
and R..(cl,d.) D R..(c?,d.)
iR'Ci 4 ir(€i+9;) -
1.2 1 2
(20 If d] $d°, then R, (c,,d) D R (c,d)
and R..(c.,d) C R .(c .d%)
iR‘Ci+9; ig‘Ci-dj) -

1

2 .
(3) If a. s aJ , then Tj(aj,

[

2
bj) i Tj(aj’bj)

1 2
(4) If b, S b , then Tj(aj’bj) C Tj(aj’bj) .

e B

[y

It should be noted here that the feasible regions for Ci’di’aj and

) ) L R
bj can be denoted respectively by the intervals (Cia’ Cia]’ [d%a,dﬁa],

L

Jo

R L R . .
E aja] and [bja’ bja] shown in Fig. 3.2.
Therefore, by making use of the results in Proposition 3.1, we can

obtain an optimal solution to (3.19) by solving the following problem.

min v
subject to

L -1, - R .
pi(x,cia) 2 DiR( ui v ) qi(x,dia), i€ IIU 13 , (3.27)
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0
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o

Fig. 3.2 Feasible regions for Ci‘ di aj and bj

1

| R 1, - .
P X, cR ) 2 DI (T -v) qi(x,dli‘a), i €1V, ,

L R . .
ajax s bja . J=l,....m 5 x e 0,

It is important to note here that in this formulation, if the value
of v is fixed, it can be reduced to a set of linear inequalities.
Obtaining the optimal solution vx to the above problem is equivalent to

determining the minimum value of v so that there exists an admissible set

satisfying the constraints of (3.27). Since v satisfies ﬁmax -1 8vs3
umax’ where “max denotes the maximum value of ui , i=1,...,K, we have the

following method for solving this problem by combined use of the

bisection method and the simplex method of linear programming.
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Step 1. Set v = L ax and test whether an admissible set satisfying}the

constraints of (3.27) exists or not by making use of phase one
of the simplex method. If an admissible set exists, proceed.

Otherwise, the DM must reassess his/her membership function.

Step 2. Set v = Lmax - 1 and test whether an admissible set satisfying

the constraints of (3.27) exists or not using phase one of the

simplex method. If an admissible set exists, set vx = amax - 1.

Otherwise g0 to the next step, since the minimum v which

satisfies the constraints of (3.27) exists between amax - 1 and
umax :
Step 3. For the initial value of v, = amax- 0.5, update the value of v

using the bisection method as follows :

n+l . L .
nel vn 1/2 if admissible set exists for vn )

\Y

n+l

vn + 1/2 if no admissible set exists for vn

Y
n+l

In this way, we can determine the optimal sdlution V%, Then the DM
selects an appropriate standing objective from among the objectives

zi(x,ci,di),i=1,...,k. For notational convenience, in the following, let

it be Zl(x’cl’dl) and 1 € Il‘ Then the following linear fractional

programming problem is solved for v = vx.

L R

min zl(x,cla,d1 )

o

-57-



, L -1, = _ R )
subject to pi(x,cia) s DiR( ui ux ) qi(x.dia), i € IIU 13 (3.28)

R -1, = L ,
pi(x,cia) 2 DiL( ui v¥* ) qi(x,dia), i€ I2U 13
L < R .
ajax = bja’ J=1,....m, XxX20.

In order to solve this linear fractional programming problems, we

can use Charnes-Cooper's (1862) variable transformation :

t = 1/q.x.d¥), v = D, (3.29)
i lo

and formulate the following standard linear programming problems:

L

min C
lo

y

. L -1, = R .
subject to Ciy VY s DiR( ui ux ) dia y, 1€ IIU 13

R -1, = _ L ,
Cig ¥ a DiL( uj V% ) dia y , 1€ 12U 13 (3.30)
R -
dla y = 1
L R L
{ aja, bja) y s 0, Jj=l,...,m, yea0.,

For convenience in our subsequent discussion, assume that the
optimal solution yx to (3.30) satisfies the following conditions:

L -1 R

Cia y% = DiR( u1 - vx ) dia yx , | € IIU ISR

R _ -1, = _ L .

Cia y¥ = DiL( My vx ) dia vy , | € 12U I3L
where 13 = I3L U ISR and I3L N I3R = ¢ ,

) L R . R L .
Then it must be observed here that ¢, , d. (i€, Ul,.), ¢, , d; (i €
e io 1 3R io io

I, UTI, ) and aL bR (j=1 m) are o-level optimal parameters for any
2 3L Jo’ Tja ey

M-«~Pareto optimal solution.

-58-



The relationships between the optimal solutions to (3.30) and the
M-x-Pareto optimal concept of the Gu-MOLFP can be characterized by fhe

following theorems.

Theorem 3.1
If x%¥ is a unique optimal solution to (3.27), then x* is a

M-a-Pareto optimal solution to the Ge-MOLFP.

(Proof)

Assume that x* is not an M-«-Pareto optimal solution to the Ge-MOLFP.

) L R . R L . L
Then, since Co’ dia (i € I1 U I3R)’ Cia’ dia (i € 12 U ISL) and aja,
b?a (j=1,...,m) are a-level optimal parameters to the Go-MOLFP, there
exist x € X(a,b) and (a,b,c,d) € La(Z,B,E,a) such that
“1(21(X’Ci’di)) 2 ui(zi(x*,cli‘a, d?a)), i € I1 U I3R ;
ui(zi(x,ci.di)) 2 ui(zi(x*,c§a, d%a)), i € I2 U I3L )
with strict inequality holding for at least one i. Then it holds that
max (u, - u.(z.(x*,cL , &
i €1. UT 1 1 1 la 1o
1 3R
2 e ?axU : ( ui - ui(zi(x ’Ci’ di)) )
1 3R
2 max (n - u (z (x ,Cl.‘,dR)))
i €1. UT i 17 ia ie
1 3R
max (u - u.(z.(x*,cR , &
i €1 Ui i i ™ ic e
2 3L
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P-4 max ( ui - ui(zi(x ’Ci’ di)) )

€1, U1,
2 max (- mtzx &, d& N
o Vg

which contradicts the fact that x»* 1is a unique optimal solution to

(3.27). Q.E.D.

Theorem 3.2

If x* is an M-e-Pareto optimal solution to the Ga-MOLFP, then x% is

an optimal solution to (3.27) for some U = ( Myseoes .

{(Proof)

Assume that (x%,v¥) is not an optimal solution to (3.27) for any u

satisfying
- L R _ )
ui - ui(zi(x*,cia, dia)) = VX, i€ II U 13R
- iz e, d )= v, i€1,UI
i i Mo Vi ’ 2 3L

Then there exists x € X(a,b) such that

- L R - . ,
ui ui(zi(x, Cly dia)) < ui Ui(zi(x*’é;a' &?a)), i€ I1 U ISR’
- R L - R .
ui uj(zi(x, Cia’ dia)) < ui ui(zi(x*,cia, &;a)), i€ 12 U IBL‘

. . L R L R .
This implies that ui(zi(x,cia, dia)) > ui(zi(x*,cia, dia))’ i€ I1 Ul

3R’
woz LR L dE ) >z, R, d )), 1 €1, U 1, . which contradicts
i 71 i’ Vi i “i Mg Tia” 2 3L’

the fact that x* is an M-«a-Pareto optimal solution to the Ge-MOLP. Q.E.D.
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It should be noted here that for generating M-a-Pareto optimal
solutions using Theorem 3.1, uniqueness of solution must be verified.
In general, however, it is not easy to check numerically whether an
optimal solution to (3.30) is unique or not.

Consequently, in order to test the M-o-Pareto optimality of a
current optimal solution x*, we formulate and solve the following linear

programming problem

_ k
w = max |} €
i=1
subject to

L _ L R R .

pi(x,cia) + Ei = Zi(x*’cia'dia)qi(x’dia)’ i € 11U ISR’ (3.31)
R _ R L L i

Pi(x,cia) - ei = Zi(x*’cia’dia)qi(x’dia)’ 1 € IQJ ISL’

L R . o

aJ(x)(ﬁbJa,J-l,...,m, XZO; GIZ Dq l"lqa--,k.

Let x and € be an optimal solution to (3.31). If w = 0, then x* is an
M-a-Pareto optimal solution. In case of w > 0 and consequently at least

one ég > 0, we perform the following operations.

Step 1. Solve the following problem for any 2 such that EQ > 0.
min Zg(x’cga’dga)

subject to

L R _ - L R ST
Zi(x’cia’dia) = Zi(x'cia’dia) {il €= 0} N {IIU I

R}’
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z x, R b ) = z B Ldi) (1 E=0)n (LU Iy ), 3.3
z xoch,df ) s z ockLd ) (1] Ep 0) 0 {1V I ),

z (x,c5 a2 z, G Ld ) (1] &) 0} N (LU Iy ),

a‘;ax s B3, si=t.m. o xz0.

where zg(x,cga,dga) is defined as :

L .R
z&(x,cga,dga), Q€ IIU IBR’

ZQ(X’CQa’an) 4

R .L

Step 2. Test the M-a-Pareto optimality for the solution to (3.32).

Step 3. If w = 0, stop. Otherwise, return to step 1.

Repeating this process at least k-1 iterations, an M-a-Pareto

optimal solution can be obtained.
3.3.3 Interactive Algorithm

Now given the M-a-Pareto optimal solution for the degree « and the
reference membership values specified by the DM by solving the
corresponding minimax problem, the DM must either be satisfied with the
current M-«-Pareto optimal solution and «, or update his/her reference
membership values and/or the degree «. In order to help the DM express

his/her degree of preference, trade-off information between a standing
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membership function and each of the other membership functions as well as
between the degree « and the membership functions is very useful. Suéh a
trade-off information is easily obtainable since it is closely related to
the simplex multipliers of the problem (3.30).

To derive the trade-off information, we define the following
Lagrangian function L corresponding to the problem (3.30).

. L R _
L = clay + n( dlay 1)

L -
) Lpl o,y - Dipty V*’d?ay }

-+

iEIlu IBR
+ ¥ LI DTI{( B-vod y - &y
i€1.U 1 i i i 1o 1o

2 3L

m
L R

Jj=1
where n, I

iLe KYR,and AJ are simplex multipliers corresponding to the

constraints in the problem (3.301}.

Here, we assume that the problem (3.30) has a unique and
nondegenerate optimal solution satisfying the following conditions.

(1) HiR > 0, i€ Il U ISR’ i =1,

(ii)y X

iL > 0 i €1,V IS

2 L
Then by using the results in Haimes and Chankong (1979), the

following expression holds .

a(zl(x,c%a.d?a)) R
3 - n.d®y, i€l UL, i1, (3.34)
a(zi(x,cl{a,d?a)) IR™1e L= 3R
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8(zl(x,cli‘a, lfan . |
_ - = -T.dvy., 1eLuUTl (3.35)
3z (x,c&X ,d¥ » iLoe 27 8L
1 1o lo

Furthermore, using the strictly monotone decreasing or increasing

property of DiR(’) and DIL(‘) together with the chain rule, if DiR(.) and

DiL(’) are differentiable at the optimal solution to (3.30), it holds
that
L R , L R
aul(zltx,cla,dla)) . dR DIR(Zl(X c1 ’dia)) c I 0 »
- L R, iRiayD,(( LR”" Iggs 171,
aui(zi(x’cia’dia) iR z. (X, c1 ody
(3.36)
3u, (z (x,cL ,dR }) D (z, (X, cL ) R 1)
171 lo’ o _ T dL IR* ™1 le’ ia i € 1.U 3.37
- L = T dieY R Lo oV I3, (3.37)
u, (z; (x, & _,db ) D}, (z; (x,c} ))
i’ i iL i’ il

Regarding a trade-off rate between “1(’) and « , the following

relation holds based on the sensitivity theorem (Fiacco 13983).

L R L
u, (z, (X,c- ,d* ) ad ot
R P T L R 1o 1o
ot = Diplz)Gcipndy ) ) e Y P N Ty Y
SC%Q -1.- ad?a
+ iGIZUI Tip { g ¥ - Djptyy- veipg = v}
1Y IsR :
+i€IZUI 1L(DL - kg Sy - o v )
oY I3
L R
m Ja; 3b .
+ LA —513, - —5*3;‘5 )y (3.38)
=1

It should be noted here that in order to obtain the trade-off rate

information from (3.363)-(3.37), all the constraints of the problem (3.30)
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must be active for the current optimal solution y%, and y* must satisfy

the M-o-Pareto optimality test. Therefore, if there are inactive

constraints, it 1is necessary to replace ﬁi for inactive constraints by

u.(z.(x*,cL ,dR )) + v or u.(z.(x*,cR ,dp ) + v, and solve the
I =i e’ Tila i i e’ Tl

corresponding problem (3.30) for obtaining the simplex multipliers.
Following the above discussions, we can now construct the

interactive algorithm in order to derive the satisficing solution for the

DM from among the M-a-Pareto optimal solution set. The steps marked with

an asterisk involve interaction with the DM.

Step 0. Calculate the individual minimum and maximum Of each objective
function under given constraints for « = 0 and « = 1.

Step 1%, Elicit a membership function ui(zi(x’ci*di)) from the DM for

each of the objective functions.

Step 2%, Ask the DM to select the initial value of « (0 & o« § 1) and set

the initial reference membership values Di= 1, i=1,...,K.

Step 3. For the degree « and the reference membership values specified
by the DM, solve the minimax problem and perform the M-a-Pareto
optimality test.

Step 4x%. The DM is supplied with the corresponding M-o-Pareto optimal
solution and the trade-off rates between the membership
functions and the degree «. If the DM is satisfied with the
current membership function values of the M-a-Pareto optimal
solution and «, stop. Otherwise, the DM must update the

reference membership wvalues and/or the degree « by considering
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the current values of the membership functions and together with
the trade-off rates between the membership functions and the |

degree «, and return to step 3.

Here it should be stressed for the DM that (1) any improvement of
one membership function can be achieved only at the expense of at least
one of the other membership functions for some fixed degree «, and (2)
the greater value of the degree « gives worse values of the membership

functions . for some fixed reference membership values.
3.3.4 Numerical Example

To illustrate the proposed method, consider the following three

objective linear fractional programming problems with fuzzy parameters.

-~

fuzzy nmin ZI(X’CI) Ja) (-x1 + c13) / (—x2 + 9)

fuzzy max 22(x,c2) Ja} (x1 + 023) / (-x2 + 7)

- -

fuzzy equal  zg(x,dg) 4 (X, +2) / (=X, + dgg)

subject to

x €X 4 {x %) |25 +x -1450,

2x; + 5%, -30 50, x; &0, i=1,2 )
where 513, 523 and 553 are fuzzy numbers whose membership functions are:
UEIS(Cls) = max (1 - | ¢ g - 11.5 f, 0),
u523(c23) = max (1-0.5]¢4-81,0),
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N .

11 12 c 7 c 10.5 i1 d

33

~

Fig. 3.3 Fuzzy numbers c13, C d33

23’

uy (d,,) = max (1 - 2 | d33 - 10.7% |, 0 ).

Now, suppose that the interaction with the hypothetical DM establishes

the following simple linear membership functions for the three objective

functions.
1 Z4 s 0.5
Ul(zl) = DIR(ZI) = (—z1 + 3)/2.5 0.5 =3 2y s 3
0 3 =S Z)
0 z, & 1
u,(zy) = Dy(z) = f(z, - 1)/4 I Sz, 5
1 5 s Z,
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3
DSL(ZS) = (1023)/3 0 s Z3 s 0.3
u3(23) = 1 Zg = 0.3
DSR(ZS) = (1.2 - 23)/0.9 0.3 s 24 2 1.2
0 1.2 s Z3

Also assume that the hypothetical DM selects the initial value of the

degree o to be 0.5, and the initial reference membership values (ﬁl, ﬁ2,

ﬁs) to be (14715, 61/80, 233/315). Then. the corresponding M-o-Pareto

optimal solution can be obtained by solving the following problem.

min Y
x € X
subject to
_1 -
(—x1 + 11) = DIR( u1 - v ) (-x2 + 9)

v ) (-x, + 7)

=
I

(x, + 9) = D

1 2L 2 2
_1 -
(x2 + 2) s DSR( u3 - v} (-x1 + 1)
_1 -
(x2 + 2) = DSL( u3 - V) (-x1 + 10.5)

Solving this problem by combined use of the bisection method and the
simplex method of linear programming, we obtain the optimal solution vx =
1/5. For obtaining the corresponding optimal values of the decision
variable x%, we solve the following linear programming problem for vx =
1/5.

min -y, + 1lly
yEY 1 3
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subject to

-1

yl + 9y3 P-4 D2L( U, - v* ) (-y2 + 7y3)

2

_1 -
y2 + 2y3 s DSR( u3 - V% ) (—y1 + 11y3)

-1

_y2 + 9y3 = 1

2y, + 5y, -30y5 $ 0, y, 2 0, i=1,2,3 },

1
and

y = (x,1)0¢t, t = 1/(-X,+9)

As a result, we obtain the optimal solution y» = (yf, Y§, Y§) = (2/3,

172, 1/6). The corresponding optimal values of the objective functions

L

la

Yo z% 4 za(x*,dR

R
Vo Z¥ b Z, (%%, C 3

X3, ZT Q zl(x*.c o

a), and the membership
functions u¥ a ui(z;) i=1,2,3, and the simplex multipliers (“§L’ HgL,
H§R) can be obtained as follows:

X% = (xf, X8) = (4, 3). (2§, 2%, z%) = (7/6, 1374, 5/7),

(uf. u§, ug) = (11/15, 9/16, 34/63),

(HﬁL' H§L’ H?R) = (154/111, 0, 371/111).

From (3.36) and (3.37), the trade-off rates among the membership
functions become as follows:
D, (z%)
L, R
D2L(z§)

au, (zx)
i s GO
au2(25)
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154 T -1/2.5
= - — (0, -1, 7) (2/3, 1/2, 1/6)
11 174

= 2464/1665 ,
aul(zf) . dR . D' (zr)
- - §R S y D (
dug (zp) 3R (7
371 T -1/2.5
= - T (""1; Ds 11) (2/3; 1/2; 1/6)
111 -1/0.9

7791/5550 .

Concerning the trade-off rate betweeh “1(21) and «, from (3.38), we have

BUI(ZT) 1 adga
—_— = DIR(Z*) { c V5t H§R R( u3 - yx ) v )
o Ja
30 R
+ H§L(
= -718/1665 .

Observe that the DM can obtain his/her satisficing solution from
among an M-o-Pareto optimal solution set by updating his/her reference
membership values and/or the degree o on the basis of the current values
of the membership functions and the degree « together with the trade-off

rates among the values of the membership functions and the degree «.

3.4 Conclusion
In this chapter, we have proposed an interactive decision making

method for multiobjective linear fractional programming problems with

fuzzy parameters by considering the imprecise nature of human judgement.
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Similar to the previous chapter, the following desirable features of our

proposed method will be summarized for the linear fractional objectives

extension in this chapter.

(1)

(2)

(3)

(4)

(5)

(6)

The experts' ambiguous understanding of the nature of the parameters
in the problem-formulation process can be incorporated.

The fuzzy 9goals of the DM can be quantified by eliciting the
corresponding membership functions, which may be nonlinear.

For the degree « and the reference membership values specified by
the DM, the corresponding M-a-Pareto optimal solution can be easily
obtained by solving the minimax problems based mainly on the well
known linear programming method.

M-o-Pareto optimality of the generated solution in each iteration is
guaranteed by performing the M-a-Pareto optimality test.

The trade-off information between the membership functions and the
degree o« 1is easily obtainable, since it is closely related to the
simplex multipliers of the minimax problems.

The satisficing solution of the DM can be derived efficiently from
among M-o-Pareto optimal solutions by updating his/her reference
membership values and/or the degree o based on the current values of
the M-o-Pareto optimal solution together with the trade-off

information between the membership functions and the degree «.

In the next chapter, multiobjective nonlinear programming problems

with fuzzy parameters are considered as a nonlinear generalization of

chapter 2 and 3.
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CHAPTER 4

INTERACTIVE DECISION MAKING FOR MULTIOBJECTIVE NONLINEAR
PROGRAMMING PROBLEMS WITH FUZZY PARAMETERS

4.1 Introduction

In this chapter, attention is now focused on multiobjective
nonlinear programming problems with fuzzy parameters, which reflect the
experts' ambiguous or fuzzy understanding of the nature of the parameters
in the problem-formulation process. Such general multiobjective
nonlinear  programming problems with fuzzy parameters were first
formulated by Orlovski (1983,1984). He presented two approaches to the
formulated problems by making systematic use of the extension principle
of Zadeh (1975) and demonstrated that there exist in some sense
equivalent nonfuzzy formulations. Unfortunately, however, no interactive
decision making methods have been proposed.

In this chapter, in order to deal with the multiobjective nonlinear
programming problems with fuzzy parameters characterized by fuzzy
numbers, the concept of M-«-Pareto optimality is introduced on the basis
of the «-level sets of the fuzzy numbers. Then by considering the fuzzy
goals of the decision maker (DM), a new interactive decision making

method using augmented minimax problems is presented in order to derive

-72-



the satisficing solution of the DM efficiently from among an M-a-Pareto

optimal solution set as a nonlinear generalization of chapters 2 and 3.

4.2 Problem Statement and Solution Concept

In general, the multiobjective nonlinear programming (MONLP) problem

is represented as the following vector-minimization problem:

min £(x) A (fl(x),fz(x),,..,fk(x)) (4.1)
subject to x€X={x€f | 9;(x) &0, J=l,....m }
where x is an n~-dimensional vector of decision variables, fl(x)....,fk(x)

are k distinct objective functions of the decision vector X, 9,(x},...,

1

gm(x) are m inequality constraints, and X 1is the feasible set of

constrained decisions.

Fundamental to the MONLP is the Pareto optimal concept, also known
as a noninferior solution. Qualitatively, a Pareto optimal solution of
the MONLP is one where any improvement of one objective function can be
achieved only at the expense of another. Mathematically, a formal

definition of a Pareto optimal solution to the MONLP is given below:
Definition 4.1 (Pareto optimal solution)

x¥ € X is said to be a Pareto optimal solution to the MONLP, if and

only if there does not exist another x € X such that fi(x) s fi(x*).
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i=1,...,k, with strict inequality holding for at least one i.

In practice, however, it would certainly be more appropriate to
consider that the possible values of the parameters in the description of
the objective functions and the constraints usually involve the ambiguity
of the experts' understanding of the real system. For this reason, in
this chapter, we consider the following multiobjective nonlinear

programming problem with fuzzy parameters (MONLP-FP) :

-~

(x,a ),...,fk(x.ak)) (4.2)

), f 5

min f(x,a) § (f;(x,a

17772

subject to x € X(b) p { x € E' | g;(x.b) 50, J=l,...m )

- -~ - -~ ~

where ai = (ajl"“’ ipi j jl,...,quJ) represent respectively

a vector of fuzzy parameters involved in the objective function fi(x,gi)
and the constraint function gj(x,ﬁj). These fuzzy parameters are assumed
to be characterized as the fuzzy numbers introduced by Dubois and Prade

(1978,1980). We now assume that 5” and b is in the MONLP-FP are fuzzy

numbers whose  membership functions are u~ (a._ ) and ug (b, )
aj. ir is Js

respectively. For simplicity in the notation, define the following

vectors:
al = (all, ,alpl), bj = (le' .,quj)
a = (al’ 9ak)9 a = (al9 . k)s b = (bly- qu)g b = (b19 --sbm)
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Then we can introduce the following «-level set or a-cut (Dubois and

o~

Prade 1980) to the fuzzy numbers 5ir and bjs‘

Definition 4.2 (x-level set)

The «-level set of the fuzzy numbers Eir(i=l,...,k, r=1,...,pi) and

-~

b (d=l,....m, s=1,...,4;) 15 defined as the ordinary set La(E,ﬁ) for

which the degree of their membership functions exceeds the level «:

La(a,b) = { (a,b) | g (air) 2 o, 1=1,...,K, r=1,...,pi ;
ir
ugjs(bjs) 2 a, J=l,...,m, s=1,...,qj } (4.3)

For a certain degree «, the MONLP-FP (4.2) can be understood as the
following nonfuzzy «o-multiobjective nonlinear programming («-MONLP)

problem.

)youosf (X,8,))

min f{x,a) o (f K

), f,(x,a

(x,a)),1,(x,a,

1 k

subject to  x € X(b) 4 {xe® | qj(x,pj) $0, j=1,...,m } (4.4)

(a,b) €L (a.b)
(44

It should be emphasized here that in the «-MONLP the parameters
{a,b) are treated as decision variables rather than constants.
On the basis of the a-level sets of the fuzzy numbers, we introduce

the concept of «-Pareto optimal solutions to the o«-MONLP.
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Definition 4.3 (x-Pareto optimal solution)
x* € X(b%) is said to be an a-Pareto optimal solution to the «-MONLP

(4.4), if and only if there does not exist another x € X(b) and (a,b) €
La(S,S) such that f,(x,a;)) & f,(x%,ax ), i=l,...,k, with strict

inequality holding for at least one i, where the corresponding values of

parameters ax and b are called «-level optimal parameters.

For practical purposes, however, since only local solutions are
guaranteed in solving a scalar optimization problem by any standard
optimization technique, unless the problem is convex, we deal with local

o~Pareto optimal solutions instead of global «-Pareto optimal solutions.

Definition 4.4 (local «-Pareto optimal solution)
x% € X(bx) is said to be a local a-Pareto optimal solution to the

«~-MONLP (4.4), if and only if there does not exist another x € X(b) N
N{x%;r) and (a,b) € La(S,S) N N(ax,bxir') such that f;(x,a;) S f; (xx,ax),

i=1,....,k, with strict inequality holding for at least one i, where the

corresponding wvalues of parameters a» and bx are called a-level local

optimal parameters and N(x¥;r) denotes the set {x|x € B, Ix - x| < r }.

4.3 Interactive Decision Making under Fuzziness

4.3.1 Fuzzy Goals
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As can be immediately seen from Definition 4.4, usually, (local)
a-Pareto optimal solutions consist of an infinite number of points,'and
the DM must select his/her (local) satisficing or compromise solution
from among (local) «-Pareto optimal solutions based on his/her subjective
Judgement.

However, considering the imprecise nature of the DM's judgement, it
is natural to assume that the DM may have imprecise or fuzzy goals for
each of the objective functions in the «-MONLP (4.4). In a minimization
problem, a fuzzy goal stated by the DM may be to achieve “substantially
less " than A . This type of statement can be quantified by eliciting
a corresponding membership function.

In order +to elicit a membership function ui(fi(x,ai)) from the DM
for each of the objective functions fi(x,ai) in the «~MONLP (4.4), we

first calculate the individual (local) minimum f?in and maximum f?ax'of

each objective function fi(x,ai) under the given constraints for « = 0

and o« = 1. By taking account of the calculated individual (local)
minimum and maximum of each objective function, the DM must determine

his/her subjective membership function “i(fi(x’ai)) which is a strictly
monotone decreasing function with respect to fi(x,ai). Fig. 4.1

illustrates the graph of the possible shape of the membership function

representing the fuzzy goal to achieve substantially less than Ai'

It is now appropriate to point out that, in the fuzzy approaches, we
can treat two types of fuzzy goals; namely, fuzzy goals expressed in

words such as " fi(x,ai) should be in the vicinity of Ci" (called
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ui(fi(x;ai))

1

fi(x,ai)
Fig. 4.1 Monotone decreasing membership function

fuzzy equal) as well as " fi(x,ai) should be substantially less than A1

or greater than Bi" (called fuzzy min or fuzzy max). Such a generalized

a-MONLP (Ge-MONLP) problem may now be expressed as:

fuzzy min fi(x,ai) (i € Il)
fuzzy max fi(x,ai) (i € 12)
fuzzy equal fi(x,ai) (i € 13) (4.5)

subject to X € X(b), (a,b) € La(E.E)

where I1 U I2 U 13 = {1,2,...,k }.

In order to elicit a membership function from the DM for a fuzzy

goal like "fi(x,ai) should be in the vicinity of Ci"’ it is obvious that

we can use different functions to the left and right sides of Ci’
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As an example, Fig. 4.2 illustrates the graph of the possible shape of
the fuzzy equal membership function representing the fuzzy goal to be'in

the vicinity of Ci‘

ui(fi(x,ai))

1k

fi(x,ai)

Fig, 4.2 Fuzzy equal membership function

When fuzzy equal is included in the fuzzy goals of the DM, it is

desirable that fi(x,ai) should be as close to Ci as possible.

Consequently, the notion of (local) «-Pareto optimal solutions defined in
terms of objective functions cannot be applied. For this reason, we
introduce the concept of (iocal) M-a~Pareto optimal solutions which is
defined in terms of membership functions instead of objective functions,

where M refers to membership.
Definition 4.5 ({local) M-a-Pareto optimal solution)

x¥ € X(bx) 1is said to be a (local) M-«-Pareto optimal solution to

the Go-MONLP (4.5), if and only if there does not exist another x € X(b)
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{ N N(xxr)), (a,b) € La(E,B) { N N(ax,bx:r')) such that ui(fi(x,ai)) P
ui(fi(x*,af)),i=1....,k, with strict inequality holding for at least one

i, where the corresponding values of parameters a* and b* are called

a-level (local) optimal parameters.

Having elicited the membership functions “i(fi(x’ai))’ i=l,...,kK
from the DM for each of the objective functions fi(x,ai). i=l,...,k, if

we introduce a general aggregation function

uD( u(f(x,al)), « ) = H)( ul(fl(x,al)),..., H<(§<(x,qk)), o ) (4.6)

a 9general fuzzy a-multiobjective decision problem (Fe-MODP) can be

defined by:
max uD( p(fix,a)), « ) (4.7)
subject to
(x,a,b) €EPle, «a€ [0, 1] (4.8)

where P(a) is the set of M-«-Pareto optimal solutions and corresponding
a-level optimal parameters to the Ge-MONLP.

Probably the most crucial problem in the Fe-MODP is the
identification of an appropriate aggregation function which well

represents the human decision makers' fuzzy preferences. If uD(.) can be

explicitly identified, then the Fo-MODP reduces to a standard
mathematical programming problem. However, this rarely happens and as an
alternative, it becomes evident that an interaction with the DM is

necessary.
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Throughout this section we make the following assumptions.

Assumption 4.1

The fuzzy goals of the DM can be quantified by eliciting the
corresponding membership functions through the interaction with the DM.
AsSumption 4.2

uD(.) exists and is known only implicitly to the DM, which means the
DM cannot specify the entire form of uD(.). but he/she can provide local

information concerning his/her preference. Moreover, it is strictly

increasing and continuous with respect to “i(') and «.

Assumption 4.3

All fi(x,ai), i=l,...,k and all gj(x,bj), Jj=t,...,m are continuously

differentiable in their respective domains.

4.3.2 Minimax Problems

Having determined the membership functions for each of the objective
functions, in order to generate a candidate for the (local) satisficing
solution which 1is also (local) M-a-Pareto optimal, the DM is asked to
specify the degree « of the «a-level set and the reference levels of
achievement of the membership functions, called the reference membership
values. Observe that the idea of the reference membership values (e.q.
Sakawa, Yumine and Yano 1984a,b; Sakawa and Yano 1984a,1985f) can be
viewed as an obvious extension of the idea of the reference point of

Wierzbicki (1979a).
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209

For the DM's degree o and the reference membership values ﬁl
i=1,...,k, the following minimax problem is solved in order to generate
the (local) M-«-Pareto optimal solution, which is in a sense close to
his/her requirement or better than that if the reference membership

values are attainable.

min max ( u, - wy (f; (X,80) ) (4,9)
X € X(b) 18isk

(a,b) € L (3,b)
[+

or equivalently

min Y, (4.10)
subject to ai - o fi(x,a)) S v, i=l,...0K 4.11)
x € X(b), (a,b) € La(E,E) (4.12)

Fig. 4.3 illustrates a graphical description of the minimax problem in a
membership space.

The relationships between the (local) 6ptimal solutions of the
minimax problem and the (local) M-«-Pareto optimal concept of the

Ga-MONLP can be characterized by the following theorems.

Theorem 4.1
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If (x*,a%,b%) is a unique (local) optimal solution to the minimax
problem for some ﬁi, i=1,...,k, then x* is a (local) M-a-Pareto optimal

solution and a%,b* are a-level (local) optimal parameters to the

Ga-MONLP.

uz(fz(x,az))

=

112 P

) (£, (3%, a§) === == e
w(£(x*,a%*))

e e e e e o e o e e e e — =

t
!
1
|
]
|
|
!
!
]
i
i
1
1

0 pl(fl(x*,a’i"))

=1
[y

ul(fl(x,al))
Fig. 4.3 Minimax problem

{Proof)

Assume that x* is'not a (local) M-«-Pareto optimal solution or ax,bx

are hot a-level (local) optimal parameters to the Ge-MONLP, then there

exists x € X(b)( N N(x*,r)), (a,b) e'Lu(Z,E)( N N(a%,b*;r')) such that
u(f(x,a)) > u(f(xx,ax)). This implies that 1 - wu(f(x,a)) < u -
u(f(x*,a%)), where n(f(x,a)) = ( ul(fl(x’al))""’”k(fk(x’ak)) ) and B =

( ul,..., ”k ). Then it holds that
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max ( u, - w (f, (6,8,0) ) S max ( u - (£ (xx,a%)) )
1Sisk 1sisk

which contradicts the fact that (xx,a%,bx) is a unique (local) optimal
solution to the minimax problem. Hence x* 1is a (local) M-a-Pareto
optimal solution and ax,bx are o-level (local) optimal parameters to the

Go-MONLP. Q.E.D.

Theorem 4.2

If x* is a (local) M-a-Pareto optimal solution and ax,bx are a-level
(local) optimal parameters to the Gu-MONLP, then there exist Ei,i=1,....k

such that (xx,ax,bx) is a (local) optimal solution to the minimax

problem,

(Proof)

Assume that (xXx,ax,bx) 1is not a (local) optimal solution to the

minimax problem for any ﬁi,i=1....,k, satisfying

u1 - ul(fl(x*,af ) = ... = uk - pk(fk(x*,ag )) .

Then there exists x € X( N N(xx,r)) and (a,b) € L_(a,D)( N N(ax,bxir*))

such that

max ( n, - u (f, (x%,a%)) ) > max (b, - w (f, (x,a )) ).
1sisk ! R 1 1sisk ! U1 A

This implies that

max ( u.(f.(x*,af)) -

(f. (x,a.)) ) < 0
1818k 1 1 1

i

hence
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ui(fi(x*,af)) - ui(fi(x,ai)) < 0 4, i=1,...K

must hold, which contradicts the fact that xx* is a (local) M-«-Pareto
optimal solution and ax,bx are a-level (local) optimal parameters to the

Ga-MONLP, and the theorem is proved. Q.E.D.

4.3.3 Augmented Minimax Problems

In order to circumvent the necessity to perform the (local)
M-a-Pareto optimality test in the minimax problems, for the nonlinear
case, it 1is reasonable to use augmented minimax problems instead of

minimax problems. For the DM's degree o« and the reference membership

values ﬁi’

i=l,....k, the following augmented minimax problem is solved
for generating the (local) M-o-Pareto optimal solution, which is in a
sense close to his/her requirement or better than that if the reference

membership values are attainable.

=

min { max ¢ Li - w (f (6,a,0)) 4P )
X € X(b) 1sisk i=1

(a,b) € La(E,E) , (4.13)

(- u (3 ) )

or equivalently

=

min v + pPY(n - (f (X,8)) ) (4.14)
=1 | 17 1

subject to Di - ow a0 & v, sl Lk, (4.15)
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X € X(b), (a,b) € La(E,B). (4.16)

Such an augmented minimax problem can be viewed as a modified fuzzy
version of the augmented Tchebycheff norm problem of Steuer and Choo
(1983) or Choo and Atkins (1983).

The relationships between the (local) optimal solutions of the
augmented minimax problem and the (local) M-«-Pareto optimal concept of

the Ge-MONLP can be characterized by the following theorems.

Theorem 4.3

If (x%,a%,bx) is a (local) optimal solution to the augmented minimax
problem for some ﬁi, i=l,...,K, then x% is a (local) M-a-Pareto optimal

solution and ax,b% are a-level (local) optimal parameters to the

Ga-MONLP.

(Proof)
Assume that x* is not a (local) M-a-Pareto optimal solution or ax,bx

are not w«a-level (local) optimal parameters to the Ge-MONLP, then there

exists x € X(b)( N N(x*,r)), (a,b) € La(E,B)( N N(a*,b%;r')) such that

u(f(x,a)) > wu(f(xx,ax)). This implies that u - w(f(x,a)) < u-
u(f{xx%,a%)), where u(f(x,a)) = (ul(fl(x’al))""’Lk(fk(x’ak))) and u =
( ul,..., uk }. Then it holds that

max ( b, - u (f.(x,a.)) ) S max ( W - u (f (x%,3%)) )
1sisk * b ! 1sisk 11 A
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This means that

k
max ( b, - u (f,(x,a,))) + pY¥ Cu - u(f (x,a)))
1sisk U i i i i=1 i 17 B
- 1% -
¢ max (y, - uy, (f, (x%,a%))) + P Cu - (f (xx%,a%)))
1518k 1 1 1 1 i=1 1 1 1 al

which contradicts the fact that (xx,ax,bx) is a (local) optimal solution
to the augmented minimax problemn. Hence x#% is a (local) M-«a-Pareto
optimal solution and ax,bx are «-level (local) optimal parameters to the

Goa-MONLP. Q.E.D.

Theorem 4.4

If x¥ is a (local) M~-a-Pareto optimal solution and ax,b* are a-level
(local) optimal parameters to the Ga~MONLP, then there exist Di,i=1,...,k

such that (xx,ax,bx} 1is a (local) optimal solution to the augmented

minimax problem for sufficiently small positive 0.

(Proof)

Assume that (xx%,ax,bx) is not a (local) optimal solution to the

augmented minimax problem for any Di,i=1,...,k, satisfying

ul - ul(fl(x*,af)) = L, uk - pk(f(x*,ag)) .

Then there exists x € X( N NGxx,r)), (a,b) € L (a,b)( N N(ax,bxir')) such

that

x

max Wy - W (f; (x%,a%)) )+ D‘F Cu - u Of) (x%,8%)) )

1sisk ! i=1
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K
> max (B, - w(f.(x,a.)) ) + PY (b -u(f (x,a)) ).
1sisk | i i iz 1 I TR

This implies that

max ( u, (f. (x*¢,a%)) - u, (f.(x,a,)) )
151 SK i1 i i i i

Kk

+ piZjl( ui(fi(x*,aze)) - (fi (x.ai)) ) ¢ D

Now if either any ui(fi(x*,af)) - ui(fi(x,ai)) is positive or all
ui(fi(x*,af)) - ui(fi(x,ai)), i=1,....,K, are zero, this inequality would

be violated for sufficiently small positive p. Hence

ui(fi(x*,af)) - “i(fi(x’ai)) < 0, i=l,...K

must hold, which contradicts the fact that x* is a (local) M~«-Pareto
optimal solution and a%,bx are «-level (local) optimal parameters to the

Ga-MONLP, and the theorem is proved. Q.E.D.

As can be seen from the above proofs, it must be observed here that
an obvious advantage of the augmented minimax problem over the usual
minimax problem is that, because of the presence of the augmented term,
(local) M-o~-Pareto optimality is guaranteed -without the uniqueness
assumption for the solution.

Added insight can be obtained by comparing the isoquant of the
augmented minimax problem

- k -

b= b (f (X,8,)0) 4 piZ:l( W - u(f (x,g)) ) = constant,

i=l,...,K (4.17)

with the isoquant of the minimax problem
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uo- o ow(f(x.a;)) = comstant , i=1,....K (4.18)

in the membership function space as depicted in Fig. 4.4.

ny(£,(x,a,)) \

/
N
N
N
N
N

0 ﬁl w, (£, (x,2,))

Fig. 4.4 Isoquants of the minimax problem and

the augmented minimax problem

Observe that, in Fig. 4.4, the normal vectors of the isoquant of the
augmented minimax problem and the minimax problem become (-p,...,-B,-1-P,
-9,...,-P) and (0,..,0,-1,0,...,0) respectively, it trivially follows

that the cosine of the angle 8 between these two normal vectors is given

by cos 8 = ( 1+p ) / y 1+ 2p + kp2 . Hence we have
8 = tan (VKL 0/ (1 +p)). (4.19)

This relation shows that © is monotone increasing with respect to p.
Thus, for sufficiently small positive scalar, augmented minimax problems

overcome the possibility to generate weak M-a-Pareto optimal solutions as
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was shown in Theorems 4.3 and 4.4. Hence augmented minimax problems are
attractive for generating M-o-Pareto optimal solutions even Aif
appropriate convexity assumptions are absent.

Naturally, P should be a sufficiently small, but computationally
significant, positive scalar. However, for practical purposes, a

computationally significant lower bound of P may be

p = 1pl@b)-ctl (4.20)
where a and b are the figures of max ( u, - u (f (x,a )) ) and
; i 7 i
1sisk
Zifl( Li - ui(fi(x,ai))) in the first and second terms in the augmented

minimax problem (4.13) respectively and ¢ is the precision figure of the
computer. Usually, since the values of a and b are unknown in advance,
if we roughly estimate a = b, then we have

p = 107t

In most cases, a computationally significant value of p = 10 o~ 1072

should suffice.

4.3.4 Algorithm Using Augmented Minimax Problems

Now given the (local) M-«-Pareto optimal solution for the degree «
and the reference membership values specified by the DM by solving the
corresponding augmented minimax problem, the DM must either be satisfied
with the current (local) M-o«-Pareto optimal solution and «, or update the
reference membership values and/or the degree «. In order to help the DM
express his/her degree of preference, trade-off information between a

standing membership function and each of the other membership functions
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as well as between the degree « and the membership functions is very
useful. Fortunately, such a trade-off information is easily obtainéble
since it 1is closely related to the strict positive Lagrange multipliers
of the augmented minimax problem.
To derive the trade-off information, we first define the Lagrangian
function L for the augmented minimax problem (4.14)-(4.16) as follows:
K

L = v + pigl( uo- ui(fi(x,ai)) )

k m
u - _ g
+ DOl - o)) v LA 9;06b;)
i=1 J=1
K ore LY
+ B e -~ (a4 > (@ - u~ (L)) (4.21)
i=1 r=1 T A ir j=1 s=1 7 l‘535 s

In the following, for notational convenience, we denote the decision
variables in the augmented minimax problem (4.14)-(4.16) by v = (Xx,v,a,b)
and let wus assume that the augmented minimax problem has a unique local

optimal solution y* satisfying the following three assumptions.

Assumption 4.4

y*¥ 1is a regular point of the constraintsvof the augmented minimax
probiem.
Assumption 4.5

The second-order sufficiency conditions are satisfied at y» .
Assumption 4.6 |

There are no degenerate constraints at yx .

Then the following existence theorem, which is based on the implicit
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function theorem (Fiacco 1883), holds.

Theorem 4.5
Let y* = (x%,v%,a%,bx) be a unique local solution of the augmented
minimax problem (4.14)-(4.16) satisfying Assumptions 4.4, 4.5 and 4.6.

Let X* = (Au*,ka*,kb*,hg*) denote the Lagrange multipliers corresponding

to the constraints (4.15)-(4.16). Then there exist a continuously
differentiable vector valued function y(.) and A(.) defined on some
neighborhood N(a%) s0 that y(e*) = y%, Alax) = A%, where v(o) is a
unique local solution of the augmented minimax problem for any a« € N{ax)
satisfying Assumptions 4.4, 4.5 and 4.6, and M(«) 1is the Lagrange

multiplier corresponding to the constraints (4.15)-(4.16).

In Theorem 4.5,
k

X\llnéfll{)v+pi=zl( W - ui(fi(x,aﬁ)) )y | ul—ul(fi(x,ai))Sv,

i=1,....k, X € X(b), (a,b) € La(S,B) }

can be viewed as the optimal value function of the augmented minimax
problem (4.14)-(4.16) for any o € N(ax). -~ Therefore, the following

theorem holds under the same assumptions in Theorem 4.5.
Theorem 4.6

If all the assumptions in Theorem 4.5 are satisfied, then the

following relation holds on some neighborhood N(ax) of .
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K

3 (v + pigl( wo- ui(fi(x,a].))) )
J o
3 L kK Py . m o 9 b
= 5—3 = Z Z Air + Z Z Ajs (4.22)

If all the constraints (4.15) of the augmented minimax problem are
active, namely if v(ax) = Li - b (f) (xCa®) 3y (0%))), i=1,...,k, then the

following theorem holds.

Theorem 4.7

Let all the assumptions in Theorem 4.6 be satisfied. Also assume
that all the constraints (4.15) of the augmented minimax problem are
active, Then it holds that

3ui(fi(x,ai)) i X P q.

3 o o= % 1+Pk i=1 r=1

i=1,...,k . (4.23)

Regarding a trade-off rate between “l(fl(x’al)) and Ui(fi(x’ai)) for

each i=2,...,K, Dby extending the results in Haimes and Chankong (13979},

it can be proved that the following theorem holds (Yano and Sakawa 1985).

Theorem 4.8
Let all the assumptions in Theorem 4.7 be satisfied. Also assume

that the constraints (4.15) are active. Then it holds that
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aui(fi(x,ai)) >\u* 0

- 2 1=2,,..,K . (4.24)

au, (f, (x,3,)) yayx AP

It should be noted here that in order to obtain the trade-off rate
information from (4,23) and (4.24), all the constraints (4.15) of the

augmented minimax problem must be active. Therefore, if there are

inactive constraints, 1iif 1is necessary to replace Ei for inactive

constraints by ui(fi(x*,af)) + v* and solve the corresponding augmented
minimax problem for obtaining the Lagrange multipliers.

Following the above discussions, we can now construct the
interactive algorithm in order to derive the (local) satisficing solution
for the DM from among the (local) M-«-Pareto optimal solution set. The
steps marked with an asterisk involve interaction with the DM.

min

Step 0 Calculate the (local) individual minimum ] max

and maximum fi
of each objective function fi(x) under the given constraints for

« =0 and o = 1.

Step 1% Elicit a membership function ui(fi(x,éi)) from the DM for each

of the objective functions.
Step 2% Ask the DM to select the initial values of o« (0 € « § 1) and set

the initial reference membership values ﬁi(l)= 1, i=1,...,K.

Set the iteration index r=1.

Step 3  Set Di = ai‘rl i=1,...,k, solve the corresponding augmented

=94~



minimax problem to obtain the {(local) M-e«-Pareto optimal

(r) ),a(r)

solution x , f(x(r ) and the membership function value

ufx T, o)

)) together with the trade-off rate information
between the membership functions and the dedgree «.
Step 4% If the DM is satisfied with the current levels of

ucf(x'F), o)

), i=1,...,k of the (local) M-«-Pareto optimal
solution and «, stop. Then the current (local) M-a-Pareto

optimal solution fxT’,a™?y = ¢ fl(x(r),air)),...,

fk(x(r),aér)) ) is the (local) satisficing solution of the DM.

Otherwise, ask the DM to update the current reference membership

(r) (r)

values ﬁi and/or the degree « to the new reference

(r+1) . (r+1)

membership values Di ,i=1,...,k and/or the degree « by

considering the current values of the membership functions
together with the trade-off rates between the membership

functions and the degree «. Set r=r+l and return to Step 3.

Here it should be stressed for the DM that ™ (1) any improvement of
one membership function can be achieved only at the expense of at least
one of the other membership functions for some fixed degree «, and (2)
the greater value of the degree o« gives worse values of the membership

functions for some fixed reference membership values.

4,4 Conclusion
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As a nonlinear generalization of the previous two chapters, an
interactive decision making method for multiobjective nonlinéar
programming problems with fuzzy parameters has been proposed in this
chapter. Although the general conclusions of this chapter is essentially
same as in chapters 2 and 3, the following is a brief summary of the

desirable features of our proposed method.

(1) The experts' ambiguous understanding of the nature of the parameters
in the problem-formulation process can be incorporated.

(2) The fuzzy goals of the DM can be quantified by eliciting the
corresponding membership functions, which may be nonlinear.

(3) For the degree o and the reference membership values specified by
the DM, the corresponding (local) M-a-Pareto optimal solution can be
obtained by solving the augmented minimax problems based on the
nonlinear programming method.

(4) With the augmented minimax problems, (local) M-«-Pareto optimality
of the generated solution in each iteration is guaranteed.

(5) The trade-off information between the membership functions and the
degree « 1is easily obtainable, since it is closely related to the
Lagrange multipliers of the augmented minimax problems.

(6) The (local) satisficing solution of the DM can be derived
efficiently from among (local) M-a-Pareto optimal solutions by
updating his/her reference membership values and/or the degree o
based on the current values of the (local) M-a-Pareto optimal
solution together with the trade-off information between the

membership functions and the degree «.
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CHAPTER 5

INTERACTIVE COMPUTER PROGRAMS AND ILLUSTRATIVE NUMERICAL EXAMPLES

5.1 Computer Programs

Interactive decision making processes for multiobjective linear,
linear fractional and nonlinear programming problems with fuzzy
parameters discussed thus far include eliciting a membership function for
each of the objective functions together with reference membership values
and degree o from the DM. Thus, mitigation and speed-up of computation
works are indispensable to this approach, and interactive utilization of
computer  facilities 1is highly recommended. Based on the methods
described in chapters 2, 3 and 4, we have developed corresponding
interactive computer programs for solving multiobjective linear, linear
fractional and nonlinear prodramming problems with fuzzy parameters. The
entire programs are written in FORTRAN, because FORTRAN language is
popular among many scientists and also almost all computer facilities are
available for loading the programs with minor changes.

OQur programs include graphical representations by which the DM can
visualize the shapes of his/her membership functions, and he/she can find
incorrect assessments or inconsistent evaluations promptly, revise them

immediately and proceed to the next stage more easily. Each of our
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computer programs is composed of one main program and several
subroutines. The main program calls in and runs the subprograms with
commands indicated by the user (DM). The major commands prepared in our

computer programs are summarized as follows.

(1) MINMAX: Displays the calculated (local) individual minimum and
maximum of each of the objective functions under the given
constraints for « = 0 and « = 1.

(2) MF: Elicit a membership function from the DM for each of the
objective functions.

(3) GRAPH: Depicts graphcally the shape of the membership function for
each of the objective functions.

(4) GO Derives the (local) satisficing solution for the DM from
among the (local) M-a-Pareto optimal solution set by
updating the reference membership values and/or the degree

.

(5) STOP: Exists from the program.

(6) SAVE: Saves all the necessary information, which has been put in,
in a file.

(7) READ: Restores the information which was saved in the file.

In all of our computer programs, the fuzzy parameters, which reflect
the experts' ambiguous understanding of the nature of parameters in the
problem-formulation process, are assumed to be characterized by the fuzzy
numbers whose membership functions are either linear or exponential as

shown in Fig. 5.1 or Fig. 5.2 respectively.
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PE(P)

0
P1 p2 P3 P4 P
Fig. 5.1 Linear membership function
PE(P)
1 b
0

Fig. 5.2 Exponential membership‘function

Each of the membership functions for the fuzzy parameters can be

determined by specifying the four points pl, p2, p3, p4 together with

the types of its left and right functions (linear or exponential).
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M-~a-Pareto optimal solutions for multiobjective linear or linear
fractional programming problems are calculated by solving the minimax
problems on the basis of the simplex method of linear programming.

For multiobjective nonlinear programming problems, (local)M-o-Pareto
optimal solutions are obtained by solving the augmented wminimax problems
instead of minimax problems using the revised version of the generalized
reduced gradient (GRG) program (Lasdon, Fox and Ratner, 1974) called GRG2
(Lasdon, Waren and Ratner, 1580). In GRG2 there are two optimality
tests, i.e.,

(1) to satisfy the Kuhn-Tucker optimality conditions, and
(2) to satisfy the fractional change condition
| FM - OBJTST | < EPSTOP x | OBJTST |

for NSTOP times consecutive iterations. FM is the current objective

value and OBJTST is the objective value at the start of the previous

one dimensional search. NSTOP has a default value of 3.

In our computer programs, the DM can select his/her membership
functions in a subjective manner by considering the rate of increase of
membership of satisfaction from among the following five types of
functions; linear, exponential, hyperbolic, hyperbolic inverse and
piecewise linear functions. Then the parameter values are determined
through the interaction with the DM, In the following discussions
concerning membership functions, it 1is convenient to deal with the

nonlinear case. Here, except for the hyperbolic functions, it is assumed

- . 0 - .
that ui(fi(x,ai)) = 0 if fi(X) s fi and ui(fi(x,aj)) 1 if fi(x,ai) >

fi, where f? is an unacceptable level for fi(x,ai), f% is a completely
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desirable level for fi(x,ai), and f? represents the value of fi(x,ai)
such that the degree of membership function ui(fi(x,ai)) is a.

{1) Linear membership function
For each objective function, the corresponding linear membership
function is defined as follows:

N 0 1 _ .0
wf (a0 = Cfi(xaa) - £ )/ Cfp = £ (5.1)

The linear membership function can be determined by asking the DM to

specify the two points, f? and f§, within f?ax and len_ Fig. 5.3
illustrates the graph of the linear membership function.
ui(fi(x,ai))
1
!
]
]
{
I
]
!
|
1
|
i
|
0
1 0
£ £, £, (x,a,)

Fig. 5.3 Linear membership function

(2) Exponential membership function
For each objective function, the corresponding exponential

membership function is defined by:

_ _ _ - 1 _
b (6,00 = o {1 - exp(-R (£, (x,a) f‘l’ ) /U f(l) )Y}, (5.2)
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where o > 1, Bi >0 or o < 0, Bi < 0.

The exponential membership function can be determined by asking the DM to

min

0.5 max and fi

specify the three points, fQ, fi‘ and fi, within fi

i , where Bi

is a shape parameter. Fig. 5.4 illustrates the graph of the exponential

membership function.

up (£, (x,a,))

1

0.5 be———m—n S

h
e b= f———— — —

fi fi fi(x,ai)

Fig. 5.4 Exponential membership function

{3) Hyperbolic membership function
For each objective function, the corresponding hyperbolic membership
function is defined by:

ui(fi(x’ai)) = (1/2) tanh ( ai(fi(x’ai) - Bi)) + (172}, (5.3)

where o >0 or oy < 0.

The hyperbolic membership function can be determined by asking the DM to

0.25
i

0.5

and fi max

, within £1°° and f'i“”‘

specify the two points, f , where o is

a shape parameter and Bi is associated with the point of inflection.

Fig. 5.5 illustrates the graph of the hyperbolic membership function.
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ui(fi(X,ai))

1

0.25

Fig. 5.5 Hyperbolic membership function

{(4) Hyperbolic inverse membership function
For each objective function, the corresponding hyperbolic inverse
membership function is defined by:

1

ui(fi(x,ai)) = aitanh (Bl(fi(x’ai) - Ti)) + (1/72), (5.,4)

where o >0, Bi >0 or Bi < 0.

The hyperbolic inverse membership function can be determined by asking

the DM to specify the three points, f?, f?.25 and f?’s, within f?ax and

fmin

i where Bi is a shape parameter and Ti is associated with the point

of inflection. Fig. 5.6 illustrates the graph of the hyperbolic inverse

membership function.
(5) Piecewise linear membership function

For each objective function, the corresponding piecewise linear

membership function is defined by:
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u; (£, (x,a,))

-fi(x,ai)

Fig. 5.6 Hyperbolic inverse membership function

N.
1
u (f; (x,3)) = j§1 aij[ £, (6,80 - 94 | + Rfj(x,q) + 1 (5.5)
where
%5 T Wy Y% By E (ti,Ni+1+ PIRER
T, = (Si,Ni+1+ 5{1)72. (5.6)

That 1is to say, it is assumed that ui(fi(x,ai)) = tirfi(x’ai) + sir for

each segment gi s fi(x,ai) s gir’ where tir is the slope and si is

r-1 r

the y-intercept for the section of the curve initiated at 9i and

r-1
terminated at gir' The piecewise linear membership function can be
determined by asking the DM to specify the degree of membership in each

of several values of objective functions within f? and f%. Fig. 5.7

illustrates the graph of the piecewise linear membership function.
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ui(fi(x,ai))

1

Fig. 5.7 Piecewise linear membership function

It should be noted here that for the fuzzy equal membership
functions, the DM can select his/her left and right functions from among
the same types of membership functions previously described above

(excluding the hyperbolic ones).

5.2 1Illustrative Examples with Computer Outputs

We now demonstrate the interaction processes for multiobjective

linear, linear fractional and nonlinear programming problems with fuzzy

parameters using our corresponding computer programs by means of several

illustrative numerical examples which are designed to test each of the

programs.

Example 5.1 (Linear Problem)
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Consider the following three objective linear programming problem

with fuzzy parameters.
fuzzy min zl(x,cl) = c“x1 - 4x2 + x3
fuzzy max zz(x,cz) = —3x1 + c22x2 + x3
fuzzy equal ZS(X’CS) 5x1 + x2 + c33x3
subject to
a“x1 + a12x2 + 3x3 S 12, x1 + 2x2 + a23x3 -4 b2
xi = 0, i=1,2,3
The nmembership functions for the fuzzy numbers 511,....523, ﬁé,

~

cll"“’E33 are explained in Table 5.1, where L and E represent

respectively linear and exponential membership functions.

Table 5.1 Fuzzy numbers for Example 5.1

t P, P, Py P, left right
511 0.00, 2.00, 2.00, 2.50 L E
522 -1.25, -0.75, -0.75, =-0.25 E E
Ca3 -0.25, 0.00, 0.00, 1.00 E E
511 0.00, 3.00, 3.00, 4.00 L L
512 0.50, 1.00, 1.00, 1.50 E L
a5, 0.50, 1.00, 1.00, 1.50 E E
52 8.00, 12.00, 12.00, 14.00 L E
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In applying our computer program to this problem, suppose that the
interaction with the hypothetical DM establishes the following membership
functions and the corresponding assessment values for three objective

functions in the o«-MOLP.

. , 0 0.5 i _ _ _
. exponential ( ZIR, ZIR v Z4R ) = ( 30, -10, -25)

. L 0 0.25 _0.5, _ _ _ _
22 ¢ hyperbolic inverse ( ZZL. ZZL s Z2L ) = ( -8, -7.5, -6.5 )

) 0 0.5 _1 _
left exponential ( Z3L’Z3L ,ZSL) = (12, 14, 15 )
23
right linear ( z0_, zl )y = (18, 15)
3R’ “3R ’

In the following 1illustrations, interaction processes using the
time-sharing computer program under TSS of MELCOM COSMO 700S digital
computer in the computer center of Kagawa University in Japan are

explained through the aid of some of the computer outputs.

[1lustration 5.1
Using the MINMAX command. the calculated individual minimum and

maximum of each of the objective functions Zl’ 22 and z3 for ¢« = 0 and

o« = | are displayed.
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COMMANL 2

TMINMAX
INDIVIDUAL MINIMUM AND MAXIMUM FOR ALFA=1
1 MINIMLM 1 MAX IMUM
_________ e i s e e 0 S ot e e s 2 i o e i S i e e 0 ot ke e e s v S S 2 S s S et e s 1 e o b
Z¢( 1) I 24, 0000 1 ' 2. 0000
Z( 2 1 ~1Z2.0000 1 4., 00Q0
Z( 3) I - D000 1 20. 0000

INDIVIDUAL MINIMUM AND MAXIMUM FOR ALFA=0

I MINIMLIM I MAX ITMUM
__________ e i e it e i e s i St e he St e e s o S 14 et 4o e o it S0 s e St P e s re B e B4 S S et 4 g Pt
2¢ 1) I —28. D000 I 35,0000
202y 1 -4, 0000 1 4., 0000
20 3y 1 ~-1.0000 1 70,0000

Illustration 5.2

The MF command is utilized to determine the membership functions for

each of the objective functions Zy» 22 and Zg sequentially. Here the

interaction with the hypothetical DM establishes that the first
membership function should be exponential, the second hyperbolic inverse
and the the third exponential and linear. For each type of membership
functions, the corresponding assessment values are input in a subjective
manner by considering the calculated individual minimum and maximum of

each of the objective functions.

COMMAND 2
*MF
INFUT THE ORJECTIVE FUNCTION NUMEBER:

1
INFUT FUZZY GOAL:
(1) FUZZY MAX
(2) FLUZZY MIN
(3) FUZZY EGLIAL
DO YOU WANT LIST OF MEMBERSHIF FUNCTION TYPE 7
TYES
LIST OF MEMRERSHIF FUNCTION TYFE
(1) LINEAR
(2) EXPONENTIAL
(3) HYPERROLIC
(4) HYPERBOLIC INVERSE
() PIECEWISE LINEAR
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INFUT MEMEERSHIE FUNCTION TYFE:
INFUT THREE FOINTS(Z1,2%2.2%) SUCH THAT
M(Z1)=0.0 ( Z1 : UNACCEFTAELE LEVEL )
M(Z2) =0, 5
M(ZZ)=1.0 ( ZZ : TOTALLY DESIRAELE LEVEL
TRO —10 -5
ANCITHER MIET 7
“YES
INFUT THE CRJIECTIVE FUNGTION NUMEER:
INFUT FUZZY GOAL:
(1) FUZZY MAX
(Z) FUZZY MIN
(3) FUZZY EQUAL
1
D0 YOU WANT LIST OF MEMBERSHIF FUNCTION TYRE 7
N
INFUT MEMEERSHIF FUNCTION TYFE:
w4

INFUT THREE FOINTS(Z1.22.23) SUCH THAT
M(Z1)=0.00 ( Z1 @ UNACCERTABLE LEVEL )
M(Z2) =0, 25
M(Z3) =0, 50

T TS —b, S

ANOTHER MZET 7

PYES
INFUT THE CORJECTIVE FUNCTION NUMBER:
0z

INFUT FUZZY GOAL:
(1) FLZZY MAX
(z) FLUZZY MIN
(2) FUZZY EGQUAL
w3
N0 YO WANT LIST OF MEMEERSHIF FUNCTION TYFE 7
N :
INFUT LEFT AND RIGHT TYFE:

e et e e e o e o e et e o LEFT oo o e e oo s o ot o s e e
INFUT THREE POINTS(Z1.722,Z3) SUCH THAT
M(Z1)=0,0 { Z1 * LINACCEFTABRLE LEVEL )
M(Z2)y=0.5 .
M(ZZ)=1.0 ( Z3 : TOATALLY DESIRABLE LEVEL
12 14 1%
~~~~~~~~~~~~~~~~~~~~~~~~ RIGHT —==m—r e e
INFUT TWD POINTS(Z1.Z2) SUCH THAT
M{Z1)=0.0 ( Z1 & UNACCEFTABLE LEVEL )
MIZ2)=1.0 ( 22 @ TOTALLY DESIRABLE LEVEL
*1e 1S
ANCOTHER MSET 2
TN
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Illustration 5.3

With the GRAPH command, the shape of the membership function for'zl

is shown graphically. Thus the DM can check the properties of his/her

membership functions visually.

COMMANII:
TERAFH
INFUT THE MEMRBERSHIF FLUNCTION NUMBER:
1
GRAFH OF THE MEMBERSHIF FUNCTION ( NO. 1)
MEMBERSHIF FUNCTION TYFE --- EXFONENTIAL
1. OOk e e e J o o e e e e frmmm e R st Jomem e e e +
o ]
I |
I !
| I
| # |
| |
1 {
I 28 !
i |
S0~ + -
| |
| # |
[ !
| + |
! + |
| ES |
] * |
| o |
l o I
e QO o ot e J o o o e e | e e ot | e o o o e e | == +
~2. 80 ~. 20 1.20 F.20 S. 20 7420
{(10E 1)

[1lustration 5.4

Using the GO command, the miniméx problem is solved for the initial
reference membership values and the degree « , and the DM is supplied
with the corresponding M-o-Pareto optimal solution and the trade-off

rates between the membership functions and the degree «. Since the DM is
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not satisfied with the current values of the membership functions, the DM

updates his/her reference membership values.

COMMAND:

E0
e e e o e s o o o e e mms e . ] TERATION 1 e e e e e et e e

INITIATES AN INTERACTION WITH ALL THE INITIAL REFERENCE
MEMEBERSHIF VALUES ARE 1

INFLIT THE DEGREE ALFA 0OF THE ALFA LEVEL SETE
FOR THE FUZZY FARAMETERS:
TOL.T7S

AFFROXIMATE SOLUTION TO THE MINIMAX FROBLEM
FOR INITIAL REFERENCE MEMBERESHIFP VALUES

it o t o i S 442 R G = S Setie Aot o o4 WA At ibn et S REE 4 S S b A4 Fs Mkt AS S D4 B84 Al At B e s MRS It GG Mt e SR e S04 et ik e e it et S G o s s oot

MEMEERSHTF I CEJECTIVE FLINCTION
_____________________________________ o ot et Bt s i e oty s o e 0L e Jede Bt Gt ke S S e s i S B s e e e
M(Z1) = L4913 T Z(1) = ~5 o LAZS
M(ZZ) = 49121 () = -4, 5401
M(ZZ) = L4912 1 Z(F) = 13,9773
X( 1) = 2. 0BES X( 2 = 3. 5563

X( B = 1.5249

e et o e s st o0 fBimm s R asEbe Sk Y T St e SRS M SR ik e A e Mt A S S forse em ARA O (Db i i S R G D MMM ST SN WA Aaan SR CRRS MG et et Smte SIS LN (B KA MR G G e

EFz( 1)= L OOO0O0O00D000O0O0O+00
EFs( 2)= . QOOQOOOO0ON+00)
EFs({ A)= . OOOOQO0OOOOTI+O0

T R e e

TRALDE-OFFS AMONG MEMBERSHIFP FUNCTIONS

~OM(Z2) /TIM(Z1) = . 1559
=IM(Z3) /ML) = . BAZE

s e e . . St S Bt s o o Tt A Bttt o, OO S At M ot RS A e e P S B e S —— s s S B e P S S iy W S e St At S — et O A — Hor s - car Son

TRADE-COFF BETWEEN ALFA AND MEMBERSHIF FUNCTION M(Z1)
=M (Z1) /0OALFA = 2. 4095

s T0e Mt et it e TS B OSSR S bk Ao MR St b s e A B ey W g e S Y e MALS R TS Mt e WS fmme et At A e S A i e e Mt i - ) S et wam ey -

ARE YOU SATISFIED WITH THE CURRENT MEMBRERSHIF VALUES OF
THE M-ALFA-FARETO OFTIMAL ZSCOLUTION 7
TNG

e TTERATION 2 e e
CONSIDER THE CURRENT MEMBERSHIF VALUES OF
THE M-ALFA-FARETO OFTIMAL SOLUTION TOGETHER WITH

THE TRADE-OFFS AMONG THE MEMEBERSHIF FUNCTIONS AND
THE TRADE-CFF BETWEEN ALFA AND M(Z1)
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THEN INFUT YOUR REFERENCE MEMBERSHIF VALUES
FOR EACH OF THE MEMBERSHIF FUNCTIONS:

045 0.5 0,55
INFLIT THE DEGREE ALFA OF THE ALFA LEVEL SETS

FOR THE FUZZY FARAMETERS:
P0.75

In this example, at the 5th iteration, the satisficing solution of the DM

is derived and the whole interactive processes are summarized in Table

5.2.
Table 5.2 Interactive processes for Example 5.2
Iteration 1 2 3 4 5
ﬁl 1 0.45 0.4 0.4 0.4
ﬁ2 1 0.5 0.5 0.5 0.6
53 1 0.55 0.55 0.55 0.65
o 0.75 0.75 0.75 0.65 0.65
uy 0.4913 0.4331 0.3888 0.4727 0.3773
u, 0.4912 0.4830 0.4888 0.5726 0.5772
g 0.4912 0.5330 0.5388 0.6226 0.6272
z, -9.6425  -7.1239  -5.0258  -8.8649  -4.4564
z, ~6.5401 -6.5773  -6.5513  -6.1726  -6.1526
Zg 13.9773 14.0832  14.0972  14.2933 14.3035
X, 2.0385 2.1716 2.2677 2.1092 2.3074
Xy 3.5563 2.9893 2.5144 3.3520 2.3443
X4 1.5249 1.5760 1.6302 1.8010 1.9210
-3, /3y, 0.1589 0.1755 0.1901 0.0606 0.0722
-du, /3w, 0.3625 0.4205 0.4593 0.1589 0.1894
-3, /e 8.4098 7.2504 6.3777  22.1895 17.3201
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CPU time required in this interaction process was 9.791 seconds and the

example session takes about 7 minutes.

Example 5.2 (Linear Fractional Problem)
Consider the following three objective linear fractional programming

problem with fuzzy parameters.

-~

fuzzy min Zl(x’cl’dl) (c11x1+ x3+ 1)y 7/ (x1+ d12x2+ d13)

-~ -~

fuzzy max z2(x,d2) (3x1+ x2+ 1) 7/ (-x1—2x3+ d23)

-~

fuzzy equal 23(x,c3,d3) = (x2+ c32x3+ 1) / (d31x1+ x3+ d33)

subject to
X € X(a,b) = { (xl,xz,xg) | X X%+ aaX Sbl.
4y X+ ApoX, + Xz S by g X - X, $0, X2 0, 1=1,2,3 }

The membership functions for the fuzzy numbers 513,..., 531, 51, Eé,

~ -~

d d in this example are explained in Table 5.3. where

©11°C320 Y1000 33

L and E represent respectively linear and exponential membership

functions.
Table 5.3 Fuzzy numbers for Example 5.2
t P1 p2 P3 P4 left right
611 0.9, 1.1, 1.1, 1.3 L E
c 4.0, 4.0, 4.5, 5.5 L L

-113-



12
d 5 2.7, 2.9, 2.9, 3.1 E L
dyg 9, , 11. , 11. , 13 E E
dg, 0.9, 1.1, 1.1, 1.3 L L
dgq 4.8, 5.2, 5.2, 5.4 L L
513 0.9, 1.1, 1.2, 1.3 L L
ay 1.8, 2.2, 2.2, 2.4 L E
522 1.8, 2.2, 2.2, 2.4 E E
531 0.9 . 1.1, 1.1, 1.2 E L
by 2.8, 3.2, 3.2, 3.4 E L
52 3.8, 4.2, 4.2, 4.4 L L

In applying our computer program to this problem, suppose that'the
interaction with the hypothetical DM establishes the following membership
functions and the corresponding assessment values for the three objective
functions in the «-MOLFP.

z, © exponential, ( z?, z?'s, zi ) = ( 1.25, 0.6, 0.25 )

z, i hyperbolic inverse, ( zg, 22‘25, zg‘S) = (0.1, 0.15, 0.28 )

. . 0 0.5 1
left : exponential, ( 23, 23 , 23 )

( 0.5! 1119 104 )

0 1

right : linear, ( 23, 23 ) = (1.6, 1.4)
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In this example, at the 6th iteration, the satisficing solution of the DM

is derived and the whole interactive processes are summarized in Table

5.4.
Table 5.4 Interactive processes for Example 5.2
Iteration 1 2 3 4 5 6
al 1 0.5 0.6 0.63 0.63 0.63
ﬂ2 1 0.7 0.65 0.6 0.6 0.6
is 1 0.9 0.8 0.75 0.75 0.79
o 0.9 0.9 0.9 0.9 0.8 0.8
by 0.6179 0.4689 0.5624 0.6109 0.6412 0.6349
u, 0.6179 0.6683 0.6124 0.5809 0.6112 0.6049
g 0.6179 0.8683 0.7624 0.7309 0.7612 0.7949
z, 0.5023 0.6280 0.5468 0.5078 0.4844 0.4891
z, 0.3506 0.3767 0.3476 0.3297 0.3469  0.3435
Zq 1.1848 1.3342 1.2751 1.2565 1.2744 1.2938
X, 0.1961 0.2377 0.1679 0.1156 0.1125 0.0982
X, 1.2153 0.9899 1.1569 1.2510 1.3226 1.3221
Xq 1.2149 1.6036 1.3997 1.3129 1.2711  1.3025

-du,/3u 0.9279 1.2308 0.9428 0.8357 0.9329 0.9183
2.2354 2.7608 2.4766 2.3718 2.5674 2.6148

—aul/aa 0.7945 0.8201 0.8168 0.8156 0.7269 0.7322

Exampie 5.3 {(Nonlinear Problem)

Consider the following three objective nonlinear programming problem

with fuzzy parameters.
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-~

fuzzy min fl(x,al)
fuzzy min fz(x,az)

fuzzy equal fa(x,aS)

subject to

(x, + 5)2

1'%

0= X; <10, i=1,2,3 }.

The membership functions for the fuzzy numbers 51

yesss b in this example are explained

13

+a

(x, - 45)

2
11x + 2(x3 12)
2 ~ .2
+ (x2 + 15)° + 3(x3 + a22)
2 2 + (x3 + 15)2

-~

X € X(b) = { (X +X5 +Xg) | gl(x,bl) = by,

2

X

a31(x1 + 20)° + a32(x2 - 45)

= 2., 2
+H2§ +H3ﬁ S 100,

2000 Aggs byy

in Table 5.5 where L and E

represent respectively linear and exponential membership functions.

Table 5.5 Fuzzy numbers for Example 5.3

t P, Py P, left right
511 3.8, 4.0, 4.0, 4.3 L E
3, 48.5 , 50.0 , 50.0 , 52.0 E E
521 1.85, 2.0, 2.0, 2.2 E L
a5 18.2 , 20.0 , 20.0 . 22.5 L E
531 2.9, 3.0, 3.0, 3.15 E L
532 4.7, 5.0, 5.0, 5.3 L L
511 0.9, 1.0, 1.0, 1.1 E E

-116-



b12 0.8 , 1.0, 1.0, 1.2 E E

513 0.85, 1.0, 1.0, 1.15 E L

In applying our computer program to this problem, suppose that the
interaction with the hypothetical DM establishes the following membership

functions and the corresponding assessment values for the three objective

functions.
f . - - 0 0.5 l -
1 exponential, (fl, f1 R fl) = (5400,5000,3300)
. . 0 0.5 1, .
f, : exponential, (f,, f , £.3 = (63900,4600,3900)
2 2" 12 2
left : hyperbolic inverse 2, £0-5 £l p
9 3’ 3 3 39 3
f3 = (7800,8200,10000,9000)
. . . 0 0.5 1, _
right : exponential, (f3, f3 ) f3) = (13300,11000,10000)

In Fig. 5.8, the interaction processes using the time-sharing
computer program under TSS of MELCOM COSMO 700S digital computer in the
computer center of Kagawa University in Japan are explained especially
for the first iteration through the aid of some of the computer outputs.
M-o-Pareto optimal solutions are obtained by solving the augmented
minimax problem using the revised version of the generalized reduced
gradient (GRG) (Lasdon, Fox and Ratner 1974) program called GRG2 (Lasdon,
Waren and Ratner 1980).

In this example, at the 5th iteration, the satisficing solution of
the DM 1is derived. The whole interactive processes are summarized in
Table 5.6. CPU time required in this interaction process was 114.7

seconds and the example session takes about 16 minutes.
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COMMANI 2
TEO

INFUT THE DEGREE ALFA OF THE ALFA LEVEL SETS
FOR THE FUZZY FARAMETERS:
0.9

--------------------------- S ITERATION 1 eeemm e e

INITIATES AN INTERACTION WITH ALL THE INITIAL REFERENCE
MEMBERSHIF VALUES ARE 1

( KUHN-TUCKER CONDITIONS SATISFIED )

M—-ALFA-PARETO OFTIMAL SOLUTICON
TO THE AUGEMENTED MINIMAX FROBLEM
FOR INITIAL REFERENCE MEMBERSHIF VALUES

T T e et lan

MEMEERSHIF 1 ORJECTIVE FUNCTION
_____________________________ e o s s e e i 1 oo o 0 o S e o o e e s i i (s e ot s
M(F1) = L5678 1 F(1) = 4917.707%
M(FZ) = 5678 1 F(2) = 4475, 2311
M(F3) = L5678 1 F(3) = 10828, 7795
X( 1) = £. 4567 X( 2 = 5. 2592

XU 3 = 1.8210

s et . e S ottty e o Soars S TS A e e 4 WY St S S o7 e LR e e S e M S . S S Y A e . 4 A U A B4 SN e e S ) S R M 600 I e et et dts e B e

TRADE-OFFS AMONG MEMBERSHIF FUNCTIONS

“IM(F2) /IM(F1) = . 4433
=DM(F3) /DM(F1) = 1.5303

ot e s e Bk ikt s e S i A St d ) . e 4 At Ete L BET S A A L e S M e . 4 S R S S s S ) e Soa SR OO i G e iy MY Y S S s S e A e Enth W

TRADE-OFFS BETWEEN ALFA AND MEMBERSHIFS
-OM(F) /DALFA = 2143

s 1m0 . s ote S S0 el A 4000 0 SOl v Gl S WM e i B o e At 0 St S e (S Ot e Sl e e s S et S e Sk el S S SR S T St A N S G MO S et B Gt s S

ARE YOU SATIFIED WITH THE CURRENT MEMEERSHIF VALUES COF
THE M-AQLFA-FARETO OFTIMAL SOLUTION 7
TN

Fig., 5.8 Computer outputs for Example 5.3
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Table 5.6 Interactive processes for Example 5.3

Iteration 1 2 3 4 )
ﬁl 1 0.5 0.55 0.55 0.65
ﬁ2 1 0.6 0.50 0.50 0.55
ﬁ3 1 0.8 0.75 0.75 0.75
0.9 0.9 0.9 0.7 0.7
uy 0.5678 0.4558  0.5543  0.5979  0.6392
u, 0.5678 0.5558  0.5043  0.5479  0.5392
Mg 0.5678 0.7558  0.7543  0.7979  0.7392
f, 4917.71 5048.17 4934.94 4877.16  4816.81
f, 4475.23 4496.28 4591.57 4510.35  4526.11
fq 10828.78 10422.53 10425.39 10342.49 10455.02
X, 8.4567  8.0461 7.9090 8.1024  8.1775
Xy 5.2592 6.0275  6.0594  6.0905  5.8785
X3 1.8210  1.2689 1.8437 1.9837  2.2585
-3u, /3y, 0.6433 0.4845  0.5757  0.6824  0.7638
- 3u/3u, 1.5303  1.2998 1.6415 1.9187  2.1046

0.2143

0.23%0

0.2164

0.2193

0.2074
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CHAPTER 6

CONCLUSION

In this thesis, in order to deal with the imprecise or vague nature

of the human judgements in the real-world decision situations involving

multiple, noncommensurate and conflicting objectives, the theory of fuzzy

set has been incorporated in multiobjective programming problems. The

most important conclusions drawn from this thesis will be summarized in a

set of brief statements:

(D

(2)

Considering the imprecise or fuzzy nature of the human judgements in
multiobjective programming problems under fuzziness, two types of
fuzziness of human Jjudgements have been incorporated : one is the
experts' ambiguous understanding of the nature of the parameters in
the problem-formulation process, and the other is the fuzzy goals of
the decision maker (DM) for each of the objective functions.

To cope with both types of fuzziness, multiobjective linear, linear
fractional and nonlinear programming problems with fuzzy parameters
have been formulated and the fuzzy goals of the DM for each of the
objective functions are quantified by eliciting the corresponding

membership functions.
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(3)

(4)

(5)

(6)

(7)

The concept of o-multiobjective linear, linear fractional and
nonlinear programming together with (local) M-a-Pareto optimality
have been introduced on the basis of the a-level sets of the fuzzy
numbers.

New interactive decision making methods for multiobjective linear,
linear fractional and nonlinear programming problems have been
presented to derive the satisficing solution of the DM efficiently
from among (local) M-a-Pareto optimal solution set on the basis of
his/her subjective precise or imprecise value-judgements.

In our interactive schemes, the (local) satisficing solution of the
DM can be derived efficiently by updating the reference membership
values and/or the degree o based on the current values of the
(local) M-o-Pareto optimal solution together with the trade-off
rates  between the membership functions and the degree a.
Furthermore, (local) M-«-Pareto optimality of the generated solution
in each iteration is guaranteed.

Concerning multiobjective linear and linear fractional programming
problems, for generating a candidate for the satisficing solution
which is also M-«-Pareto optimal, minimax problems were adopted, and
consequently, it was shown that the formulated minimax problems can
be solved based mainly on the well-known linear programming method.
This is a remarkable result, because the traditional linear
programming is very popular among many scientists and also
relatively large-scale problems may be solved compared with the
nonlinear case.

In the nonlinear case, however, since some nonlinear programming

codes are necessary, it was recommended to adopt augmented minimax
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problems instead of minimax problems for circumventing the necessity
to perform the (local) M-«-Pareto optimality tests for the currént
solution to the minimax problems.

(8) On the basis of the proposed methods, the time-sharing computer
programs for all the proposed methods have been written in FORTRAN
to implement man-machine interactive procedures. I1lustrative
numerical examples for multiobjective linear, linear fractional and
nonlinear programming problems with fuzzy parameters were shown
along with the corresponding computer outputs; Interactive
processes for the numerical examples demonstrated the feasibility
and efficiency of both the proposed methods and the corresponding
interactive computer programs by simulating the responses of the
hypothetical DM. Although the actual DM for the numerical examples
would of course select other (local) M-a-Pareto optimal solutions
than the ones which were selected by the hypothetical DM used in
this thesis, the way to iterate and calculate is essentially the

same.

However, applications to the real-world problems must be carried out
in cooperation with a person actually involved in decision making. From
such experiences the proposed methods and the corresponding interactive
computer programs must be revised. We hope that the proposed methods and
their extensions will become efficient tools for man-machine interactive

decision making under multiple conflict objectives and fuzziness.
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AppendiX

HYPERPLANE METHODS AND TRADE-OFF RATES

In this Appendix, as a generalization of the well-knowh existing
scalarizing methods for multiobjective programming problems (e.q.,
Chankong and Haimes, 1983a,b or Lightner, 1979), a new scalarizing method
called the hyperplane method is introduced by putting the special
emphasis not only on generating Pareto optimal solutions but also on

obtaining trade-off information.

A.1 Hyperplane Problems
Consider multiobjective nonlinear programming (MONLP) problems of
the following form:
min £33 A, (x),f

(X}, ... £, (X)) (A.1)

subject to x €X p { x € & | 95 (x) 2 0, J=l,....m }a
where x is an n-dimensional vector of decision variables, fl(x),...,fk(x)

are k distinct objective functions of the decision vector X, g9,(xX),...,

1
gm(x) are m inequality constraints, X is the feasible set of constrained

decisions, and the functions fi(x), i=1,..,k, gj(x), j=1,...,m are

assumed to be twice continuously differentiable.
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Associated with the MONLP (A.1), define the following generalized
scalar optimization problem called the hyperplane problem.

min zZ (A.2)
X € X

HP(A,t_ )

subject to QIAFUf(X)) & D(z,t_k)

where A is a closed convex cone in the k-dimensional real space, and the

generators of A are denoted by { ql""’ qk}. To be more specific, A is
defined by:
K K .
A = .Z s o & 0, izl K, '_20& > 0 (A.3)
i=1 i=1
9 AN qil""’ qik) . (A.4)

Q(A) 1is the (kxk) dimensional square matrix whose i-th row vector is the
i-th generator of A, i.e.,

9
Q(A) = . (A.5)

I
F(.) is the k-dimensional vector function defined by :

T

F(f(x})) Ao CF, (f,(x)),...,F (f (X)), (A.6)

= 171 k 7k

where Fi(‘)’ i=l.....k is a strictly monotone increasing and continuously
differentiable function on the range { fi(x) | x€X}, i.e.,

aFi(fi(X))
- T > 0 ) fOI“ any XGX s j=19.009k& (An?)
3fi(X)

D(.) is the k-dimensional vector function defined by:

Diz,t_ ) A (D, (z,t b, (A.8)

k = 1 )’000§D(th_

k k k

and Di(.),i=1,...,k is continuously differentiable on (z,t_)-
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Let

5 o {(zt ) €R | det Azt ) %0 ) (A.9)
where
a,/3z D, /3t, . . . D /3 | ]
Az, o | P/ BBt ARG, (A.10)
IEYEIE WL RN WA

is the Jacobian matrix of DC(.).

Then it 1is reasonable to assume that D(z,t_k) satisfies the

following two properties.
Property A.1

There exists (z,t_, ) €5 satisfying
QIAF(f(x)) = Dlz,t_) , for any x €X (A.11)

Property A.2

aD(z,t_k)
——— > 0, for any (z,t_

k) €S (A.12)
9z

Now, consider the case where the closed convex cone A in the
HP(A,t_k) is set as follows:
> k k
A = A o | Zo&e | q 2 0, i=l,....k, Zof >0 ) (A.13)
= - i .
i=1 i=1
where e., i=1,...,k is a k-dimensional identity vector.

1

Then, the HP(A,t_k) becomes as follows.

HPA®t ) min oz (A.14)

X € X

subject to Flf(tx)) s Dlz,t_)

K
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The relationships between an optimal solution of the HP(AZ,t_k) and

a Pareto optimal solution of the MONLP (A.1) can be characterized by the

following theorems.

Theorem A.1

(1) If there exists some t—k such that x= is a unique optimal solution

to the HP(AZ,t_k), then x* is a Pareto optimal solution of the MONLP.

(2} If x®* 1is a Pareto optimal solution of the MONLP, then there exists

2

some t-k such that x* is an optimal sclution to the HP{(A™,t_, ).

k
(Proof)

(1) Assume that x* is a unique optimal solution to the HP(AZ,t_k) and zx

is a corresponding minimum value, then it holds that F(f(x»x)) &

D(z*.t_k). If x» 1is not a Pareto optimal solution to the MONLP, there

exists x € X such that f(x) < f(x¥), or equivalently F(f(x)) < F(fi(x%)),

Therefore, it holds that F(f(x)) < F(f(x¥)) S D(zx,t_ ).

K
This contradicts the fact that x* is a unique optimal solution to the

P4

HP(AS,t_, ).

K

(2) Assume that xx* is a Pareto optimal solution to the MONLP, then there
exists (z*,tfk) € S such that F(f(x®)) = D(Z*,tfk) from Property A.l

and xx € X. If (x*,z%) is not an optimal solution to the HP(AZ,tfk),

there exist z and x € X such that z < zx and F(f(x)) S D(z,tfk).
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Therefore, it holds that F(f(x)) S D(z,tf ) < D(z*,tf ) = F(f(x%)),

k k

This means that f(x) ¢ f(xx»), which contradicts to the assumption that

x* is a Pareto optimal solution to the MONLP. Q.E.D.

To investigate the relationships between the hyperplane problem

HP(AZ,t_ ) and the minimax problems MP(t_, ) discussed in chapters 2, 3

k

and 4, assume that

- T _ L
D(z.t_k) = DMP(z,t_k) b ( z/t1 seeen z/tk ), t = tj,1#3 (A.15)
Then, by using the substitution
fi(X) = - “i(fi(X)) , i=l,...,k, (A.16)
Fi(“i(fi(X))) z u1 - “1(fi(X))’ i=l,....k, (A.17)

P

it 1is evident that the HP(A™,t_,) reduced to the minimax problems

K
discussed in chapter 2,3 and 4.

It 1is now appropriate to show that DMP(z,t_k) satisfies the

Properties A.1 and A.Z2. Let

K
Syp = (tzt )y z#=o, 1=thi =1, t >0, i=1,..,k }
Then the Jacobian matrix AMP(.) for DMP(.) becomes as follows:
F -1 -2
tl 'Ztl 0 W
-1 -2
_ t -2t _
AMP(z,t_k) = 2 0 2 _Ztkgl
-1 -2 -2 -2
I tk ztk ztk .ztk |
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By applying the fundamental transformations for the matrix AMP(.)

repeatedly, we have

det Ayo(z,t )

Clearly it holds that

det A, (z,t

MP ) # 0, for any (z,t_) € SMP‘

-k

On the other hand, { Dyp(z,t () | (z,t_ ) € §p } is equivalent to the

region { D = (D,..., D) € B | D, >0 or D <0, i=l,....k }. This
implies that DMP(.) satisfies Property A.1 if F(f(X)) C E; or F(f(X)) C
E;. Moreover, it holds that
aD
MP -1 -1
;——~ = | tl s e ey tk y > 0, for any (z,t_k) € SMP
74
Therefore, DMP(.) also satisfies Property A.2.

[t should be emphasized here that for generating Pareto optimal
solutions using Theorem A.1 the uniqueness of the solution must be

verified. In order to circumvent the necessity to test the uniqueness of

the solution to the HP(AZ,t_k), we introduce the following hyperplane
problems.
HP(A”(P),t ) min 2z (A.18)

X € X

subject to  Q(AT(PMF(f(x)) & Diz,t )

k

where the closed convex cone A>(p) is defined as:
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K
Aepy p A Zaiqi,a=(oi,...,c¥()T_> 0} (A.19)

S A S Y P S S

(A.20)
and P is the sufficiently small positive number.

Observe that the closed convex cone A>(D) is used instead of the

OPEN convex cone A>. Then the HP(A>(9),t_k) becomes as follows:
min z (A.21)
Xx €X
k
subject to F,(f, (x)) + pjgiFJ(fJ(x)) s D(zot_ ), =10k,

The following theorem shows that the optimal solution of the

HP(A>(D),t_k) is Pareto optimal even if it is not unique.

Theorem A.2

(1) If x% is an optimal solution to the HP(A>(D),t_k) for a positive

scalar P, then x* is a Pareto optimal solution to the MONLP.
(2) If xx is a Pareto optimal solution to the MONLP, then there exist a

sufficiently small positive scalar P and t_k such that x* is an optimal

>

solution to the HP(A" (P),t_ ).

k
(Proof)

(1) Let x* be an optimal solution to the HP(A>(D),t_k) and zx is a

corresponding optimal wvalue. Then it holds that Q(A>(D))F(f(x*)) S

D(z*,t_k). Assume that x* is not a Pareto optimal solution, then there
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exists x € X such that f(x) < f(x%), or equivalently F(f(x)) ¢

F(f(x%)). Since all of the elements of fhe matrix Q(A>(D)) are positive,

it holds that

QAT (PNIF(E(X)) < QA (PIFIf(x%)) S Dzt ).

k
This 1inequality means that there exist z such that z < zx and

Q(A>(D))F(f(x)) s D(z.t_, ), due to the fact that at least one of Di(‘)’

K
i=1,...,k is continuously differentiable on z from Property A.2. This is

a contradiction. Hence x* is a Pareto optimal solution to the MONLP.

(2) Assume that (xx%,zx) is not an optimal solution to the HP(A>(D),t_k)

for any positive scalar P and t_k such that Q(A>(p))F(f(x*)) = D(z*,t_, ).

| 4
Then there exist x € X and z < z* such that Q(A>(D))F(f(x)) 2 D(z,t_k).
Since it holds that D(z*,t_k) 2 D(z,t_k) from Property A.2 and z* > z,
the following relation holds.

QA7 (P)) { F(f(x)) - F(f(xx)) } < 0
If either any { F;(f,(x)) - F,(f;(x¥)) } is positive or all { F, (f; (X)) -

Fi(fi(x*)) }, i=1.,...,k are zero, this inequality would be violated for

sufficiently small positive p. Hence

Fl(fl(X)) - Fl(fl(x*)) _<_ 09 i=1yao-9k
must hold. Since by (A.7), we have fi(x) - fi(x*) < 0, which contradicts

the fact that xx is a Pareto optimal solution. Q.E.D.
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Now, by substituting D

, >
MP(‘) for D(.) in the HP(A (P),t_k), we ¢an

immediately obtain the following augmented minimax problem.

AMP(t_, ) min z (A.22)

. >
subject to QIAT(PNIF(f(X)) = qMP(Z’t-k)
Then, by using the same substitution as was shown in (A.16) and (A.17),
it can be easily understood that the HP(A>(D),t_k) reduces to the

augmented minimax problem discussed in chapter 4.

A.2. Trade-off Rates

In order to develop a meaningful formula which relates the trade-off
rates within the Pareto optimal solution set to the Lagrange multipliers

of the HP(A,t_) where A = A% or A = A (p), define the following

Lagrangian function L(x,z,A,t_k) for the HP(A,t_k).
K K
LiX,zoAvt_ ) =z o+ =z/\i{ Zqu.FJ.( fJ.(x).) - Dotzot ) } (A.23)

1 J=1

In the following let us assume that (x%,z%) is a unique local

optimal solution of the HP(A,t_,) and satisfies the following three

assumptions.

Assumption A.1

The second-order sufficiency conditions are satisfied at (xx,zx).
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Assumption A.2

(x%,z%) 1s a regular point of the constraint of the HP(A.t_k), i.e.

the gradients of the active constraints are linearly independent.
Assumption A.3
There are no degenerate constraints at (xx,zx), i.e. all active

constraints have strictly positive corresponding Lagrange multipliers.

Then the {following existence theorem (for details, see, e.q.,
Luenberger, 1973 or Fiacco,1983) which is based on the implicit function

theorem, holds.

Theorem A.3

Let (xx,z%} be a unique local optimal solution of the HP(A,tfk)

satisfying Assumptions A.l, A.2 and A.3. Let Ax denote the Lagrange

multipliers corresponding to the constraints of the HP(A,tfk). Then

there exist a continuously differentiable vector valued function x(t_ ),

K

z(t ) and A(t_ ) defined on some neighborhood N(t' ) so that x(t ) =

k k k K

x%, z(t* ) = zx, Alt: ), z(t,

K ) is a unique local

k) = A%, where x(t_k K
optimal solution of the HP(A,t_k) for any t-k € N(tfk) satisfying
Assumptions A.1, A.2 and A.3, and A(t_k) is the Lagrange multiplier

corresponding to the constraints of HP(A,t_k).

In Theorem A.3,
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K
= min{z]| }q, Fi(f;(x)) = D, (2.t

y ) 0, i=l,....kK } (A.24)
X € X Jj=1

z{t_

k) k

can be viewed as the optimal value function of the HP(A.t_k) for any t-k

€ N(tf ).  Therefore, the following theorem holds under the same

k

assumptions in Theorem A.S.

Theorem A.4

If all the assumptions in Theorem A.3 are satisfied, then the
following relations hold on some neighborhood N(tfk) of tfk.

az(t ) aL K aD.(z(t . ),t )
._.....__-_l(.._._ = PO = - Z AJ(t_ "'k k

) )
Z k
Bti 8ti J=1 ati

i=1,...,k-1 (A.25)

From Theorem A.4, if all the k constraints of HP(A,t_k) are active,

then the following theorem holds.

Theorem A.5.
Let all the assumptions in Theorem A.4 be satisfied. Also assume

that all the Xk constraints of the HP(A,t_k) are active. Then for the

optimal value function z(t_k) and the corresponding Lagrange multipliers

A(t_,) for any t_, € N(t),), it holds that

k K
K
iglxi(t_k) d { Dj(ztt ).t )} = 0, (A.26)

where d D, () } denotes a total differential with respect to t dee.,
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k-1 8Di oz aD,

d { Dzt ).t )} = L ¢ — bt . =1,k (A.27)
! j=1 & at, at.
J J
(Proof)
Observe that A(t_,) > 0 for t_, € N(tfk), due to the active

k k

condition and Assumption A.3. Also from Assumption A.1, it holds that

aL K 8D, (z(t )ty )
— = 1 - LAt

3z i=1 3z

K

= 0 (A.28)

Using the Jacobian matrix A(z,t_k) of D(z.t_k), the total differential

form of D(z,t_k) becomes as follows.

dz
d { D, (z,t ) } at,
o = A ... (A.29)
d { D (z\t ) } dt,
Multiplying both side of (A.29) by A(t_k) vields
K
1=21 M) d Dzt ).t ) )
K 3, (z,t_,) X aD, (z,t_,,)
= L Bt 5 T R
i=1 3z i=1 at,
k aDi(z.t_k) T
LAt ) —— ] x [ dz , dt,,....d4_; 1.
DM -k 1 -1
i=1 atk_l

In view of (A.25) and (A.28), for the optimal value function z(t_k) for

any t-k € N(t_k), it follows that
Kk k-1 9z(t_))
YA (t i) d {DCz(t , ), t . )} = dz - § — dt, (A.30)
i=1 ! T btk Tek =1 at, Y
J
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Q.E.D.
From Theorem A.5, the following result immediately follows.

Theorem A.6
Let all the assumptions in Theorem A.5 be satisfied. Then for the

optimal solution x(t_k) and the corresponding Lagrange multipliers A(t_k)

of the HP(A,t_ ) for any t_, € N(t,), it holds that

K K
K K oF .
F{ T oat,)aqa.=yaf.(xtt , ) = 0. (A.31)
N - i -k ij" of J -K
j=1 i=1 J

(Proof)

By the active condition and Theorem A.3, it follows that

K
J§1q13 Fytf jxt 1)) = Dzt 1ot 0 . (A.32)
This implies
K
iglxi(t_k) d { D, (z(t_ ).t ) }
K k 3F . .
= I { Da,—b o, » ) Q.E.D.
i=1 ! j=t Moar Y

It is now appropriate to consider the practical implications of

Theorem A.6. Let

IS I S C DI o FRPRNS (A.33)
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Since the continuous differentiability of fj(.) follows from those of

fJ(.) and x(.), (A.31) becomes as follows.

kK K 9F
L{ LNt q)) —l df(t,) = 0 (A.34)
=1 i=1 of |
Let
- - *
P o= (Fetp |t €Nt ),

then P represents a surface in the k-dimensional space and the slope at

its tangent plane can be obtained by (A.34). Namely, the trade~off rates

between fi,i=1....,k-1 and fk on the surface P are represented by:
f  (t ) T X at g0 9F (T (t ) /5E
oty i g1 Ay g9y ) O O (8 0070
- % k - -
A (t_ )|t € N(t) Dty Oyt ay) 98 (G (4, 0)/8,
i=19u-oyk-1 (A‘SS)

In what follows, we shall show that the trade-off rates between fi’

i=1,...,k-1 and fk on the Pareto surface

P = {fx) | xeX )
where XP is the Pareto optimal solutions set, coincide with the trade-off

rates between fi’ i=1,...,k-1 and fk’ Namely, we shall prove the

following result.
afk(x) of

of ()| X = XX o, (t_
fEePp

i=1,...,k-1 (A.36)
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For that purpose, define the continuously differentiable function

Di(t_ )y i=1,....k by:

K

Iyt ) i=1,...,k (A.37)

Di(t_k) = Di(Z(t~k X

where z(t_k) is the optimal value function. Let

) ), (A.38)

T

) e Dl 0 (A.39)

and define the (k-1)x(k-1)} Jacobian matrix B_k(t_k) of D_k(t_k) by

Dy by
at, ' ot
B(t) = | .. L Kl (A.40)
By-p T Wy
3, 3t

Then the relationships between the (kxk) Jacobian matrix A(z,t_k)
and the (k-1)x(k-1) Jacobian matrix B_, (t_, ) can be characterized by the

following theorem.

Theorem A.7

Let all the assumptions in Theorem A.5 be satisfied. Then for any

t_, € N(t*, ), it holds that

-k K

y = (-DkI

det B_ (t_k A, det Alz(t_ ),t_ ), (A.41)

k X k'’ -k

where z(t_,) 1is the optimal value function and Ak is the k-th Lagrange

K

multiplier of the k-th constraint of HP(A,t_k).
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(Proof)

From the definition of B-k(t-k)’ it follows that

" 3D, 3z D D, Iz aD
1 + | 1 + 1
9z dt, at, . Jz atk_l atk_l
det B_k(t_k) = det e e e e " e e
Dy 2 By e S G &
EECRED CI TN
k-1 aD.
-2
= (L —L oy (-ata oo 1F %y A1)
L AT A 1Ay
by 9D,
k-1 oty . My-y
+ 'Z det e e e . e e
i=1 Dy 2 B L, %z ) o, _,
KRR CAE TN
where | Aijl denotes the determinant of the (k-1)x(k-1) matrix without
the 1ith row and the jth column of A(z(t_k),t_k). By similar operations,

it follows that

det B, (t )

kK -k
k=1 D,
{L —
i=1 &z

b a1 A - c1F Ry T )

k-1 3D

T2 0 a1 R0y - F g 1)

i=2 3z

+
[

oooooooo

a,
) ;‘L}{&-z“\q"’k—ll‘kl'
Z

0 0
S GO A - GO )
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oD

S _ oak-1)-1
- {21 Al - ¢D MIAT)
4
+
aD
k-1 ( _ = oy k-1 -(k-1)
74
Ayl
k-1 3D, k-1 _,y_: 9D,
= (1= L A=t Ayl - Loen®PTh
i=1 "9z i=1 Jz
In view of (A.28), it holds that
det B_ (t_)
aD k-1 . aD,
N T N P I
az i=1 z
k . oD,
= - Lep®bTh
i=1 z
By expanding the det A(z(t_k),t_k) with respect to the first column, we
obtain
Ko -1 9
det A(z(t_k),t_k) = § (-1 — Aill
i=1 z
Therefore (A.41) has been established. : Q.E.D.

The following theorem shows the relationships between Pareto optimal

solutions in the decision space and the parameter t_ke T in the

HP(A.t_k), where

e B! @zt res ).

T 5 {t

-k k
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Theorem A.8
Let all the assumptions in Theorem A.5 be satisfied. Then thére

exist a neighborhood N(x*) of x* and a continuously differentiable vector

valued function x(t_ ) defined on some neighborhood N(tfk) of tfke T
such that

X' N Now € oxONS ) ¢ o (A.42)
(Proof)

From Theorem A.3, there exists a neighborhood N(tfk) of tfk such

that the HP(A,t_.) has a unique 1local solution x(t_k) for any t_ke

k

N(tfk), and that x(t_k) is a continuously differentiable function of t—k

defined on N(tfk). Hence, it follows from Theorems A.! and A.2

x(N(t_)) ¢ % .

k))
To prove the first part of (A.42) we shall show that there exists a

neighborhood N(x%) of x% such that

3 y for Y xext AN .

t  €N(t* ) such that X = x(t_

-k K K

Let

* *
NitZy = (et |t -t by ¢ & ) (A.43)

where 6, >0 and | . | is an Qp—norm in E*-l. By the continuity of

t k-1

Q (A)F(fi(.)) in X, for any ¢

q > 0, there exists 6x > 0 such that

-k

Px-xe | <o = | Q (MFEX) - Q (WFE) L, < § . (A.44)
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For such éx. define the neighborhood N(xx) of x* by

Nixe) o { x| | x - xx% Ll < & ) (A.4$)
Now, from Property A.1, for any X € N(xx¥) N XP, there exists (2, %_k)
such that

QAF(F(0) = Diz, ). (A.46)

This directly follows

* %

| Dzt ) =D @ t2) b < & - (A.47)

Now if we assume z # z(t_k), where ( x(t_k), z(t_k) ) be an optimal
solution to the HP(A,t_k), then following two cases arise.
() 1f z < z(t_y), then, from (A.46) and x € X", it contradicts the fact

that z(t_) 1is an optimal value to the HP(A, t_

k).

(I1) If z > z(t_), then, from Property .2, it holds that D(z,t_,)

I

k

~

D(z(t_),t_ ). Hence it follows from (A.46), QUAIF(f(x))

I

Q(A)F(f(x(t_k))). Moreover, since A = A2 or A= A>(p), we have f(;)

2 f(x(g_ )), which contradicts the fact that ; € xP.

k

From (I) and (II), we conclude that z = AR Consequently, by the

definition of D_ (.), it holds that

K

A A

| Dy (zot ) = D (2", t5,) |

k® k-1

= | Dt ) -D "

Kty ) by <6y (A.48)
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Now, from Theorem A.7 observe that det B_k(t_k) # 0 for any t—k €T.

From this fact and the implicit function theorem, for any 6, > 0 there

t
exists Gd such that

A

= = *

* ~
P Dt ) = Dty by <6 > Ity - € b, < & (A.49)

In view of (A.44) and (A.49), it follows that %_ € N(tfk). Moreover, by

k

the definition of N(tfk), the HP(A,z_k) has a unique local solution

A

x({_k). Also since § € %P, x is a local solution to the HP(A,%_k) from

Theorem A.1 and A.2. Therefore, we conclude that x = x(t_k) as required.

Q.E.D.

From Theorem A.8 and (A.35), we can immediately obtain the following

theoren.

Theorem A.9
Let all the assumptions in Theorem A.5 be satisfied. Then the

trade-off rates between the objective functions fi(x*), i=l,...,k-1, and

f, (x%¥) at the optimal solution to the HP(A.tf ) on the Pareto surface P

K K

in the objective space can be represented by

K
%*
afk(X) ngxj a4 aFi(fi(x*))/afi
- x=x% = = i=l,....k-1.  (A.50)
H ;X g e p T A @ 9B (£ (x%))/3f
A Tk % X
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It should be noted here that the vector function D(.) in the

HP(A,t_,)) does not explicitly appear 1in (A.50). In other words, the

k
trade-off rates on the Pareto surface can be determined by the values of
Lagrange multipliers and the elements of Q(A) and F(.). This means that
the vector function D(.) influences the wvalues of trade-off rates
implicitly through the Lagrange multipliers.

We are now ready to demonstrate that the trade-off rates formula in
chapters 2, 3 and 4 can be derived from the trade-off rates formula
(A.50).

In the HP(A,t_

), the MP{t_,) is obtained by using the substitution

k K

shown in (A.16), (A.17) and

q11= 1 ) 1=l§-~o9ki qlJ= 0? 1#\]'

Thus the trade-off rates formula for the MP(t_k) is represented by:

A (f, (x)) i
s 5 S . i=l,... k-1, (A.51)

aui(fi(x))

Similarly, by using the substitution,

.‘= + '= .« e 3 ~~= 3 i j
q11 1 P, i=t,. K qlJ p inj

in the HP(A.t_,), the AMP(t_ ) is obtained. Therefore, the trade-off

k k

rates formula for the AMP(t_k) is represented by:

} auk(fk(x)) _ i

’ i=19.ol§k-10 (A052)
aui(fi(x))
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Observe that this trade-off rate formula (A.52) coincides with the
trade-off rate formula in chapter 4.

So far, we have discussed the trade-off rates formula for the HP(A,t_k)
under Assumptions A.1, A.2 and A.3. However, for the linear HP(A,t_k) in

which all the objective functions and the constraints are linear, it
should be emphasized here that the second-order sufficiency conditions
are not satisfied because the Hessian matrix always becomes a zero
matrix.

For the linear HP(A,t_, ), only with Assumption A.3, the following

observations can be made concerning the trade-off rates formula (A.50).
[f Assumption A.3 is satisfied for the optimal solution to the linear

HP(A,t_k), then from the theory of the simplex method of linear

programming, it is Knowh that there exists the neighborhood N(t_,) of t_

k k
such that
K
z(t ) = 1;):1“1 D, (z(t_} )st 1), (A.53)
where z(t_ ) is the optimal value function to the linear HP(A,t_, ) and T,
i=l,...,k are the simplex multipliers corresponding to the constraint in
(A.2).

Since Theorem A.4 directly follows from (A.53), if all the

constraints of the linear HP(A,t_,) are active, then both Theorems A.5

k

and A.6 are satisfied for the linear HP(A,t_k). Therefore, the

following theorem holds.

Theorem A.10
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Let x% be a nondegenerate optimal solution to the linear HP(A,tgk),

and let Hf, i=1,...,k denote the simplex multipliers corresponding to the

constraints of the linear HP(A,tfk). Also assume that all the k

constraints of the linear HP(A,tfk) are active. Then for the linear

HP(A,tgk), the trade-off rates between the objective functions f, (xx),

i=1,...,k-1, and fk(x*) at the optimal solution to the HP(A,tfk) on the
Pareto surface P in the objective space can be represented by
k *
a1, (x) Jénj 9 F, (£, (x*))/3f
- X=X% = ) 1.:19;"3}(—1‘ (A.54)
My e p }i o OF (£ (x%))/3f
e TR S k

Now, let us investigate the relationships between the hyperplane

problem HP(AZ.t_k) and the linear constraint problems in chapters 2 and
3.
By replacing D(z,t_, ) by
Dep(zet ) & (t t, szt (A.55)
cp ™=k’ = I ’ ‘ ’

the HP(AZ.t_k) reduces to the constraint problem CPtt_) itself (Haimes

and Chankong 1979). To show that Dcp(z,t_k) satisfies Properties 1 and

R ¢ ; , )
2, let SCP = E". Then the Jacobian matrix ACP(.) for DCP(.) becomes as:
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)y = : (A.56)

ACP(z,t_k
0
! 0 0 |

and

det A(z.t ) = DX w0, for any (z,t ) €5

CP =’ "=k i * -k CP*

This means that DCP(.) satisfies Property 1. Furthermore, it holds
that

3D

S & T I U LA
.74

This implies that DCP(.) satisfies Property 2.
From the above discussions, the CP(t_k) can be regarded as one of

P4

the special cases of the HP(A™,t_,).

k
Therefore, from Theorem A.10, the trade-off rates formula for the

linear CP(t_k) is represented as follows.

o (f, (x)) i
e Sl S ,oi=l, ..o k-1. (A.57)
au, (£, (x))

However, since it always holds that Hk =1 in the CP(t_k) because of

3L/3z =0, (A.57) is represented as:
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i 8uk(fk(x)) _ "
i’
Bui(fi(x))

This formula coincides with

The trade-off rates formula

discussion and thus is omitted.

#
o
-
.

i

. gk-l¢

(A.58)

the trade-off rates formula in chapter 2.

in chapter

-147-
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